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The contribution from zero-point plasma oscillations to the correlation energy of an electron gas at high 
density is considered, using the exact high-density theory of Gell-Mann and Brueckner and of Sawada 
The plasmon energy is determined as a function of g by an eigenvalue equation identical with the dispersion 
relation of Bohm and Pines. The plasma solutions are stable only below the energy-momentum values at 
which they merge with the continuum spectrum arising from particle excitation, thus introducing a natural 
cutoff into the theory. At high density, however, it is shown that this cutoff can be allowed to become 


infinite without affecting the correlation energy. 


The contribution from the plasma energy is exactly re-expressed in terms of the contribution from the 
scattering states by making use of the analytic properties of the scattering amplitudes. This transformation 
also establishes the connection between the Gell-Mann-Brueckner and Sawada results 

Some remarks are finally made on the relation between these results and those of Bohm and Pines 


I. INTRODUCTION 


N two previous papers!* the exact correlation energy 

of an electron gas has been determined at high 
density. This was done first by Gell-Mann and 
Brueckner’® who showed by examination of the structure 
of the perturbation series that the infrared divergence 
appearing in this series could be removed by formal 
summation of the most divergent terms of the series, 
the summed series then giving correctly the screening 
of the long range Coulomb interaction. In its original 
form this theory did not exhibit explicitly the well- 
known features of the collective or plasma degrees of 
freedom of the electron gas. This led to some questions 
concerning the contribution from the excited bound 
states (plasma oscillations) to the correlation energy 
since this might be overlooked in the perturbation 
theoretic approach. 

Following this work, one of us (K. Sawada)! showed 
that the selective series summation of G-B was equiva- 
lent to the solution for the eigenvalues of a reduced 
form of the Coulomb Hamiltonian. It was further noted 


* On leave of absence from the Tokyo University of Education 

1K. Sawada, Phys. Rev. 106, 372 (1957), hereafter referred to 
as (I). 

2M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
(1957), hereafter referred to as G-B 


that the identity in structure of this reduced Hamil 
tonian to that of scalar-pair meson theory made it 
possible to diagonalize the Hamiltonian directly fol 
lowing closely the methods used by Wentzel* in his 
solution of the pair theory. The significance of the 
plasma solutions in Sawada’s result was later pointed 
out by one of us (R. Brout) ; the discussion of the plasma 
properties forms the principal content of this paper. 

In Sec. I, the eigenvalues and eigenfunctions of the 
reduced Hamiltonian corresponding to plasma oscil 
lations are obtained and their contributions to the cor 
relation energy is discussed. ‘The high-momentum cutoff 
of the plasma degrees of freedom is naturally derived 
from the theory. In Sec. LIT the « orrespondenc e between 
the present results and those obtained in G-B is demon 
strated directly by making use of the Wentzel trans 
formation. It is shown at the same time that the reason 
that the perturbation approach of G-B 
includes the contribution from the excited bound states 


theoreti 


(plasma oscillations) is due to the analytic behavior of 
the scattering amplitudes. In Sec. [V some comments are 
made on the Bohm-Pines theory‘ of plasma oscillation. 


3G. Wentzel, Helv. Phys. Acta 15, 111 (1942) 

*]). Bohm and D. Pines, Phys. Rev. 92, 609 (1953); D. Pines, 
in Solid Stale Physics (Academic Press, Inc., New York, 1955), 
Vol. 1, p. 367, hereafter referred to as B-P 
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Il. PLASMA SOLUTIONS AND PLASMA 
ZERO POINT ENERGY 


The reduced Hamiltonian considered by Sawada is 
H=Hot+H., (1) 
Ho=Don(pi?/2m) (a4* ay — by*by), (2) 
anh’ 


i=-> 
a O¢ 


where 


} (Ap4q*by* +p, gy) 
XL (dpq*by*+by-gy). (3) 
p’ 


The approximations involved in obtaining this form 
are discussed in detail in I. A similar approximation is 
involved in the commutation rules, which are 


h? 


[ap44%,*,H1. | —— ry LD (ay4q*b yp * +b y4¢4y’), (4a) 
p’ 


4n 
[bo4¢4,f. |= (4b) 


et 
- Ly (dy a by* +b y4q4y’). 
~ 


The terms discarded in reducing the original Hamil- 
tonian and commutation rules to these forms, except 
certain obviously negligible terms, are those where the 
interactions corresponding to different momentum 
transfers are involved. These terms give a contribution 
which has been shown to vanish in the high-density 
limit (except the second order exchange energy defined 
as ¢~»)® in G-B and I) compared to the leading terms 
retained. It is interesting to note that the so-called 
“random phase approximation” of Bohm and Pines is 
very similar to the approximations made in obtaining 
Eqs. (3) and (4) and is exact in the high-density region. 

To proceed, we next consider the eigenvalue equation 
for the excitations. This is directly obtained by an 
application of the commutation rules of Eq. (4), as 
derived in (1), The result is 

4nh’e 


2 - a= 


1g? ipl <pr, |p +al >or 


L» 


|p| >pr. Ip +al <pr 
1 


X --——_-—_- . (5) 
E— E+E, —Eyq 


Writing E—Ey=hw and making the transformation 
p+q->—p in the second term, we have® 


(p-q/m)+ (q'/2m) 


_ Sele 
Mg? |p| <pr. |p +a) >ve (has)? —(p- q/m+¢'/2m)? 


This eigenvalue equation has two types of solutions; 


* By a simple transformation this can also be rewritten as 
dren . 1 
mp. |p| < pr (o—q- p/m)*— (g*/2m)* 


B M dis —— formula, except that p’s are 
operators. 


l= 


similar to the 
¢ numbers here instead o 
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the simplest are those for which the eigenvalues lie in 


the continuum of solutions for which 


hw=(p-q/m)+(q°/2m); |p|<pr, |pta|>pr. (7) 


These correspond to the energies of free pair excitation 
and may be called scattering solutions. These scattering 
solutions are given explicitly in I. They are of a standard 
form, i.e., an incoming wave together with a scattered 
wave, The continuum of solutions resulting from pair 
excitations terminates at the maximum value of energy 
possible, which for a given value of ¢ is humax= (prg/m) 
+ (q°/2m). Another type of solution lies above this con- 
tinuum ; this solution is of the plasma type, as we show 
in more detail below. 

Integration of Eq. (6) gives the relationship between 
the plasma frequency w,i(q) and r, as follows: 


ee I) (2) | 


0 eee (hw)? 


L(q?/2m) — (qpr/m) P— (hus)? 


g (q'/2m)*— (hut qpr/m)* 
+2 hs Inf “| 
2m (q?/2m)?— (hw—gpr/m)? 


 % = (8) 


2m m 
where 
= (4/9r)!. 
It is easy to obtain from this equation the values of 
Qmax 40d wpi(Gmax) at which the plasma solutions cross 
over into the continuum; this occurs at hwy) (qmax) 
= (dmnax?/2m)+ (Gmaxpr/m), which gives® 


Qa! Prcaie pr 
| (2+) in (14-2) -2] (0) 
pr’ WT pr Qmax 


For momenta above this value, the plasma solutions 
are unstable and quickly transfer their energy into 
particle excitation. Such strongly-damped solutions do 
not contribute to the high density energy. Conse- 
quently, a characteristic high-momentum cutoff for the 
plasma oscillations appears in the theory. 

We next consider the properties of the plasma solu- 
tions and their contributions to the energy. The first 
result of interest is the explicit form of the wave function 
for a plasma oscillation or “plasmon” of momentum q 
and energy hw,i(q) ; this is 


Bp+q°by* 
¥pi(g)=N |— _ Gore 
hii (q) — Eye +E» (0) 


Wo, (10) 
hwy1(q) — Epig +E, @) 


uation has been ete (1987 derived by R. Ferrell, 
hys. Soc. Ser. II, 2, 146 (1957). 
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CORRELATION ENERGY 
where N, is the normalization constant determined in 
the Appendix. This form of the plasmon wave function 
exhibits the simplicity of the particle excitations which 
give rise to the plasma oscillations, these being simply 
pair excitations with a fixed momentum transfer, 
summed with proper phase relations. 

The contribution of the plasma zero-point oscillations 
to the correlation energy is now easily obtained using a 
method similar to that used in I in obtaining the scat- 
tering-states contribution. 

The details are given in the appendix. The result is 


1 ” Ohw 1(q) 
2 f ; —d(e'?) 
q 2 0 de” 


=} DL hei (q) — horpr(q) ceo J (11) 
q 


Epi = 


Thus the correlation energy arising from the plasma 
oscillation is given as the difference between the zero- 
point energy of this oscillation and the value this 
energy approaches as the coupling is switched off.” This 
value is simply 

(12) 


hays (q) eto = (g?/2m)+ (qpr/m), 


which is the upper limit of the continuum of pair 
excitation energy (at given g). One consequence of the 
appearance of this difference of energies is that in the 
high density limit the plasma cutoff gmax can be allowed 
to become_infinite without affecting the contribution 
from the plasma energy, since the plasma energy 
hw,(q) lies very close to the continuum limit for large 
q and small r,. This is shown in Fig. 1. 

We make use of this result to obtain explicitly the 
plasma energy in the high density limit. In this limit 
the dispersion relation [ Eq. (8) | becomes, neglecting 
everywhere g/pr compared to unity, 


2ar, pr’ 


1 f(x), (13) 








ap, /mbw 


Fic. 1. Variation of plasma energy with momentum at very 
high density. Also shown are the cutoff momenta at the indicated 
values of r,. 


7In B-P, on the other hand, not the difference but the zero 
point energy alone appears explicitly in the result. Our result is 
more natural, as also seen in reference 3 
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Fic. 2. Variation of the integrand of Eq. (15) determining the 
plasma energy. The function shown as a solid curve is the high 
density limit of {[Rwpi(g)—gpr/m ]/hwe) (qpr/mhe\)*. Also 
shown are approximate curves giving the above function at the 
indicated values of r, 


i 
ap, /mh one 


where x= gpr/mhwe) and 


f(x) (14) 


The plasma energy then is, summing over all momentum 
transfer g up tO dmax, 


1 4r 
2 (2h)! 


“pl 7 


dmax 
f q’dq{hwyi(q) — (qpr/m) ]. (15) 
0 
To show precisely from what values of qg the plasma 
energy arises, we give the integrand of Eq. (15) in 


Fig. 2, measuring the plasma energy in units of the 
classical plasma frequency 


Wet = limw,1(q) =— 
q0 h 


— bet 


4 
) (4arpe*/m)*, (16) 


3x m?* 


and the momentum in units of mhwei/pr. Figure 2 


shows that the contribution largely from 
(gpr/mhw.) of the order of or larger than unity, which 
corresponds to 


comes 


(q/pr) >f (4/3m)ar, |! 0.470r,!. (17) 


It is interesting to notice that the correlation energy 
at high density arising from the plasma oscillations 
comes mainly from value of (q/pr) much larger than 
the limit obtained by Bohm and Pines,‘ which is 


0.353r,). (18) 


(9max, pr) 


We return to a discussion of this discrepancy in more 
detail in a later section. 
Now returning to Eq. (15), we use the relation 


(2qdq/ pr’) = (2ar,/m) f' (x)dx, (19) 


1 pr® dar, 
(( _ 1) {(x)dx. 
x m T 


and get 


1 4rQ ‘ar, 
fe os 
2 (2xrh)* 0 T 
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In the conventional notation, we measure the energy 
in Rydbergs and express it per particle; the result is 
Fyi\/(mé N /2h*) 


3 , 1 3 'rf(x)P 
f f(x) f'(x) fs f | (21) 
nr Jy £ 2r* J, x 


This integral cannot be evaluated analytically but 
numerical evaluation yields 


€p1 


€p1= 0.133, (22) 


which, when combined with the scattering contribution 


: —(),229+-0.0622 Inr,, (23) 


Ges 
gives as the total correlation energy 


0.096+4-0.0622 Inr,. (24) 


€corr 


This agrees with the result given in G-B.t 


Ill, USE OF THE WENTZEL TRANSFORMATION 


The correspondence between the results of the last 
section and those obtained by G-B can be demonstrated 
directly by using a transformation introduced by 
Wentzel in his treatment of the scalar pair theory. ‘The 
total correlation energy (neglecting order 
exchange) corresponding to a momentum transfer q is 
now given by (see appendix) 


second 


Ob core(Q) 1 Ohwyi(q) 2h? 
{ 


Je 2 OF Ql? p. |p| <pr. |p+al >pr 


1 
x( -1), (25) 
[1+ flwptie) |* 


hw pg (a) 


4 
CS 


Cy 





lic. 3. Contours for analytic continuation. C; and C, circle 
around the continuum and the plasma energy, respectively. C2 
runs along the imaginary axis from —i* to +i« 


t Note added in proof.—The integral in Eq. (21) has been 
evaluated by Professor Lars Onsager, who obtains the result for 
the plasma energy (in Rydbergs) 

2 
e1= = (0.130691 
pl S 
Re-evaluation of the scattering contribution, which must be done 
by numerical integration, gives é.= —0.227+-0.0622 Inr, so that 
the correlation energy is unchanged. We are indebted to Professor 
Onsager for informing us of his result. 
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where 
4h’? 1 1 
> ( + sani) ). (26 
Qg vw’ \wy—wp—te wy twytie 


P 


f(wptie) = 


and 


wp=Epg—E,; |pl<pr, |ptal>pr. (27) 


We have added for the sake of convenience +7e in the 
second denominator of f. 


Making use of the identity*® 
2 
"ke 5(wy—wy’), 
m7 


4 
Im f(w,»t+ie) =x— (28) 


7; 


the 2nd term of Eq. (25) which is denoted by J is 
transformed into 


: fer Imj(oy+i0( | | -1) 
Ire? 1+ f(wptie)| 


1 f(wp+te) 
Im f do,( 
2re’ 1+ f(wptte) 


The integral over w, runs from zero up to the upper 
bound of the continuous spectrum given by Eq. (7). 
We can write the above expression as the contour 


integral along C, shown in Fig. 3: 
-s(3)) 


1 f(z) 
J= J in( 
4re1 Cl 1+ f(z) 


Now, using the analytic property of f(z), it is easily 
shown, that 


[- f +f -f +Residue at [z=hw,:(q)], (31) 
C! “ce cs c2 


where the contour C, runs along the imaginary z axis 
from —i% to +i. The residue at hw,,(q) is 


_ florti), (29) 


(30) 


lim 


th. ‘al +@ 
Saieail 


Res = 2mt 


10) — hui (q) } 


= — 2rie?—— 
de? 


Ohw »i(q) 
a —=, (3% 
(0/02) f(z) 2 =Ahwpi(q) 


where use is made of Eq. (A-18) in the appendix and 


* The scattering amplitude, or the T matrix introduced in I, 
(Eq. (A-3) in I), is given by 
e Are sli 
Ty +a.7':pt+4.™ “he [1+f(wyt+ie) J". 
Then the unitarity condition for the S matrix given in terms of 
this 7 matrix 
ImT p44, p:p+a.7™=* Zyl Ty +a. n':p+ap| 8 (wp—wp’), 


is essentially identical with the identity, Eq. (28). 
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the eigenvalue equation 


f(@pi)+ 1=(0. 
Then, we get 


OE corr(q) f(z) 
soonest =- f dz — f(z) ) 
de drei Jon \14+- f(z) 


Putting z=iv and integrating over e*, we find 


vad Sarh*e? _ Wp 
ion (1+ — >} — ) 
a Xu? Pp wp’ +r? 
Sarh?e* Wp 
v wy +r" | 


2? 


Now, to compare this result with that given by G-B, 
we make the change in variable 


(= 3 
2m or? 
and then use the function Q,(u) defined in G-B (Eq. 
18). We find 


“- 


@ 4dr 


(34) 


q pr 


v= 2u— — 


Rydberg), (35) 
pr 2m 


Sarh'e? ar, 
—(,(u), 
r¢ 


Wp 
(36) 
0? P Wy" fy? 
in dimensionless unit. In this unit }°, is equal to 
(3/8r)N fdq, N being the number of electrons. Hence 
the correlation energy per electron becomes 


Saas 23 wed ” ar, 
€corr = —— = - f cay f n(: +- ou) 
N 4r 0 » rg 


ar 


“04(w) jin Rydbergs, (37) 


i 7 ar,” 

which gives just the same expression as obtained by 
G-B as a series [ Eq. (19) in G-B ]. This shows that the 
result obtained by G-B includes automatically the 
effect of bound states or plasma oscillations. 


IV. COMPARISON WITH THE BOHM-PINES THEORY 


The theory of Bohm and Pines has in the past been 
the only theory of the electron gas which has attempted 
to determine both the correlation energy and the col- 
lective properties of the system. As for the first point 
the B-P theory was quite successful since the correlation 
energy obtained agreed approximately with that 
obtained earlier by Wigner’ and also with experiment. 
The plasma properties predicted also were highly 
reasonable since they were closely connected with the 
classical behavior of an ionized medium and experi- 
mentally confirmed. In spite of these successes which 


*E. P. Wigner, Phys. Rev. 46, 1002 (1934). 
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showed the soundness of the underlying physical 
concepts of the theory, it seems to us that the accurate 
quantitative aspects of the theory have been still 
somewhat in question. The uncertainties of the B-P 
results arose from certain approximations essential to 


their procedure, namely 


(a) the random phase approximation, 

(6) the perturbation theoretic treatment of the elec- 
tron-plasma coupling, 

(c) the determination of the cutoff momentum for 
the plasma oscillations, 

(d) the neglect of the subsidiary conditions on the 
wave function. 


We shall discuss these approximations and attempt to 
cast some light on their validity, making use of the 
results of the exact high-density theory given by the 
techniques of this and earlier papers. 

The first approximation essential to the B-P theory 
is the random phase approximation which neglects the 
coupling between the excitations corresponding to dif- 
ferent momentum transfers g and q’. As we have seen in 
our theory, this approximation is in fact exact in the 
high-density limit the only approximation 
required to obtain an exact high density result. 

The validity of the perturbation treatment of the 
electron-plasma coupling is most readily examined by 
actually considering the structure of the B-P results in 
comparison with ours. Our result (taken in the G-B 
form),"° disregarding €,)° and 6 which are independent 


of r,, is 
3 . ” T4ar, 
f q’dq f R(u) 
rl ni mg 


and is 


4ar, 1 
~In( += Rw) ) a ~Rydbergs. (38) 
ih ar,” 


my 


The B-P result is separated into two parts, that arising 
from long wavelengths (q/pr < 


0.019 
B* ry, 


0.866 0.458 
p e+ 


's ', 


0.058 
Be ry. 


0.708 d 0.517 
Ae..r. = a(t t #) pi— 
y,5/2 10 r? 


and that given in second order perturbation theory 
applied to the screened Coulomb interaction" (q/pr2 8), 


~ (0,0254—0,0626 InB+-0.006376) ry. (40) 


r, 


€8.R 

In the exact theory the sum e,.»,+ Ae... t+e€s.r, should 

be independent of 8. This is not only manifestly not so 
Here 4rR(u) is the value of Q,(u) at g= 0 and is given by 

R(u)=1 


4" The parallel spin correlation energies are omitted. See G-B, 
footnote 4. 


u tan”! (1/u) 
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for the B-P result, but also the polynomial expansion 
of ¢:.x. in powers of # is incompatible with the ap- 
pearance of the term Inf in és... In fact, the appearance 
of this term shows that a polynomial expansion for the 
long range part of the G-B-S energy, cutting off the 
integral at g=A is not possible as is obvious from Eq. 
(38) since a direct expansion in powers of 6? diverges 
at the term ¥. 

The problems encountered above in the power series 
expansion in terms of § also cast some doubt on the B-P 
determination of the cut-off momentum gmx =8pr. This 
is evaluated by them by minimizing the energy given 
by part of their transformed Hamiltonian [¢..2, of Eq. 
(39) |, assuming all the remaining terms dependent on 
B to be neglected. This procedure seems to us for 
several reasons to be only a semiquantitative procedure. 
First, since the actual correlation energy is independent 
of 8, it is not possible to decouple a small pari of the 
Hamiltonian giving a §-dependent energy and to 
minimize it with respect to 6, neglecting the variation 
of the remaining larger terms. This criticism is equiva- 
lent to the statement that it is not possible to decouple 
the various terms in the Hamiltonian in such a way as 
to treat the @ variation of e,.,. separately from that of 
much larger terms in Ae, x, and ¢g.x.. Even if such a 
decoupling could be qualitatively justified by physical 
rather than mathematical argument, the value of 8 so 
determined can give at best only a rough approximation 
to the actual magnitude of Ae,.. and €s.R.. 

The actual value of the cutoff obtained by B-P, 
6 =0.353¢,', is considerably below the point at which 
the plasma solutions start to merge with the pair ex- 
citation continuum, which occurs for values of ¢/pr 
larger than 6=0.470r,', particularly at high density. 
Consequently an important part of the plasma oscil- 
lations (important since the contribution to the energy 
varies roughly as 8*) is omitted if the B-P cutoff is used. 
It is to be emphasized that the plasma solutions lying 
above the low B-P cutoff have a perfectly real physical 
meaning since the plasma can in fact oscillate stably for 
these frequencies, particularly at high density. 

We finally wish to comment briefly on the question 
of the B-P neglect of the subsidiary condition. We 
believe, although we have not been able to prove this 
in detail, that the B-P subsidiary condition is equivalent 
to our definition of the ground state of the system. As 
shown in the Appendix, the ground state can be defined 
as that state in which no plasmons are present, i.e., it 
satisfies the condition 


AV,=0, (41 ) 


where A is the annihilation operator for plasmon 
defined by Eq. (A-10) and Wy is the exact ground-state 
wave function. Written explicitly in terms of the par- 
ticle creation and annihilation operators, this condition 
is 
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z| 


Op*byiq* 
f — -_-— }ro=o (42) 
huwys(q) = Epig +E, 


which is reminiscent of the B-P subsidiary condition 


a 
> - ————- Vv=0 
i w—[(k- pi/m) — (hk*/2m) P 





k<ke (k=q/h). (43) 
We wish here to emphasize that our condition stated in 
Eq. (41) or Eq. (42) is exactly satisfied at high density 
where our solution is exact; the B-P subsidiary condi- 
tion will therefore also be exactly satisfied at high 
density by our ground-state wave function. The actual 
techniques used by B-P in obtaining their solution lead 
to some violation of the subsidiary condition, but almost 
certainly, as B-P emphasized, no serious error arises 
from this aspect of their approximations. 

In conclusion we would like to say that the differences 
between our results and those of B-P are only in tech- 
niques and mathematical detail and that the latter 
theory, although it seems to be only semiquantitative 
in nature, provides an excellent physical insight into the 
properties of the electron gas. 
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APPENDIX A: CORRELATION ENERGY ARISING 
FROM PLASMA OSCILLATION 


We first determine the plasma wave function. Since 
this is a one-pair state as discussed in Sec. II of J, it 
must have the form 


Vyi(g)=A*Vo, (A-1) 


where 


Ag? => p(aptprg bp* +B yD pi ¢Ay)- (A-2) 


The constants a, and 8, must be chosen so that V,)(q) 
is a properly normalized eigenfunction of the Hamil- 
tonian, i.e., 


(Hot+ H.)¥,1(q) = [Eot+ hw»i(q) pi (Q), (A-3) 


where 
(Hot H.)Vo= EV. (A-4) 
This can also be written as an operator equation 
((HotH.), A*)_= ha, A*. (A-5) 
Once this is satisfied it then follows that 


[ (Hot H.), A]_=—hopA, (A-6) 





CORRELATION ENERGY 
so that 


(Hot+H.)AVo= (Eo— hwy) AV. (A-7) 


Since Wo is the state of lowest energy, this equation can 
be satisfied only if 


AV =0. (A-8) 


This condition allows us to fix the normalization since 


(Vp1,V pr) = (W0,AA*Wo) = (Wo, A,A* |W) 
= »(lap|*—|8p|*)=1. 
The coefficients a, and 8, may now be determined by 


making use of the commutation rules given in Eq. (4); 
the result is that 


(A-9) 


1 


ag=— —X const 


iopi— Epp +E 


for |p|<pr, |p+q|>pr; 


1 


hep — Epyg + Ey 


X const. 


for |p|>nr, |pt+a|<pr. 


Combining this result with Eq. (A-9), we find 


+p * 
™ Apyq*by 
ee a 
PL hwy — Eng +E 
bytqlp 
+ —— 7 or e y Vo, 
hip — Egy +E 
where 
Li» 
|p| <tr 
Ip+q| >pr 


Lr ) 
|p| >pr 
Ip+a| <pr 


{| Nq|*}*=( 


1 
x-—— —————.._ (A-12) 
(hip (q) — Epp gO +£,)? 
We now determine the plasma energy. Since the 
eigenvalue equation has a bound-state plasma solution, 
Eq. (9) in I should be modified to become 


D p(ap4q%bp*+5,4¢0,) =scattering solutions 


+Cypilg)¥pi(g), (A-13) 
where W,(g) is the normalized plasma solution given 
above. The plasma contribution to the energy then is 


OE, hte 1 | 
= D1) * 
‘as 


q@g¢ 


(A-14) 
de 
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To obtain the expansion coefficient C,:(q), we take 
the scalar product of Eq. (A-13) with ¥)i(q), obtaining 
Cyi(q) =(¥,1(9), Dr (apra*bp* +bp4 gay) Vo). 
Using Eqs. (A-1), (A-3), and (A-8), this becomes 
Cyilg) = Mo, [A, Lev (appa*by* +p, a4») | Wo) 
dL »(ap—By). 
Using Eqs. (A-9) and (A-10) for a, and £,, this is 
Li» L> ) 


|p| <Pr |p| >pe 
Ip+al >dr Ip+al <br 


1 4nh?e’\™ 
— ( ) Ne 
hip (q) — Eppg@ +E 1? 


where we have used the dispersion formula to eliminate 
the sum over p. To bring this to final form, we differen- 
tiate the dispersion relation with respect to e®, which 


(A-15) 


Coil(q) = Nal 


(A-16) 


gives 


4rh’e* 
0=1-—- 


: ( Pp <P 
0¢? |p| <pr |p| >pe 
Ip+ql >pr Ip+ql| <pr 


1 Dh) 
é A-17) 


: ‘ 
(hwy . Bove” } E;)* de 


i.e., from (A-12), 


. 4rh’e?\  Dhw»i(q) 
IMlt=(; e | 
(iq? de 
‘Thus we find 


Arh? > 7 Ahwyi(q)\! 
Cyil(g) = ( ; ) ( ; ) »  (A-19) 
Q¢ de 


so that Eq. (A-14) can be written as the simple result 


dE, 1 


, Ohw,\(q) 


(A-20) 
Of Ze de 
which is the desired answer. 

Finally it is interesting to note that the plasma 
energy is expressed in terms of the contributions from 
the scattering states alone. ‘To this end, we make use of 
the Chew-Low-Wick” equation for the T matrix intro 
duced in Eq. (A-3) of 1, from which a term arising from 
the bound state (plasma state) is separated. It turns 
out that this equation becomes a differential equation 
[by means of (A-19) | to determine the plasma energy 
in terms of the scattering amplitudes, which has the 


"2G, F. Chew and F, E. Low, Phys. Rev. 101, 1570 (1956); 
G. C. Wick, Revs. Modern Phys. 27, 339 (1955) 
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solution 
Pp 
|p| <r 


Gpry FN? © rh? 
huyi(q) = ( + ) { if 
m lm o Uf 
Ip+al >or 


1 P 
x(1- Jente ‘ 
1+ f(w,+ie) |? 


which f defined in (26). 


APPENDIX B 


In order to exhibit the formal correspondence of our 
calculation with that of B-P, we may write our result as 


E= Eat Eyit Eu; (B-1) 
where £,, is the exchange energy given by 


2ah’*e* 

Eax=— > +E ,®, 

p<pr q Qaq’ 
Ip+al <pr 


lene a8 given in I, Eq. (19), is of the form 


2rh'e’ 


| ; ie & [F,(p) (B-3) 
p<pr q 
ID+qQi >fr 


1}, 


Qq? 


and /,; is the plasma energy. In the perturbation limit, 
Ke 18 simply the (divergent) second order interaction 
energy. For small g the nonperturbation function F,(p) 
varies as g’ and hence the low-momentum transfers in 
the scattering are screened out. Thus, in some sense, 
Eq. (B-3) represents a screened Coulomb interac 
tion term. 

To make the correspondence with B-P more apparent, 
we arrange the terms in (B-1) in a different fashion. 
First, we note that the first term in /,, and the second 
term of /4. combine. We next make the replacement in 
the sum of the first term of Eq. (B-3): 

ae? a) 3° Mae ee © 
pP<pr q POPF q p<pr q 
Ip+a| >pr Ip+a| <p 


BRUECKNER, 
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We thus can rearrange Eq. (B-1) into the form 


2rh'e* 


9 Fy (?) 


_ _ ae 
Eyi- a a 7 + 


POPF 4 (lq? 


ae * 
pra OG 
, 2rh’e* 
ap F,(p)+E.®. 
P<pr q 
ip+qi >pr 


(B-4) 
0g? 


As it stands, the second and third terms in Eq. (B-4) 
each diverge at large g. However, the sum converges 
since F,(p)—>1 for large g. On the other hand, the two 
terms behave differently for small g, the 1/q* behavior 
in the third term being cut off at small g. This suggests 
that the high-g part of the second term be separated 
and combined with the third. It also is convenient to 
choose the point of separation, which we denote as 
Ymax, tO approximate as well as possible to the natural 
cutoff in F,(p). We thus are led to the final ordering: 


E=|E,-> 2 


<P A<Qmax OQ? 


~~] 


2rh’e* 
F4(p) 
(dq? 


2rh'e’ 


F i(p) 





. ae 
2 


P<PF I> dm 


|+ fy), (B-5) 
as Og’ . 


These terms are now in complete correspondence with 
the structure of the B-P result. The first bracketed 
terms correspond to the plasma energy of B-P, the 
second to the screened Coulomb exchange energy, and 
the third to Pines’ screened short-range correlation 
energy. 
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Correlation Energy of a High-Density Gas: Plasma Coordinates 
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The model Hamiltonian of Sawada which describes electron correlation at high density is examined 
It is shown that the set of scattering modes for momentum transfers below a certain gmax is not complete 
It is completed by the plasma mode. (qmax)™ is the natural Debye length of the theory. 


I. INTRODUCTION 


T is the purpose of this article to supplement the 

mathematical methods of the preceding paper! by a 
somewhat more detajled analysis. The problem is treated 
here in the language of continuous spectra. It is then 
shown that for g <qmax, Where gmax is given by Eq. (9) 
of reference 1, the set of scattering states does not form 
a complete set. The set is completed by the plasma 
mode. For g>qdmax, the set of scattering states is 
complete. This is true only in the infinite limit, for only 
then will the plasma mode for ¢>qmax completely 
dissipate itself into the scattering modes. A similar 
situation arises in the theory of particle decay as 
carried out on a simplified model by Glaser and Kallén.? 

This paper represents work carried out by the author 
after his remark on the existence of plasma modes 
in the Sawada theory.’ The previous paper is, in the 
main, the work of Sawada, Brueckner, and Fukuda. 
Though the two independent investigations led to 
identical results, it was thought to be instructive 
to the reader to present the two lines of argument 
concurrently. 


2. FORMULATION OF THE THEORY 


We shall adopt Sawada’s Hamiltonian* with some 
modifications in notation. 

We define the creation operator of a pair (excited 
particle p+q, hole p) as d,*(p), i.e., 


d,*(p) a Pa (2.1) 
in Sawada’s notation. Then defining the operator 


(pr= Fermi momentum) 


1 
oe=— [ dpld,*(p)+d_4(—p)]. (2.2) 
(2r)! |p| <pr 
Ip+al >or 


The Hamiltonian taken by Sawada is (h=1, sums on 
p include spins) 


1Sawada, Brueckner, Fukuda, and Brout [Phys. Rev. 108, 
507 (1957), preceding paper. 

2 W. Glaser and G. Kallén, Nuclear Phys. 2, 706 (1957). 

+K. Sawada, Phys. Rev. 106, 372 (1957). 


H=Hy+H,, 


1 
Hy f dpe,a,*a,— 
(29)*/ p>pr Salle 


1 2re’ l 
H, fea O4*0q J dp | 
(2m)3 g / (2r)3 ><br 


\P+a| >pr 


(Note that H, is the usual Coulomb Hamiltonian but 
with scatterings of excited states to excited states and 
holes to holes omitted.) The usual operator, 


1 
Pq f dp4q*dy, 
(2r)! p<pr 


is now replaced by ag. 

In evaluating the commutator of d,(p) with the 
Hamiltonian, one makes the further approximation of 
neglecting the commutator of d,(p) with all dq*(p’) 
but for q=q’. This eliminates the exchange scattering 
diagrams in the Gell-Mann and Brueckner scheme* and 
is the direct analog of the random phase approximation 
in the Bohm and Pines theory.’ With this approxima- 
tion, the excitations decouple for different q and behave 
like bosons, i.e., one may take 


” 


[dq*(p),dq:(p) |= (2m)*5(q—q’)6(p—p’). (2.4) 


Equations (2.3) and (2.4) define the problem. 
The solution runs as follows. One finds the commu- 


tators 
1 (~) 
Taq, 
(2r)! ¢ , 
] 4re? 
(“") 
(2m)! y 


Equations (2.4’) have the property that although Ho is 
not a function of the pair operators, the commutator 
[Ho,d,(p):| is nevertheless a function of d,(p). ‘This 


(H,d_4(—p) ]= Wa(p)d_4(—p)+ 


(2.4’) 


LH, d,*(p) } wq(p)dq*(p) 


*M. Gell-Mann and K. A 
(1957). 
* D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953) 


Brueckner, Phys. Rev. 106, 364 
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Fic. 1. Contour for the integration of Eq. (2.14). 


makes commutators (2.4’) linear functions of d,(p). 
One may then introduce the concept of normal modes 
(i.e., linear combinations of d,(p), say 7, which have 
the property that [H,7]=Q. We shall work always in 
the continuous limit though the problem may be 
equally formulated for the discrete case. In that case 
consider the set of operators which create the real 
scattering states corresponding to the excitation d,*(p). 
These are 


4reé’ 1 
nq’ (p) d,*(p)+ ? (— DS dp’ 
¢ Tv fp’ <br 


Ip’ +4] >be 


1 d,*(p’) 
ee 
¢4(w_(p)) [wa(p) —w4(p’) tie | 


1 d_,(- p’) 
} | (2.5) 
¢+(w,(p)) [w4(p) t wa(p’) | 


1 1 1 


and its complex conjugate. Here 


4rP f 1 
wt Mian 
7 (2m)? b <r 


|p’ +a| >or 





1 1 
sea ea 
wq(p)—wq(p’)+ie —wq(p)+wa(p’) 
With (2.6), it follows from (2.4’) that 
[H,n.*(p) ]= —w4(p)n,*(p). (2.7) 
Equation (2.7) says that the real pairs have zero 
self-energy. 
The next task is to investigate whether the states 
(2.5) constitute a complete orthonormal set. That the 
nq(p) are orthonormal follows immediately from the 


evaluation of the commutator [,*(p),n,(p’) ]. Using 
Eqs. (2.4) and (2.5), one finds that 


(ne*(p),ma(P’) J=5(p—p’) (27)*. (2.8) 
The only remaining question, completeness, would be 
established if the transformation (2.5) is unitary. Let 
us symbolize (2.5) by 
n= Ud, (2.9) 
where an annihilation operator in the transformation 
carries a negative energy in its coefficient in accord 
with (2.5). The establishment of (2.8) is equivalent to 
UU*+=1. The completeness part of the theorem con- 
cerns U*+U and it is here that the plasma mode will 
appear. For this reason we shall enter into some detail 
upon the calculation (see also Klein and McCormick‘). 
The off-diagonal element of U*+tU is, by direct 
evaluation, 


1 


+ 
4 (wq(p)) [oq(p)—w4(P’)+ie] [wq(p’)—w4(p)—ie] o(q(P’)) 


1 4reé 1 
OL. Mais 
(Qr)*\ gt Jo pn <p, [wq(p”) —wq(p)— 


Ip’ +q| >dr 


[we(b”) +9) ] o-(wa(P”)) 04 (wo(P")) Lwa(P”) +o(p')]! 


1 1 


ie] p(wq(P")) $4 (wa(P)) [oog(P”) —04(p’) tie] 


1 1 
(2.10) 


The integral in the second half of (2.10) is transformed by using the algebraic relations 


1 1 


[ wq(p”’) Wa ( p) 


1 ( 1 1 
$+ v4 ¥ 


p(w4(p’’)) = 
ems (2r)* 


dre? 
a 
¢ 


od A. Klein and B. McCormick, Phys. Rev. 98, 1428 (1955). 


1 1 


1 
ie] [wq(p”) —w4(p’) +e] | oe —wq(p)+ie wa(p”)—wa(p’) tie! [w(p) —wa(p’)+ie] 


M—) 


2ni /4re* 
¢4(w_(p”)) = -— ( F ) f eec(9"9) a(n)” 


(2.11) 


) B¢o4(0"). 
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(Qn)® fa" = fe Oyen 


where the w4(p’’) are arranged in monotonic sequence, we have for the integral in (2.10) upon using (2.11) and 


(2.12), 


Writing 


tom la xml 
Dri \we(p)—w4(P') +ie er(oe(P")) pel p”))H lave”) wep) ie 
1 1 1 


f i 
w (P") Hig (p) w4(p”) —wa(p’)+ie  we(p’’)+-w,(p’) 


Changing variable to {=w,?(p’’), (2.13) becomes 


ae aan 
wq(p)— we (p’) bie Qri (SOLE—w?(p)—te  £—we?(p’) +ie , 


The specified contour is shown by the solid lines in Fig. 1. 

We must now consider the singularities of y. Define ¢ as the value of ¢ obtained from taking the principal- 

value parts of v4, i.e., @=Regy,, and let a, be the root defined by 

(a4) =0. (2.15) 
Equation (2.15) is the dispersion relation of Bohm and Pines for the plasma frequency.’ For g->0, the solution 
of (2.15) is @g=wyi= (4ane?/m)!. 

Now two cases arise : 

(a) Wg is in the continuum, i.e., @,< (1/2m)(2prq+q’), 
(b) a, is out of the continuum, i.e., a> (1/2m) (2prq+¢q’). 

If one has case (a), then lim,.0¢(@q+1e) #0 and the point {= will not have pole-like behavior (the point 
Y in Fig. 1). The deformation indicated by the dotted lines in Fig. 1 is then permitted and one picks up the two 
poles P and P’ as indicated. The result is that (2.14) exactly cancels the first part of (2.10). 

If one has case (b), then lim..9¢(@,+i¢) =0 and the point ¢ =a, is a pole. In this case a convenient deformation 
is given by the dashed lines in Fig. 1 around pole X, The remaining poles cancel the first part of (2.10), leaving 
a residue from X. The final result is that 
Case (a): 

1 
UUt=UtU=1, wq<—(2prqt+/¢’). 
2m 


Case (b): 
UUt=1, 


_— “(- 24 I 1 1 1 (2.16) 
J+U) pp = _ — — - t5(p—p’), @,>—(2prq+¢’) 
ss QP \o'(@q)F Lag—we(p) — wq? — vq" (p’) 2m 


The only remaining question is to find the coordinate which, when added to the set ,(p), will complete it. 
This is the plasma mode for ¢<qmax, Where gmax is defined by 


1 
Wamax mai [2p rdnex t Qmax* |. (2 17) 
2m 


These modes are given by 


pare ¥. d,*(p) , d_4(—p)- ries 
a 18) 
¢’ (aq) (2m)! 9<¢e "Lin Wa (p) Wa { wWq(p) 


+q| > 


(Notice that as g-0, tg~oq.) With the addition of v4, it is readily verified that the n4(p) set is completed. This 
completes the proof. The calculation of the energy is given in reference 1, 


mt 1 The fact that the inequality |p+q|>pr that arises in (2.15) [see (2.6) ] drops by symmetry was pointed out by P. Noziéres 
This insures that (2.15) is the dispersion relation of Bohm and Pines. 





PHYSICAL REVIEW VOLUME 


108, 


NUMBER 3 NOVEMBER 1, 1957 
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Application of a quantum-mechanical many-particle perturbation method is made to the determination 
of the equation of state of gases and liquids at low temperatures. The method utilizes the “nearest neighbor” 
expansion, which is a special case of Brueckner’s “linked cluster” expansion. A description is given of con- 
densation, mixed phases, the critical point and the critical temperature. It is shown that even the lowest- 
order approximation, which involves a relatively simple calculation, yields a physically reasonable theory 
of these phenomena, as well as the equation of state of the liquid phase. Specific calculations are presented 
for a system both above and below the critical temperature, and a description of collective phenomena in a 
quantum-mechanical system is given. The physical basis of the approach rests in a technique for inter 
changing the order in which averages are taken, and putting “fluctuations” into higher-order terms, which 
in turn may be handled by the same method. At low temperatures, when the thermal de Broglie wavelength 
of the particles is large so that they are effectively “spread over large distances,” such fluctuations due to 


particle-particle encounters are expected to be small, 


I. INTRODUCTION 


N a previous paper,' which will hereafter be referred 
to as I, we described a perturbation method for 
calculating the energy of a quantum-mechanical system 
composed of NV identical particles (V>>1), contained in 
a box of volume U. The particles were assumed to 
interact through two-body potentials 


V 5= Vis(ti—-8y), (1) 


ag ro) 


where the subscripts “i” and “j” refer to individual 
particles, and 4, is the coordinate of particle “1”. The 
energy of the system was expressed in the form of an 
expansion which was called the “nearest-neighbor ex- 
pansion.” This method represented a specific example of 
the proposal of Brueckner’? to expand in “linked 
clusters.” 

As a perturbation method, the object in I was to 
calculate the energy [yo corresponding to that eigen- 
state “Ao” of the complete Hamiltonian which is 
associated with an unperturbed state “po”. For our 
present discussion it will suffice to suppose the unper- 
turbed state po to be an eigenstate for NV non-interacting 
particles in ‘he volume VU, so that 


Po= (PorS1,Po2S2, ***, Pow Sw). (2) 


Here po: (t=1, 2, NV) represents the momentum 
vector of the ith paruce and S; its spin coordinate. 
Equation (2) simply indicates a scheme for labelling 
unperturbed states in terms of a complete set of inde- 
pendent-particle quantum numbers. Thus the assump- 


* This work was supported by a grant from the National Science 
Foundation 

+ Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico ax 

tt Now at the Department of Physics, University of California, 
Berkeley 

1 W. B. Riesenfeld and K. M. Watson, Phys. Rev. 104, 492 
(1956). This paper will be referred to as I 

? Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954); K. A. Brueckner, Phys. Rev. 96, 508 (1954) ; 97, 1353 
(1955) 


tion of pairing of states enables us to write 
Eyo= E(porS, sets Pon Sy). (3) 


We now wish to discuss applications of this pertur- 
bation method to quantum statistical mechanics. In 
particular, we shall consider the calculation of the 
equation of state for gases and liquids, the nature of 
the phase transition between gas and liquid states, and 
the properties of the system at the critical point. The 
discussion of the wave function of the system (and its 
relation to particle correlation functions) is given in a 
separate publication.’ 

For simplicity we shall suppose that the N particles 
which comprise our system are identical, and that the 
interactions between them, i.e., the V;,’s of Eq. (1), 
depend only on (r;—r,) and the spins S; and S;. Our 
formal argument remains valid if the S; are generalized 
to describe all internal degrees of freedom when the 
“particles” are complex systems. 

To develop the thermodynamic properties of the 
system we shall use the canonical‘ ensemble for an 
N-particle system, and therefore must evaluate the 
partition function 


Z=% exp(—BE yo) 


do 


Bd 


N 
- : 13 Oa 
Ni AON 2 J ie 


Xexpl—BE(porSi, «+: powSw)]. (4) 
Here 
1/B=0=kT (5) 


is the temperature of the system in energy units. The 
index Xo runs over all quantum-mechanically distinct 
states, and the factor (N!)~' arises in the explicit repre- 


*R. Karplus and K. M. Watson, Phys. Rev. 107, 1205 (1957). 
‘DD. ter Haar, Elements of Statistical Mechanics (Rinehart and 
Company, Inc., New York, 1954). 
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sentation of the partition function in the form of an 
integral over momenta and a sum over spins as a 
consequence of the indistinguishability requirement 
placed on the N particles. 

For later reference we express several thermodynamic 
functions in terms of Z, which is considered to be a 
function of N, 8=@", and VU: 


0 


InZ = internal energy, 


= pressure, 


0 
S=kInZ—kp 
op 


InZ =entropy, 


F=U—TS=-—86 |nZ= Helmholtz free energy, 
where the normalization of Z as given by Eq. (4) 
ensures that thermodynamic functions like entropy and 
free energy are properly extensive quantities. 

In the next two sections we discuss the problem of 
evaluating Z once the energies E(po.Si,- +: pon Sy) 
have been found. In the course of the discussion it will 
be necessary to anticipate some properties of the 
E(poi:::Swv) which are physically plausible—but 
which must actually be justified by detailed calculations 
for specific physical systems. For this reason we em- 
phasize that the discussion of Secs. II and III is not 
presented as a theory of the equation of state or of 
condensation, but rather as a method for evaluating Z 
(and thus the thermodynamic properties of the system) 
once the spectrum /(poi:--Sw) has been obtained. In 
Secs. IV and V we shall give examples by calculating / 
and the equation of state for gaseous, mixed, and liquid 
phases in the vicinity of the critical point, for systems 
having specified potentials V,;. In the remainder of this 
section we review the quantum-mechanical perturbation 
method which was described in I. 

The first step in obtaining the energies Eyo was the 
elimination of the potentials V;; in terms of two-body 
scallering matrices R;;. This is the technique introduced 
by Brueckner e/ al.° in their studies of nuclear structure, 
and which also had been used in studying multiple 
scattering by quantum-mechanical systems.* On physi- 
cal grounds this appears very reasonable, since in 
principle one now starts from exact solutions to the 
two-body problem in studying the many-body problem. 
From the standpoint of obtaining a rapidly converging 
N-particle perturbation theory, the use of the R,,’s has 


6K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955); R. J. Eden and N. C. Francis, Phys. Rev. 97, 1366 (1955) ; 
R. J. Eden, Phys. Rev. 99, 1418 (1955); K. A. Brueckner, Phys 
Rev. 100, 36 (1955); 103, 1121 (1956); K. A. Brueckner and 
W. Wada, Phys. Rev. 103, 1008 (1956). 

*N. C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953); 
K. M. Watson, Phys. Rev. 89, 575 (1953). 
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a particular advantage in that regions of coordinate 
space corresponding to large values of |Vj,;| tend to 
become ‘‘smeared out” and weakened in the R,;’s. For 
example, if the V,,;’s have “infinite repulsive cores,” 
there is no perturbation theory possible in terms of the 
V;;’s. The R;,’s remain finite in this case, however, and 
are suitable for use in a perturbation theory. 

This feature of the R;;’s results from the principle of 
complementarity, according to which particles having 
momenta within a restricted range of values cannot be 
precisely localized in coordinate space. Indeed, one of 
the principal physical reasons for using a momentum- 
space representation is that we thus automatically 
exploit this quantum-mechanical “smearing” of inter- 
actions. We expect that for an essentially ‘random 
medium” 
be “smoother” functions of the momenta p,; than of 
the coordinates r;. This simplification is expected to be 
especially important at low temperatures. 

We may restate this point by saying that the energy 
of each particle, expressed as a function of its mo- 
mentum, is that of a particle traveling in a dispersive 
medium—a medium consisting of the remaining (V—1) 
particles. The total energy yo represents a self-con- 
sistent summation over these single-particle energies. 
The calculation of the energy of a particle in a dispersive 
medium is that of finding the index of refraction for a 
wave propagation through a medium, or that of finding 
the “optical model” potential. Here the ‘ 
of particle-particle encounters may be largely lost in 
the wave-number (or momentum) description. 

To continue, the neighbor” expansion! 
expresses the energy in the form 


Eo 


such as a gas or liquid, the interactions will 


‘suddenness” 


“nearest 


K (po) +6, (7) 
where 
N po? 
K(poy)=> (4) 


r—_ 


im 2M 
is the kinetic energy, M is the particle mass, and 6£ is 
given by the expectation value 


*4n). (9) 


Un(ti:: 
The quantity v,(t:-++%,) represents the interaction 
energy of particles i,---7,. Its perturbation expansion’ 
is 


Un(t4** *tn) 


1 1 | 
Ra-Res: °° Rui po). (10) 
d d 


Pld Lv 


Here (and in the following) Greek subscripts such as a 
refer to pairs of interacting particles, and R, is the two- 


7An integral equation representation for v, is possible. S 


reference | 
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particle scattering operator R,; mentioned above. The 
summation over (a;---a,) runs over all combinations 
of pairs of particles belonging to the set (i,---i,) in 
such a manner that every member of the entire set 
(i, +t) is “linked” to each other member in the sense 
of Brueckner.? That is, two particles such as “a” and 
“b” are linked in Eq. (10) if for each term in a sum 
either “a’ and “b” scatter ey or there exists at 
least one set of particles a), d2, ---a, such that “a” and 
a, scatter, a; and d2 scatter, «++, a,.; and a, scatter, 
and finally a, and ‘‘b” scatter. The sum / runs over all 
numbers of scattering consistent with the requirement 
that the set (1,---i,) be “linked.” Finally, no pair of 
particles scatters twice in succession in Eq. (10). 

The energy denominators d in Eq. (10) are defined as 


d DLe( pow) — €( pir) ], (11) 


l= 


where e(p,) is the “dispersive” energy of the ith particle 
in the medium. This is given by 


2 


p 
(py) = 
2M 


+de(p,), (12) 


N 
be( pi) » 
lI, (14 i) 
N 1 
a Ri F 


r=l,(rel.i) d 


Rak i, 


Fa=14 (13) 


or | a2) 


evaluated as an expectation value for particle in 
the excited state p;. Thus be( ps) is just the ‘ stiel 
model potential” for particle ‘t.”’ 

Finally, the two-body scattering operators are defined 
as solutions to the integral equations 


1 
V it V R,, 


t 


Ri; (14) 


The evaluation of these was described in I. In the 
appendix we give a somewhat expanded discussion of 
Eqs. (12) and (13). 

For degenerate Fermi-Dirac or Bose-Einstein systems 
it may be convenient to write Eq. (10) in second- 
quantized form. Following Brueckner and Levinson,’ 
we may set 

Ra=ni'ny' (PS ii; R Prod ms Pw> n) Nm ny 
where the »;! and »; are creation and absorption opera- 
— respectively, for particles in the momentum state 
p., S;. In this case, we use the terminology * ‘connected 
Feynman graph” rather than “linked cluster” in 
describing the terms in Eq. (10). To use this ter- 
minology, we may think of “po” as the “vacuum state.” 
A pair of particles is “created” when the particles 
scatter out of the “po” state. The scattering of two 
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particles may be represented by two intersecting par- 
ticle lines, etc. Equation (9) then represents a ‘“‘vacuum 
expectation value.” A more detailed description of this 
terminology is given in Sec. V. When Eqs. (9) and (10) 
are interpreted in this manner, the development of 
reference 1 is unchanged. 

Boundary conditions at the walls of the volume U 
will be consistently ignored.* This means that we shall 
calculate only the volume energy (and not the surface 
energy) of the system. For most systems of interest in 
statistical mechanics this seems a om satisfactory 
approximation. 

We anticipate that some of the states Ao of the 
N-particle system may contain “bound states” of 
smaller groups of particles. For instance, there may be 
bound states of pairs of particles, triplets, etc. These 
“bound states” are characterized by the fact that the 
“bound particles” are confined about their center of 
mass to a region of space with volume less than V. 
Such states are “degenerate” in the sense that the 
centers of mass associated with them may be moved 
about within the volume V. In particular there may be 
“bound states” containing very large numbers of par- 
ticles. We shall call one of these a ‘‘droplet” substate of 
the system when it contains enough particles that its 
surface energy may be ignored compared to its volume 
energy. 

On this basis we shall classify the “bound states” 
as either “droplet states” or “cluster states,” depending 
upon whether or not the number of particles involved is 
large enough that the surface energy may be neglected. 
This separation appears somewhat arbitrary, but 
becomes precise once we have specified the error which 
can be accepted in the “surface energies.” As we shall 
see, the ‘droplet states” become important only at the 
condensation point. Thus large ‘‘droplets” appear sud- 


E, 








UV. Vy 


Fic. 1. The energy of a “droplet” as a function of the volume 
to which it is confined. When the walls pull away from the droplet, 
its energy remains constant. The dashed curve shows the failure 
of perturbation methods to yield constant energy for Us> Vo. 


*H. A. Bethe, Phys. Rev. 103, 1353 (1956), has described a 
method_by which boundary conditions can be handled in prin- 
ciple. 
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denly, and a precise definition of a “droplet” appears 
unnecessary in practice. 

To identify and obtain the energy of these “droplet 
states” we argue as follows: the actual volume VU of the 
system is replaced by a variable volume Ug, and the 
number of particles NV is replaced by Ny. Let us suppose 
that we have found the energy EZ» of the lowest state 
as a function of U4. If the forces between the particles 
lead to saturation, then Eo should become very large 
for small Ug. As we increase ‘Ug, Eo may fall to a value 
Ez, at a volume Ug= Up and then remain constant for 
Va> Vo. This will happen if £,<0, and means that for 
Ua> Uo the confining walls have moved away from the 
system which then occupies its natural volume Uo. Such 
a situation is shown by the solid curve in Fig. 1. 

In actual practice, calculation is more likely to yield 
a result such as is indicated by the dashed curve in 
Fig. 1 for Ug> Vo. This is anticipated because we expect 
any perturbation method to converge much more 
slowly (if at all) when the system has been put into the 
wrong volume in the unperturbed stated po. This need 
cause us no difficulty, since we only need to locate the 
minimum value of /o (i.e., Ey) at the volume Uo. This 
value we know to be the actual value of Eo for Ua> Vo, 
which permits us to obtain the complete solid curve in 
Fig. 1 without further calculation. 

In general, of course, there will also be excited states 
of the Ng particle subsystem, which are confined to a 
volume Ug™~ Uy». These states must be obtained in the 
same manner (i.e., the first excited, second excited, etc. 
states will show a similar behavior as a function of 
energy—the number of states actually “bound” pre- 
sumably being finite). 

For an actual state Ao of the N-particle system, we 
may count all the particles in droplet states to obtain 
a total number NV. Thus, 


N,= total number of particles in “droplet states,” 


(15) 


Na=N—N,=number of particles in “gas-like 
states.” 


Here Ng is the number of all single particles and all 
particles in “cluster states.”’ Since we are calculating 
only the volume energy of the droplet states, it follows 
that the total energy Fz of these will be proportional 
to Nx: 


Ea=N Ma, (16) 


where the “energy per droplet particle” Ug is inde- 
pendent of N,. The total volume associated with all 
droplets will be 

(17) 


Lo= N70, 


where 79 is independent of N,. As was shown in I, 
Eqs. (16) and (17) hold for every term in the sum over 
n of Eq. (9). That these equations hold for the sum 
itself must be verified for each specific problem. 

There is a flaw in the argument given above, because 
the medium may also have “‘crystal-like” states. Such 
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states would probably be missed in our perturbation 
calculation, since it was designed for media which are 
essentially “random” rather than ‘‘ordered” in coor- 
dinate space. Here we appeal to physical plausibility, 
arguing that for a system in either its gaseous or liquid 
phase the ‘‘crystal-like” states play a negligible role in 
determining its thermodynamic properties. In other 
words, these states will have a negligible statistical 
weight in the evaluation of Z for a liquid or gas. In this 
sense our theory is incomplete, since we do not expect 
to obtain liquid-solid phase transitions from it. 

We close this section by summarizing its contents: it 
is proposed to calculate the energy of the many-particle 
system in such a manner as to treat fluctuations asso- 
ciated with particle encounters as perturbations. This 
is done first of all by using a momentum-space de- 
scription, which for the lowest states exploits the 
expected quantum-mechanical “smearing of particle 
positions.” ‘The quantum-mechanical “smearing” is 
particularly emphasized in the use of the R,,’s rather 
than the V;,’s. Finally, retaining the energies de in the 
propagators d means that complex cooperative inter- 
actions are kept even in a lowest-order calculation, but 
that fluctuations in these interactions have been 
“averayed out.” 


II. EVALUATION OF THE PARTITION 
FUNCTION CONDENSATION 


In this and the following section we shall suppose the 
eigenenergies £, to have been obtained and shall con- 
sider the purely formal problem of evaluating the par- 
tition function Z. The momentum-space representation 
which we are using has some novel features which appear 
to be quite helpful in carrying out this evaluation. 

For a given volume U, a given number of particles NV, 
and a given state A, let us write Eq. (15) in greater 
detail by assuming that there are N, single particles, 
N, particles bound as pairs, N; particles bound as 
triplets, --- Nz, particles bound in droplets. Then 


No=N.+Nyt+:::; NatNi=N. (18) 


We formally write /) as 


Py = Eyst Expt +++ Exo, (19) 


where F), is the energy associated with the single par- 
ticles, £,, is the energy associated with bound pairs of 
particles, ---, and /yp is the energy associated with 
droplet states. yp is well-defined because we have 
agreed to keep only the volume energy of the droplets. 
A more precise definition of £y,, 2», ««: will be given 
in Sec. III. 

As a consequence of Eqs. (18) and (19), Eq. (4) can 
be written in the form 


N 


i= } 2 Zi(N1)Za(Na), (20) 


No=0 
(Na+N.L=N) 
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with 
Zi(N1) = 8 
Ap 
(Nt fixed) 
Za(Na) = 7. 
de, Apres 
No, Np, +++ Net Not+++ =Na) 


Kexp[B(Eyst+ Expt: +). 


exp(—BEyp), 


In carrying out the above sum over states Ap in Z,, 
one must in principle sum over the number of “droplets,” 
say D, and the possible positions of the droplets within 
U. The statistical weight of these states is negligible, 
however, since it is roughly given by 


[O8'p/h?, 
which by Eq. (17) is to be compared with 
[Niro p/h \"". 


Here 6p is the appropriate volume element in mo- 
mentum space. Since the droplets have been assumed 
“big,” the first factor is negligible compared to the 
second. Thus the droplets may be treated as if they 
were all “coalesced” into a single large “droplet” which, 
fpr instance, may rest on the “bottom of the container.” 

We shall henceforth refer to Zg as “the partition 
function of the gaseous phase” and to Z, as “the par- 
tition function of the liquid phase”—a terminology for 
which the justification will become evident. Once Z, 
and Zg¢ are individually known, the evaluation of Z in 
Eq. (20) is easily accomplished by a saddle-point 
method.’ In the remainder of this section we illustrate 
this technique in some detail because of its importance 
to the following discussion. In Sec. III we consider the 
evaluation of Z, and Zg. 

We first observe that Z, and Zq may generally be 
written in the form 


1 
Z1 CN i1Qx(7,8) }%4, 
! 


AVL 


1 
Za [UeQal(V G) Na?) }%¢. 
-. 


‘ GG. 


Here +r is interpreted as the “volume per particle”’ in 
the liquid phase, so that 


LL= Nur (23) 


is the volume occupied by the liquid phase. The actual 
value of r will be determined in the following discussion ; 
we anticipate, however, that 7 will be approximately 


equal to the ro of Eq. (17). Then Ug is defined as 

VUgmU—UV_z. (24) 

* Considerably more complicated sums than that of Eq. (20) 

are handled by this or related methods, of course. See, for instance, 
reference 4. 
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Finally, Qz, and Qo are functions of the indicated 
variables, the evaluation of which we shall consider in 
Sec. ITI. 

According to Eq. (6), the pressures of the two phases 
are, respectively, 


Pg 29 a. 
—=—— InZg=-+— InQa, 
06 OdVe¢ vy Ov 


rs] E..@ 
—— InZ7,=-+— InQz, 
6 AVL, Tt OT 


where we have introduced 


v=VU¢/Noa. (26) 


To obtain Z, and thus the equation of state, let us 
start the system in a volume large enough to ensure 
that the system is purely gaseous. We shall then 
suppose it to be compressed isothermally, and shall 
calculate the equation of state at each stage of the 
compression. 

Equation (20) may be rewritten as 


N 
> » 


Ni Vy! 


l 1 
CN 17O1(7,0) }¥*——— 

(N—N,z)! 
X[UVa@a(v,9) \¥-%*. (27) 


When 1 is sufficiently large we may consider NiN, 
and expand Vg, Qe to first order in Nz: 


U-Nur 
V AVG (v,0) =(U-N i2)0a( — ——, ) 
T sf f 


Nur 
~00o(voA)|1 _-— 


0 
Xva 


0 VG 


InQg ( va) ] 


Ni Pg 
=U0o(raf)|1- = (r—ro)+]}. (28) 


Here we have defined 


and have eliminated (0/dvg) InQ¢ by means of Eq. 
(25). We have considered 7 to be a parameter and used 
Eqs. (23) and (24) in expanding Ug. 

For very large N we have 


Nu Pa N 
foe eee | 
NL®@ 
P 


~exp| -ni]—(r-r0)+1| . 
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Substituting Eq. (28) into Eq. (27) and using both 
this result and Stirling’s approximation for the factorials, 
we obtain 


N NL N (7,0 NL 
2=— [0 0a(v08) or —) ea | 
V0a(va,) 


Ni~O ne 


P@ 
xexp| —Nif yee vo)+1| 


1 N 
= LUOalvas) ® 2, RM 


Ni~~ 


1 1—RY+ 
— CvOo(run)¥(- ball -), 
N! 1—R 


PG 
exo} (vg | 
6 


Since N is assumed to be very large, it is evident that 
for 


where 


NrQ1(17,9) 
= (31) 
~ U0g(re,) 


R<1 (32) 
only values of V, are important in the sum of Eq. (30) 
for which N,<N. Thus, our approximation that 
N1i<N, made in Eq. (28), is justified. It also is evident 
that in this case we may replace Eq. (30) by 


Z= Za(V,N,0) 


1 
= [UQa(va,0) 1%, (33) 


From Eqs. (6) and (25) we obtain the pressure of the 
systems as 


P=Pa, (34) 
and the resulting equation of state is that of the gaseous 
phase. 

It is clear that for R=1, or for 


NrOQt ( 7,0)e~Parle ons U0a(va Pe Paralt (35) 
the properties of the system show a discontinuous 
change. This occurs, as we compress isothermally, at 
the first (i..e, largest) value of U, say U,, which satisfies 
Eq. (35). (We have not yet shown how to obtain 7, of 
course.) As we shall see, Eq. (35) defines the conden- 
sation point. 

When R>1, the approximate evaluation of Z as 
given by Eq. (30) fails. For 0 <‘U, we therefore evaluate 
Z by means of a conventional saddle-point method. 
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We return to Eq. (27) and write it in the form 
N 1 
z= —L(N =N)7Q1(r)}*-¥e 
Now (N—Ng@)! 
1 
x— [Vaa(v) ]*° 


i¥Qg. 


V¢ Ve No 
- £ ceourarfeoe(“s)) 


Na~0 ‘V@ 


=LerQu(r) x (Ve), (36) 


Ng~® 


‘ Og v0) 
InI' (Na): Noa il | 
NatQ1(7,9) 


To derive Eqs. (36) and (37) we have again used 
Stirling’s approximation for the factorials. A Taylor 
expansion of InI about the value Ngo of N@ which 
maximizes InI’ will yield an expression of the form 


where 


(37) 


a 


In’ (Na) (N G (38) 


Nao 


InI'( V ao) V ao)? t apes 


with @ given by 
# In 
a= Na ° 
0 \ G ING=N@Go 
To calculate InI'(N ao), Nao, and a, we still treat 7 as 
an undetermined constant parameter, and write 
Vg=U-—Ni1r=0—Nr+Nar, (39) 


so that 
Ie a/ON G Ws 


Ov 0 UV Gg 1 
( ) (p= #7). 
0 Va ON Gg Neg Na 


Consequently N go is determined by the equation 


(40) 


0 Vi@alv) T 0 
InI'(Nq@) =In } 1—(p 
NatO.(7 9) v Ov 


=0, (41) 


Since this equation depends only upon v= Ug/Ng@ and 
not upon Vg or Ug separately, it has a solution of form 


vo Vao/ Nao, (42) 
which is independent of the volume V as long as 
0<Nao<N; Vao>0O. 
Combining Eqs. (37) and (41), we obtain 


InOg 


(43) 


T 0 
InI’ (Nao) = Nao = + 1 + (vo— T) InQa | 
v= 


Vo Ov 


Pao 


= (Uago—N aor) ~aes" 
6 
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where we have used Eq. (25) to define 
Pao 1 0 


~-=—+4- 
6 Vo 


InQa(vof). (45) 


OVo 


When the conditions of Eq. (43) are satisfied, Pgo is 
evidently a constant, independent of the volume V. 

To find the parameter a of Eq. (38) we differentiate 
Eq. (41) with respect to Ng, set Na= Nao, and use Eq. 
(45): 


# inl | . # 
= ——(%y~1}] —— 
Vo ve 


ON d NG=Nao Nao 
i 
—(vo—T) aig InQa(vo,8) 


Ove 


1 OP ao 
re meemliage> nen, 
ON ao Ove 
Thus 
1 OP ao 
- 7)?~ - (46) 


(v9 ° 
i] Ovo 


Physical considerations make it clear that in general 
Peo is a decreasing function of vo, so that a is a positive 
quantity. If, furthermore, a is not of order 1/N go, then 
the summand in Eq. (36) will be sharply peaked about 
Na = Nao. 

Equations (38) and (44)) may now be used in Eq. 
(36), so that the sum becomes 


Pao 
Zz [ erU, |" exp| (U go Neu) | 
0 


N 


a 
x , i exp - ’ (Vo~ Non} (47) 
go 


Na~t 


We exploit the sharp peaking of the summand by 
retaining only the term with Ng= No, the remaining 
terms giving negligible contributions to Z. There results 


Pao 
Ze: [erOx |" exp| (Dov-Nowr)} (48) 
6 


We now determine r by demanding that when the 
conditions of Eq. (43) hold, we must have pressure 
equilibrium between the two phases: 


L= Pq= Pao. 
By use of Eq. (25) this becomes 
0 Pao 


1 
+— InQi= 
r OT 


(49) 


which, as we have seen, in a constant independent of 
© when Eq. (43) is valid. Therefore in the “mixed 
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phase” region given by Eq. (43), and by continuity at 
the condensation point given by Eq. (35), 7 is deter- 
mined by Eq. (49). 

As we compress the system isothermally in the 
‘mixed phase” region, the pressure is determined from 
Eq. (48) to be 


so that 


P/0= P o0/8. (50) 


The pressure thus remains constant as long as Eq. (43) 
is satisfied. However, as we continue compressing the 
system, we shall eventually reach a volume V such that 


U=Nr, (51) 
and consequently 


VUg=9, Nao=0. (52) 


As we compress further, Eq. (51) obviously remains 
valid so that 7 no longer remains constant; it is, in 
fact, directly determined by Eq. (51). Equations (52) 
also remain valid, and the partition function as given 
by Eq. (48) becomes 


Z=([erQz(7,0) |*. 


‘The equation of state is 


(53) 


a a, 
=—=—+-— In0z(rf), 


6 6 tT OT 


(54) 


with 7 given by Eq. (51). 

Equation (35) does not necessarily have a solution, 
of course, and in this case we do not expect condensation 
to occur. When it has a solution, comparison with Eq. 
(41) shows that 

Va= V0, 


as must be the case. We also expect that Eq. (35) will 
in general have solutions for @ less than some 6,, where 
6, is the “critical temperature.” To see this qualita- 


tively, we set 
O1e*"Og, 


where Ae may be interpreted roughly as the “binding 
energy” of a particle in the “droplet states.” Also, we 


may take 
Po 
exp ——/(vg—7) ja. 
6 
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Then Eq. (35) becomes 


Pde Bom, 


Nr 


(55) 


As we raise the temperature 6-0 and U/Nr—-1. How- 
ever, as U/Nr—-1, Ae—0 because the distinction between 
“droplet” and “gaseous” .states is lost as yr. Con- 
sequently Eq. (55) will in general have the solution 
vo=r at some finite temperature @,. This determines the 
critical point, above which condensation does not occur. 
Reference to Eq. (46) shows that fluctuations in the 
system become arbitrarily large close to the critical 
point—which is to be expected, of course. In Secs. IV 
and V we shall illustrate these remarks with specific 
calculations. 

Let us emphasize again that the foregoing is not 
presented as a “theory” of condensation, since the 
evaluation of the quantities 0g and Q, has not yet been 
described. Some comment on the relation to theories of 
condensation is in order, however. 

Our “droplet states” are certainly related physically 
to the “liquid droplets” of the liquid drop model.” We 
have not had to make simplifying assumptions, how- 
ever, concerning the properties of the droplets. Closely 
related, also, are the theories based on “dissociating 
systems” of Band"! and Frenkel.” Less closely related 
is the theory of Mayer.” Indeed, the present use of 
“linked clusters” is not at all the same as the use of 
“clusters” by Mayer.” 


III. EVALUATION OF THE QUANTITY Z, 


The determination of Zg presents far more formidable 
problems than those encountered in Sec. II. We are 
therefore forced to find approximate methods applicable 
to special systems. A simplifying assumption, for 
instance, presents itself quite naturally as a consequence 
of the smallness of the relative fluctuations known to 
prevail in gaseous systems. Thus the actual interaction 
energies of bound groups of particles, such as pairs, with 
single particles and other bound groups may be replaced, 
approximately, by an “average” interaction of the 
pairs, etc., with a statistical medium composed of the 
other bound groups. 

Let us now assume that Eq. (21) for Zq may be 


written in the form 
Za(Na) = = ZA(N.)Zy(Np)°*', 
Ns, Np. 


(Net+Npt+:+: =Na) 


(56) 


are considered to be partition func- 
” “Hairs of particles,” etc. 


where Z,, Zp, -*° 
tions for the “‘single particles, 


1 R. Becker and W. Doering, Ann. Physik 24, 719 (1935); 
H. Wergeland, Avhandl. Norske Videnskaps-Akad. Oslo I. Mat 
Naturv. KI. No. 11 (1943). 

"W. Band, J. Chem. Phys. 7, 324, 927, 1114 (1939) 

J, Frenkel, J. Chem. Phys. 7, 200 (1939). 

8 J. E. Mayer, J. Chem. Phys. 5, 67 (1937) 
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Comparing Eqs. (21) and (56), we are led to 


Z(N.)=X exp(—BE),), 
Xs 


Z,(N,)= exp(—BE,,), (57) 
Ap 


An energy such as £), contains, of course, not only the 
“binding energy” of the pairs, but also the interaction 
energy of the pairs with single particles, with each 
other, and with all other bound-particle configurations. 
The factorization of Eq. (21) made in Eq. (57) implies 
that we replace the interactions of the “pairs” with 
“single particles in the state \,”’ by an interaction with 
“single particles in an average (or most probable) 
state A,,” etc. This approximation is in accordance with 
the assumption made above, and appears to be valid 
for many physical situations. In any case, we shall 
accept Eqs. (56) and (57) as the basis for most of the 
discussion in this section. 
Following an argument similar to that of Sec. II, we 
may replace Eq. (56) by 
Za(Na) = Z(Nw)Zp(N po) abd (58) 


where No, Nyo, «- - maximize the summand of Eq. (56) 
as given by Eq. (57), subject to the restriction that 


Nwot Nyot oom No. 


In the particular case that only single particles and 
pairs need be considered, we write in analogy with Eqs. 


(22) 
1 Va Ne 
Z,> —|v00.( “0)| ’ 
N,! N, 


z l (~ ip 
/; = VG )| ’ 
" Qn, NN, 


i : 
Int'(V,)=N, nf v«b.| 
LN 


“Vv @ 


(59) 


maximize 


2e 
+4(Na—N,) | 


vib| 


a Va 


with respect to N,, and obtain 


N po Vp 


= , (61) 
2Nie Ud? 
Here (), and Q, are functions yet to be determined. 
We next consider the problem of calculating Q, or 
Z,. A method of doing this for low temperatures_was 
given in I. This assumed that £,, could be expanded 
in a power series in the particle momenta po;. ‘Terms no 
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higher than quadratic were kept, giving 
Ne pot 


Ey, = > 


i=l 2M* 


+“extra terms.” (62) 


Here M*=M*(N,/Vgq) is an “effective mass’ and the 
“extra terms’ were shown to be negligible. The existence 
of an expansion such as Eq. (62) will have to be verified 
in any special case. It always appears possible, however, 
to obtain the correct second virial coefficient at low 
temperatures from Eq. (62), at least for two-body 
forces having finite range. 
Using Eq. (62), we obtain 


1 f ( 8 ) 
: dpexpt — 
h' pen 2M* 


=—{2nM*0}), 
hb 


0, 


(63) 


We shall now describe a general method, involving 
a sequence of approximations, for obtaining Q,. This 
makes use of our observation that in the momentum 
representation each particle “moves in an effective 
potential due to the other particles.” Rapid con- 
vergence is expected when the finite wavelength of the 
particles “smooths out” the uneven interactions in 
coordinate space. 

We consider the “‘single particle 
phase space given by 


y Ey, 
Pho exp( ), 
0 


which is normalized so that 


> Pha 1, 
Me 


” 


density function in 


(64) 


Se © ae 


Wins 


\ zs fer , :d ponp(porS1,° . ‘ponSa) = 
N,! 3 


Thus p,, depends upon the variables (po.5;, ++ -ponSw) 
introduced in Eq. (2). Our first approximation involves 
replacing Eq. (64) by 


N 
Phe =|] pi(pow,), (65) 


i=l 


with the p; normalized to unity: 


] > dary pi ( PoiyS «) , i. 
Si 
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The physical meaning of the first approximation as 
given by Eq. (65) is that each particle moves in an 
“average potential” due to the other particles. In 
contrast to the effective potential in the dynamical 
problem, this represents a statistical potential averaged 
over X, states. 

To simplify notation, we shall omit the subscripts 
“0” on poi, “s” on N,, and “G” on Vg in the remainder 
of this discussion. For the same reason we also shall 
not write explicitly the spin variables S;, which may be 
included formally in the symbols “p,”’. 

To determine the p; and the average potential, we 
use the entropy principle (or H theorem) as a varia- 
tional principle. Indeed, it is well-known that 


—H=—> py. Inp. (68) 
Ae 


satisfies a maximal principle subject to the conditions 
that 
> pru=1, ¥ Exprx.=U =constant. (69) 
Ae Ae 
We can use this maximal principle as a variational 
principle to determine the “best’’ densities p,. 
For example, let us expand, in accordance with Eqs. 
(9) and (10), the energy as 


N 
Ey.=L K.(p) +E v2(pi,p;) 
i=] i<j 
+ > 03(Pi,Pj,Pe)+° paah Adie 


i<j<k 


(70) 


We have written 


K,=p?/2M, (71) 


and have expanded the energy in terms of “linked 
clusters.” It is often desirable to sum the series (9) 
formally by means of integral equations. In this event 
a different expansion than Eq. (70) might be desirable, 
which would lead to minor modifications of the following 
development. 

Using Eqs. (65) and (70), we find that the expressions 
(66), (68), and (69) become: 


n= f depoi(p)=1, 


H=N f depo) Inpi(p), 


U=N(R.A4 (02) +3 (08) +--+ J, 


where 


R= dw,ppi(p)K,(p), 


(v2) = (N— 1) f desde or(p)or(p')s(0., 
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(vs) = (N—1)(N- 2) f dager 


Xpi(p)er(p’)e1(p’’)0s(p,p’,p’”’). 


By varying the functional form of p;, we obtain the 
first variations 6H, 6U, and én. Introducing 1/6 and 
¥:/6 as the customary Lagrangian multipliers, we 
obtain the minimum value of H subject to the con- 
straints that 6U =én=0 by solving the equation 


1 
5H+-[6U —Ny,6n]=0. 
6 


On substituting from Eq. (72) this becomes 


1 
J eedoue) | er K,(p)—d2(p) 


—4}0;(p)—---]}=0 
where 


02(p) =(V=1) f dayor(ns(0.9), 


d3(p) =(V—1)(V- 2) fdayderyos(p) 
pi(p”’)vs(p,p’,p”’) 


Since the left-hand side of Eq. (73) is to vanish for 
arbitrary 6p,, we obtain 


ps(p) =exp{ —BL it K,(p)+02(p)+40s(p)+ «+ J). 
(75) 
This provides a nonlinear integral equation to determine 


pi. 
It would be incorrect to calculate the partition 


function Z, directly from the p,’s. Instead we must use 
S = —kH, which is stationary at its correct value, Using 
Eq. (6) we get 

F=U—TS=U-+6H, 
which becomes, after substitution from Eqs. (72) and 
(75), 


pan|Rethn)4 b(vs)+°°° Ham f depo) 
% (K(p)-+02(p)-+409(p)+ | 


9: N[¥i-— 4 (02) - 4 (v3) oes |. 


Furthermore, from the normalization of 0} it follows 
’ h 
that 


(76) 


ev 
ost = — — fo exp{ —BLK,(p)+i2(p) 
N 


‘a 
+4is(p)+---]}. (77) 
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Finally, by Eqs. (60) and (6) we have 


Z,=—(00,]" =exp(—F/4), 
N! 


so that substituting Eqs. (76) and (77) into Eq 
we obtain 


1 Pp 
V.= feo exp| . | +02(p) — 4 (v2) 
hi 2M 


+ 4i3(p) - 4 (v5) fee |. (79) 


A similar technique may be applied to the calculation 
of Q,, ete. 

It is possible to generalize the assumption of Eq. 
(65) systematically by including “pair correlations” 
p2(pi,p,), “triplet correlations” ps(pi,p),px), etc. in the 
density function p,,. A discussion of these is given later 
in this section. 

We emphasize, however, that the omitted correlations 
in Eq. (65) are in momentum space rather than in coor 
dinate space. It is quite clear from Eqs. (75) and (79) 
that complex correlations between clusters of particles 
are already included in our first approximation. Indeed, 
as we shall see in Sec. 1V, even our first approximation 
can lead to a description of condensation, 

We now calculate the second virial coefficient in 
order to illustrate the technique described and also to 
show that particle-particle correlations are included in 
the trial form of Eq. (65). 

To calculate the second virial coefficient we need 
consider only the limit of very low density. Thus, only 
v, need be kept in Eq. (9), and Eq. (70) for £,, becomes 


Na bp? 
E,,.=)>. 
int 2M 


+S. Rij (pips), (80) 
i<j 


since v2(pi,pj) =(p| Ri;| p)=Rij(pip,), and vg= 0% 

0. For simplicity we neglect spin interactions, Then, 
as was shown in I [ Eq. (136) }, the diagonal elements 
of Ri; may be expressed in the form 


Sah? : 
>. (21+ 1)6,(kis), 
UMk;; |! 


Rij(Pi,P)) (81) 


where k;;=4(p,— p,) is the relative momentum, 4, is the 
scattering phase shift for a pair of particles interacting 
in a state of orbital angu'ar momentum /, and the sum 
runs over even or odd values of / depending upon 
whether the particle statistics is Bose-Einstein or 
Fermi-Dirac. 

In general, the particle pairs may have bound states, 
Let us assume that there is only one such state with 
binding energy es, the generalization to many bound 
states being straightforward. Then, in the low density 
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limit, the “pair energy”’ is 


pe 2 
4N ptpt > 
7 (pairs) 4M 


Ey»=- (82) 


Here p, is the center-of-mass momentum of the rth pair. 
To obtain Q, in the low density limit, we may take 


Pp N h*{2xMy4 
Rae Be at 
2M OD 6h Bg 


in Eq. (75), and expand the exponential of Eq. (79) to 
first order in v2. Thus 


2 fereo(- a? 
),= expt — 
¢ ~ d°p ex] om? 


127M BN{2xeM 
pt fv 
KL B 


B = 
xex| — a (98+ 02) |Rulb) (83) 
2M 


du ~ pC 6s(p)—4(02)]} 


By letting kiz and P= p,+p. be the independent vari- 
ables, we may integrate over the latter to obtain 


172M }! 4v2 N B 
= |~]+ an dk k 
AL Bp a UM 


xexp( —_ ~#)5 (21+-1)6,(k). (84) 


Similarly, from Eq. (82) we obtain 


~~] 
V»= ie B . 


To first order in 1/0, Eq. (61) gives 


4N ,=N(N/V)e%#29[ 29Bh?/M }!, (86) 


since now Ug=V. 

Finally, by combining Eqs. (6), (60), (84), (85), and 
(86), and dropping terms of higher than quadratic 
power in 1/0, the equation of state is obtained in the 
form 


P @ OlnZ, AlnZ 
awe [- Fis 
aU av NoNp 


6 dv 

N N 2nBh'\ ! 

“Sp-tf-me) 
v v 


+ 6nine(— yf dkk 


B 
xexp/ -- ee + a(t) |}. (87) 
M r 
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The coefficient of 1/0 in the second term within the 
curly brackets is the exact second virial coefficient.” 

The above calculation was made to illustrate a 
somewhat trivial example of the methods developed in 
this section. In general, our technique of developing p 
in terms of correlated densities in momentum space is 
not simply related to the virial expansion. Indeed, our 
method is intended primarily to describe systems at low 
temperatures and high densities. 

We shall now generalize the assumed form for p,, 
given by Eq. (65). There are various possible ways of 
doing this, such as developing p, and Z, in a “cluster 
expansion” in momentum space. We prefer, however, to 
continue using the variational principle by improving 
our trial form (65). 

We illustrate the generalization of our method by 
making the special and simple assumption 


N—n 
Pra= Il pi (Pi)p2( pw -n+1,Pn n+2)” . ‘p2(Pw—1,Pn); 


p2(P,P’)=p2(p’,p). (65’) 


To keep our expressions simple, we neglect v3, 04, etc. 
in Eq. (70). We consider the functional forms of p; and 
p2 and the value of n, as quantities to be varied. 

Repeating the steps taken in connection with Eqs. 
(72), (73), and (74), we obtain 


“— f disp.(p)=1, 
— f due faye o.v)=1, 


H=(N—n) f deo yps(p) Inpi(p) 


n 
‘ f dostoyos(0.0' Inp2(p,p’), 


N- N-n-1 
U=(N- n)R,+nR, 4 [Oo _ n—1) 


wanes 
n(n—1) 
+- ~(v)?-+-n(N —n) (nye (72’) 


where 


R= f deo pK ()01(), 
Rare f dyloy K.(t)03(09); 


(0) = f dis geoy02(p,p')01(P)p1(P'), 


4G. E. Uhlenbeck and E. Beth, Physica 3, 729 (1936). 
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(v3)"7= N f da pha dry 04(p,0')01()02(0,9”). 


The variational principle becomes 


1 n 
an+-|ou- (N—n)pidm— “vin| =(), 
6 


Carrying out the variations, and defining the quantities 


52(p) = Nf dsy02(0,9)0u(0) 


D2(p)=N f ded ydeo p02 p,P’)p2(p’,p’’), 


p=n/N, 


we get a modified form of Eq. (73): 


(V=n) f da pbo(){ n01(0) 
1 
+L K(P)+ (1—)52(p) +u02?(p) —y1 | 
n 
; f der lw p'5p2( ps) Ins p,p’) 
1 
tL Ks(p)+ K,(p’) + (1—)02(p) 
+ (1—)b2(p’)+uN02(p,p’) —v2 ] 
1 
+in| f de hes y/p2( 9,0’) Inp2(,P’) 
1 
~ f dspos(0) Inn (p+ (RPK, 


+ (1— 2p) (v2)*?+-u(v2)”— (1—y) (v2) ] 7 =O. (73) 


When the coefficients of 5p, 6p2, and 5, in Eq. (73’) are 
separately equated to zero, and the normalization con- 
ditions on p; and p, are written down, we obtain a 
complete set of equations. To exhibit these, it is con- 
venient to define a parameter G by means of 


Y= 2Wi+-6G — p02). 
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There results 
1 
pi(p)-exp| —L— vet Kulp) + (1—m)ba(0) 
+ yi2?(p) | ’ 


1 
p2(p,p’) ~exp| ~A- 21 —- 0G +-u(02) +K,(p) 


(88) 
+K,(p’)+ (1—1) (62(p)+82(p’)) 


+-puNoo(p,p’) | | ; 
pr(p)ox(P’) exp| G+-Loe() +52(p’) 
— Novo(p,p’) — (n)3}. 


The parameter G must be chosen to normalize p. to 
unity according to the second equation of Eqs. (72’). 

An equation to determine » is obtained from the 
last term of Eq. (73’). The explicit indication of a cor- 
rection due to “fluctuations” is evident from the form 
of Eq. (88) for pa. A variety of possible forms for p, 
other than that of Eq. (65’) are feasible, of course. In 
particular, three-particle correlations p3, etc. may be 
kept. 

Furthermore we observe that the zeroth-order ap- 
proximation to p, of Eq. (65) [leading to Eq. (75) | 
becomes exact in the limit of sero temperature if the 
power-series expansion of Eq. (62) for the energy is 
valid. This is consistent with our point of view that 
fluctuations should become small at low temperatures. 

Finally, the methods for obtaining Z, which we have 
described are expected to be applicable to the calcu- 
lation of Z,. Also, it appears possible to improve the 
approximate Eq. (56) if necessary. That is, “‘fluctu- 
ations” associated with the dependence of Ey, on X,, 
etc., may in principle be handled by the techniques used 
in connection with Eq. (88), Thus we feel justified in 
describing our method as providing a systematic means 
for evaluating the partition function for a low-tem- 
perature system. 


IV. APPLICATIONS--THE “EFFECTIVE 
MASS” APPROXIMATION 


In this section we shall discuss the energy spectrum, 
and give thermodynamic applications, in the approxi- 
mation that only two-particle scatterings are kept. We 
recognize that this approximation may be quite inade- 
quate, in general. On the other hand, we shall see that 
it can give qualitatively correct results even for the 
liquid state.’® In Sec. V we shall study many-scattering 
contributions to the energy. 


* This is the approximation used by Brueckner et al. in their 
theory of nuclear structure, references 2 and 5. 
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Fic. 2. A typical intermolecular potential, with long-range 
attraction and a repulsive core. 


To provide a simple model, we shall neglect exchange 
corrections, treating the particles as equivalent but dis- 
tinguishable. The investigation of degenerate Fermi- 
Dirac’® and Bose-Einstein systems by the methods 
which we describe is of considerable interest, but must 
await a subsequent publication, To simplify notation, 
we shall also assume that the particles have no spin. 

Our approximation implies that we keep only the 
terms involving 2 in Eq. (9), so that 


bE =(polS Ri;| po) 


i<j 


= > (Poi, Po; | R| Poi,Po,)- (89) 
i<j 
The F's in Eq. (13) become unity, and hence the dis- 


persive energy of a single particle is given by 


(90) 


pe 
+ Zz (pi,poy| R| pi,Po,). 


2M itixi) 


(pa) 


The second term is our present approximation to 
de(p,) in Eq. (12). The scattering matrix R is defined 
by the integral Eq. (14). 

For small values of p, let us assume that the second 
term in Eq. (90) may be expanded in the form 


be(p,) eo hap?+ aad 


the higher power terms in the momentum variable 
being neglected. The coefficients ¢9 and a are of course 
functions of the volume VU and the parameters describ- 
ing the interactions. By use of Eq. (91), Eq. (90) 


(91) 


becomes 

p i a 
e(p)= eot+ + p? 
2M 2 


4 


1 
= €ot+- o?, (92) 
2M* 
where 

M*/M=1/(1+a4M),. (93) 


M* is thus an “effective mass.”’ ® 


16 The degenerate Fermi-Dirac system is, of course, that origi 
nally studied by Brueckner and his collaborators, references 2 
and 5 
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Use of this approximation in calculating the prop- 
agator d of Eq. (11) enables us to write the integral 


equation (14) for R in the form 


(k’| R|k)=(k’| V | k) 


v (k’| Vk”) (k| Rk) 
tom fae’ — ———$=$—___——, 
ht ho’? —k’? 
Here k is the relative momentum 4(p,—p,) of the two 
colliding particles. 

When the expansion (91) is valid, the use of the 
effective mass simplifies our calculation considerably. 
This approximation is of course completely independent 
of that of keeping only the terms v2 in Eq. (9). With 
use of both approximations, the problem is completely 
defined by Eqs. (89), (91), (93), and (94). 

The appearance of the dispersive energy shift in the 
equation for the R,;’s means that complex cooperative 
phenomena are included to some extent even in the 
first approximation of keeping only the v’s in Eq. (9). 
For instance, saturation would not take place in a non- 
degenerate gas or liquid in an approximation in which 
only two-body correlations occur. As we shall see, 
however, saturation may be accounted for in the 
approximation just described. 

For example, let us suppose the two-body force to 
be attractive at large distances, but very strongly repul- 
sive at short distances. The potential corresponding to 
such a force is illustrated in Fig. 2. In this case we may 
expect the energy €) to be negative. The shift de, how- 
ever, might be expected to increase with p, becoming 
positive® for large p (i.e., small “impact parameters’’), 
With a “smooth” p dependence, such as indicated in 
Fig. 3, the effective mass approximation should be 
valid, 

For the case illustrated in Fig. 3 the coefficient a of 
Eq. (91) is positive. This quantity is expected to vary 
roughly as U~', so that the effective mass as given by 
Eq. (93) will decrease as U decreases. Decreasing M* 
reduces the effective strength of the potential, as is clear 
from Eq. (94). Thus compressing the gas (or liquid) 
will “reduce” the strength of the interactions between 
particles. In particular, the effect of the attractive 


fe(p) 





1 eal 





Fic. 3. The expected ‘ory of the energy 5e 


of Eq. (91) on p. 
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part of the potential (Fig. 2) is thereby reduced. The 
R matrix is, however, little affected by the actual 
“height” of the “repulsive core,” so that the repulsive 
part of the interaction is not much influenced by com- 
pression. Consequently, when the system is compressed, 
the forces may change from being effectively allractive to 
being effectively repulsive as a result of the “effective 
mass”’ correction. 

To illustrate these remarks, let us carry through an 
explicit calculation. We choose a potential having the 
properties of that of Fig. 2. We shall actually use a 
potential that is ‘factorable” in momentum space, since 
this will permit us to find an analytic solution to Eqs. 
(94), (93), etc.!7: 


(k| V |g) =Gigilk) ¢1(q) +G2y2(k) ¢2(q)- 


Here G,;<0 and G.>0 are constants, and we 
choose 


(95) 


¢1(k) = (1—bk?) exp(— ak’), 
¢2(k) =exp(—apk’), 
b=2(at+az), aca. 


(96) 


If we evaluate the expectation value of the potential 
of Eq. (95) for wave packets separated by a distance r, 
we obtain an energy with spatial dependence similar to 
that of Fig. 2. To reduce the number of terms in the 
solution (97), we have chosen yg; and ¢g» to make the 
integral Jo*dky,(k) ¢2(k) vanish. 

With this choice of V, Eq. (94) may be solved 
rigorously. We are interested in the system only at ‘“‘low 
temperatures,” which implies that only energies near 
the ground-state energy are important. Adopting the 
conventional continuum normalization, we therefore 
obtain 
Gigi’(k) 


(2m)! Gig? (k) 


(k| R|) ; , 
V Li—4eM*G\l, 1—49M*G,], 


with 


” lyr\'f 15 3 76?) 
n=-f dk (k) = — ( ) [r-=-+ (-) 
0 2\2a 2a 16\a 
“ 1/nr\} 
--f dk? (k) = — ( ) : 
0 2 2a» 


In obtaining this solution we have replaced the actual! 
boundary condition on the pole of Eq. (94) by that 
of taking the principal value of the integral. The correct 
value of R is just a simple algebraic function of that 
given in Eq. (97), as was discussed in I. When the 
scattering phase shift 6 is less than 4/2, Eq. (97) gives 
a fair approximation to R; this will be the case in our 
example. 


17 Applications of such potentials to statistical mechanics have 
been suggested by K. M. Watson, Phys. Rev. 103, 489 (1956). The 
use of variational techniques for solving Eq. (94) was also de- 
scribed there. 
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Fic. 4. Variation of the effective mass with volume 
for the system described by Eq. (100). 


For a strong “repulsive core,” we may set Gz= © in 
Eq. (97), and obtain 

ga’ (k) 
4nM*|1,| 


(2r)' G,¢77(k) 


(ki Rik | (98) 
t 1 4nM*G,; 
In the limit of very low temperatures, Eq. (90) 


becomes 


(99) 


pe 
(ps) = —— +N (4pi| R| hp 3), 
2M 


since then k= 4p, in Eq. (98), An expansion in powers 
of pi, as in Eq. (91), then leads to an explicit expression 
for M*. The quantity 6£ is finally obtained from Eq. 
(89), 

For the purpose of carrying through a specific 
numerical example, we have taken 


ay I 3a+ 2a |, 


G, ~a'U, 


u) 


r 
U; 
h(4ra;)! 


po 


U\May 


(a2/a,)! 


0.78, 


().20, 
(100) 


°(),1 ev, 
=10~* cm, 


°(N/V)ayth*, 


Vo! Upo. 


The evaluation is straightforward and will not be 
shown in detail, The effective mass M* and the energy 
€o of Eq. (91) are shown as functions of the density po 
in Figs. 4 and 5, respectively. The “droplet states” were 
identified from Fig, 5, as described at the close of 
Sec. I. The effective-mass approximation of Eq. (63) 
was used to evaluate the partition functions Q, and Og 
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Fic, 5. Variation of the energy €o with volume for 
the system described by Eq. (100). 


(in the present case 0,=Qq), so from Eq. (63) we obtain 


e890) = Og 
1 =<] 


mn Bp 


(101) 


The equation of state was obtained exactly as 
described in Sec. IL. In our specific example, the critical 
temperature was found to be 7,=40°K. Several calcu- 
lated isotherms are shown in Fig. 6. 

The simple example just given suggests that a quali- 
tative, or semiquantitative, description of a low- 
temperature system may be obtained even in a first- 
order calculation. To get detailed quantitative results, 
we must investigate higher order terms in Eq. (9), as 
will be done in the next section. We may now note, 
however, that an effective mass which decreases with 


3 
tn Wy 


Fic. 6. Calculated isotherms for the system described by Eq. 
(100). Here /o is a constant scaling parameter, the value of which 
may be obtained from the curves in the large volume region, where 
they ae ideal gas isotherms. The critical temperature is 


7, 40°K, and the critical point is shown on the diagram as a dot. 
Phase-transition points are also indicated by dots 
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decreasing U will help to reduce the importance of the 
higher order terms in Eq. (9). 

It appears that the approximation involved in Eqs. 
(89) and (90) amounts to treating “fluctuations” as 
small. That is, e(p,;) in Eq. (90) is an average energy, 
whereas the actual energy of a particle shows fluctua- 
tions. These fluctuations appear as higher order terms 
in Eq. (9). 


V. COOPERATIVE INTERACTIONS 


In this section we discuss more generally the nearest- 
neighbor expansion given by Eq. (9). In I it was 
observed that the terms in the series had rather simple 
topological properties and, in particular, could be easily 
represented by graphical constructions. Let us first 
review and extend this description. 

It is convenient to draw an analogy to quantum 
field theory. As described in Sec. I, the “‘reference state” 
(or “unperturbed state”) po= (po.Si---PowSw) may be 
considered as analogous to the ‘vacuum state.” A 
particle which by virtue of a scattering is excited out 


——— 


rt cil 


(6) 


a ae 


(4) (e) 


Fic. 7. Several typical “Feynman graphs,” as dis- 
cussed in the development of Sec. V. 


of the po state, may be considered to have been 
“created.” Since according to Eq. (10) the terms in 
Eq. (9) are expectation values with respect to the 
po state, every particle which has been “created” must 
be “annihilated” by the time the final scattering has 
occurred, Thus Eq. (9) represents a “vacuum expecta- 
tion value.” 

The scattering of a pair of particles from the po state 
represents “pair creation.”’ The scattering of an “excited 
particle” by one in the po state may leave both particles 
“excited.” These processes are illustrated in Figs. 7(a) 
and 7(b) by means of “Feynman diagrams.” In the 
latter type of scattering the original particle may drop 
back to the po state. In this case the new particle con- 
tinues as if_it were the original particle, but with a dif- 
ferent momentum in general. This type of scattering is 
represented by an ‘“‘x” drawn on the particle line, as in 
Fig. 7(c). In a topological sense, no scattering has 
occurred, so that we may describe this process as “par- 
ticle exchange” scattering. (It is to be recalled that we 
must never return the system to the po state as a 
virtual intermediate state.') 
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Let us now consider in detail Eqs. (9) and (10). To 
excite the system out of the pp state, the first interaction 
must in any case “‘create’’ a pair of particles, and there- 


fore we may write 6£ in the form 


bE= (Pol Ruslo)+{ Pr Ya Pp Ris| po ) 


i<j 


—( po a Roy aR po). (102) 


i<j 


Here F;; is a “two-particle amplitude” which describes 
all possible scatterings taking place between the 
“creation” of the initial pair and the ultimate return of 
the system to the pp» state, This amplitude can be repre- 
sented by the following set of coupled integral equa- 
tions’ ; 


N 1 1 
Fy= > Pur RytPurRul 
-_ 2 d 


1 1 
+ > [Pa Risto Rl 
d d 


1 
+ 2 Par Mert Ry. (103) 


k<l 
kl i,j 


In this equation F;;; is a “three-particle amplitude” and 
F ij is a “four-particle amplitude.” The first term 
above represents the creation of a third particle /, as is 
shown in Fig. 7(b). The second term is of the “particle- 
exchange” type as shown in Fig. 7(c); here one of the 
particles (i,j) is “annihilated,” i.e., returned to the 
po state. The third term describes the “creation of a 
new pair” (k,l), as in Fig. 7(d). The last term anni- 
hilates the single-particle pair on which F,; operates. 
This is illustrated in Fig. 7(e). The annihilation must be 
consistent with the “linkage” requirement as well as the 
restriction that the same two particles not scatter 
twice in succession.! The last term of Eq. (102) 
necessary to subtract out the direct ‘closed loop” con- 
tribution furnished by the integral Eq. (103). 

To complete Eq. (103), we must define the amplitudes 
Fist, Fijxt, etc. This may be achieved by means of an 


18 Equation (103) represents an extension of a technique sug- 
gested by W. Macke, Z. Naturforsch. 5A, 192 (1950). We are 
indebted to Professor K, A. Brueckner and Professor M. Gell- 
Mann for calling Macke’s work to our attention, and also for the 
suggestion that it might be extended in generality by means of 
integral equations. These equations are precisely those used in I 
to determine 5E, written out in greater detail, and, as was noted 
in I, the terms treated by this method can be made to furnish 
a starting point for a perturbation expansion. In the meantime, a 
detailed development of the technique has been carried out inde 
sagen | by Professor Brueckner and Professor Gell-Mann and 

y ourselves. See also reference 19. 
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infinite set of coupled equations. Let us consider the 
n-particle amplitude Fi. ..i, which satisfies 


N n 1 
a= DS DY Fa---igtRu, 
i=1 pl ¢ 

bites ein 


n n 1 
+ > > Fi. + +ip Morass tar Reidy 


vel pl ¢ 
vvp 


22 I 
a > > Fis. ++i, atin’ tae 


l=ilp=l r 
bettie + odn 


N 
+ } Fiy- ' 
l<k 
LR i++ +te 


+ >! Fu.. (104) 


p, vel 


vty Livy tp--lip+i** 


1 
rin Ri,i,. 
d 


The terms here are the same as the corresponding ones 
in Eq. (103). Again we emphasize that in both equations 
the sums over interactions must be consistent with the 
requirement that the same pair of particles not act 
twice in succession. The first two terms of Eq. (104) 
describe single-particle creation and annihilation, re- 
spectively; the third term, annihilation of particle i, 
and creation of particle /; the fourth term, creation of 
the pair (1,2); the last term, annihilation of the pair 
(i,,1,). The prime on the last summation of Eq. (104) 
means that this sum must be carried out in such a 
manner as to leave no “unlinked clusters.” A properly 
linked pair-annihilation diagram is illustrated in Fig. 
7(f). In a topological sense, the annihilation diagram 
may be “straightened out” to correspond to Fig. 7(a), 
just as if neither annihilation nor creation had occurred 
in the intermediate states. 

The similarity to Feynman diagrams is quite evident, 
and suggests that Eqs. (103) and (104) may be formally 
simplified by the use of second quantization. A more 
detailed development of this approach will be published 
separately in connection with a discussion of degenerate 
Bose-Einstein systems.” 

An interesting approximation to Eqs. (104) results 
if we omit the first two terms on the right hand side. 
This amounts to dropping graphs of the form shown in 
Fig. 7(b). As was noted in I, in this case all graphs may 
be deformed into simple loops in view of the non- 
occurrence of “unlinked” diagrams. Also, for each scat- 
tering the momentum imparted to each particle is 
always +4q, where q is a variable. Integration over this 
variable q is performed as the last step in the second 
term of Eq. (102). The system of equations (104) 
therefore reduces to a set of algebraic equations. 


yublished). Also 
. 1117 (1957) 


M. A. Ruderman and K. M. Watson (to be 
K. A. Brueckner and K. Sawada, Phys. Rev. 1 
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In this approximation, the solution of the set of Eqs. 
(104) for the ground-state energy of a system of 
distinguishable, spinless particles becomes almost trivial 
(we shall use the effective-mass approximation of Sec. 
IV). The handling of excited states may also be illus- 
trated by simple methods, and we shall do so at the 
end of this section. 

Qur approximation enables us to write R= R(q) as a 
function of the momentum transfer q only, and the 
propagator as given by Eq. (11) becomes 


d= —(n/2M*)q?= (n/2)D, (105) 


where mn is the number of particles excited above the 
po state (po. =0, ---pow=0). We define 


F iy: + -t9m = N2*F om; m =1, 2, wiih! 


(106) 


i++ dom 


and sum Eq. (104) over (i;- + -i2_,) to obtain 


1 
N?™F oq = NN?" 20 F om —R+ N2"**F omy R 
mD (m+1)D 
R; (107) 


+-N?™m(m—1)F om—2 m> 1. 


(m—1)D 
In a similar manner we may sum Eq. (103) over (7,7), 


getting 


1 1 
F,=2N—RF,+N*—RF +R. 
D 2D 


Comparing this result with Eq. (107), we obtain the 


identification 
Fo= D(q). (108) 


The solution to the set of difference Eqs. (107) subject 
to the boundary condition of Eq. (108) is 
Fom =m'\r™F o, (109) 


where r is that root of the quadratic equation 


N’R R 
( Jar —=0, 
D—2NR D—2NR 


which remains finite as R approaches zero. 
To simplify notation, we write 


(110) 


' Nro! 
U (q ), p= ’ 
Vv V 


To 


R(q) (111) 


where ro is a distance, presumably of the order of the 
range of the two-body force, and U is an “effective 
interaction energy.” Equation (102) for 5E becomes 


U 1 
bE: INU (0) +4 fears) — R(q) }R(a). 
(112) 
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Solving Eq. (110) for r and using Eq. (109) for F2, we 
obtain 
1 


+ 
2NpM*U 
F,=9D, 


,= 


{|A|—[A*—(29M*U)?}¥) 


U 
5E=4NpU (0) =—— f dq 
4h*M* 


2 
x {141-4 QoMeUy I GoMU , (113) 


where 


A=q+2pM*U, (114) 


and the upper or lower signs are used when A>O or 
A <O, respectively. 

The expression for the energy shift given by Eq. 
(113) seems physically reasonable. It exhibits saturation 
for repulsive-core interactions, and can lead to a 
description of condensation and the liquid state even 
when one sets M*=M. The result agrees with that 
obtained by Lee and Yang” for the ground-state energy 
shift of a system of Bose particles interacting through 
hard-sphere potentials of radius a. In that case, we may 
set 

R=4na/(MV), pU=4rNa/(mv), 


po=N/V0, b=8rNa/0, 


(115) 


and obtain 


2eNpoa VU f lq? 
sEo2———-—— dq¢ 
M h®'M v5 


X{¢+b—[(¢+b)?— }'—3(8/g¢)} (116) 


2xNpoa 128 (poa ”) 


Gremsrenes 
M 15r'h® 


This result for Bose-Einstein systems was also obtained 
by Brueckner and Sawada," using a different method. 

Inspection of Eq. (113) shows that for attractive 
potentials care must be exercised in fixing the lower 
limit of the magnitude of q in the integration, because 
the integrand should be restricted to those values of q 
for which the energy is real. We conjecture that values 
of g less than the minimum value ginin have a connection 
with the “condensed sub-states” discussed in Sec. I, 
but it appears that a definite answer to this question 
depends upon a more detailed quantitative evaluation 
of the scattering matrices. In any case, restriction of 
the integral to the range JSamin”dq seems a valid ap- 
proximation, P 

It also appears likely that our approximate solution 
(109) to Eqs. (104) may provide a starting point for 


*” T. D. Lee and C. N. Yang, Phys. Rev. 105, 1119 (1957). 
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further calculations. The possibility of applying the 
“Tamm-Dancoff” or ““Tomonaga”’ techniques from field 
theory is suggested—indeed, our equations look very 
much like those of a “cutoff field theory.” # 

The handling of excited states may be illustrated by 
the following simple calculation : 

Neglecting the amplitudes F;;,:, and retaining only 
“closed loop” terms, Eq. (103) for the two-particle 
amplitude may be written in the form 


1 1 
F y= | P. —RytF jr 


l dia j 


Rul +R, (117) 
l 
where, by Eqs. (11) and (92), 


d,;=D-— (1/M*)q: (poi— Pos), D=—¢/M*. 


Since the reference p» state is considered to be an 
excited state in this discussion, we define 


Ri; =R+R;/, F,;=F,+F;,;, 


(118) 


(119) 


where F, is given by Eq. (106), and R is the scattering 
operator as specified in the development preceding Eq. 
(105). We also expand the propagators in the form 


1 1 R 4° (Poi Pos) 
—R=—R+Ay, Ay™ 


dj; D 


“7 (120) 
D ¢+4q: (Poi— Pos) 


We treat the A;;, R;;’, and F;;’ as small perturbations 
in Eq. (117), and keep only first-order terms in these 
quantities. Substitution of Eqs. (119) and (120) into 
Eq. (117) then yields 


Fi = DLP (AatAy)+F2(1/D) (Ra +Rj’) 
+R(A/D)(F a! +F ji’) )+Rij. (121) 
We assume a solution of the form 
Fi =T1 DU (Auet Ag) tls U (Ra +Rpe’) 
+1'sRij' +14, (122) 
substitute into Eq. (121), and obtain the identifications 
NR 
ere 
NR R 


+—T'+ 
D D 


rs, 


r= ; 


2R a 2R 7 2NR 
re=—T", Dd Ag+—r: d Ri;'+ "4. 
) ij D i,j D 


21 Schweber, Bethe, and de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, New York, 1955), Vol. II, Sections 40-44. 
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The solution is 
DF, 
D-NR' 
2RDF;, 
Ai; 
(D—NR)(D—2NR) ii 
2R(Fe+-R) 
+ 
(D—NR)(D—2NR 


F,+-R 
Ton 


= » T=, 
D—NR 


ry 


d Rij’, 
) i 


1 


D 
P= F—_{|A| [4 NR), 
2R 


2N 
A=2NR-D. 


Examination of Eq. (120) and Eqs. (122) to (125) shows 
that F,,/ remains finite over the entire range of values 
that the integration variable g may assume, and in 
particular as g—0. Substitution of Eqs. (119) and (122) 
into Eq. (102) leads to an expansion of the energy shift 
in which the dominant term is usually proportional to 
> i<j(Poi— pos)’, although the exact form of the ex- 
pression depends upon the behavior of R(q). 

The second-order calculation of the amplitudes F,; 
proceeds in analogous fashion, but for purposes of 
illustration it is advantageous to simplify the algebra 
by setting the R,,;’ equal to zero. Under this assumption 
we expand F; in the form 


Fi; * Fy F,;' t F,;", 


(125) 


(126) 


with F;,”’ representing the second-order contribution, 
quadratic in the Ajj. Substitution into Eq. (117) yields 


1 
F,;' -¥| Fold + Aji) + shal HA) 
l 


(127) 
1 
F,;’ -E| Fulda + F(A shal { Fj’) | 
l 


The first of Eqs. (127) is a special case of Eq. (121), and 
the solution is given by Eq. (122) with 


DF, 
D—NR 
2RDF, 


I", Ai, 


(D—NR)(D—2NR) “3 


r= 
= 


r,=T,=0. 


After substituting this solution into the second of Eqs. 
(127) we obtain 


Pi! = UM (AadutApdy) +l (AiAutAjAu) | 


Lk 


1 
HE [ra + Aji) aes" (Fal! +F yl") |. (129) 
l ) 
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We assume a solution of form 


Fj’ - Hy DY (Aim+ A jm) +2 DY (AimAin+ A jmA jn) 


+H, > (AimAmnt+AjmAmn) 4+-H,, (130) 


mn 
and insert it into Eq. (129) to get the identifications 


NR 
H,=—H,+1,, 
D 


NR 
Hy =]',+ - -H;, 
D 


NR 
H,=T1+—A,, 

D 

i” 2R 

it— Hy > Aut py ete) L AAp. 


i,j t,jh 


2N 
H.=- 
D 


The solution of Eq. (131) is 
2RI*F, 
(D—NR)*(D—2NR) 43 
PP, 
* (D—NRy" 


Ais, 


Hy,=H 


4RIP, 
Hy, seerees 
(D—NR)*(D—2NR) 
x (> Ay)’ + > audal. 
D—2NR ii i,j,k 


This technique can be used to extend the expansion 
in powers of A,; to higher orders. 
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APPENDIX 


We shall describe briefly the physical properties of 
the “linked clusters” of Brueckner® as they appear in 
our “nearest neighbor” expansion. A more detailed 
discussion will appear in reference 3. 

The basis of the derivation in I was that for an 
extended medium (N>>1) the linked clusters behave as 
if independent of each other. For instance, the wave 
function of the system may be considered as describing 
an “ensemble” of all possible different combinations of 
the particles formed into linked clusters.’ 

The problem of understanding the cluster expansion 
is complicated by the fact that one uses the kinetic 
energy of a particle “in the medium,” rather than the 
actual kinetic energy. As will be described in reference 
19, there are a variety of ways of defining this “effective 
kinetic energy” other than in the form given by Eqs. 
(12) and (13), which is taken from reference 1. 

We should emphasize that in reference 1 two different 
derivations were given of equations having the general 
form of (12) and (13). In the text of I an approximate, 
qualitative argument was given for the form of 5e(p,) 
[see Eq. (12) |. Here the evaluation of 5¢ was described 
as involving an “average over fluctuations,” since the 
“right cluster” [i.e., the rest of the medium] was 
treated as remaining in its unperturbed state po. This 
appears to be a very plausible approximation. 

On the other hand, in the Appendix C of reference 1 
a rigorous development was given. Here a more com- 
plicated form for 5¢€ was obtained [Eq. (C-25) of 1], 
since de was expressed as an expectation value with 
respect to eigenstates ¢ of the “‘right-cluster medium” 

rather than as an expectation value with respect to 
the unperturbed state po. This latter method is evi- 
dently more complicated to use. Recently, however, a 
straightforward technique for evaluating such expec- 
tation values has been developed.’ When necessary, this 
makes it possible to avoid the approximation just 
described. 
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The contribution of the saturation field to the noise figure of a three-level maser is calculated. It is shown 
that the effect is very small, under ordinary circumstances. 

Certain aspects of spontaneous-emission noise are considered. It is shown that the spontaneous-emission 
equivalent temperature for a free-electron vacuum-tube amplifier is one-half that of a maser. 

The possibility of eliminating spontaneous-emission noise is considered and it is concluded that more 
general quantum-mechanical amplifiers can in principle be constructed which will not have spontaneous- 


emission noise. 


INTRODUCTION 


EVERAL years ago research on a new method for 

amplification of microwaves started independently 
at the University of Maryland,' Columbia University,? 
and the Lebedev Institute’ in Moscow. 

Proposals for coherent_microwave amplification by 
the stimulated emission of radiation (maser) were 
published in 1953.! This early paper calculated the 
intrinsic gain (without feedback) for a maser amplifier 
employing a gas. The small intrinsic gain of a gas 
device severely limits the gain band-width product 
which can be obtained, and it was suggested! at that 
time that solids would have to be used. The experiments 
of Gordon, Zeiger, and Townes? demonstrated, in 1954, 
that a gas device could be made to operate, and con- 
firmed the extreme limitations on gain band-width 
product. These limitations enable the ammonia molecu- 
lar beam maser to be employed as a spectrometer of 
very high resolution, but prevent its use as a practical 


1 J. Weber, Transactions of the Institute of Radio Engineers 
Professional Group on Electron Devices, PGED-3 June, 1953. 
This appeirs to be the earliest publication in the open literature 
on masers. The principle of amplification by stimulated emission 
of radiation was given and it was noted that the radiation would 
be coherent. The intrinsic gain (without feedback) was calculated 
for an electric-field-reversal symmetric-top-molecule amplifier 
utilizing Am=+1 transitions. Most of this work was done in 
March, 1951, and discussed at seminars in the Washington and 
Princeton areas, and at the 1952 Institute of Radio Engineers 
Electron Tubes Conference in Ottawa. Publication was delayed 
until 1953, mainly because the small intrinsic gain of maser gas 
molecule amplifiers made the use of solids essential for usable 
gain bandwidth products. No promising method for a solid state 
maser was available in 1951, [Maser-type amplification was 
presumably observed by E. M. Purcell and R. V. Pound in 1950 
in connection with their nuclear resonance experiments which 
were discussed in Phys. Rev. 81, 279 (1951). ] 

2Gordon, Zeiger, and Townes, Phys. Rev. 95, 282 (1954). 
Professor Townes has kindly informed us that some informal 
discussion of certain aspects of molecular beam type masers was 
given by A. H. Nethercot on behalf of Professor Townes at a 
meeting at the University of Illinois on submillimeter waves, 
in May, 1951. The Columbia work was also outlined in unpub- 
lished Columbia Radiation Laboratory Progress Reports starting 
in December, 1951. 

3N. G. Basov and A. M. Prokhorov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 27, 431 (1954), and Proc. Acad. Sci. (U.S.S.R.) 101, 
47 (1955). This work was in progress in 1952 and was somewhat 
similar to the Columbia research. 


amplifier. Bloembergen’s suggestion‘ for a solid state 
maser now offers the possibility of low-noise continuous 
amplification with useful gain-band-width product. 
A solid state maser oscillator has been successfully 
operated by Scovil, Feher, and Seidel.® 


NOISE IN A THREE-LEVEL MASER 


Bloembergen’s* three-level maser employs a satura- 
tion radio-frequency field to achieve nearly equal 
populations of states 1 and 3 (Fig. 1). Amplification 
then results between either states 1 and 2 or 3 and 2. 
One might be inclined to believe that such a device 
would be noisy because if saturation is obtained, we 
have essentially an infinite temperature associated with 
levels 1 and 3. However, at saturation the absorption 
coefficient is small so the noise emission should also be 
small. It therefore requires analysis to see how the 
saturation field will affect the noise figure. 

The discussion of Strandberg® is convenient at this 
point. We consider first a two-level negative-tempera- 
ture maser in the form of a travelling-wave amplifier. 
Let p, be the energy for a given mode, Then we can 
write for the derivative of power with respect to distance 
along the transmission system, for a range of fre 
quencies dv, 


V GARAvdp,/dx=V gARdv_Knhv(N +1) 


—KnyhvwN—aNhv+a.p(T.)]. (1) 








E, 
Fic. 1. Energy levels in a three-level maser. 


*N. Bloembergen, Phys. Rev. 104, 324 (1956). A different 
approach was used by Combrisson, Honig, and Townes, Compt. 
rend. 242, 2451 (1956). 

5 Scovil, Feher, and Seidel, Phys. Rev. 105, 762 (1957) 

*M. W. P. Strandberg, Phys. Rev. 106, 617 (1957). 
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In (1), Rv is the number of modes per unit volume 
in a range dv which can propagate, A is the cross 
sectional area, Vq is the power. propagation velocity, 
K is a quantity involving squared matrix elements, 
which can be calculated from quantum mechanics, 2 is 
the number of particles per unit volume in the upper 
state, m, is the number of particles per unit volume in 
the lower state, and N is the number of radio-frequency 
quanta in each mode. In the first term of (1) the factor 
N is for stimulated emission while the 1 which follows 
it is for spontaneous emission.* The second term on 
the right side of (1) gives the effect of the power ab- 
sorbed by the particles, which are employed in ampli- 
fication. 

The third term of the right side of (1) gives the 
power absorbed by the walls, and the last term is due 
to the power emitted by the walls if the wall tempera- 
ture is 7. The quantity p,(7.) is the average energy 
per mode at temperature 7,. The last term can be 
deduced by considering a section of transmission 
system in equilibrium and balancing the absorbed 
power against the emitted power from the walls. All 
terms in (1) are power per unit length. We make use of 
Strandberg’s 8 which is defined by 


B= K(n.—m,) (2) 


and is called the quantum mechanical power gain. 
Making use of (2) and dividing through by AV gR,dv 
gives us 


Ayn 


dp, 
—acpyt+acp,(T.). (3) 


= pB+ 


dx No Ny 


Expression (3) was given by Strandberg and is 
correct for a two-level maser, We now proceed to 
modify (3) so that the noise contributed by the satura- 
tion field can be taken into account. 

Consider then a three-level maser. We assume that 
in the presence of the saturation field a steady state is 


* Note added in proof.—The discussion in this paper and the 
earlier treatments of noise in a maser assume that incoherent 
spontaneous emission takes place, corresponding to states which 
can be described by a temperature. Pound (Advances in Elec 
tronics, to be published) has pointed out that the coherent effects 
discussed by Dic ke [Phys. Rev. 93, 99 (1954) ] might occur in a 
maser. 

In the three level maser coherent effects due to excitation of 
“super radiant” states could, at least in principle, be made small 
by controlling the relaxation times so that a minimum of satura 
tion power is needed, This type of operation is essential anyway 
if low temperatures are to be maintained. Coherent effects result 
ing from emission would appear to be unimportant as long as the 
appropriate relaxation time is substantially shorter than the life 
time for incoherent spontaneous emission. Calculations are in 
progress to explore these issues further. 

If a maser operates in a manner such that coherence effects 
occur to a significant degree, its noise performance will be very 
different from that predicted here. We invite attention to the 
fact that for one set of conditions coherent radiation will produce 
more noise than the equilibrium value, while for other conditions 
less noise will be produced. Development of techniques for pro- 
ducing coherent spontaneous emission may, in fact, result in 
more quiet amplifiers. 
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reached. We also assume that a temperature 7}; can be 
assigned to the system of particles associated with 
levels 1 and 3 in the steady state. If the steady-state 
quantum states are maintained, no energy will be 
exchanged with an environment at temperature 7};. 
Let the power-absorption coefficient associated with the 
1,3 system at frequency v be ais(v). This frequency » is 
different from the resonant frequency (E;— E,)/h=va 
and is in fact the frequency which it is desired to 
amplify. The noise power emitted per unit length by 
the 1,3 system can be taken into account by addition 
of a term aysp,(T\s) to expression (3). Also a term 
asp, has to be subtracted for the power absorbed from 
transitions to state 3. The result is then 


dp, hynB 
— = pB+———«aep,— asp, taep,(T) 


dx Ny— Ny 
+arsp(T1s). (4) 


Levels 1 and 2 are assumed to be used for amplifica- 
tion. The temperature 7, is defined by setting 


n;/Ng= ehh Ts, (5) 


Employing (5) and integrating (4) along the amplifier 
gives 


(Prout ad (pv) ing? 
pe —ach.(T-) —aisp,(T 13) 
4. iP ee a 


]a-ee. (6) 


B—a,— a3 


In (6), g? is the power gain of the amplifier. Let the 
source temperature be 7,, let the load temperature 
be To, and let the transmission line have a power loss 
factor ¢ and a temperature 7;. We can then write the 
noise figure in the forms 


(Prout t bo To) 


Noise figure = 
tg*p,(T.) 


1 
Noise figure = 1-+—— | a—p.(T)+(~g 2 
tp,(T.) 


x ka T.) +ar3p.(T 13) —Bpr( "| 


B-—a.—aQ3 
yy *eATo)| (7) 


In (7) we must insert for the average energy per mode 
the quantity p,(T) =hv/(e”/*™—1). 

For a well-designed amplifier +1, g>>1, B>>a,, and 
8>>a;. In this case, (7) approaches the value 


uaseaT | 


B| p(T) | 


Noise figure = 1-4+-———— 


p(T.) 





MASER NOISE 

We shall now estimate the value of the quantity 
ai3p-(T13)/B8| p.(T.)|, and show that it is very small 
under ordinary circumstances. p,(7;s3) can be set equal 
to kT\;. The quantity a,; can then be obtained from 
an appropriate line-shape factor. For example, if we 
have a Lorentz-shaped line we can write (even under 
conditions of saturation) 


1, T13 
a13(v) =— 


xm, | M13 | 
kT \3 


| (9) 
4’? (y— V13)°+ ( 1 T13)" 
In (9), , is the number of particles per unit volume in 
state 1, ris is an appropriate relaxation time, yw is a 
dipole moment matrix element, and x is a numerical 
factor which will cancel out. The quantum-mechanical 
gain B is given by 
le TT 
B=xMe|p12\?712/| p(T.) |. 


Employing (9) and (10) enables us to write 


aisp(T13) | ws! | 


(10) 


1/(T13712) 


7 | (11) 
4are(v— v43)?-+ (1, T13)* 


| Bp ( T,) | | p12\? 


For the types of amplifier now under development 
7121078 second, 713 712, v— vis 10°. Expression (11)f 
is then of the order 10~*. We see that the effect of 
saturation calculated here makes an unimportant con- 
tribution to the noise figure of these amplifiers. It is 
clear that this effect will always be small unless 
V—Vi3= 1/(2m7). 

This same kind of analysis can be carried out for a 
resonant cavity maser, with the following result [after 
correction of a minor typographical error in Strand- 
berg’s® expression (9) |: 


1, (g+1)? (g+1)? 
Noise figure =———— | —n(1 6), (7) 
p(T)' ¢ g° 


e 


?. ; 
x[ r+ (p(T) —Cp(T2) + p(T 1s) /(A+7)} 


0. 


(g—1) (p(T) +7p(T 1s) . 
Pure ( ee ‘) [+e ‘pf (12) 
(g+1) I+y 


Again, in (12), ¢ is the transmission-line power-loss 
factor, p,(T) =hv/(e’/*"—1), T, is the temperature of 
the transmission line, g’? is the power gain, 7, is the 
source temperature, 7); is the temperature associated 
with the 1,3 system, and 7, is defined by n,/nz,=e”/*?, 
Q, is the external Q, Qo is the unloaded Q, Q, is the Q 

t Note added in proof.—The evaluation of the last factor of 
Eq. (8) requires a knowledge of the absorption coefficient of the 
1, 3 system at frequency v in vee mee of the saturation field 
of frequency v1. In the absence of experimental data, we assume 
a Lorentz line shape. Employment of the incorrect line shape will 
have a substantial effect on the magnitude of expression (11), but 
will not alter the general conclusion that the saturation field has a 
small effect as long as |v—vi3| >(r)™. 
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associated with’ the energy levels 1,2 and Qj, is the 
QO associated with the energy levels 1,3. The quantity ¥ 
is defined by 


¥=O2/r1s, (13) 


and 7, is the cavity wall temperature. 
We can write (13) in the form 


ayg(v, Tj) B. (14) 


In (14), ais(v) and @ are again the absorption coefficient 
and gain for the 1,3 system and the 1,2 system, respec- 
tively, at frequency v. For a well-designed amplifier, 
y will be small and the relative importance of the 
saturation field, according to (12), is given by the 
factor 


yP(T 1s) ars(v) p(T 1s) 


p(T.) 


(15) 
B| p(T) 


which is again the same as (11) which has been shown 
to be 107%, in a practical situation, 

Another way in which the saturation field can con 
ceivably contribute to the noise is the following one. 
In the first approximation the spontaneous emission 
from state 2 down to state 1 is independent of the 
saturation field of frequency vs;. However, for high 
values of the saturation field two-quantum transitions 
may occur in which a particle goes from state 2 to 
state 1 as an intermediate state, ending up in state 3. 
This effect will contribute to the quantum-mechanical 
gain 8. An order of magnitude calculation shows that 
in the high-field limit the value of £ is increased a small 
amount of the order of a few percent. A study of 
expression (7) shows that the noise figure is almost 
independent of § if @ is large. It follows therefore that 
with a quiet amplifier (large 8) the effect of higher 
order transitions will not be large. 

It is of course conceivable that the saturation radio 
frequency field will contribute to the noise in other 
ways} than considered here. 


Some Aspects of Spontaneous-Emission Noise 


It is now believed that maser amplifier noise per 
formance will ultimately be limited by spontaneous 
emission. We now consider certain features of this type 
of noise. 

By use of the fluctuation dissipation theorem*"” the 


7Q,, and Q, are defined by 
2rv (energy in the principal cavity mode) 
— ’ 


'@) 
i net power absorbed by the 1,3 system 


O 2rv (energy in the principal cavity mode) 


2 


net power emitted by the 1,2 system 


t Note added in proof.—Professor Strandberg has informed us 
that direct conversion of noise from the saturation oscillator into 
the amplification band might be an additional source of noise 
We thank him for a profitable correspondence and for pointing 
out an error in an earlier version of Eq. (12) 

*H. Nyquist, Phys. Rev. 32, 110 (1928) 

°H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 (1951) 

J. Weber, Phys. Rev. 101, 6, 1620 (1956) 
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well-known expressions for the transition probability 
for spontaneous emission can be written in the forms 


8ar* | ug |*vRe 
3h 


Pr= 


(16) 


for electric dipole transitions, and 
2 | Mu | 2K mc 


u= (17) 
shy 


for magnetic dipole transitions. 

In these expressions yz is the electric dipole matrix 
element for the appropriate pair of states, c is the speed 
of light, Rg is a radiation resistance per unit length 
squared which we calculate classically according to the 
following prescription. Place a short dipole antenna of 
length / carrying uniform current at the position of the 
particle, in the cavity or wave guide, oriented parallel 
to the electric field. Calculate its radiation resistance 
and divide by /*. The result is Rg. Such calculations for 
dipoles in wave guides under different conditions have 
been carried out by Slater."! The quantity wy is the 
magnetic dipole moment matrix element. y is calcu- 
lated in the following way. Place a current loop of 
area A at the position of the particle in the cavity or 
wave guide, with the plane of the loop normal to the 
magnetic field. The radiation resistance of the loop per 
unit area squared is Ry. 

Expressions (16) and (17) can be employed to calcu- 
late the total noise, and gain of a maser amplifier. These 
expressions illustrate the fact that (in the dipole approxi- 
mation) the spontaneous emission can be made as large 
or small as we like, but if Rg or Ry become zero no 
power can be coupled out. 

Spontaneous emission also contributes noise in con- 
ventional vacuum-tube amplifiers. This has been dis- 
cussed."*-" It is of interest to state the effect for 
free-electron amplifiers in the same terms as for a 
maser. The maser has a spontaneous-emission-noise’® 
equivalent temperature 7,, given'® by 


Toa = hv/k. (18) 


uJ. C. Slater, Microwave Transmission (McGraw-Hill Book 
Company, Inc., 1942), Chap. VII. 

8 , Weber, Phys. Rev. 90, 977 (1953). 

4 J, Weber, Phys. Rev. 94, 215 (1954). 

“JT. R. Senitzky, Phys. Rev. 104, 1486 (1956). 

6 Tt was first shown by R. H. Dicke that the limiting sensitivity 
of a maser amplifier is determined by spontaneous emission, corre 
sponding to an equivalent temperature /v/k degrees Kelvin. His 

yvaper at the Symposium on Amplification by Atomic and Molecu 

- Resonances (Berkeley-Carteret Hotel, Asbury Park, New 
Jersey, February 29-March 1, 1956) also gave the theory of the 
noise figure of maser amplifiers. 

Subsequent analysis by Muller [Phys. Rev. 106, 1, 8 (1957) ]; 
Pound, Advances in Electronics, (to be published); Strandberg 

Phys. Rev. 106, 4, 617 (1957) ], and Shimoda, Takahasi, and 
Townes (J. Phys. Soc. Japan, 12, 6, 686 (1957) ] have confirmed 
Dicke’s work. Noise in Molecular Amplifiers was also discussed in 
the review article by J. P. Wittke [Proc. I.R.E. Vol. 45, 3, 291, 
March, 1957) ]. 

16 This well-known result can be obtained quickly in the follow- 
ing way. The transition probability for downward transitions of a 
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If a low-density slow electron beam interacts with an 
electric circuit in equilibrium with a heat bath the 
electrons will undergo transitions to different states of 
translational energy. If the transit time is small com- 
pared with the circuit period, the changes in electron 
velocity due to the interaction will correspond to a 
mean squared circuit electromotive force given!* by 


hy 


2 (19) 
euikT 4 


1 [hv 
=|" 
CL2 


In (19), C is the capacity. 

The first term of (19) gives the effect of spontaneous 
emission by the electrons. At low temperatures it would 
be found that certain electrons in the beam had lost a 
quantum to the circuit. To obtain the equivalent tem- 
perature, we set 

4CV2=$hkT aq. 
Employing the first term of (19) in (20) gives 
Toq= hv/2k. (21) 


For a free-electron beam, the effect of spontaneous 
emission is equivalent to a temperature half that in a 
maser. The factor } is a consequence’ of the fact that 
the equivalent classical oscillator induces both upward 
and downward transitions on the electron beam, and 
both contribute to the electron beam noise. For a maser, 
only the downward transitions induced by the equiva- 
lent oscillator contribute to the noise. Research con- 
tinues on methods of cooling down an electron beam. 
Equation (21) indicates that in principle the limiting 
noise in a vacuum-tube amplifier due to spontaneous 
emission is even less than that in a maser. 

Since spontaneous-emission noise occurs in all am- 
plifiers thus far proposed, it is of interest to inquire 
whether this type of noise is so fundamental in character 
that it can never be eliminated. Both vacuum-tube and 
maser amplifiers can be operated as voltage amplifiers, 
that is, they need not absorb radio-frequency power in 
order to operate. A maser such as the Columbia device? 
which has essentially all the interacting molecules in 
the upper state is an example. The incident radiation 
merely stimulates excited molecules to radiate without 
itself being absorbed. In order to avoid spontaneous- 
emission noise we must start with particles in the lower 
state, and then arrange to have those which have 
absorbed incident quanta operate either a detector or 
an amplifier. Such an amplifier would be a power 
amplifier. Detectors which operate in such a fashion are 
devices such as nuclear counters, It is well known that 


(20) 


particle in an excited state always has a factor N+1, where N is 
the number of quanta in a given mode of the electromagnetic 
field. As was remarked earlier, the 1 which follows the N is 
for the effect of spontaneous emission. In equilibrium we have 
N=1/(e""?—1), To obtain the equivalent temperature for 
spontaneous emission, set V above equal to 1. Then if sv/kT<1, 
we get T4q=hv/k. 

17 The equivalent classical oscillator is twice as effective in 
inducing noise on a free-electron beam; therefore it has to be only 
half as hot to yield the same amount of noise. 
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such detectors do not have spontaneous-emission noise, 
and can be made to have no output unless energy is 
incident on them. A molecular beam can in principle be 
made to operate in such a way that only molecules 
which were originally in the lowest state, then absorbed 
electromagnetic field quanta, will be detected. Future 
development of molecular beams might make feasible 
the detection of single radio-frequency quanta with no 
spontaneous-emission noise. 

A power amplifier can in principle be constructed 
which operates only when ground-state particles are 
excited. Consider a beam of molecules with total spin of, 
say, m. In a magnetic field we can have 2n+1 equally 
spaced states. First we arrange a molecular beam so 
that only particles in the lowest state (with m=—n) 
enter an interaction region. Those which absorb micro- 
wave quanta will now have m= —n-+1. All molecules 
are now removed from the beam except those with 
m=-—n-+1. These remaining molecules now enter a 
region in which the magnetic field is slowly dropped to 
zero, then reversed to its earlier value. The molecules 
now have m=n—1. If these are allowed to enter a 
second cavity, each molecule can then lose 2n—1 
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quanta of the same frequency as the exciting radiation, 
giving in principle a power gain oi 2n—1. Such an 
amplifier would not have spontaneous emission noise, 
However, it would not be a maser. The more general 
term “quantum mechanical amplifier” should be used 
to describe it. 


CONCLUSION 


The saturation field has only a very small effect on 
the noise of a three-level maser, for the mechanisms 
considered here. The value hv/k which has been given 
as the limiting equivalent temperature does not appear 
to be fundamental to all amplifiers, although it does 
apply to existing maser devices. 

It appears that quantum theory does not set a lower 
limit to the noise temperatures theoretically attainable 
with microwave detectors and amplifiers, at low tem- 
peratures. 
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A general analysis of the Brownian movement is given which is not limited to systems having a linear 
relaxation mechanism. Detailed results are obtained for the case of modest nonlinearity, to which presumably 


all problems of physical interest are limited. 


1, INTRODUCTION 


T may perhaps seem presumptuous today to suggest 

that it is still worthwhile to give an analysis of 
Brownian movement. However, we wish here also to 
attempt an analysis of the Brownian motion of a 
system having a nonlinear relaxation mechanism, and 
we hope in so doing to give a consistent analysis of 
Brownian movement which might perhaps be freer of 
difficulties and possible obscurities than is sometimes 
the case. 


2. ANALYSIS 


To be specific, let us consider an elementary electrical 
circuit with capacity C and resistance R as shown in 
Fig. 1; the resistance R is assumed to be placed in a 
thermal bath at temperature 7. The condenser is 
idealized so that its behavior is completely characterized 
by the charge, qg, on it at any instance. We now assume 
that the resistance R is the seat of random thermal 


fluctuations of electrical charge, and consequently that 
the charge g on the condenser will also fluctuate. It 
follows immediately that the element R must be able 
to dissipate power at an appropriate rate if a statistical 
equilibrium is to be maintained; the condenser will 
then have a mean energy F=(g*)/2C. The condenser 
itself being idealized as a purely electromechanical 
element, this energy is free energy (i.e., available in 
principle for doing work). It follows then that, no 
matter what resistance is connected across the con- 
denser, E must have the same value, because otherwise 
we might in principle establish in this way, using a 
condenser as intermediary, a net flow of power from 
one resistance to another (both being at the same 
temperature), which is contrary to the second law of 


Fic. 1. Simple electrical circuit (q) 
for discussion of Brownian move c 
ment. (a1/6) 
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thermodynamics. It is of course sometimes said that 
fluctuations themselves contravene the second law, but 
this is not relevant for a strict classical application of 
thermodynamics to steady state situations. 

Let us now consider an ensemble of electrical circuits 
of this type. We shall limit ourselves here to a strictly 
classical discussion ; Nyquist,’ Weber* and Balazs* have 
considered the Brownian movement problem in linear 
systems when quantum effects become significant. We 
wish to determine the probability distribution for the 
charge, g, on the condenser, say f(g). If the resistance 
R were very large, so that we might talk of very weak 
coupling of the condenser to the thermal environment, 
we could invoke the theorems of statistical mechanics 
and say that 


S(q)dq= (1/2ekTC)' exp(—q?/2kTC)dq. (1) 


However, we wish to treat the general case, and 
consequently we may only use the result for the mean 
energy of the condenser: 


(q*)/2C=kT/2, (2) 


since as we have pointed out above this result must be 
independent of the particular resistance. 

The fraction of circuits in the ensemble in statistical 
equilibrium at any time having a charge q between 
q and q+dq is by definition /(q)dq. Let now the average 
rate of change of charge for this subensemble be given 
by 

(q)= —gG(q)/C. (3) 


This equation then defines operationally the conduct- 
ance G(q) and removes an arbitrariness in the meaning 
of the resistance sometimes present in such discussions. 
Let the random component of change be r(q) ; evidently 
(r(q))=0. Now consider the maintenance of statistical 
equilibrium in the ensemble: given any specific value 
of g, the average number of circuits whose charge 
increases upwards through g must equal the average 
number whose charge decreases downward through q 
in any interval of time, /, over which we believe that 
statistical equilibrium is maintained. If this time- 
interval can be taken as sufficiently short so that only 
small displacements of charge, 6g (small in comparison 
with the total fluctuation or “spread” of the ensemble), 
are to be expected—i.e., so that the individual fluctu- 
ations in g may be considered as local—then we may 
write: 


(LS(q—8q) JL r+ (qq) —G(q)q/C }) 
+ 4([ f(q+-4q) JE r_(q+6q) —G(q)q/C])=0. (4) 


r,(q) indicates that we select only those systems with 
r(q)>0, and correspondingly with r_(q), while the 
angular brackets indicate an average over all circuits 


'H, Nyquist, Phys. Rev. 32, 110 (1928) 

* J. Weber, Phys. Rev. 101, 1620 (1956) [see also J. Weber, 
Phys. Rev. 90, 977 (1953); 94, 211 (1954); 96, 556 (1954) ] 

‘N. Balazs, Phys. Rev. 105, 896 (1957) 
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“neighboring” to g. Then‘ 
(LS(g)qG(q)/C}+4 (d/dq)[ f(q)r(q)6q})=0. (5) 
Evidently an immediate solution is now only possible 


if (r(q)éqg)=(6g*(q))/t has some definite limit, for 
sufficiently small ¢.° That is, 


(6q*(q))=K(q)t, or (6q?(q))=2F(qg)kTt, (6) 


say, which is a generalized form of the Einstein equa- 
tion. Equation (5) may then be solved to give 


f(O)F (0) 1 * 4 qgG(q) 
pay=[= emf -() f'(22)a}, 
F(q) kTC/ Jy \ F(q) 


where we must normalize so that 


f saod=t. 


x 


As far as we can see, no mandatory general thermo- 
dynamic relationship exists which might relate uniquely 
G(q) and F(q) for arbitrary values of g. We shall see 
later that this is not necessarily a serious drawback 
since the only cases likely to be of physical importance 
will involve only a very modest degree of nonlinearity, 
which can often be analyzed without further assump- 
tions. Before discussing this, however, we can make 
some further remarks about the general problem. 


3. GENERAL CONCLUSIONS 


From Eq. (5), muitiplying through by q and inte- 
grating, we have 


fe tr \ 1 
_ f(q)F (q) Jdg=— -f 
“he sie: foci kTCY. 


x 


+0 


gG(q) f(q)dq (8) 


D 


[using also Eq. (6) ]. Integrating the left hand side by 
parts and assuming f(g)—0 rapidly as qo>+”, we 
have® 

1 


+0 
F(q) f(q)dq=— 
:: ae 


+0 
[ rou © 


or 


f F(q) f(q)dq 


+2 +m 
- f gG(q) f(q)dq / f ¢f(q)dg. (10) 


‘ The derivation given of Eq. (5) is admittedly rather heuristic ; 
a more formal derivation could be given but, the writer believes, 
with no greater rigor. 

5 We have assumed here that we need not consider fluctuations 
moments higher than the second, i.e., (g*). H. A. Kramers [Physica 
7, 284 (1940)] has mentioned the possibility that higher-order 
moments may contribute, but we believe that this contingency 
may be neglected, at any rate in cases where modest nonlinearity 
is concerned with which we are primarily concerned in the present 
paper. See also Appendix 2. 

®An alternative and rather direct proof of this result is 
given in Appendix 2. 
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Thus we have the entirely general result that 
(F(q))=(¢G(q))/<q’). 


In deriving Eq. (5) we have assumed that statistical 
equilibrium has been achieved; if this is not the case, 
so that f is now also a function of time, then Eq. (5) 
will read, 


B(q,t)= —L f(q)qG(q)/C ]—kT (8/09) f(g) F (q) J, 


where ((q,t) is the net flux of systems “upwards” 
(i.e., the net fraction per unit time whose charge is 
increasing through g). We have also, however, (0 //0t) 
= — (08/0q), and thus, 


(0 f/dt) = (1/C) (8/8q)[qgG (q) f(q) J 
+kT (0?/dg*)Cf(qg)F (gq) ], (11) 


which is then the generalized Fokker-Planck equation 
for systems with nonlinearity under our assumptions. 

Failing any entirely general theorem connecting the 
instantaneous values /'(q) and G(q), let us consider two 
particular possibilities. First let us assume that we 
might set (q)=G(q); then Eq. (7) reduces to 


S(q)=L/O)G(O)/G(q) ] exp(—@/2kTC), — (12) 


where /(0) is determined by 


f f{(q)dq=1. 


x 


However, we have also to satisfy the general relation 


+” 
(q7?)= J ¢ f(q)dq=kTC 


Zz 


which will not be true in Eq. (12) for arbitrary G(q). 
Consequently we must reject equality of f(g) and G(q) 
in general. Let us now instead make the plausible 
assumption that the fluctuations are throughout deter- 
mined by some average taken over the whole physical 
“state” of R, so that F(q) -f say, where F is in fact 
the average conductance defined by Eq. (9) or Eq. (10). 
Hence from Eq. (7), 


f(q) = f(0) exp ~(1/RkT( pf 1G] (13) 


[where again of course /(0) is determined by 
S-0*” f(q)dq= 1). If now we take the special case where 
G(q) is itself a constant, say G(q)=G, then also P=G, 
so that (6g’)= 2GkT1, the Einstein relation, and 


f(q) = f(0) exp(—g?/2kTC) 


= (1/2ekTC)! exp(—q?/2kTC). (14) 


Thus (assuming F =F) the canonical distribution [cf. 
Eq. (1) ] will hold true for any degree of damping so 
long as the damping (‘‘viscosity”) is strictly linear. 
Otherwise it seems unlikely that this will be so, if, 
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indeed, we assume F(qg)=F as in the foregoing, we 
should have to use Eq. (13) with Eq. (9). With this 
assumption, the Fokker-Planck Eq. (11) will read, 


(0 f/dt) = (1/C) (8 'Aq)[gG( q) f(q) |+ PRT (af ‘Oq’), (15) 


where, as before, 


+2 


P (1 rc) f g’G(q) f(q)dq. 


rs 


We see here that three conductances, G(q), g(@G(q)/4q), 
and P(=(¢G(q))/<q*)), are involved in place of the 
single parameter G of the linear approximation. 


4. MODEST NONLINEARITY 


Let us now consider systems with a modest degree of 
nonlinearity, setting G(q)=a-+yq? where ¥ is “‘small.’”’ 
It is not necessary here to make any particular assump- 
tion(s) relating F'(q) to G(q), such as we have discussed 
above, except naturally that the nonlinearity in /(q) 
is also modest and symmetrical in q. 

Now by Eq. (10): 


(F(q)) lef P f(q)dq4 vf atsigig| / er ". (16) 


The first term in the numerator has the value akTC 
quite generally ; and in the second term we can evidently 
use the unperturbed (canonical) distribution for /(q) 
as an adequate approximation. That is to say, we do 
not require to know specifically f(g) to deal with 
modest nonlinearity of this type, and we then have 


((5q?)) == 2(F (q))RT t= 2akT1+6yRT°Ct. (17) 


In an earlier paper,® the writer approached the problem 
of the Brownian movement of systems with a nonlinear 
relaxation mechanism by proposing the following 
hypothesis : an ensemble of circuits subject to Brownian 
movement will behave in such a way that the average 
charge in a subensemble having a given initial charge 
will relax as would the charge in a single circuit having 
the same initial charge, presumed to be free from 
Brownian movement. This hypothesis is now seen to 
be untenable [ cf. Eq. (19) below | (Polder had already 
voiced his objections). However, it is interesting that 
this hypothesis, as we foresaw at that time, showed 
the general behavior to be expected, since for small ¢ 
we also found then, 

((6q")) = ZakT t+ Oy kR?T°C1. 

[See Eq. (15) of reference 8 with t-0. ] 
We now inquire about the frequency-spectrum of the 
fluctuations. In order to do this, as discussed in our 


’We are thus restricting ourselves in this section to a sym 
metrical nonlinear conductance G(q); some results for an asym 
metrical nonlinear conductance will be given in the following 
section where we consider a specific example. 

*D. K. C. MacDonald, Phil. Mag. 45, 63 (1954) 

1D. Polder, Phil. Mag. 45, 69 (1954). 
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earlier paper* on this subject, we wish to determine the 
quantity ((q(t)q(0))) (for all values of 4) averaged over 
the entire ensemble in equilibrium. Using our previous 
notation we can write (essentially following Langevin") 


(dq/dt)+ (aq/C)+ (y¢/C)=r(q), (18) 


and thus obtain an approximate solution under the 
usual assumption (see, e.g., Uhlenbeck and Ornstein") 
that the correlation time of A(t) is very short com- 
pared with C/a. This we have in fact already used 
in Eq. (5) above, having seen that the relation 
(6q*) « t for C/G is a necessity for the maintenance of 
statistical equilibrium. After a little analysis, outlined 
in Appendix 1, we find 


=A,(t), Say, 


(q(t))= q(0) exp(—at/C) — (-yq*(0)/2a) exp(—at/C) 
<([1—exp(—2at/C) ]—3yq(0)kT exp(—at/C) 
X {t— (C/2a)[1—exp(—2at/C)}}. (19) 
This equation is of interest in itself. If y=0, we have 
simply (g(t))=q(0) exp(—at/C) the familiar result in 
the conventional theory of linear Brownian movement ; 
the Brownian movement is not manifest in the average 
relaxation. However in the general nonlinear case the 
Brownian movement makes itself felt directly [as evi- 
denced in the third term of Eq. (19) ] by spreading 
out the distribution of the subensemble over the 
nonlinear relaxation mechanism as time proceeds. 
Continuing the analysis, if we average over the whole 
ensemble in equilibrium, we have 
((q(t)q(0))) = kTC exp(—at/C) — (3ykT*C?/2a) 
<[Lexp( —at/C)—exp(—3at/C) J—3yPT’C 
X (t exp(—at/C) — (C/2a)[exp(—at/C) 
—exp(—3at/C) |}, (20) 
using (q*)=kTC and (q*)= 3k°7°C? (this approximation 
is sufficient in the nonlinear term, as pointed out earlier). 
Hence 
(g(t) —q(0) P)) = ((Ag?)) = 2kTC [1—exp(—at/C) ] 
+ (3ykT*C*/a)[exp(—at/C) —exp(—3at/C) } 
+6ykT°C (1 exp(—at/C) — (C/2a) 
X[exp(—at/C)—exp(—3at/C) }}. (21) 
Thus 


d 
{(Aq?)) 2akT (14+-3ykTC/a) exp[ — (at/C) | 
it 
—Garyk?T*t exp(—at/C). 


( 


(22) 


[ As t-0 this yields 


rd 
Frou 
dt t-0 


in agreement with Eq. (17).] The spectrum of the 


= MakT{ 1+ (3y/a)kTC), 


” P, Langevin, Compt. rend. 146, 530 (1908). 
"G, E. Uhlenbeck and L. S. Ornstein, Phys. Rev. 36, 823 
(1930). 
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current fluctuations is then given by (see previous 
papers by the author*”) 


od 
win=desf —((A4q)) sin(2n ft 


and, using Eq. (22), again after some algebra, we find 


W (f) = 4akT (1+3ykTC/ax){ (wC/a)*/[1+ (wC/a)*}} 
— 24yk*T°C (wC/a)*/[1+ (wC/a)*P, (23a) 
where w= 2mrf. Corresponding to Eq. (23a) the charge 


fluctuations are given by (¢/7)=W(f)/w* and the 
voltage fluctuations by 


(V’)= ((g7)/C)=(W(f)/w?C*] 
= (4kT'/a){ (14+-3ykTC/a)/[1+ (wC/a)*)} 
— (24yk?T*C/a*)/[1+ (wC/a)*f. 


The fotal charge fluctuation is given by 


(23b) 


w= f danas f cwin/e rs, 


and it may readily be checked from Eq. (23a) that this 
yields once more (g*)=kTC, so that the whole analysis 
is self-consistent. If y=0 so that we assume strict 
linearity of the relaxation then Eq. (23b) simply gives 


(V?)=4RkT/[1+(wCR)*], or if wCRK1: 
(V?)=4RkT, where R=1/G=1/a 


the familiar result from Nyquist’s theorem. 


(24) 


5. METAL-OXIDE RECTIFIER 


An interesting example is provided by one of the 
models for the metal-oxide rectifying contact discussed 
by Mott and Gurney.” The theory gives for the current 
i, in terms of the potential difference V across the 
contact 


i= (4armek*T?/h*) p exp(— Eo/kT)Lexp(eV/kT) —1], 


where e is the electron charge, p is the probability 
of an electron penetrating the potential barrier, and 
Eo is an electron excitation energy. For convenience, 
let us take p as constant so that we may write 
i= A[Lexp(eV/kT)—1], where A is independent of the 
potential difference, V. Hence, 


G(V)=t/V = (A/V) [exp(eV/kT) —1], 


G(q) = (AC/q)Lexp (eq/kTC) — 1]. (25) 


Now we shall see a posteriori that the nonlinearity 
involved is rather slight (as will presumably generally 
be the case physically), and consequently we may 
write G(q)=a+fq+vq, where a=eA/kT, B=e'A/ 


2D. K. C. MacDonald, Phil. Mag. 40, 561 (1949). 
4 N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Clarendon Press, Oxford, 1940), p. 181. 
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2PT*C, and y=e@A/6kT*C?. Now (q)=—gG(q)/C 
= — (ag/C) — (8g*/C)—(yq@/C), and since (g) must 
equal zero in equilibrium, it is clear that (g) must now 
differ from zero. To the first approximation, 


(q)= —BRTC/a 
_ —¢/2, 
in the present case (emphasizing that the asymmetry 
is certainly very slight!). If we now make the assump- 
tion that F(q) = F (cf. Sec. 3 above) then we can readily 
derive a first approximation to (g*), obtaining 
(¢)= —SB(kTC)*/a, 

so that to the second approximation 

(q)= —e(1—Se?/6kTC)/2. (28) 


We may remark immediately that the term 5e?/6kTC 
is extremely small in all cases that are of practical 
interest, at any rate at present [e.g., C=1 wuf (10~" f); 
T=1°K; 5e?/6kTC= 10]. 

We can also now derive the average fluctuations, 
since 


((8q*)) = 2Kq°G(q))/C [see Eq. (9) ] 
= 2a ge) +P) +1(Y))/C 
= ZakTt{ 1—[(56*/a*) — (3-/a) JkTC}, 
and in the present case this gives 
((8q?)) = 2eAt(1—3e2/4kTC). (29b) 
It is clear again that the deviation from linear theory 
is small in all practical cases. 


(26) 


(27) 


(29a) 
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APPENDIX 1 
We have 


(dq/dt)+(aq/C)+(g/C)= Ag). (18) 


Neglecting at first the nonlinearity, we have as the 
solution of Eq. (18): 


q(t) =q(0) exp(—at/C) 
texp(—al/C) f exp(ax/C)A (x)dx. 
0 


MOVEMENT 
Hence, to the next approximation, we have 


(dg/dt)+ (ag/C) = A 4(t)—[vq*(0)/C ] exp(— 3at/C) 


t 
—[3yq(0)/C] exp(— 3at/C »f exp(ax/C)A (x)dx 
0 


t t 
—[3yq(0)/C] exp(—3at, of f expla(«+y)/C) } 
0 Yo 


X A (x)A (y)dudy— (y/C) exp(—3at/C) 


xf ff expla(x+y+s)/C] 
0 0 0 


XA (x)A(y)A (2)dxdyds. 


Solving again and making use of the usua! assumptions 
about F(t) (e.g., Uhlenbeck and Ornstein"), we have 


(q(t))=q(0) exp(—at/C) —[yv@(0)/2a | exp(—at/C) 
<(1—exp(—2at/C) |—3yq(0)kT exp(—at/C) 


X {t— (C/2a)1—exp(—2at/C) }}, 
which is Eq. (19) in the text. 


APPENDIX 2 


Consider, as before, a simple circuit as in Fig. 1 and 
let g(t) be the charge on the condenser C at time ¢, Then 


(La) —¢(0) F) = (gO) +7 (0) — 2(g(t))q(0), 


where the angular brackets denote averages over a 
subensemble of such circuits all having the same charge 
q(0) at t=0. Thus, 


(Ca(t) —q(O) Poo (g°()—42(0) — 24 (0)(G(0))t, 
for sufficiently” short ¢ 

= (q’(t)) —¢? (0) +24*(0)G(q(0) )t/C 
for 1«KC/G(q(0)), 


where, as in the text, G(q) is defined by (¢)= —qG(q)/C. 
If now we average over all values of g(0) and assume 
that there is statistical equilibrium so that ((q*(4))) 
=(g°(0)), then 


((Lq()—q(0) P)) 00 2Kg’G(q))/C, 
which is equivalent to Eq. (9) in the text. 


4 The assumption that a short enough time ¢ can be chosen so 
that higher order terms such as #(4(0))/2 can be neglected in 
comparison with q(0)) appears to correspond to the neglect of 
higher order fluctuational moments in Kramers’ discussion (see 
reference 5). 
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The problem of a one-dimensional stationary nonlinear electrostatic wave in a plasma free from inter 
particle collisions is solved exactly by elementary means. It is demonstrated that, by adding appropriate 
numbers of particles trapped in the potential-energy troughs, essentially arbitrary traveling wave solutions 


can be constructed. 


When one passes to the limit of small-amplitude waves it turns out that the distribution function does not 
possess an expansion whose first term is linear in the amplitude, as is conventionally assumed. This disparity 
is associated with the trapped particles. It is possible, however, to salvage the usual linearized theory by 
admitting singular distribution functions. These, of course, do not exhibit Landau damping, which is asso- 
ciated with the restriction to well-behaved distribution functions. 

The possible existence of such waves in an actual plasma will depend on factors ignored in this paper, as 
in most previous works, namely interparticle collisions, and the stability of the solutions against various 


types of perturbations 


I, INTRODUCTION 


AST treatments'* of the problem of electrostatic 

oscillations in a collision-free, completely ionized 
plasma have customarily resorted to linearization of 
the governing equations in order to obtain a mathe- 
matically tractable problem. This procedure has led, 
for the case of sinusoidal waves, to mathematical 
difficulties associated with those particles which travel 
with the wave velocity. These problems are discussed 
and resolved within the framework of the linearized 
theory, on formal mathematical grounds, by Van 
Kampen.‘ Bohm and Gross* have suggested that these 
difficulties are associated with those particles which 
are trapped in the potential-energy troughs of the wave, 
which implies a breakdown of the usual linearized 
theory. This is indeed the case, as we here demonstrate 
by solving the nonlinear problem. 

In one space dimension it is possible to derive simply 
exact general solutions of the coupled Boltzmann and 
Poisson equations, which solutions correspond to 
stationary travelling waves. These solutions are not 
completely determined by the aforementioned equations 
and it is possible to construct waves of quite arbitrary 
shape, for instance isolated pulses, and sinusoidal waves. 
The method of derivation emphasizes the special nature 
of those particles trapped in the troughs of the electro- 
static potential, 

In particular, when one passes to the limit of small 
amplitude waves it transpires that the distribution 
function describing the trapped particles does not 
possess an expansion in integral powers of the amplitude 
of the electrostatic potential, but rather one in half- 
integral powers. This feature would appear to indicate 
that the usual linearized theory is inadequate to describe 
stationary traveling waves. It is shown, however, that 
the conventional linearized theory can be salvaged if 

1A. Viasov, J. Phys. U.S.S.R. 9, 25 (1945). 

*L. D. Landau, J. Phys. U.S.S.R. 10, 25 (1946) 


*D. Bohm and E. P. Gross, Phys. Rev. 75, 1851 (1949). 
*N. G. Van Kampen, Physica 21, 949 (1955). 


one admits singular first-order distribution functions, 
in particular Dirac delta functions.’ These singular 
solutions do not exhibit the phenomenon of Landau 
damping,’ which is associated with distribution func- 
tions which are required to be initially analytic. 


II. FORMULATION OF THE NONLINEAR PROBLEM 


We seek stationary nonlinear electrostatic waves. 
Consider for simplicity a plasma composed of electrons 
and ions. The extension of the following considerations 
to more complicated systems is immediate. It is con- 
venient to work in a coordinate system in which the 
wave is at rest, the so-called wave frame, so that all 
quantities are time-independent. The equations gov- 
erning the phenomenon are 


Ofs(xv) e Ob(x) Of,(x,r) 
, Bae = 


Ox ms Ox Ov 


0, (1) 


v 


0'o(x) mits , 
ine f dv f_(x,v) ~4tne f dvf,(x,v). (2) 
Ox ‘ 


Dn LD 


Equation (1) is the Boltzmann equation in one space 
dimension in which collisions have been ignored, 
written for ions or electrons, accordingly as one chooses 
the upper or lower sign. Equation (2) is the Poisson 
equation. In the above expressions /, represents the 
distribution function in joint configuration and velocity 
space, m, the mass, e the magnitude of the charge of 
the electron, @ the electrostatic potential, and »v the 
veloc ity. 
If one introduces the energy 
E,=4}myv'+e¢, (3) 
the general solution of Eq. (1) may be written 
Sa=Sa( Ex). (4) 
Note that Eq. (4) satisfies Eq. (1) independently of the 


®’P. A. M. Dirac, Principles of Quantum Mechanics (Clarendon 
Press, Oxford, 1947), third edition, p. 58. 
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partition between the two directions of the velocity of 
particles with a given energy. 

In addition to Eqs. (1) and (2), there are certain 
other conditions which have to be satisfied. Consider a 
potential of the form shown in Fig. 1. Ions with an 
energy F, such that e@min< Ly <ebmax are trapped by 
the potential, i.e., restricted to regions where ep< E,. 
Thus, an ion with energy £, = ed, is restricted to regions 
C and F of Fig. 1, but once in C cannot move into F 
and vice versa. That is, x1, %2, and xy are turning points 
at which the ion reverses its velocity. Since the dis- 
tribution function must be independent of the time, 
ions of energy E,=ep; must be equally distributed 
between the two directions of the velocity, and simi- 
larly for all trapped ions. Of course, ions with energies 
E> ebmax can move freely in either direction, and 
hence their partition ‘between the two directions of the 
velocity is arbitrary. Note that the distributions of the 
trapped ions in regions C and F are independent since 
the two regions are isolated from each other. 

Similarly electrons of energy E_<—edmin are 
trapped. For instance an electron of energy L_= —eq 
can be only in regions B and D of Fig. 1, and the trapped 
electrons must be equally distributed between the two 
directions of velocity. Electrons of energy E> —edmin 
can move freely, and their partition between the two 
directions of velocity is arbitrary. 

Equation (4), the general solution of Eq. (1), can be 
substituted in Eq. (2), which on introduction of the 
energy of Eq. (3) in place of the velocity reads 


d'g(x) *  dEf_(B) 
= tre f 
dx* eo L2m_(E+ep(x)) }! 


© df, (E) 
m f . (5) 
¢ L2m,(E—ed(x)) }! 


e 


In Eq. (5) we have suppressed the subscript plus or 
minus where its deletion will cause no confusion. 


III. DIFFERENTIAL EQUATION® 


If one prescribes f, and f_ Eq. (5) is a second-order 
nonlinear ordinary differential equation for the po- 
tential @. It can be integrated once on multiplying it 
by d@/dx and integrating with respect to x. The result is 


(dp/dx)?+ V(p) =const, (6) 
where 


V(o) 8 f dE f,(E)(2(E—ep)/m, }! 


e¢ 


+8n f dE f_(E)[2(E+ep)/m_}. (7) 
@ 


® Equation (5) has been considered independently, but in some 
what less detail by E. G. Harris, Bull. Am. Phys. Soc. Ser. IT, 2, 
67 (1957). An equation similar to Eq. (5) has also been treated 
by D. Bohm and E. P. Gross, (see reference 3), who, however, did 
not exploit its full power and generality. [See K. H. Prendergast, 
Astron. J. 59, 260 (1954); H. K. Sen, Phys. Rev. 97, 849 (1955). ] 
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Fic. 1. Potential energy trough illustrating the [trapping of 


particles. 


Equation (6) can be solved by a quadrature, namely 


¢ 
x—Xo= 4 f de| V(b0)—V()|~', (8) 

“60 
where 29 is a point at which dp/dx vanishes and at which 
the potential is @o. Clearly one can construct periodic 
solutions of Eq. (6) if V(@) has the form of a well [e.g., 
V() =const¢’ ]. Aperiodic solutions are also possible, 
but these will be treated by an alternate way of viewing 


Eq. (5). 
IV. INTEGRAL EQUATION 


One can look upon Eq. (5) as an integral equation 
for the distribution function of trapped electrons. 
Namely, if one writes d’p/dx?= — N(ep), where N (ep) 
is the net charge density, Eq. (5) can be written in the 
form 


edmin 
f dE f_(E)(2m_(E+-e@) |}! = g(ed), (9) 


ed 


where 
g(ep) -N(op)/Anet f dE fy (FE) 2m, (Eh —ep) 4 
ep 


x 


f dE f{_ (EE) 2m (E+eb)}) (10) 
témin 


is the density of trapped electrons at the point « cor- 
responding to the potential @(x). Thus, if one prescribes 
the potential @(x), which determines d*p/dx? and hence 
N(ep); the entire ion distribution /,(/2); and the dis- 
tribution of untrapped electrons, {_(/) for E> —edmin; 
then g(e@) is a known function, and Eq. (7) is an 
integral equation of the convolution type for the dis- 
tribution function of the trapped electrons. It can be 
readily solved by the Laplace transformation, yielding 


(2m_)' p~*® ~— dg(V) 
f w— 
us témin d V 


which result can be verified directly by substituting 
Eq. (11) in Eq. (9). 

The choice of the arbitrary quantities in Eq. (10) is 
restricted only by the weak requirements that 


f-(E) Vy, 


E<—@bmin (11) 
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g(€bmin) =9, which follows from Eq. (9), and that 
f_(4) as given by Eq. (11) be non-negative in order that 
f_(E) be a legitimate distribution function. 
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If one substitutes Eq. (10) in Eq. (11), it is possible 
to perform certain of the indicated integrations. The 
result is 


(2m 2 sd dV or, f” dV f_(V) on") 
tun (-2=-VP BV 0 -can V-EB AV them 


1fm_} 7” df,(V) 
+{~| f dV-——} In Masini 
TLmMs, ebmin dV [(V—ebmin)!— (—E—ebmin)* }* 


Clearly one can equally well solve for the distribution 
function for the trapped positive ions. 

We shall now show how to achieve almost any 
potential wave form which has a continuous second 
derivative. To this end prescribe a situation such as 
that represented in Fig. 2. Divide the x coordinate axis 
into intervals AB, BC, CD, «++, which are bounded by 
values of x for which dp/dx=0, and which contain no 
such points. Within any such region, x is a monotonic 
function of @. Suppose that the potential and distri- 
bution functions are consistent to the left of point B. 
Note that the distributions of trapped electrons in the 
intervals AB and BC are not necessarily related since 
they are isolated by the potential minimum at B. The 
distribution in energy of untrapped electrons, and the 
distribution in energy of all ions, must be taken be to 
the same in the interval BC as in AB. The distribution 
in energy of trapped electrons, however, can be deter- 
mined via Eq. (12) to be compatible with the desired 
potential in the interval BC (subject only to the con- 
dition that it turn out non-negative). The process can 
clearly be continued, by determining the distribution 
in energy of the trapped ions in the interval CD, the 
distribution in energy of the trapped electrons in the 
interval DE, etc. Continuity of d*p/dx* at the extrema 
of @ guarantees that the charge density is continuous. 

One corollary of the above result is that it is possible 
to construct isolated potential pulses. It is only neces- 
sary to prescribe that both dp/dx and d’p/dx* vanish 
at the points where the pulse joins on to regions of 
constant potential. For a positive pulse one determines 


(E+V)* 





E< — €P min: (12) 


the distribution in energy of the trapped electrons, for 
a negative pulse the distribution of trapped ions, so 
that Poisson’s equation is satisfied. Such a pulse solu- 
tion can, of course, connect regions of different constant 
potential, in which case one might call the resultant 
traveling front a ‘shock wave,”’ since the width of the 
transition region can be chosen as small as one wishes. 
Of course, there is no dissipation and the “shock wave” 
can travel in either direction. 

Clearly on the basis of the preceding considerations, 
one can prescribe a periodic potential wave form of 
arbitrary wavelength. The wave velocity, however, is 
also arbitrary since it is given by the arbitrary Galilean 
transformation from the wave frame to the laboratory 
frame. Moreover one can always avail oneself of the 
freedom in the partition between the two directions of 
motion of the untrapped particles of a given energy, so 
as to arrange that the mass velocity of the plasma is 
zero in the laboratory system. Thus, there is no dis- 
persion relation in the usual sense of a one-to-one 
correspondence between wavelength and wave velocity, 
or alternatively between frequency and wave number. 


V. SMALL AMPLITUDE WAVES 


Let us consider now the case of small-amplitude 
waves, that is, waves for which e(@max—@min) is very 
much less than the mean particle energy. This suggests 
that one expand the particle distribution functions in 
powers of ¢(@max—@min). For the trapped electrons this 
can be effected by integrating Eq. (12) by parts.’ 
There results 


f-(E) = (2m ane} ~€bmin— EVN" (oboe) +40 —CbninEYN (bis) +OC(— ein) 


a 


¢omin 


+ ( 1/m) | nf (— CP min) t at — CD imin = E if 


+ Of ( CP inin . E)! I} + (0/e) Lm /m, Leb nin—E} f 
+ 


where a prime indicates a derivative of the associated 
function with respect to its argument. Since the 
minimum value of £ is —eédmax, Eq. (13) above is the 
desired expansion. Note that the expansion is in half- 
integral powers and hence while it follows from Eq. (13) 


dV V 4 f_’( V)—a[ —ebmin— E|\f '(—ebmin) 


AVV->f'V)+0[(~ebun— 2)", (13) 


“@bmin 


that f_ is continuous at E=—edmin, df_/dE is not 
necessarily. However, in the conventional linearized 

’ The details of the integration by ae are presented in the 
appendix. In all of these it is assumed that f_(Z) is an analytic 
function of E for E= ReE> —eédmin. 





EXACT NONLINEAR PLASMA 








circ. cin tail: cescinene antenna timaaee 


Shwceeccqeweoa 
Gicoeosiseananes 


' 

' 

' 
ws 
8 


Fic. 2. Potential wave form. 


theory of plasma oscillations,’ it is assumed that one 
can write the distribution function as the sum of two 
terms, the first of which is space independent, and the 
second of which is proportional to the amplitude of the 
potential. Thus, it would seem that the conventional 
linearized theory is inadequate for representing the 
stationary waves here considered. It is possible, how- 
ever, to salvage the conventional theory. 

This is accomplished by observing that it is necessary 
and sufficient that the “first-order” distribution func- 


ly min, i) vy 
veoy= f ior f-Chmv)—S min) ial Gow) 


mv Ov 


where the coefficients a, 6, --- are given by Eq. (13.) 
The zeroth-order distribution function fo(v) charac- 
teristic of the conventional linearized theory is 


So(v) = ft (dmv*)s(v) + f-(4mvr*)s(—2), 
while in general 


_f(E)= f*(E)s(a) + F(B)s(—»), 


e(o— ~Pimin) 8 fo(v) 
f doy” ———-++- 
m Ov 


£ 


(17) 


(18) 


N(v) = f do fo(v) +— 


it is clear that the only moment which is affected to 
first order in ¢—@min=mu’/2e by the integral from 
—u to +u, which manifests the effects of the trapped 
particles, as well as the analytic character of fo(v) for 
v~0, is the density (v=0). Moreover, by definition of 
the principal value (indicated by Pr), 


- { Ofo(e) _ 1 0 fo(v) 
pr f aetgs - in| f dy- — ---— 
v all v ov 


@ 10fo(v) 
+ [a — I 
v ov } 


(20) 


+f ie f*(4me*) — re'n, 


mv Ov 


e(—Pmin) si (v) 
+—— f dw”! — 
m _ Ov 
5 fine Ala... 
s Ov 
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tion reproduce to first order in the amplitude of the 
potential all the moments of the distribution function. 
These are given in general by 


Nv’) -f dv’ f(x,v) v=0,1,2,°°:. 


Thus, if we henceforth delete the subscript minus on 
the electron distribution function, indicate particles 
with »>0O by a superscript plus, and particles with 
v<0 by a superscript minus, one can write, observing 
that for the trapped particles {t= /~=4/, 


(14) 


N(v’) -f dv f [4m (v* — 4?) |v” 


@ 


+f dv} f[4m(v*— u*) }v" 


tf ares m(v®?—u*) |v", (15) 


where «= [ 2¢(¢—@min)/m |. On appropriate expansion, 
one obtains 


bed fl dvhv’ { {(0)+-al1 —v* }}+-b[1? —v? ]+--- +} 


e(d—dwin) 0f*(4mv*) 
(16) 


where the step function s(v) vanishes if its argument is 
negative, and is unity otherwise. It is usually assumed 
that fo(v) is analytic in v for real values of v, a condition 
which should permit one to represent all physical 
situations. This implies, however, that {*(/) and /~(£) 
in general have an expansion in half-integral powers of 
kk, and that 0/fo(v)/dv|,.0#0. Thus, if one rewrites 
Eq. (16) in the form 


0 S ‘0 


0 fo(v) 
v* }i+ , (19) 


+alu?— 


| vowel) 


Thus, if one introduces the Dirac delta function® 6(»), 
and interprets integrals in the sense of a principal value, 
a legitimate ‘ first-order” distribution function is 


e(p “Pmin) 0 fo(v) 


mv Ov 


f(x,v) = fo(v) — +cb(v), (21) 


in the sense that Eq. (21) will reproduce all the mo- 
ments of the distribution correct to first order in the 
amplitude of the potential. The constant c is determined 
by Eq. (19). 

The first two terms on the right of Eq. (21) are just 
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those which enter in the usual Landau theory’ of plasma 
oscillations. The singular term involving the 6 function 
has been introduced previously by Van Kampen‘ on 
formal mathematical grounds for the case of periodi: 
linear waves. The derivation presented here has the 
advantage of yielding the physical interpretation of the 
source of the singularity, namely the necessity to 
account within the framework of the linearized theory 
for the effects of the trapped particles, on the basis of 
more elementary mathematical considerations. It also 
covers more general situations than periodic waves. 
The phenomenon of Landau damping, the universal 
damping in time of all waves excited in a plasma close 
to thermal equilibrium is, of course, absent from Eq. 
(21) when fo is taken to be the appropriate Maxwell 
distribution. This is because Landau damping is 
associated with the restriction to analytic first-order 
distribution functions. It is to be emphasized, however, 
that while Eq. (21) is singular, the exact solution from 
which it was derived was perfectly well behaved. 

Note that in order to transform any of the preceding 
expressions to the laboratory frame, it is only necessary 
to replace x everywhere by x«—wut, and v by v—u, where 
u is the wave velocity. For periodic waves u=w/k, 
where w is the frequency, and k the wave number. 

In closing it is to be emphasized that whether such 
waves can exist in an actual plasma will depend on 
factors ignored in this paper, as in most previous works, 
namely inter-particle collisions, and the stability of the 
solutions against various kinds of perturbations. 
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APPENDIX. THE ASYMPTOTIC EVALUATION 
OF CERTAIN INTEGRALS 


Consider the second integral on the right side of Eq. 
(10). If one introduces the variables u= — EZ, x«=0/u, 
and for convenience chooses @min=0, it can be written 
-f dx {_(xu) 
a v' (1+) 


(A-1) 


The problem is to obtain a representation of J valid for 
small u. To this end observe that one can write, on 
integration by parts, 


rl [w—2 arc tanx! | f_(xu) 


0 


{ uf dx{mw—2 arc tanx!|f_'(xu) (A-2) 


0 


wf(O)4 uf dx{r—2 arc tanx! | f_’(xn), 


0 
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where a prime indicates a derivative with respect to 
the argument of the associated function. Note, however, 
that for «>1, 


w—2 arc tanx)=2x!—3x-!+$a-'—---. (A-3) 


This indicates that in order to proceed with the process 
of integration by parts so as to develop a power series 
in ascending powers of u, one writes 


y 


rl=mf (o)+uf dx [w—2 arc tanx!— 2x74] f_'(xu) 


0 


buf dx 2x f_'(xu) 


of 


x /(0)+2u f dV V-f'(V) 


0 


x 


tuf an (x 1)(w—2 arc tanx)— 2x! 


0 


vs 


~ vf dx f_""(xu)[ (x+-1)(w—2 arc tanx!)— 2x! ] 


0 


a {(O)4 mu! f dV V-*f’_(V)—auf_'(u) 


‘i 


~4u' f dV V4f_"(V) 


0 


= vf dx f_"’(xu)[ (x+-1)(9w—2 arc tanx') 


0 


—2xi—f$a-4]. (A-4) 

The coefficient of u® in Eq. (A-4) can be bounded by 
the product of max! f_”’| and the integral from zero 
to infinity of the term in square brackets, which latter 
has been constructed to be convergent. Thus Eq. (A-4) 
is the desired expression. 

The first integral on the right of Eq. (12) can be 
handled by straightforward integration by parts. The 
third integral, by judicious subtraction of properly 
chosen factors, can be written (1/2) (m_/m,)'/J, where 


“‘ x 


J 2ut f dVV (v)+te f dVV-f,""(V) 
" (x—1)? 
-- vf dj."(a)| (0 1)} In —2x'+4x | 
(x}—1)4 


The coefficient of u’ is bounded by a number inde- 
pendent of u. 
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It has been suggested that the excitations of liquid He’ can be 
represented approximately as excitations of pairs of helium atoms 
acting as hindered plane rotators. For the low excitations N 
helium atoms may be considered as N/2 pairs; for the higher 
excitations the possibility of random pairing must be taken into 
account, a situation which is discussed in some detail. Because 
of fluctuations in the hindering potential, and because of inter 
actions between localized excitations, the energy levels of the 
plane rotators are broadened into energy bands, which can give 
a good account of the specific-heat curve. The multiplicity of 
these levels is related on the one hand to the statistics and spin 
of He® atoms, and on the other to the vibrational modes of a 
quasi-lattice approximating the liquid, and is also concerned with 
the development of communal entropy in a quantum liquid. In 
He‘ the low-lying energy levels are excluded because of the spin 
and the statistics, Vibrations of single atoms, pair rotators, and 


ECENTLY, we have developed the idea that the 

excitations (roton type) in liquid He* and Het can 
be treated as pairs of atoms acting as hindered plane 
rotators,'? both the hindering potential and the circum- 
stance that the rotator is effectively confined to a plane 
arising from the interaction of neighboring atoms. In 
this paper this idea will be reviewed and developed as 
to certain of its details, and an attempt will be made to 
correlate it with the theory of Feynman‘ and Feynman 
and Cohen.‘ 


1. EXCITATIONS OF He’ 


When exchange effects are important it is convenient, 
if possible, to consider the atoms in pairs, and it was 
suggested by Price, by Temperley, and by us® that N 
atoms of liquid He’ be treated as V/2 pairs. Temperley’s 
analysis of the specific heat, entropy, and paramagnetic 
susceptibility of He’ indicated that these properties 
could be explained reasonably well if the pairs had a 
nondegenerate ground state, three excited states in the 
neighborhood of 0.4° above the ground state, and about 
eight excited states somewhere near 2.7° above the 
ground state. Neglecting a Debye term (which Tem- 


* This work was supported in part by the Office of Naval 
Research, 

1(Q, K. Rice, Phys. Rev. 98, 847 (1955). 

20. K. Rice, Phys. Rev. 102, 1416 (1956). 

+R, P. Feynman, Phys. Rev. 94, 262 (1954). 

‘R, P. Feynman and M. Cohen, Phys. Rev. 102, 1189 (1956) 

+P. J. Price, Phys. Rev. 97, 259 (1955); O. K. Rice, Phys. Rev 
97, 263 (1955); H. N. V. Temperley, Phys. Rev. 97, 835 (1955), 
Proc. Phys. Soc. (London) A68, 1136 (1955). See also J. de Boer 
and E. G. D. Cohen, Physica 21, 79 (1955); J. de Boer, in Progress 
in Low Temperature Physics, edited by C. J. Gorter (Interscience 
Publishers, Inc., New York, 1957), Vol. 2, Chap. 1 

‘It is convenient to express the energy in degrees, the actual 
energies then being & times the values given per rotator or K 
times per pair-mole. 
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double pairs, rotating or oscillating like meshed gears, have 
excitation energies close to that of a roton (the energies of the 
latter two types are estimated by comparison with He’, allowing 
for the effect of the increased density on the hindering potential) 
These types of excitation are not all independent, however, and 
there is moderate difficulty in accounting for the multiplicity of 
the excitations as deduced empirically from the number of rotons 
appearing at different temperatures, which is obtained reasonably 
accurately from the specific heats. The picture presented here is 
compared with Feynman’s theory; it concluded that there is 


good correspondence—even the difficulty concerning the multi 


plicity of the excitations being present in both cases. The relation 
of a broadened band of energy levels to the idea of a gas of exci 
tations is considered, and it is concluded that such a gas should 
obey Fermi-Dirac statistics 


perley may have overestimated’ but which in any case 
is not important below 1°K), this leads to the following 
partition function for the V atoms forming V/2 pairs: 
Z= (14-36-9474 Be? VT) NI2, (1.1) 
Temperley pointed out that it can be merely an 
approximation to suppose that all the pairs have the 
same energy levels. In any case one cannot push the 
idea of separate energy levels too far, since there will 
always be transfers of energy from place to place in the 
liquid (compare de Boer®), These influences will result 
in broad bands of energy levels for the whole liquid, 
and the energy of a pair can be considered only as a 
rough mean. Temperley’s set of energy levels give a 
sharp maximum in the specific heat curve around 
0.15°K, which appears not to occur experimentally. 
Broadening of the energy band, especially if it means 
that the excitation energies range clear down to zero, 
should eliminate this maximum and make possible a 
better fit to the specific heat curve. 
The effect of the broadening of the energy levels can 
be approximated by rewriting ‘Temperley’s partition 
function in the form 


4 4 N /2 
Z (14 fi perrder f pie stds) ees 


e/k being the energy in degrees. Here p. and p,’ are the 
respective densities per unit energy range for the lowest 
excited levels and the next lowest excited levels. We 


’O. K. Rice, Conférence de Physique des Basses Température 
Paris, 1955 (Centre National de la Recherche S¢ ientifique, and 
UNESCO, Paris, 1956), p. 117 (Supplément au Bulletin de 
I’Institute International du Froid, 177, Boulevard Malesherbe 
Paris 17*). , 
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TABLE I. Specific heats in calories per degree per mole. 


1/10 1/5 1/3 1/2 1 


050 O71 0 0.78 
0.68 0.80 


0.67 
0.71 0.78 


T(°K) 


C, cale., Eq. (1.6) 
C, cale., Eq. (1.8) 
C, expt. 


have, of course, 


(1.3) 


f pde=3, 
0 

with a similar expression for p,’. The validity of this 
procedure will be discussed in Sec. 4. 


In order to calculate this partition function, we have 
represented p, and p,’ by error functions: 


p.e=b exp — (e—0)*/a*k’ }, «>0 
p.=9, <0 


p.' =! exp[ — (e— €0’)?/a*k* ], 
p./=0, 


The values ¢o/k and ¢0'/k, at which the energy-level 
densities are greatest, correspond roughly to the 
energies, 0.4° and 2.7°, of Temperley’s levels, and the 
b’s are found from the normalization condition. How- 
ever, we have found it better to set 


(1.4) 


«>0 
(1.5) 


e< 0. 


(1.6) 


ff péde=t 
0 


Also we have chosen slightly different values of ¢ and 
eo’. The parameters used are as follows: 


€o/k=0.48°, 
a=0.40°, 


eo /k=2.8°, 


1.7 
a’ = 1,333°. oe 


Values of the specific heat, C, given by these parameters 
are given in Table I (first row of calculated values) and 
compared to experimental values. The experimental 
values of the specific heat are taken from an empirical 
formula of Roberts and Sydoriak* (somewhat extrapo- 
lated at 7'=4°). It is seen that the agreement is very 
good except at 1°, and here higher energy levels are 
undoubtedly becoming of importance. Indeed one might 
expect them to have an effect at T= 4°; at this temper- 
ature, however, enough of the pairs are excited into 
the energy levels centering around 2.8° so that they 
probably interfere with each other, and our partition 
function may give an overestimate for the specific heat ; 
thus the good agreement may be in part due to compen- 
sating factors. (We shall see in Sec. 4 that excitations 
in the levels around 0.48° will not be expected to inter- 
fere with each other.) 

There is some overlapping of the different energy 
bands. The value of a’ is such that about 14% of the 


* T. R. Roberts and S. G. Sydoriak, Phys. Rev. 98, 1672 (1955). 
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integral, Eq. (1.6), is contributed beyond | e— ¢o| = ¢o/2. 
About 2.7% of it, or about 0.3 energy levels, is con- 
tributed from the region between e=0 and ¢/k=1.0°. 
In order to see the effect of this overlapping of the 
energy levels, we have also made a calculation in which 
we have replaced Eq. (1.6) by 


f p/de=11. 
k 


These calculated values are also given in Table I, and 
it is seen that the effect is relatively small. 

The molal entropies at T=0.5°, given by use of 
Eqs. (1.6) and (1.8), respectively, are 1.49 and 1.44 
entropy units, either of which is probably within a few 
hundredths of an entropy unit of the true value.* Thus 
the thermodynamic properties of He* below 1°K are 
well reproduced by Temperley’s model with the 
broadened energy bands and slightly altered parameters. 

The modified values of the parameters suggest that, 
for an approximate partition function, it would be 
better to replace Eq. (1.1) by 


Z= (14-367 49/7 +1167? 8/7) NI2, (1.9) 


In order to understand the approximate energy levels 
and multiplicities appearing in Eq. (1.9) on the basis 
of the hindered-plane-rotator model, we need to con- 
sider the spin multiplicity of pairs of He* atoms, the 
fact that He’ obeys the Fermi statistics, and the nature 
of the energy levels of a plane rotator. These energy 
levels are shown as a function of the hindering potential 
in Fig. 1. The states which connect with the even 
rotational states at vanishing hindering potential are 
orbitally symmetric and hence spin singlets (solid 
lines in Fig. 1), and those connecting with the odd 
rotational states are orbitally antisymmetric and hence 


— 


(1.8) 
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Fic. 1. Energy levels W of plane rotator in units Wo=/*/8x?/ 
(where J is moment of inertia of rotator) as functions of the 
hindering potential g in units 32W. 
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spin triplets. If a hindering potential of 9.2 cal per 
pair-mole is chosen,*® the excited states have energies 
equivalent, respectively, to 0.48° and 2.75°, in good 
agreement with Eq. (1.7), and are spin triplets. The 
triplet character would seem to be in accord with the 
multiplicity of the first excited state (without any 
spatial degeneracy, such as would occur if the pair were 
a space rather than a plane rotator) but the higher 
multiplicity of the second one needs further explanation, 
and a first attempt at this explanation has already 
been given.! 

The difficulty is connected with the arbitrary pro- 
cedure of dividing the N atoms into N/2 pairs. It has 
been pointed out that with this procedure the two 
lowest states of the plane rotator completely account 
for the spin degeneracy of the system. There is a 
fundamental difference between the first excited state 
and all the higher ones in that the former connects with 
one of the lowest vibrational states at the limit of high 
hindering potential, and hence in this limit has no 
excitation energy. With a hindering potential of 9.2 per 
pair-mole, the energy of the ground state (zero-point 
energy of the rotator) is about 1.8°, and the excitation 
to the next state, as noted, 0.48°; under these circum- 
stances the motion of the pair is, indeed, rotational 
oscillation with occasional exchange of position, rather 
than nearly free rotation. When liquid He’ as a whole 
is unexcited, half of the atoms have spin in one direction, 
half in the other. Each atom probably has on the aver- 
age about four nearest neighbors, and its nearest 
neighbors will generally have opposite spin. This can 
presumably remain true, even if pairs of atoms are 
exchanging, since the spins of coupled atoms can turn 
over in pairs. It may be risky to attempt to elaborate 
such a roughly approximate description in too much 
detail, since we may well say more than the uncertainty 
principle allows; however, it is in the spirit of our 
approximation to say that if the small necessary exci- 
tation energy is available, the spin of one atom may be 
turned over, to give us an atom surrounded by four 
others of like spin. If it exchanges with one of them, 
the orbital state will be antisymmetric; this, of course, 
is why the excitation is necessary. Which of its four 
neighbors it will exchange with (and, thus, how much 
excitation energy will be required in any given case), 
may depend to some extent upon how easy the exchange 
will be; the hindering potential of 9.2 cal per pair-mole 
is only an average value, and will vary from one pair 
to another, so one might expect some preference for 
exchange with the neighbor for which the hindering 
potential happens to be smallest (incidentally, it is to 
be noticed that this requires the highest excitation 
energy). However, the average zero-point energy, 
around 2° for the hindered rotation, is only about half 


® This is based on a value of 3.57 A for the interatomic distance 
in He® (instead of 3.45 A as in reference 1); this new value is in 
turn based on the more recent value for He‘ of C. F. A. Beaumont 
and J. Reekie, Proc. Roy. Soc. London A228, 363 (1955). 
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of the average zero-point energy per mole degree of 
freedom.” So the question as to which partner a given 
atom will take may well be determined by the accidental 
fluctuations associated with the zero-point energy. 
Since the atom has no choice as to the neighbor with 
which it is to pair, it is correct to consider a division 
of N atoms into N/2 arbitrary pairs. 

In the case of the excitations near 2.8° the situation 
is quite different. In this case there is orbital excitation 
requiring cooperation of two adjacent atoms, and the 
way of pairing off is decided by that pair of atoms 
which has the orbital excitation, a choice being possible 
under these circumstances. If each atom has about four 
nearest neighbors there are approximately 4X N/2 
possible pairs. Since the state is a triplet, this means 
an effective multiplicity of 6 per atom, or 12 per pair 
if we consider that there are N/2 pairs, assuming that 
all these excitations are independent of each other. The 
observed multiplicity, according to our estimate, is 11. 
Since an atom has a choice as to which neighbor it will 
pair with, the number of choices will be drastically 
reduced once a large fraction of the pairs is excited. 
This will not happen in the case of the lower excitation 
where there is an arbitrary or fixed division into V/2 
pairs; in this case the separate excitations will be 
essentially independent of each other; this is important 
since a large fraction of them is already excited at 
0.5°K. This situation is further discussed in Sec. 4. 

The question arises as to whether there can be as 
many as 4XN/2 independent pairs, even when the 
density of excitations is low. This is a question which 
involves some rather fundamental considerations, and 
also has some applications to the case of He‘. If we 
were to suppose that the V helium atoms were fixed in 
a rigid lattice, there would be 3N normal modes of 
vibration. The normal modes could be thought of *as 
derived through perturbations from the three vibrations 
of each of the N individual atoms moving in the 
surrounding potential-energy fields. The pair-rotators 
resemble somewhat partially developed normal modes 
of vibration, involving more than a single atom but 
not all the atoms. This description amounts to a way 
of setting up the individual degrees of freedom; singly 
excited rotational oscillators’ can be thought of as 
derived by linear combination from excitations of 
individual atoms. The 3N first excitations of atomic 
oscillations thus cannot be independent of each other. 
Under ordinary circumstances one might question 
whether as many as two-thirds of the degrees of freedom 
could be assumed to be well described as rotational 


See F. London, Superfluids (John Wiley and Sons, Inc 
New York, 1954), Vol. 2, Chap. B. 

4 When we refer to singly excited rotational oscillators, or to 
the first excited state, we are thinking of the states which connect 
to the first excited state at the pure vibration end of Fig. 1. The 
primarily spin-type of excitation (lowest broken curve of Fig. 1) 
can actually be thought of as part of the zero-point energy with 
respect to the excitations we are considering here and in the 
remainder of Sec. 1. 


’ 
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oscillations, especially since the singly-excited excita- 
tions of the phonon spectrum would also have to be 
derived from linear combinations of the 3N first exci- 
tations of the atoms.” Helium, however, has a density 
only about half as great as that of a close-packed 
structure. This will result in many extra excitations, 
though probably not of the rotational-oscillatory type. 
If a single helium atom among N atoms were excited, 
not only could any one of the N atoms be the one 
excited, in any one of three ways, but an atom would 
also have the choice of being either on a “lattice space”’ 
or a “vacancy.”’ In fact there would be N vacancies for 
a given atom, but since the atoms are indistinguishable 
it would not matter which atom it was. So there would 
result a total of 6 possible excitations per atom. Actually 
the number of possible excitations might well exceed 6, 
since there might be more than N possible choices of 
“vacancies.” Use of a vacancy would bring an atom 
close to more than four neighbors on the average, and 
would probably not lend itself well to cooperation of a 
pair to produce rotational oscillation, but an atom in 
this situation could contribute to the phonon excita- 
tions. In a liquid as dilute as He’, it is perhaps not 
strange that there are something like 11/12 of 2 exci- 
tations per atom which have the low excitation energy 
characteristic of the hindered plane rotator. 

It will be observed that the presence of vacancies is 
able to increase the number of excited states, but, of 
course, there is but one ground state, and the zero-point 
energy associated with it is probably an average of 
what might be expected for the zero-point energy of 
the various kinds of excitation, supposing them not to 
affect each other. Since the excitations which can be 
described as arising from rotational oscillations consti- 
tute a relatively small fraction of the total number, it is 
not surprising that the zero-point energy per degree of 
freedom is considerably greater than that expected for 
this particular type of excitation. 

This discussion has an interesting relation to the 
concept of communal entropy. If all the degrees of 
freedom were in their first excited level, there would 
be more than 6 possible excitations per atom. For the 
number of distinguishable arrangements assuming NV 
atoms and N vacancies, would be (2N)!/(N!)*. This 
amounts to roughly four arrangements per atom, or 12 
excitation states per atom, not counting spin states. 
This increase in the number of possible states is the 
beginning of the excitation of communal entropy. 
Communal entropy, like all other types of entropy, is 
completely frozen out at 0°K; there is but one state 
which possesses the zero-point energy. Communal 
entropy can arise only when there is mixing of excited 
atoms. As long as there are only a few excitations, the 
fluctuations in position of the atoms, other than the 


% More highly excited phonon excitations are derived from 
multiple excitations in which more than one degree of freedom 
are excited; this will be discussed in more detail in the case of He*. 


80. K. Rice, J. Chem. Phys. 6, 476 (1938). 
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excited ones, do not lead to any new states. Entropy 
of mixing between excited atoms and unexcited appears 
when there are only a few excited atoms, but communal 
entropy (which might be described as entropy of mixing 
with free space) can appear only when there are many 
excited atoms. 

Although the presence of many excited atoms can 
give rise to extra distinguishable states, we shall, as 
noted above, find that the number of excitations which 
can be described in terms of the plane-rotator picture 
will not be raised correspondingly, since an atom cannot 
be a member of more than one pair at a time. 


2. EXCITATIONS IN Het 


In the case of Het we have remarked" that around 
1°K, where the roton density is low, the thermodynamic 
properties are consistent with the following equation 
for the number n of rotons per V atoms: 


war, (2.1) 


n= Nme 


Here ¢ is the energy of the excitations and m the 
multiplicity. Equation (2.1) is equivalent to the use 
of the partition function, 


Z=(14-me-#7)%, (2.2) 


which, since it is to be applied where the roton density 
is low, can be replaced by 


Z= (1+2me-eAT)N/2, (2.3) 


which puts it on a basis comparable to our pair-rotator 
treatment of He*. In either case the nth power term, 
with factor e~"**", represents an n-fold excitation, and 
the corresponding terms in Eqs. (2.2) and (2.3) are 
approximately equal as long as V>>n. For the greatest 
term, is given by Eq. (2.1). 

A rough estimate" of ¢€/k and m gave 10.1° and 9.3, 
respectively. A more accurate estimate can be made 
from specific heat data. To do this we must take account 
of the phonon excitations. Let m,de be the number of 
phonon excitations per atom with energy between e 
and ¢+de. Then the complete partition function, 
including phonons and rotons, will be 


x N 
z=(1+ f m ,le+me wr) 2 


The first term in the binomial expansion of 1 and 
Si’m,de+m exp(—e/kT) gives the contribution of 
single excitations, the second term the contribution 
from cases where two energy levels are excited simul- 
taneously (either two phonon levels, two roton levels, 
or both), etc. (compare Sec. 4). We may now write 
for the total entropy 


S=E/T+k \nZ 
=kT0 \nZ/dT+k InZ. 


(2.4) 


(2.5) 


“QO. K. Rice, Phys. Rev. 96, 1460 (1954). 
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Here E is the total energy. Since both /o%m,de and 
m exp(—e/kT) will be small compared to 1 at low 
temperatures, we may expand the logarithms, obtaining 


a 


S=NkT af m ,le/OT + (me~*!*?) /AT) 


0 
+ v4 f me+me"*T 1, (2.6) 
0 


which means that in this approximation photon and 
roton energies and entropies are additive, and to obtain 
the roton entropy from the experimental results we can 
subtract the phonon entropy extrapolated as a Debye 
term from very low temperatures as though the rotons 
did not exist. NkT0(me~*'*")/0T is to be taken as the 
roton energy divided by 7. If there is a range of roton 
energies, as is expected for the same reasons that the 
energy levels in He* were broadened, ¢€ and m are 
average values, but 


NRTO(me-'*") /0T=ne/T, (2.7) 


since me is the total roton energy, and, hence, 


kT0 |\nm/O0T = 0¢/0T. (2.8) 
From Eqs. (2.6), (2.7), and (2.1) the roton part of the 
entropy is given by 


S,=nk(e/kT+1). (2.9) 


It is better to use the roton specific heat C, to calculate 
n, since the specific heat C is measured directly and the 
phonon part is a smaller fraction of the whole than is 
the case with the entropy. By differentiation of Eq. 
(2.9), and using 


d \nn/dT = €/kT”, (2.10) 


~ 
/ 


which is obtained from Eqs. (2.1) and (2.7), we find 
C,=n(é/kT?+de/dT). (2.11) 


This can also be interpreted as the result of the differ- 
entiation of the total roton energy ne with respect to T. 

We have obtained n and m from the data of Kramers, 
Wasscher, and Gorter.’® The results are shown in 
Table IT. We have given the values of ¢/k and d(¢/k)/dT 
used to obtain n/N from Eq. (2.11) and m from Eq. 
(2.1); the final column gives values of ¢/k calculated 
for the intervals from the values of n/N, using Eq. 
(2.10), in order to check the consistency of the calcu- 
lation. The calculations are also reasonably consistent 
with Eq. (2.8). Some authors'® have found values of 
the specific heat uniformly greater than those given by 
Kramers, Wasscher, and Gorter. A uniform change 
would not affect ¢/k but would change m correspond- 
ingly. (See note at end.) 

16 Kramers, Wasscher, and Gorter, Physica 18, 329 (1952) 

1G. R. Hercus and J. Wilks, Phil. Mag. 46, 1163 (1954); 
Pearce, Markham, and Dillinger, National Science Foundation 
Conference on Low Temperature Physics and Chemistry, Baton 
Rouge, Louisiana (unpublished). 
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PaB_e II. Number of rotons m per V atoms, multiplicity m, 
and excitation energy e.* 


d(e/k) 


( Cy dT 100n/N 


0.0222 0.0102 975 OS 0.00328 


9.85 


0.191 0.160 990 OS 0.0942 


9 906 


0.780 0.715 10.07 0.7 0.656 


10.33 


2.11 1.995 10.5 ieee 


® T and ¢/k in °K; C and C, in joules gg"! deg™ 

We now wish to see how the experimental values of 
e/k and m fit in with our ideas of what the excitations 
should be. In the first place we may note that He* has 
a zero-point energy which is estimated’ to be in the 
neighborhood of 30 or 35 calories per mole or 10 to 12 
per mole-degree-of-freedom, The first excitation should, 
then, be roughly 20 to 24 calories per mole-degree-of- 
freedom, or somewhat less than this if we allow for 
some anharmonicity. This corresponds to «/k~ 10°, on 
the average, in excellent agreement with the experi 
mental result. 

Although oscillational rotations of pairs of atoms will 
not be independent of these vibrations, it will be 
desirable to estimate the energy expected to be associ- 
ated with such excitations, in view of their low value 
in He*. In the case of He* only symmetrical orbital 
states are possible, and we shall be interested in the 
first excited solid curve of Fig. 1. If one assumes the 
hindering potential to be the same as for He’, and allows 
for the different mass, the ¢/k for a hindered plane 
rotator would only be about 5°. However, the effect 
of the greater density of He‘ will be to raise this figure 
considerably. It is difficult to make an exact estimate 
of this effect, without knowing how much of the 
hindering potential in He’ is due to penetration of the 
rotating pair into the repulsive part of the potential 
arising from the neighboring atoms and how much may 
arise from increased kinetic energy (zero-point energy) 
in the radial direction (i.e., perpendicular to the rota 
tional motion) as the atoms go past each other. The 
hindering barrier is small enough in He’ so that we 
can suppose that there is not too much penetration. 
The potential energy begins to go up when two atoms 
are about 2.9A apart'’; supposing that in He’ the 
atoms of the rotating pair penetrate to within 2.8 A of 
their neighbors when the exchange occurs, we would 
suppose (multiplying this figure by the ratio of the 
cube root of the molecular density of He* to that of 
He‘) that the corresponding distance in He* would be 
2.54 A. The potential energy at 2.54A is about 39 
calories per gram atom, or about 78 calories per pair 
mole, greater than it is at 2.8 A, so we might estimate 
the hindering potential to be around 85 calories per 


77. L. Yntema and W 
(1950), Eq. (19). 


G. Schneider, J. Chem. Phys. 18, 646 
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pair mole."* This results in an excitation of about 12.8°, 
which is fairly close to the experimental results. 

One should probably also consider modes of excitation 
involving more than two atoms. We have previously 
discussed’ the possibility of the rotation (or, rather the 
rotational oscillation, with rather infrequent exchange) 
of interlocking pairs, meshing like a pair of gears. With 
the same hindering potential, but now with twice the 
reduced mass, the value of g of Fig. 1 would be doubled; 
the excitation energy, again recalling the doubled 
reduced mass, turns out now to be reduced to about 
9.4°. However, this much cooperation of several atoms 
would require an enchanced zero-point energy, which 
should presumably be added to the excitation; the 
exact amount is difficult to estimate, but there would 
seem to be no doubt that the result is as close as one 
might expect to the experimental result. This zero-point 
energy would go up rapidly as the number of atoms 
increased, and is presumably some indication of the 
difficulty of this type of cooperation; probably we do 
not need to consider more than two pairs of atoms in 
the case of He* or more than one in He’. Possible 
rotations of more than two atoms have also been 
considered by de Boer,® but without allowing for the 
hindering potential. 

We have pointed out that there are many ways in 
which two adjacent pairs of atoms can be selected,’ but 
it now appears from the discussion in Sec. 1 that they 
are not independent of the single-atom vibrations, and 
so will not serve to explain the relatively large value of 
m. It is of interest, however, that we are not led to 
any low excitations, as we are in He’, and that any 
way of estimating the energy gives a result fairly close 
to the observed value of ¢/k. 

We have pointed out in Sec. 1 that we might expect 
six or a few more lowest excitations per atom, so at 
first sight the value of m~7.5 seems quite reasonable. 
However, it must be noted that if there is a spread of 
excitation energies the effective value of m will be 
somewhat less than the actual number of excitations 
per atom. In the first place, the phonon excitations are 
included and, as will be seen in the following section, 
they may account for about one excitation per atom; 
secondly, the excitations having different energies will 
not be equally easily excited. If we assume that the 


'® This calculation is of course based on the assumption that 
the difference in density between He® and Het is to be ascribed 
to a difference in interatomic distance rather than an effective 
coordination number. If the latter were the case, a considerable 
increase in the hindering potential would still be expected, but it 
would be more difficult to make the calculation. If the number 
of nearest neighbors in Het is actually about four, as stated by 
Beaumont and Reckie,® it seems most likely that the number in 
He’ will not be much less. D. G. Hurst and D. G. Henshaw 
[ Phys. Rev. 91, 1222 (1953); 100, 994 (1955) ], however, believe 
that there are a greater number of nearest neighbors at a greater 
average distance, and with a greater spread of distances; the 
over-all distribution is actually not too different according to the 
two sets of data. The value of the hindering potential obtained 
here is somewhat greater than a previous estimate,’ but leads to 
an excitation energy only about 2° higher. 
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number of energy levels p.de in a range ¢ to e+-de, such 
that «/k is near 10°, is given by an error function 


pde=b exp[.— (e—€0)?/a*h* |de, (2.12) 


we can in this case, without appreciable error, carry 
the integration from e—e9=—% and write for the 
total number of levels 


mo=b f exp[_— (€— €)?/a?k® Jd(e—eo). (2.13) 


—o 


The average value é of the energy of the rotons [which 
is the energy which appears (without the overrule) in 
Eqs. (2.1) to (2.11) ] is given by 


st 


é f epee 


‘ rae—e) | f pcm! *Td(e—e) 


€>—a*k/2T, (2.14) 


and the partition function is given by 


« N 
Z [1+ f pe td e—«)| 


= (1+-moe~*!*? exp(a®/4T7))% 


\ 


= (1+ mp exp(— 2/kT) exp(—a?/4T*))%. (2.15) 
Thus, by comparison with Eq. (2.2), we can write for 
the effective value of m 


m=my exp(—a?/4T?). (2.16) 


In view of the fairly small spread of the estimated 
energies of excitations of the roton type, it might be 
reasonable to suppose that a is as low as 1°. If this 
value of a be assumed, then we estimate the following 
values of mo from the values of m given in Table IT: 


1.7° 
12.7 


T 0.8 ie 1.4° 
mo 9.5 9.4 99 


The values of mo for the three lower temperatures are 
close to 9 or 10 and the number of required energy 
levels would go up to about 10 or 11 per atom if the 
phonon states were added. This is certainly somewhat 
higher than expected, but perhaps not out of reason. 
The considerably higher calculated value of mo at 
1.7° can be explained only as arising from interactions 
between rotons. Since there are actually only about 
0.0241 roton per atom, it may seem that the inter- 
actions could not produce so much effect. But it must 
be remembered that the whole calculation is an approx- 
imation and that Eq. (2.2) or Eq. (2.4) will break 
down when there are interactions. We must, rather, 
consider directly the energy levels which go into the 
partition function. The increase in «/k and in mo are 
associated with a greater density of the high energy 
levels of the whole system, which involve multiple 
excitation. Even with only 2% of the atoms excited, 
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the excitations are not on the average far removed 
from each other, and if this approach causes the energy 
of excitations to be ,decreased, this will increase the 
density of high-energy excitations. Even double exci- 
tations of single atoms or single pairs may become of 
some importance, and in view of the anharmonicity of 
the vibrations may have some effect in increasing 
density of energy levels. To bring the magnitude of 
the effect into better perspective, we may note that if 
100n/N were reduced to 2.36 the effect would disappear ; 
there would be a concomitant reduction of C, to 1.815 
joules gram™ degree™. 


3. COMPARISON WITH FEYNMAN’S EXCITATIONS 


Feynman’ and Feynman and Cohen‘ have given a 
treatment of liquid helium starting from an entirely 
different point of view. Using a variation method they 
have constructed wave functions, for the liquid as a 
whole, whose energy is close to that of the rotons. This 
leads to the inference that the wave functions must be 
somewhat near the true ones, and it will be of consider- 
able interest to compare the excitations of Het which 
we have described with those to be inferred from Feyn- 
man’s wave function. 

In his earlier work Feynman wrote the wave function 
for the whole liquid (He*) containing a single excitation 
in the form 


v=Die™ TD. 


Here r; is the position vector for the ith atom, k the 
vector wave number determining the momentum and 
having the character of a quantum number, the sum is 
taken over all atoms and @ (a function of the distances 
between atoms, rj;=1rj;—r,) is the wave function of the 
ground state. The presence of ¢ prevents impossible 
overlapping of atoms. Feynman showed that with 
small k this would represent the phonon wave functions. 
This means that it would represent single excitations 
of the normal modes of vibration having long wave- 
lengths. A double excitation of a given mode, for 
example, would be represented by a function like 
Dis Dey ek rhe" rig, 

With large k, a wave function like (3.1) would 
represent motion of a single atom (the summation 
merely symmetrizes the wave function and allows it to 
be any atom). With intermediate k several atoms may 
be involved; this type of excitation is a roton. 

If the energy corresponding to one of these wave 
functions is evaluated by means of the integral expres- 
sion Jy*Hydr/Sy*ydr, where H is the complete 
Hamiltonian for the whole liquid and dr the corre- 
sponding volume element, it is found to be given by a 
curve of the form shown in Fig. 2. Up perhaps to the 
maximum the energy corresponds to a phonon exci- 
tation; while the rotons are represented by parts of the 
curve beyond the maximum and especially near the 
minimum, 

Application of the momentum operator — ih >>; grad, 


(3.1) 
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Fic, 2. Energy levels as a function of |k| according 
to Landau and Feynman. 


shows that the liquid as a whole has momentum, 
presumably with respect to the surroundings. This 
momentum is ascribed to the excitation. Only for small 
k is Eq. (3.1) an exact form; for larger k it is found 
that the current is not conserved. Feynman remarked 
that if this wave function were combined with one of 
the form 5°; e~‘*'"p to form a real wave function this 
conservation difficulty would be avoided. He rejected 
this solution because he felt that by collisions with 
phonons and with the wall the components would be 
separated, and since the sine and cosine functions 
would be equally good solutions further linear combi- 
nation could again result in wave functions of the 
form (3.1). Therefore, he proposed the incorporation 
of a back flow, which could be represented approxi- 
mately by a function of the form 


Ak- rj; 
y ore “exp(i , “| (3.2) 
i 141) |i, 


where rj=rj—r,. This function had the double ad- 
vantage of essentially eliminating the divergence of the 
current and of lowering the minimum in Fig. 2; A was 
determined so as to minimize the energy intergral for a 
given k. The new function is still an eigenfunction of 
the momentum operator with the same eigenvalue as 
the unmodified function. 

In spite of Feynman’s arguments, it is our belief that 
the true eigenfunctions of H are not eigenfunctions of 
the momentum operator. An excited atom is affected 
by the field of its neighbors, and can exchange momen- 
tum with them. It can scarcely be expected to maintain 
a certain momentum in a certain direction. Therefore, 
it would appear that the complex wave functions should 
be combined to form real ones; instead of Eq. (3.2) we 
would have 


Ak-r;; 
y 6E sin( keret > | ‘), (3.3) 
i 1( 70) lwys|* 


where 6 is a phase factor. This wave function retains 
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the part which corresponds to the backflow, which 


seems to be necessary, even though the question of 
conservation of current no longer arises. It will give 
the same dependence of the energy integral on k as the 
function (3.2), and the density of energy levels will be 
the same. The wave function for that value &,, of |k 
which corresponds to the minimum energy in the roton 
range will be an approximation to the true wave 
function for the lowest roton excitation. Although the 
y of Eqs. (3.3) for k, is only an approximate wave 
function, its expansion in terms of the complete 
orthogonal set of true eigenfunctions will not be ex- 
pected to involve the low-energy phonon wave functions 
to any appreciable degree ; therefore, its energy integral 
will presumably give an upper limit to the energy of 
the lowest roton excitations. Since the inclusion of the 
backflow lowers the minimum roton energy consider- 
ably, it must contribute to the improvement of the wave 
function for k,,. 

In addition to the effect on the energy, and quite 
apart from the conservation of current, there are some 
interesting physical reasons for inclusion of the back- 
flow. London'® pointed out that if a helium atom were 
entirely confined to the space between its neighbors the 
zero-point. energy would be higher than it is. The 
lowering of the zero-point energy must imply some 
cooperation back flow, or “around flow,” in the atoms 
surrounding any given atom even in the ground state, 
and it would be expected to be at least as important in 
an excited state. The optimum value &,, in the roton 
part of the excitation spectrum, as found by Feynman 
and Cohen, is close to 1.85 A“', corresponding closely 
to a wavelength of 24/1.85~3.5 A, which is somewhat 
larger than the expected mean free path for an atom 
completely confined by its neighbors, and this also 
indicates the desirability of taking the backflow into 
account, 

The approximate wave functions of Eq. (3.3) depend 
upon pairs of atoms only through the factor @, which 
merely prevents atoms from coming too close to each 
other, and in the backflow term, which is a kind of 
correction, Essentially they represent single-atom exci- 
tations, corresponding to the first excited vibrational 
state, which as we have seen, in Sec, 2, should require 
an excitation of about 10°. Feynman and Cohen have 
found that the best value of A at k,, gives an excitation 
of 11.5°. We have seen that the rotational oscillations 
which we have discussed are not independent of the 
single-atom vibrations, although their consideration 
gives valuable confirmation of the energy involved. 
The picture of Feynman, therefore, appears, upon 
analysis, to be reasonably consistent with the picture 
we have presented. 

De Boer® has suggested that Feynman’s excitations 
correspond only to the longitudinal or compressional 
type of normal vibration. Transverse vibrational modes, 


” F, London, J. Phys. Chem. 43, 49 (1939) 
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such as occur in solids, cannot occur in liquids on a 
large scale, but in the region of small wavelength they 
are replaced by rotations or rotational oscillations of 
small groups of atoms. It is our opinion that these are 
included in Feynman’s excitations, since, as already 
noted, they appear not to be independent of the 
single-atom excitations. It is true that a term of the 
form sin(k-r,;) such as arises as part of one of the 
exponentials in Eq. (3.1), has a series of parallel nodes. 
In a special case, for example, in which k,=k,=0, we 
would have sin(k,x,), with nodal planes perpendicular 
to the x axis. Though the discussion given by Feynman 
(p. 267 of reference 3), by which he identified eigen- 
functions of the form (3.1) with compressional waves, 
was not meant to apply to short wavelengths, this 
arrangement of nodes of the component sinusoidal 
functions, is still one that would be associated in a 
general way with compressional waves even when the 
wave length is short. But a linear combination of two 
wave functions, say one with k,=k,=0 and the other 
with k,’=k,’=0, and with k,=k,’ (so that they both 
correspond to the same energy), namely, 


>: etkeri tS etfy'vi 


would contain sinusoidal terms like sin(k,x,;)+sin(k,’y,) 
which would have two intersecting sets of nodal planes. 
This would correspond to a different, though not 
independent, type of vibration, certainly one involving 
some localized shear. It is more difficult to see what 
would happen with wave functions like (3.3), but 
qualitatively we would not expect the situation to be 
very different. 

Since one apparently cannot, in any obvious way, 
call in the help of excitations which are not already 
included, the difficulty of finding enough excitations to 
account for the experimental results, noted at the end 
of Sec. 2, appears also in the Feynman’s formulation. 
Feynman and Cohen noted this, remarking that the 
curvature around the minimum of their curve seemed 
to be too great. The energy, according to their curve, 
appears to rise sharply when |k| becomes greater than 
about 2.1 A~!. Larger values of |k| presumably corre- 
spond to eigenfunctions which are related to higher 
excitations of the single-atom oscillators, and |k| = 2.1, 
which corresponds to a wavelength of 3.0 A is a reason- 
able cutoff point. The classical range of motion for an 
oscillator with hv/k=10° in its first excited state and 
with a mass equal to that of He* would be about 3.8 A; 
but the backflow would increase the effective mass” 
and so decrease the range of motion. If we apply periodic 
boundary conditions to the wave functions at the edges 
of a cube with sides of length /, we find that the number 
of energy levels in a range between |k| and |k|+d/\k 
(remembering that |k| is the magnitude of a vector 


* The backflow would decrease the reduced mass, but the 
coordinate to be used with the reduced mass is the relative 
position of the atom with respect to those taking part in the 
backflow, rather than its position in a fixed coordinate system. 





ELEMENTARY 
and that the difference 6k, between consecutive allowed 
values of a component of k must obey the relation 
lbk,= 2m) will be 4x/*|k\*d|k| /(2x)*. The total number 
of atoms is /*/v, where v is the volume per atom 
(46 A*). Thus, the number of states per atom up to 
k| = 2.1 A will be given by 


(46 2m) f k\2d\k 


From this we must subtract the phonon states. One 
might reasonably assume that the phonon states extend 
up to the maximum in Fig. 2, which occurs at k £3. 
which would mean that the number of available states 
would be reduced to 5.5. If the curve should be flatter, 
so that the increase in energy occurred around |k) = 2.4, 
and if the cutoff for the phonon states should be at 

k| =1.0 instead of |k| = 1.3, we would find about 10 
available states. 

The calculation of Feynman and Cohen apparently 
cannot say anything conclusive about the spread in 
energy, but the considerations of Sec. 2 make it appear 
that the spread of energies may be rather low. This 
might mean, for example, that the maximum in Fig. 2 
should be lowered and pushed to the left. We may 
remark that the distribution of roton levels indicated 
by Fig. 2 would be rather different from that assumed 
in Sec. 2, since according to Fig. 2 we have many 
levels near the minimum, and a sharp cutoff there, as 
shown in Fig. 3. It seems quite possible that the theory 
of Feynman and Cohen has the levels too closely 
associated with the parameter k. However, it does seem 
that we can conclude from their work, not only that 
the minimum energy which they find is an upper bound 
for the lowest roton energy, but that there are at least 
as many states in the same general energy region as 
their distribution would suggest. This is true because 
the approximate wave functions of the form of (3.2) 
or (3.3) are all orthogonal to each other, if the function 
¢ is made to conform to the periodic boundary condi- 
tions as well as the other parts of the function, so they 
can be used as a basis for expanding the true wave 
functions, and it seems unlikely that the perturbations 
will be large enough to throw the energies of the true 
wave functions entirely out of the region. 


4. GAS OF EXCITATIONS 


In the original papers of Landau” the rotons were 
treated as a gas of excitations obeying the Bose- 
Einstein statistics. Feynman also followed this idea. If 
we think of localized excitations which are broadened 
into a band, there must be as many levels in the band 
as there were original localized levels. More than one 
localized level can be excited at the same time, and this 
would correspond to having an equal number of the 
levels in the band excited simultaneously. This assumes 
that if the liquid is excited in one particular way, it 


“1. D. Landau, J. Phys. U.S.S.R. 5, 71 (1941); 11, 91 (1947) 
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hic. 3. Landau-Feynman energy distribution contrasted 
to error function 


does not prevent it from being excited in some other 
way at the same time. The number of possible ways 
that a certain number of the levels of the bands can be 
excited, if it matter which 
excited, is just equal to the number of ways the localized 


does not just ones are 
excitations can be distributed among the possible 
positions in the liquid, provided that no level can be 
doubly excited. At least this proviso is necessary, unless 
we also suppose that two localized excitations can be 
exactly superimposed at the same place in the liquid 

but 


would not be included in the usual type of roton 


a higher excitation, and 
lhus 
we would have something like the Pauli exclusion 


this would amount to 


operating with respect to the placing of excitations in 
energy levels, so we conclude that the yas ol excitations 
should obey the Fermi-Dirac statistics rather than the 
Bose-Einstein. It must be granted, however, that this 
distinction is somewhat academic in the case of He’, 
for when the density of excitations became dense enough 
for any appreciable difference between the two statistics 
to become important, they would begin to affect each 
other, and this interaction between excitations would 
blur the effect of the statistics. Since the excitations 
may overlap, having one excitation may prevent 
development of a neighboring one—a kind of expanded 
exclusion principle. 

One of the differences between He’ and Het is that in 
the former this expanded exclusion principle does not 
operate with respect to the lower states (ground state 
and lowest triplet) of the pair model. If we consider 
just these lower excitations in He’, there are, at any 
instant, exactly 4 possible positions for an excitation, 
and these excitations cannot overlap. It is not certain 
that they will not affect each other at all, but this 
would seem to be a reasonable approximation. The 
ground state gives one term in the partition function. 
There are }N ways for a single excitation to occur, 
giving 3.V terms in the partition function. There are 
3(4.N)(4N—1)/2 terms in the partition function corre- 
sponding to double excitation, 3°(4N)(4N—1)(4N—2) 
3! terms corresponding to triple excitation, etc. It will 
be seen that with Eq. (1.3) these successive terms 
correspond exactly to those which occur in the binomial! 
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expansion of the 4N power of the first two terms in 
Eq. (1.2) namely, (1+ /o*pen~"*" de)" 2, the integration 
serving merely as an averaging device. Excitation to 
higher levels means, of course, additional terms in the 
system’s partition function. For example, if there is 
one excitation to the higher triplet, this can occur 
in 11N/2 different ways, and the contribution to the 
partition function in the light of Eq. (1.6) will be 


«“ w §N-1 
in(f pJje rae) (1+ f pe wrde) , 
0 0 


which would appear in the multinomial expansion of 
Eq. (1.2). However, if two of the higher levels were 
excited, these could occur in somewhat fewer than 
11°(4N)(4N—1)/2 ways, because this would count 
cases in which two rotators had a common atom; the 
expanded exclusion principle begins to operate. These 
deviations would only become important, however, 
in the terms of the expansion involving high powers 
of So*p.’e*"de, and if the integral is not too large 
may be neglected. 
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Note added in proof.—We have noted a statement by 
H. C. Kramers, in Progress in Low Temperature Physics 
(see reference 5), Vol. 2, p. 65, that the phonon specific 
heat of Kramers, Wasscher, and Gorter'® is too large, 
though their total specific heats at 0.8°K and above are 
about right. Using the new phonon specific heat to 
obtain C, changes Table II and the values of my as 
follows: 

e/k 100n/N ™ 


9.39 0.0041 5.11 

9.57 0.1030 6.19 

9.88 0.683 7.94 
10.4 2.44 11.1 





The consistency with Eqs. (2.8) and (2.10) is improved, 
and the smaller value of my almost removes the difficulty 
concerning the number of energy levels. At the lower 
temperatures d(e/k)/dT is about 0.6, close to the value 
in Table II and that given by the Landau-Feynman 
theory. 
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The equations for shock-wave structure, with the inclusion of radiation effects, are derived. These radia- 
tion effects are radiation pressure, radiation energy density, and radiative transfer of energy. Computations 
have been performed for a diffusion approximation of radiation flux and the neglect of radiation energy 
density and pressure. The results show that the over-all effect of radiation (under the aforementioned condi- 
tions) can be taken as a diminution of the Prandtl number, and that the shock width is larger than when 
viscosity and heat conduction alone are considered. The radiative contribution to the width of the shock is 
found to depend primarily on the ratio of the mean free path of radiation to that of the material particles. 
The proportionate increase in shock width is found to be a function of the Mach number and to increase 


with it. 


Possible application of the above results to shock-wave propagation in a medium of low density is 


indicated, 


1. INTRODUCTION 


XACHS'! has given the Rankine-Hugoniot conditions 
when the effects of radiation pressure and energy 
density are included with the hydrodynamics. Sachs 
examined only the end conditions of such a shock, and 
did not consider radiative transfer of energy. It is the 
object of this paper to give an analysis which includes 
the effects of such radiation terms on the detailed struc- 
ture of a shock front. The analysis is by the Stokes- 
Navier equations with the gas possessing its usual vis- 
cosity and heat conductivity. The shock will be taken 
as plane, steady, nonrelativistic, with no superposed 
electric or magnetic fields. 


1R. G. Sachs, Phys. Rev. 69, 514 (1946). 
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Radiation pressure and energy density effects are 
important long before the shock is relativistic. For a 
shock propagating into air at standard conditions, a 
Mach number of 10° is needed before the shock may be 
considered relativistic, whereas radiation pressure be- 
comes comparable to material gas pressure behind the 
shock at a Mach number of about 2 10?. Again, radia- 
tive transport of energy may be important even though 
the other radiation terms are negligible. For air of 
atmospheric density, a temperature of a few million 
degrees must be reached before radiation pressure and 
energy density become important while radiative trans- 
port is significant even at much lower temperatures, 

The significance of the results to shock propagation 
through rarefied atmospheres is also briefly considered. 
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2. BASIC THEORY 


We shall assume the shock propagating longitudinally 
(along the x axis), and make the flow time-independent 
by referring to a coordinate system moving with the 
shock front. We shall use the suffixes 0 and 1 to denote 
the physical variables (velocity u, material gas pres- 
sure p, density p, and temperature 7) in front and in 
back of the shock, respectively. The following equations 
then describe the flow. 

Integration of the equation of continuity gives 


(1) 


pu= pyllo= mM, Say. 
The Stokes-Navier equation is 
du d 4d/du 
m—= ——(p+4aT*) +- ( ) 
3 dx 


dx dx dx 


(2) 


where yu is the coefficient of viscosity and 4a7“ is the 
radiation pressure which is added to the material gas 
pressure, a being the radiation constant. Equation (2) 
may be integrated directly to give 


mu—mC = — (p+ 4aT*)+ tudu/dx, (3) 


where C is an integration constant. 
The equation of conservation of energy is 


d aT df aT 
dx p dx\ dx 


du dux\? dF 
~(p+-4aT) +tu( )-— w 
dx 1 


ax dx 


where & is the coefficient of thermal conductivity, F is 
the radiation flux, and a7‘/p is the radiation energy 
per unit mass, which is added to the material internal 
energy, E. With the aid of Eq. (3), Eq. (4) may be 
integrated to give 


aT dT 
m( E+ - ) =k—+4mu?—mCu—-F-C,, (5) 
p ax 


where C\ is another constant of integration. 
Finally, we shall take the case of a perfect gas: 
p=RpT, E=C,T, (6) 
where R and C, are constants. C, is the specific heat at 
constant volume. 

The Rankine-Hugoniot conditions are obtained by 
assuming uniform conditions in front and in back of 
the shock. Applying (3) and (5) to the front and the 
back of a shock gives, respectively, 

(pot 4aT o*)+-muo= mC = (pit4aTs)+mu,, (7) 


and 


m(Eo+aT o/ po) — 4mue+mCuo 
—( 1 = m(E; + aT! pi) smu,?+ mC U4. 
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In (8) it is assumed that the radiation flux at r=+« 
is zero, which will be the case for the diffusion approxi- 
mation for radiation flux. Equations (7) and (8) 
along with 

(9) 


Pollo = M= pit, 


from Eq. (1), are equivalent to the Rankine-Hugoniot 
equations obtained by Sachs. 

The Mach number of the shock may be defined in 
the usual manner, Mo= | o|/co where co is the sound 
speed in the medium in front of the shock. However, in 
the present situation, 

| ’ 
8 


the subscript S indicating that the differentiation is to 
be performed for constant entropy (8). Sachs! has 
shown that, in the case of a perfect gas, Eq. (10) gives 


4aT)' 
1+ 
3po 
where ¥ is the ratio of specific heats for the material gas. 
Equation (11) may be further reduced to 


-1)9? 
(12) 


O(po + ha To‘) 
ce = (10) 


Opo 


4a To 
, (1) 
3p 


P Po 


Po 


ypot+16(y—1)aTo'/3 
pot4(y—1)aTo4 


a) 


— +16(y 


Ce 
Po 1+12(y—1)n 


where 

aT 4/3 radiation pressure 
n ’ : . 

Po material gas pressure 

Note that as »—> 0, co? —> ypo/po, which is the usual 
expression for the material gas. As n-> , c—> 
4(4aTo*)/po (for y>1), indicating that radiation be 
haves like a perfect gas with Yraa= 4. 

We shall assume local thermodynamic equilibrium 
throughout the shock and shall take the diffusion 
approximation for the radiation flux, 7. Under this 
approximation, F is given explicitly by 


ac dT* 4acT* d7 


(13) 


’ 


3px dx 3px dx 
where a is again the radiation constant, c is the ve 
locity of light, and « is the Rosseland mean absorption 
coefficient. The derivation and validity of the radiation 
diffusion approximation is given by Chandrasekhar.’ In 
general, it is valid when the temperature does not vary 
appreciably in a distance of the order of a Rosseland 
mean free (radiation) path. 

Substituting the radiation diffusion approximation 


2 See S. Chandrasekhar, An Introduction to the Study of Stellar 
Structure (The University of Chicago Press, Chicago, 1939), p. 55. 
* Reference 2, pp. 208-211, 
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into Kq. (5), we get 


al* 
m( C1 { ) 
p 


Smu?+-mCu+C | 


facl*\ d7 
(+) 

30x J dx 
Then, from Eqs. (1), (3), and (14) we have 
dT m(C,T+aT*u/m) 


Smu?+-mCu+C, 


du (RmT/u+-haT*) +-mu 


tu 
x 
k+-tacuT*/mx 


which is a differential equation in 7 and u alone; y, k, 


me 


(15) 


and « are assumed to be functions of 7 and p, and 
therefore of 7 and u [from Eq. (1) ]. Equation (15) 
may then be numerically integrated throughout the 
shock front, the end conditions and constants involved 
being evaluated from Eqs. (7) and (8). Once T is 
found as a function of « by integration of (15), « may 
be found as a function of x by the numerical solution of 
Iq. (3), giving the velocity profile through the shock. 
The density and temperature profiles may be subse 

quently found 
It is to be noted that, with the diffusion approxima- 
since d7’\/dx 


“radiation escape” 


tion, there is no radiation flux at x=+, 
0 at these points, i.e., there is no 


from the shock region, 


3. COMPUTATIONAL EQUATIONS 


Computations have been performed for the case 
when radiation pressure and radiation energy density 
are negligible, but radiative transport of energy is not 
negligible in comparison with transport by thermal 
conduction. In this situation, Eq. (15) may be put 


into the form: 


dV C,Tu~})+Cwl—Cyu = =) 
du RT +0 —Uu 3k 
facul*\~! 
x(1 { ) 
3xmk 
4ac ul® : 
ery 
3nmk 


the radiation broadening factor. The factor {u/k is 
proportional to the Prandtl number, which is usually 
taken as constant with temperature variation. Thus, 


the radiation broadening factor represents a tempera 
ture- and velocity-dependent diminution of the Prandt! 


We shall call the factor 


(17) 


number. 
We shall introduce the dimensionless variables, II 
T/T) and U=u/uo, and shall take p= poll", R= Aol", 


AND 


A. W. GUESS 

k=Ko(p/po)*11=xol/—4Il*, where n, a and 6 are con- 
stants; uo, &o and x» are the coefficients of viscosity, 
heat conductivity, and Rosseland mean absorption, re- 
spectively, in the ambient gas in front of the shock. 
The radiation broadening factor may then be put into 
the form: 


4Py—1 ¢ proXAno 
g(II,U/) i/() } [/atipps-s , 
6 7 Co Po No 


(18) 
where 


P= Prandtl number=pyC,/k, 
6=numerical constant} for rigid elastic spheres, 
@éj>=mean particle velocity in front of shock 
(8RTo/1)', 
radiation pressure in front of shock=4a7‘o', 
po= material gas pressure in front of shock, 
Rosseland mean free (radiation) path in front 
of shock = 1/kopo, 
Ao= particle mean free path in front of shock 
Ho polo. 


We note that the fraction appearing in the denomina- 
tor of (18), vtz., (¢/@o)(Pro/ ps) (Arvo Ao), is essentially a 
measure of the effects of radiation as compared with 
material hydrodynamics. We have taken the radiation 
pressure as negligible in comparison with gas pressure 
so that the ratio pro/po will be quite small (but not 
zero). On the other hand, the ratio ¢/é = (velocity of 
light )/(mean particle velocity) will be quite large. The 
ratio Apo/Ao will be small when radiation transport 
effects are negligible, but will grow with the importance 
of the radiation transport of energy versus thermal 
conduction. The second term in the denominator of 
(18) may, under these conditions, be very well com- 
parable to, or greater than unity. We thus see that even 
when radiation pressure and energy density are negli 
gible compared with gas pressure and internal energy, 
it may not be permissible to neglect the contribution of 
transport of energy by radiation to the shock structure.‘ 
The radiation broadening factor g(IL,U/) goes over 
asymptotically to unity for the pure gas (no radiation) 
case, but when radiation effects are important, g(II,U) 
is temperature- and velocity-dependent and remains 
sensibly less than unity. 

Under the assumptions we have made (diffusion 
approximation and the neglect of radiation pressure 
and energy density), Eqs. (7) and (8) give 

C/uo=1+1/M?, 
and 
1)M,? |. 


C,/muie?=}4+1/L (7 


Upon using these constants and the nondimensional 


‘Sachs arrived at similar conclusions by qualitative physical 
reasoning. See reference 1. 





RADIATION EFFECTS IN 


variables Il and U, Eq. (16) becomes® 


dil 4P U{M—yL1+4(y—-1) Me }]+(1+yMe)(y—-1L 


dU 3y 


Also, Eq. (3) becomes 


dU 3M, wy i 
: 4 ( 2 ) 
II (yM ;*) l [1 U-4 1 (yM,*) | 


4 , (20) 
ltt" 


where = x/Ao. 

We shall define the shock width according to the 
formula 
(21) 


bo=(1—U)/|dU /d&| max, 


in terms of mean free particle path, Ao, in front of the 
shock, or 
= bo/[4(1+1L7U,) J, (22) 

in terms of mean free path inside the shock (average 
of mean free particle path in front and in back of the 
shock). 

The Rankine-Hugoniot conditions may be put into 
the form: 


U = ;/uo= (y \/(y+1)+2/[(y+1) Me] (23) 


My=71/To=yM GU (1—Us+1/(yMe)] (24) 


in back of the shock. Also we have the normalization, 
IIyp=1 and l’9=1, in front of the shock. 


4. PRANDTL NUMBER 


There has been some question regarding the order of 
magnitude of the Prandtl number to be used for a 
plasma. The first author, in a previous paper,’ assumed 
the shock propagation to be governed mainly by the 
ions (on account of their greater mass®) and used the 
value 3/4 for the Prandtl number in order to compare 
earlier work. Marshall,’ given 
reasons for using a low Prandtl number for a plasma, 


with however, has 
and finds that this would broaden the shock consider 
ably more. 

Marshall would be right if there were temperature 
equilibrium between the electrons and the ions. Even 
in this case, however, charge separation will produce 
an electrostatic field reduce the 
conductivity by a factor of the order of one half.* 
Further, there is reason to believe that the ions will be 


which will thermal 


at a higher temperature than the electrons in the shock 
front so long as ionization equilibrium is not attained.* 


5 See H. K 

® See J I 
(1951) 

7W. Marshall, Phys. Rev. 103, 1900 (1956) 

§ L. Spitzer and R, Harm, Phys. Rev. 89, 977 (1953 

*H. Petschek and S Ann. Phys. 1, 270 (1957 


102, 5 (1956 
Rocard, J 


Sen, Phys. Rev 


Denisse and \ phys. radium 12, 893 


Byron 


SHOCK 


I/(yM?)—U1 


WAVE 


1) Mel?) 
g\ II,/ ) 


bv(7 
U+1/(yM,*) | 


The lower 
gradient. These phenomena would reduce (and possibly 
nullify) the effect noted by Marshall. 

In the last line of Table I the authors have included 
Prandtl number in order to estimate its effect 


electrons will also have a temperature 


a low 
on the broadening of the shock front. The further 
broadening with the lowering of the Prandtl number is 
much less pronounced with the radiation field than with 
the pure hydrodynamic shock. 


5. NUMERICAL RESULTS 


The foregoing analysis is perfectly general and will 
apply to any gas model, It passes over asymptotically 
to the pure gas case or pure radiation case depending on 
the relative magnitudes of the two terms in the de 
nominator of g(I1,U/) in (18). ‘The transition region is 
the interesting one, and we shall estimate its « haracter 
by putting the constant factor in the second term of the 
denominator of g(II,l’/) equal to unity. This gives 
approximately equal weight to collision and radiation 
broadening. Further, we shall take y= 5/3 (to compare 
with earlier results®), n=2.5, a=1, and B=3.5. The 
results presumably would not be too sensitive to the 
particular values given to these constant. ‘The radiation 


broadening factor then becomes 


(1+ L/7II') (25) 


g(11,U)=1 


With this form for g(II,U)), Eq. (19) was solved for 
Mo=1.5, 2, 2.5, and 4 with a Prandt] number of 3/4 
Also, (19) Prandt| 
number of 3/40 and the same form, (25), for g(II,/ 
Solutions of (19) with a Prandtl number of 3 
plotted in Fig. 1. Also in Fig. 1 is plotted the solution 
for Mo=1.5 the the 


broadening factor. Note that the inclusion of radiation 


was solved for M=1.5 with a 
tare 
radiation 


without inclusion. of 


a 
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Fic. 2. Variation of velocity within the shock. (A) My=2 (no 
radiation); (B) My=2 (with radiation). 


causes the values of II (versus U) to be consistently 
larger within the shock front than the values without 
radiation. 

From the results of the solution of Eq. (19), Eq. (20) 
may be solved to give U as a function of &. In Fig. 2, 
the solution of Eq. (20) is plotted both with and without 
radiation for Mo= 2 and a Prandtl number of 3/4. Note 
that the inclusion of the radiation broadening factor 
(for the parameters we have chosen) considerably 
broadens the structure of the shock. Radiation has 
“eaten into” the front part of the shock. 

In Table I are presented the results of computation 
with Eqs. (21) and (22) for the width of the shock. 
The last three columns of ‘Table I are perhaps the most 
interesting. They show that, both with and without 
radiation, the shock width (in terms of mean free path 
within the shock front) decreases with increasing Mach 
number (for the region covered by the table). However, 
the proportional increase in shock width due to radia- 
tion increases with increasing Mach number, i.e., radia 
tion becomes increasingly important at higher Mach 


numbers. 


AND 
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6. CONCLUDING REMARKS 


We see from the above analysis and computations, 
that radiation broadening may be an important factor 
in shock propagation. In particular, in a highly rarefied 
atmosphere, the broadening of the shock front due to 
radiative transfer may be so great as virtually to 
nullify the shock. Further, the proportionate increase of 
hydrodynamic shock width due to radiation broadening 
will act to extend the range of validity of the Stokes- 
Navier equations towards higher Mach numbers. The 
effect of radiation (in the diffusion approximation) may 
be considered as somewhat analogous to a decrease in 
the Prandtl] number. 


TaBLe I. Width of shock in terms of mean free path. The suffix R 
refers to inclusion of the radiation broadening factor. 


Prandtl 
No. Ms tor aN 


0.75 


trr/th 


1.5 4 27.3 8.3 2.9 
2 A 31.4 5.9 . 3.7 
a : 40.8 5.0 4.2 
4 
1 


87.8 2.6 


14. 3 
5 43. 75.1 37.9 Ls 


0.075 


Effort is being made to extend the analysis to the 
complete radiative-transfer equation (i.e., to situations 
where the diffusion approximation is invalid). For 
radiation flux approximations higher than diffusion 
(use of a Taylor series for which the diffusion approxi- 
mation is the first term), a differential equation in 7 
and x may be obtained. The form of the equation is, 
however, quite complicated. It seems best to treat the 
radiation as a series of flux streams, in the manner of 
Chandrasekhar.” 
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The properties of a certain class of functions f(a’,B’,y’,::- 


) of noncommuting observables a, 8, y, «++ are 


investigated. They have all the usual properties of distribution functions, except that they are complex 
They satisfy simple Markoff-type stochastic equations and permit the calculation of the expectation values 
unambiguously. Conversely, quantum theory can be formulated in terms of such distribution functions 


having the prescribed properties. 


1, INTRODUCTION 


N von Neumann’s density matrix formalism of 

quantum mechanics, the state of a system is 
described by the statistical operator P, satisfying the 
following conditions: Pt=P, Tr P=1, (| P| )20 for 
any state |). Then P—P*20. Equality in the last 
equation holds for pure states. The expectation value 
of any observable G in the state | ) corresponding to P 
is given by G=( |G| )=Tr(GP), Gt=G. The equation 
of motion of P is iAP =(H,P }.! 
. As an extension of this formalism we shall investigate 
the properties of a simple operator F’, defined below, 
and a class of bilinear forms derived from F which will 
constitute the quantum-mechanical analog of the 
joint density operator and density distributions for any 
set of noncommuting observables. A spectral resolution 
of the observables and the relativistic and nonrela- 
tivistic equations of motion of the distributions are 
given, showing a Markoff-type stochastic equation 
between space-like surfaces. The expectation values of 
the observables will be found unambiguously in the 
usual manner. However, there are some fundamental 
differences as compared with the classical stochastic 
processes. The theory applies to ‘‘mixtures” as well as 
to pure states so that all information which the quantum 
theory gives can be obtained from a knowledge of F. 
In this sense the theory of these distribution functions 
is one of the, by now many, equivalent formulations of 
quantum theory. 

In the special case of nonrelativistic quantum theory 
without spin, where all observables can be written as a 
function of coordinates and momenta, a real phase space 
distribution function has already been given by Dirac? 
and Wigner and Szilard,’ studied in detail by Moyal,‘ 
Takabayasi,® and used in several applications.’ Re- 

* Supported in part by the Air Force Office of Scientific Re 
search. 

1J. von Neumann, Mathematical Foundations of Quantum 
Theory (Princeton University Press, Princeton, 1955). For a 
recent review of density matrix theory and applications see U. 
Fano, Revs. Modern Phys. 29, 74 (1957). 

2P. A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 376 (1930). 

3E. P. Wigner, Phys. Rev. 40, 749 (1932). 

‘J. E. Moyal, Proc. Cambridge Phil. Soc. 45, 99 (1949), 

* T. Takabayasi, Progr. Theoret. Phys. Japan 11, 341 (1954). 

*H. S. Green, J. Chem. Phys. 19, 955 (1951); J. H. Irwing and 
R. W. Zwanzig, J. Chem. Phys. 19, 1173 (1951); H. Mori, Progr 
Theoret. Phys. Japan 9, 473 (1953); W. E. Brittin, Phys. Rev. 
106, 843 (1957). 


cently Bopp’? and Uhlhorn® have also discussed the 
problem of phase space distributions in quantum 
mechanics. 

However, the Dirac-Wigner-Szilard distribution func- 
tion is valid only for a very limited class of operators, 
namely those operators which can be written as 


G - fexlile-p4 «-q) |t(e,2)deds, 


where ¢(0,t) is the Fourier transform of the corre 
sponding c-number function, i.e., 


G(p,q) few i(o -p+--q) |E(o,t)deds. 


It cannot be used to find expectation values of some 
simple and important operators such as the com- 
mutator [ p,x | or H? (a quantity important in statistical 
mechanics) or M?, etc. This fact does not seem to be 
realized by some of the authors who have used this 
distribution function. This situation is remedied in the 
present approach by the use of a class of “equivalent” 
distributions functions. ‘This is another quantum effect 
besides the nonpositivity of the distribution functions. 

The distribution functions studied here show very 
clearly the fundamental distinctions between classical 
and quantum-mechanical distribution functions (Sec. 
3) and obey stochastic equations with simpler kernel 
functions (Sec. 4). The general theory can be applied 
to any quantum-theoretical case and to field theory. 
Distribution functions corresponding to Feynman 
amplitudes are also given (Sec. 4). 


2. DISTRIBUTION FUNCTIONS 


Let a, 8, -+:, p,a be N different complete commuting 
sets of observables. We denote their normalized eigen 
functions by |a’), |B’), «++ |’) anda general normalized 
state of the system, for the time being, by | ). a, 6, «+: 
may also represent the same complete set at different 
times. We define the operator Ff (in dyadic form) by 


F=| )(a’|p’)(’\-y')- ++ (p'\o’)( |, (1) 


1F, Bop ), Z Physik 144, 13 (1956) 
*U. Uhlhorn, Arkiv Fysik 11, 87 (1956) 
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and form the bilinear functions 


/ 
f(a’ p’, ; (a’ I a’) 


( a’) (a p’)(p' y)ere(p’ o’)(o’\ ). (2) 


It is seen immediately that the integration of f over 
all the sets of observables except one gives the proba 
bility distribution of this set in the state | ).” Actually 
for a given system of complete sets we have a whole 
class of N! functions having this property, namely 
functions obtained from f(a’ ,6’,: + -,0’) by permutations 
of the arguments. Among them are the complex 
bilinear functions obtained from Hermitian conjugate 
operators 
(3) 


)(B’ a’) (y' |B’) +++ (a" |p’) 


1.€ 
/ | 7 
(a | Ftia 


< (B’ \a’)(a’| ) 


/ / / 
J=( a )la \p)-: 


{*(a’ B’,+++a’) 


, / / 
lla’, J a) 


(4) 
Thus, Eq. (4) expresses a symmetry of the distribution 


the effect that 
backwards is equivalent to taking the complex con 


functions to reading the arguments 


jugate. 
The distribution functions are correctly normalized, 


frees a dad’ da'=1, 


and under successive integrations they reduce as follows 


free p’ a’ )da’ = f(a’ ,B’,++ +p’), 
[ s0o'A'sv’yty 
J sera 


fla’ a’ yy’) 


f(a’ p’), 


f(a’), 


f(a’ y'), 


f(a’), 


few f(a’ a’ B’)\dal’ =G(a’) f(a’ ,B’), 


where the final functions f(a’) are the positive real 


/ / 
ila a) 


probability densities of a single complete set. From this 
relation it follows that the real part of f(a’ B’) itself 
could also be taken as a kind of joint distribution func 
tion and that 


[tim e! 6')d fim sca’ aa’ 


* For a statistical mixture of states |s’) with a priori proba 
bilitses ps the definition of F is F ae ps 5s’) (a’ |p") ‘(p’ 
All the results in this paper apply also to this case unless stated 
otherwise. However, the introduction of “mixtures” into quantum 
theory is purely formal and phenomenological since the proba 
bilities p, are unknown, except in equilibrium. In general, if a 
mixture is given by its statistical operator P, then F is defined by 

Pla’ p’)(p’ y’) (p’ a’) 


, / 
aj}\s 


BARUT 


According to Eq. (4), Ref(a’,6’) is a symmetric, 
Im f(a’,8’) an antisymmetric function of its argument. 
However, Ref is not necessarily positive nor must it 
remain positive in time. Since our aim is not to reduce 
quantum mechanics to classical statistics—in fact it 
will be seen that this is not possible—but to give a 
simple and closest possible analog of joint distribution 
functions, we shall prefer to use f rather than its real 
part. The reason is that, as we shall see, / satisfies a 
much simpler stochastic equation than Re/. 


From Eqs. (1) and (3) one gets that 
FF t= FIP (8) 


a\*P20; a=(a'\p’)---(p'\o’), 


since von Neumann’s density operator P can be written 
in dyadic form as P=| )( |. F is therefore a normal 
operator, and as such, its eigenfunctions corresponding 
Indeed the 
eigenfunction of F is the state vector | ), the eigen- 
value being a=(a‘|f’)---(p’\o’). For mixtures, the 
eigenfunctions are |s’) with the corresponding eigen- 
= p,a. We also note that since PP= FP, 


TrF=(|F| )=P=d.d. 


We see further from Eq. (2) that the distribution 
functions are such that two noncommuting quantities 
cannot have definite values, for if the system is in the 
state |a”’ ‘), 
then its 6’-dependence is necessarily proportional to 

, ” rm. Tia e P : 
(8’\«’’). This expresses the uncertainty principle which 
quantitatively formulated in terms of mean square 


to distinct eigenvalues are orthogonal. 


values \,° 


(9) 


), ie., f(a’,B’) is proportional to 6(a’—a’ 


deviations reads 


A*(a)A*(B) > | fos Im {(a’,B’)da’dp’ 


rT , Tr{ (a8 +Ba) P |- ap (10) 


and 


} Trl (a8 ta) P= fe Re f(a’ ,B’)da’ dp’. 


Thus, the imaginary part of /(a’,8’) is purely of quan- 
tum-mechanical origin and is responsible for the 
uncertainty principle, for the second term in Eq. (10) 
is also true for dependent random quantities in classical 
statistics. We expect, therefore, that in the limit to 
classical statistics, the imaginary part of f vanishes and 
that the real part approaches the classical distribution 
function. 


3. EXPECTATION VALUES AND SPECTRAL 
RESOLUTION 


For the expectation value of any quantity which is 
of the form G=(a™B"y*:+ +p’ )order, Where the paren- 
theses indicate any arbitrary order of the operators in 
the product, we can easily prove the relation 


G * G(a',p’,-+-0') f(a’,p’,---,0’), (11) 


a’ p’ 





NONCOMMUTING 


where G(a’,---,o’) is the function obtained from the 
operator G by replacing the operators a, 8, ---, o by 
the corresponding c-numbers and the arguments of | 
have to appear in the same order as the corresponding 
operators appear in G. Thus, each member of the class 
of equivalent distribution functions will be used in 
finding the mean values. Equation (11) is proved as 
follows: 


G=(|G| )= pa (a’ |a™B"---a*\a")( la’) (a'| ) 
a’,a’ 


> a’™a'*(B’|B"-- -p"|p’)( |a’)(a’ |p’) 
a’,0 & 0" 

x (p’|a’)(0’| )= 
p''a"* f(a’, - 4 -,p',a’). 


p a’™g’n : 
, , 


al eee 


If some of the operators are repeated in G, for example, 
G=afa, then in Eq. (11) we have to sum over repeated 
observables as though they were different quantities 
in the order in which they appear: 


G=apa; G= pi a’ B’ al” f(a ,B' t"’)da’dB' da’. 


a’B’a’’ 
However, using the commutator C=[a,8] we can 


reduce this equation as follows: 
G=aBpa=a’B—alC ; 


G- > a’ f(a’p’)— ¥ alc’ f(a’ ,c’). 
a’ p’ a’e’ 
In this way, various identities between different / 
functions and between the real and imaginary part of 
f can be obtained. For example, in the case of coordi- 
nates and momenta, [.x,p |=ih we get 


foow Im f(x’ ,p’)dx’dp’ 


h 
= few Re f(x’ ,p’)dx'dp’, 
2 


four Im f(x’ ,p’)dx’dp’ 


h 
= few Re f(x’ ,p’)dx'dp’. 
) 


PA 


Equation (11) is also valid for the functions of 
ordered noncommuting observables and for a_pre- 
sumably larger class of functions, introduced by 
Dirac,” containing the former. In each term in the 
expansion of functions of ordered operators, for ex- 
ample, observables relating to different times, the order 
of the operators is one and the same such that only one 
f-function is necessary. Dirac’s functions are defined 
as follows: 


G(a,8’) |B’) =G(a,p’) |B’); G(a,B’)| a’) =G(a’,p’) \a’). 


 P, A. M. Dirac, Revs. Modern Phys. 17, 195 (1945). 


OPERATORS 


Hence, 
> Gla’ ,p’)( 
a’p 


> G(a’,B’) f(a’ ,B 


a’ p’ 


a’) (a’ 8B’) (p" ) 


/ 


). 


The expectation value of arbitrary functions which 
are defined in terms of their power series expansions can 
be given by using Eq. (11) for each term. From Eq. (11) 
we get for the general term 


) foc anaia"s" + Gla'" Oo.” ) 


tr 


x f(a’,B’ a’ 8", 


( 1G" 


a8 de’dp! «da dp, 


Introducing the commutator C=[a,6 | we can derive 


in this general case, the relation 


(12) 


G fevers Re f(a’ B’)da'dp’ { R, 


where R& is an operator depending on C, a, 8, and is zero 
when C is zero (see Appendix). ‘Thus, in the transition 
to classical mechanics, the quantum-mechanical cor 

rection term R approaches zero and Ref goes over to 
the classical probability density function. This is in 
agreement with and supports the statement made at the 
end of Sec. 2. 

Furthermore, we can give by the uniqueness of the 
expression for G a spectral resolution of G in terms of 
the corresponding classical functions. Introducing the 
generalized projection operators 


Earp =\a')(B'|; Earp! = Epa = |p’) (a (13) 


with the property 


Faia 7 ta (p’ a’ \E, A’'y 


we get from Eq. (11) 


G > Gla’ ,p’, Jo dk ate; 


For arbitrary operators, we again have to use the power 
series expansion and apply (14) for each term. Thus, if 
.? ‘ c ‘ "9 ‘ 
G is any simple product, a general function /(G) of G 

can be written! 
F(G) =F‘ a )al ata’), 


> Gla’, 


for example, 


enh en fo FB’) (a"| 8) Mary 


" Another spectral resolution, in 
been given in R. P. Feynman, Phys, Rev 
paper contains a detailed discussion of 
operators mentioned above 


nonrelativistic mechanics, has 
84, 108 (1951). Thi 


functions of ordered 





te 


4. EQUATION OF MOTION 
For a time-dependent state vector |) we write 
F(t) (15) 


‘Then in the virtue of the Schrédinger equation (0/01) | t) 
(i/h)H(t)\t) and its conjugate complex, we can 
differentiate (1) and obtain 


L) (al |B’)+ ++ (p'\o’) (t}. 


OF (1) i 
[H(t),F(t) }; 
al h 
i - 
[H(t),F'(t) }. 
al h 


Using the unitary transformation connecting the state 
vectors at different times 


U (ty,te) t), 


ity) U (ty,tg) = U (tats) U (t,t), 

we can get also the equation of motion in integral form: 
F (tg) = U (te) F (4) U' (hte). (17) 

The corresponding equations for f can be obtained by 

means of Eq. (2) 
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or, taking, for instance, a= and B= p 
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SK (a’’ p’,-- pa” ki : a’ ,p’, * -p’,a’ te) 


x f(a’’,p’,: . p’,a’’ ty). (19) 
Under arbitrary canonical transformations represented 
by unitary operators V, Eqs. (17) and (19), give the 
transformation of F and f if U is replaced by V. 
Equation (19) is a simple Markoff-type stochastic 
equation whose kernel is related to the Green’s functions 
(a’|U\a’’),--+ of the system. The kernel satisfies the 
relation 

K (al a" ty; a’ ,o" ts) = K (al 0" ty; a!” 0" te) 


@”"" 


* K (a’",0'" ta; a’,0' ts), (20) 


BARUT 


and can be interpreted as the analog of complex transi- 
tion probabilities. The probabilities in configuration 
space, i.e., |y|*, or in momentum space alone do not, 
as is well known, obey a simple stochastic equation of 
the type (19). We remark that for scattering problems 
U will be replaced by the S-matrix and that, as operator 
equations, (15) and (17) are also valid in interaction 
representation. 

If the operators a, 8B, ---, o relate to different times, 
then the f-functions represent distribution functions 
along the “trajectory” of the system, i.e., distribution 
functions corresponding to Feynman amplitudes. Such 
functions have been introduced by Dirac." For example, 
in f(a’ ,B’), a’ may represent the coordinates at time /’, 
8’ the coordinates at time ¢’’. More generally, we can 
introduce the analog of “phase-space” transition proba- 
bilities. Consider three phase-space points a’,6’ at time 
(point 1); a’’,8” at time ¢” (point 2); and a’”,’”" at 
time ¢’”’ (point 3). Then 


f(a Bt; a!” BY") = f(1,2) 


is equal to the kernel of Eq. (19) provided f at each 
point is normalized to one, i.e., f(a’,8’)=1; otherwise 


f(1,2) -_ K (a’B't’ »,''B''t'’)/ f (a’,B’). 


‘These transition functions satisfy the equation 


(1,3) f(3,2) 
3 f(3) 


In the relativistic case the state vectors depend not 
only on time ¢ but on space-time points x, and satisfy 
(0/dx,)| )=—(i/h)P,| ), where P, is the energy-mo- 
mentum operator. Equation (16) becomes in this case 


(21) 


or 
(22) 


1 
~ (P,,F J. 
h 


OX, 


Again using the unitary transformation connecting the 
states between the space-like surfaces 0, and ao, 


|o2) =Ua\o1), 
we get instead of (17) and (19) 
UnF(o)U a1", 


(a’ | 8’) (8’| p’) 


F (a2) 


a’’p’’ (a | B’)( y | p’’) 


X (por’ | por”) (aee"’ | aos’) f(o1). (23) 

In field theory f will be functionals of the field 
variables, or space-time functionals. They may be 
useful in the theory of Green’s functions or propagators 
which are the vacuum expectation values of the 
products of ordered field operators and can be calcu- 
lated, in principle, according to Eq. (11). 

If a and § represent coordinate and momenta, in 
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nonrelativistic mechanics and H is independent of time, 
Eq. (19) can be written in terms of the wave functions 
in coordinate and momentum space as follows: 


fasps= f x\m)(n| x’) (P|) |) 


r.$ i 
Xexp| —-t(£,— 2) [exp (ops) | 
toe h 


XK f(x’, p’,0)dndn'dx'dp’, (24) 


where H|n)=E,|n). For instance, for a free particle, 
we get 


9 


mh \3 im lt 2 
f(x,p,t) = ( ) few ( —x’)+ r') 
2ril h 21 m 


x {(x’,p’,0)6(p—p’)dx’dp’. (25) 


In the case of nonrelativistic mechanics it is easy to see 
that f(x,p,/) in pure states also satisfies the differential 
equation 
Of af Of 
Ox Op 


-() (26) 


OxOp 
which may be taken as the equation characterizing the 
pure states. 

It remains only to characterize the stationary states. 
In this case f is independent of time and the problem 
of finding fo reduces to solving the homogeneous integral 
equation of the second kind: 


fola’,- - +0’) [Kila . 0" )dal'do". (27) 


The kernel is, in principle, known if U(¢;,l2) is given. 
For example, fo=constant is a stationary solution of 
(25). The differential equation (18), on the other hand, 
with the left hand size equal zero, separates and we get 
the usual time-independent Schrédinger equations in 
coordinate and momentum spaces. 


5. DISCUSSION AND CONCLUSIONS 


We have investigated the properties of certain func- 
tions of noncommuting quantities which have all the 
properties of the classical joint density functions except 
that of being always non-negative. These complex 
functions allow the unambiguous calculation of ex 
pectation values in the usual form and satisfy relatively 
simple equations of motion. Conversely, functions 
having these properties provide a formulation of quan- 
tum mechanics in terms of distribution functions rather 
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than probability amplitudes. These functions have 
rather remarkable symmetry properties, and it would 
be perhaps a complicated mathematical problem to see 
to what extent these properties uniquely determine, in 
more general cases than the stationary states, the 
distribution functions. It may also be of interest to 
study the important theorems of probability theory, 
such as ergodic theorems and central-limit theorem, for 
the case of these complex distribution functions. 

Physically, f may represent a stationary wave, a 
wave packet, or even a mixture. In applying (19) we 
have to choose f in agreement with (26) and the 
boundary conditions imposed on it by the symmetry 
properties and the uncertainty principle. From given 
wave packets, new ones may be obtained by canonical 
transformations. In this case Eq. (19) is again valid, U 
being independent of time, for instance U =e'*” or 
U=eioMs. 

Finally, we mention that such distribution functions 
may be useful in quantum hydrodynamics or in sta 
tistical mechanics where one desires to develop quantum 
equations in analogy to the classical equations in terms 
of distribution functions. 

I am greatly indebted to Peter G. Bergmann and 
Richard L. Arnowitt for suggesting valuable improve 
ments in the presentation. 


APPENDIX 


A function of the two noncommuting operators can 
be expanded as follows: 
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where the second summation is as above. 
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Previous work is extended so as to obtain a unified theory of collective and individual electron effects in 
the excitation of a degenerate electron gas by fast incident electrons. The two characteristically collective 
features of the characteristic energy loss, the relatively large magnitude and the sharpness of the energy, 
are shown to follow from a straightforward quantum-mechanical treatment of one-electron excitations, 
provided only that the interactions of the electrons are taken into account. The interaction causes the 
excitation to be transferred from one excited configuration to another, resulting in an exciton in momentum 


space. This “‘momentum-exciton” is a discrete state which separates from the continuum of one-electron 
excitations and rises to higher energy, in accordance with Hund’s rule. Correlation is taken into account 
by means of Feynman graphs in which the excitation makes a ‘‘jog” and travels backwards in time, as 
well as forwards. With this refinement the identification of the momentum-exciton with the Bohm-Pines 


plasma oscillation is completed 


I, INTRODUCTION spondence principle in order to obtain relations for 

A° emphasized in Sec. III of I, there are two plasmon creation in the ground State. — : 
qualitative features of the inelastic scattering of Phe present paper has as its purpose lirst to establish 
fast electrons by metal foils which are impossible to that all of the results obtained in I can be verified 
understand on the basis of individual excitation of direc tly without the nec essity of working in the classical 
noninteracting conduction electrons. These are first, limit. In addition the magnitude of the eigenloss as 
the magnitude of the energy loss, which is much greater well as its sharpness are shown to follow from a straight- 
than the change in kinetic energy which the conduction forward quantum-me hanical eberhaarsra of one-clec cron 
electrons experience upon being excited out of the excitation, provided the Coulomb interactions of the 
electrons are taken into account. One finds that a 
plasma oscillation is nothing but an exciton in mo- 
mentum space. An electron excited out of the Fermi 
sea can interact with another electron and excite it, 
with the first electron at the same time falling back 
into its hole. In this way the excitation is passed about 
in momentum space from one electron to another. The 
stationary state representing a plasmon is simply a 
certain linear combination of the various one-electron 
excitations. The collective nature of the plasmon arises 
from the fact that such a superposition can have 
properties different from those of the individual basis 


Fermi sea, at least for small angles of scattering. The 
second feature is the sharpness of the characteristic 
energy loss, or eigenloss as we prefer to call it, which 
bears no resemblance to the broad low-lying continuum 
of kinetic energy increments. The failure of this simple 
theory is clearly attributable to the neglect of the 
Coulomb interactions between pairs of electrons. The 
main effect of the interactions is to permit plasma 
oscillations, which in turn immediately explain away 
the above two discrepancies. In I the plasma oscillations 
were treated in the style of the Bohm-Pines theory by 
introducing collective coordinates. Since it is permitted 
states. 

In Sec. IL we evaluate the total interaction energy 
belonging to the superposition generated by the scat- 
tering itself. This is seen to account quite adequately 
for the magnitude of the eigenloss. In addition the 
electron-electron positional correlation resulting from 
this configuration mixing is exhibited explicitly. In 
Sec. III the interaction of the one-electron excitations 
is studied in more detail and by means of a sort of 
Tamm-Dancoff treatment an approximate diagonal- 
ization of the Hamiltonian is carried out. As the 
interaction strength is increased from zero, at first no 


to introduce only a limited number of these coordinates, 
it is not possible to handle all of the inelastic scattering 
in this way. This treatment therefore suffered from the 
unsatisfactory feature that at a certain maximum angle 
of scattering it was necessary to “switch over’ from 
Bohm-Pines theory to one-electron theory, The first 
step in developing a more unified approach was made 
in Il, where the excitation of plasma oscillations was 
described quantitatively without the introduction of 
collective variables. In this time-dependent self-con- 
sistent field treatment it was necessary to work in the 
classical limit of large quantum numbers of excitation 


for the plasma oscillators, and to invoke the corre qualitative change occurs in the spectrum of excited 
states. But after the strength surpasses a certain 


* Investigation supported by the Office of Naval Research minimum value, a discrete state splits off from the 
t Preliminary report: J. J. Quinn and R. A. Ferrell, Bull. Am p : : é 
Phys. Soc. Ser. II, 1, 44 (1956). The present paper constitutes a continuum of one-electron excitations and rises to 


continuation of already published work which will be referred to considerably higher energies as the interaction strength 


to as I [R. A. Ferrell, Phys. Rev. 101, 554 (1956)], and IT(R. |. , ace ata 
A. Ferrell, Phys. Rev. 107, 450 (1957) ] is further increased. This “‘momentum-exciton’”’ is 
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identical to a plasmon, within the approximations 
inherent in the Tamm-Dancoff treatment. The refine- 
ments necessary to complete this identification are 
made in Sec. IV. The effects of three-, five-, etc., 
electron excitations in the excited state and two-, four-, 
etc., electron excitations in the ground state must be 
taken into account. It is not necessary to calculate the 
energies of the two states separately since all we are 
interested in at present is their difference. The difference 
is most easily calculated by using the Feynman time- 
dependent formulation of the Schrédinger equation. 
“Bubble” graphs cancel out of the difference, leaving 
only irreducible graphs in which the excitation makes 
a “jog” and travels backwards in time, as well as 
forwards. Inclusion of such graphs completes the 
identification of the momentum-exciton with the plas- 
mon. In this way all the results of II can be verified 
directly for plasmon creation in the ground state. A 
brief summary constitutes Sec. V. 


II. INTERACTION ENERGY 


The first goal of this paper is to demonstrate how an 
interacting degenerate electron gas can absorb from an 
incident electron very much more energy than can be 
accounted for in terms of individual kinetic-energy 
increments. Suppose the incident electron undergoes a 
change of momentum —hAk. Figure 2 of I shows the 
fraction of the Fermi sea which is permitted by the 
Pauli exclusion principle to undergo one-electron exci- 
tation. The kinetic-energy increments corresponding 
to these one-electron excitations form a continuum 
whose maximum equals (h?/2m)(k’+2kko), where hko 
is the Fermi momentum and m the electron mass. This 
continuum is illustrated in Fig. 1 of II. It is completely 
inadequate, for small momentum transfer, to account 
for the relatively large energy losses observed (e.g., 
15 ev in aluminum). In the extreme case of kK-0 the 
continuum contracts to zero. One is forced to attribute 
the discrepancy to the interaction of the electrons, 
which, of course, should be taken into account anyway. 

For the present qualitative purposes of this section 
let us therefore calculate the total potential energy of 
the state generated by the scattering of the incident 
electron. According to Sec. III of I, the incident 
electron acts on the Slater determinant representing 
the unperturbed Fermi sea by means of the operator 
> e**, where x; are the electron coordinates, and 
converts it into N’ = No(k/ko) Slater determinants, each 
representing a certain one-electron excitation. N is the 
total number of electrons in the degenerate gas and the 
function v(k/ko) is given in I. For k/ko<1, v is approxi- 
mately 3(k/ko). Let the Slater determinant in which 
momentum hk, has been excited to Ak;+hk be desig- 
nated by W;. The superposition generated by the 
scattering is therefore 


v=NODY, (1) 
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Fic. 1. Transfer of excitation between one-electron-excited 
configurations. The dashed line shows the interaction between 
the ith and jth electrons, while the dotted lines indicate the 
exchange transitions which are neglected here (but investigated 
in paper II). Ak is the momentum of excitation and hko the 
Fermi momentum. The shaded portion of the Fermi sea is pre 
vented from contributing to the momentum-exciton by the Pauli 
exclusion principle. 


and the potential energy we are interested in evaluating 
is 


(VUV)=N OY (W,UY,), (2) 


where U is the total interaction operator, 


4re’ 


1 
U= > he otk (ima), (3) 


V ke |g i<j 


V is the volume of quantization and e the electron 
charge. The matrix element (W;,U/¥,) is illustrated in 
Fig. 1. The solid line extending from the vacant circle 
labeled k; to the dot labeled kj+k represents V,. Upon 
application of the operator U the electron of momentum 
hk;+hk is de-excited, as shown by the dashed line, 
and the electron of momentum hk, receives the exci 
tation. The matrix element for the process is simply 


M = (W,,UV ;) =49e’/VR’, (4) 
independent of i and j, for i# j. Because of the identity 
of the electrons there is also an exchange contribution 
to M, as indicated by the dotted lines in Fig. 1. This 
complication does not, however, introduce any quali- 
tatively new effects and will be ignored throughout the 
present paper. Its influence on the dispersion relation 
for plasma oscillations has been estimated in II and 
found to be relatively small. Substitution of Eq. (4) 
into Eq. (2) yields (N’—1)M, which can be replaced 
by N’M because of the large value of N’. If we further 
make the substitution V/V = ko*/3m*, we find 


e’ky ko Oe: ry ky 


(W,UW) = (5) 


x k ?- k 


As an example, consider the case k/kyg=0.5 for alumi 
num, where r,=2.07. Substitution of the numbers 
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yields 16.0 ev, or more than ample to explain the 
relatively large magnitude of the energy loss. It is 
clear that this success is only qualitative, since for 
smaller values of the momentum transfer the potential] 
energy of excitation becomes even larger, and ap- 
proaches infinity as k-+0. This result is, of course, 
incorrect. The error arises, as shown in Sec. IV, from 
the neglect of configurations containing more than one 
excited electron. 

In order to better understand the nature of this large 
potential energy of excitation it is desirable to consider 
the positional correlation of the electrons. Because the 
W of Eq. (1) is composed of more than one Slater 
determinant, or in other words is a mixture of con- 
figurations, there are important correlations in the 
positions of the electrons which are not present for the 
WV, individually. Thus, the incident electron upon 
passing through the degenerate gas leaves the electrons 
in the state ¥, in which they are “bunched.” Because 
of this inhomogeneous charge distribution the total 
electrostatic potential energy is larger than for the 
unexcited Fermi sea. It is easily established from Eq. 
(1) that the pair distribution function is given by 


P(x) = Nn+2no(k/ko) cos(k-x). (6) 


P(x)d’x is the probability of finding one electron 
somewhere in volume V and a second within the 
infinitesimal volume d*x at distance x from it. The 
quantity n= N/V is the average electron density. Here 
again we have neglected exchange effects. Since the 
homogeneous term in P(x) is cancelled by the positive 
background (we are replacing the ion lattice of the 
metal by the usual Sommerfeld model of a uniform 
fixed positive background), the total potential energy 
is given in terms of P(x) by 


1 re 
(WU) = f { P(x) — Nn }d*x. (7) 
2/ x 


Substitution from Eq. (6) and carrying out the inte- 
gration yields the same results as in Eq. (5). Equation 
(7) makes it clear that the increased electrostatic 
energy in the excited state is directly attributable to 
the positional correlations. By taking these correlations 
into account, simply by considering a superposition 
rather than a single Slater determinant, it is possible 
to understand qualitatively the large magnitude of the 
energy loss. 


III, ORIGIN OF THE DISCRETE STATE 


The second of the two qualitative features of the 
experimental scattering data which are impossible to 
understand on the basis of noninteracting electrons is 
the sharpness of the eigenloss. This sharpness is incontro- 
vertible evidence of excitation of a discrete state. Let 
us make the approximation of expanding V, the wave 
function for this state, in terms of the one-electron 
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excitations V,. Thus, 
Vv = Yo A iV;, (8) 


where the sum is over 1<i< N’. Let us further follow 
a sort of Tamm-Dancoff approach and neglect the 
portion of the interaction Hamiltonian which would 
take us outside the subspace of Hilbert space spanned 
by the basis states W;. If we introduce the abbreviations 


T;= E(k,+h) — E(k,), (9) 


and denote the energy of the excited state by E, the 
Schrédinger equation reads 


TA+AMY) A; 


The prime on the summation, which indicates that the 
term j=1 is excluded, can be dropped without appreci- 
able error. The condition that the resulting set of 
homogeneous linear equations have a nontrivial solution 
is that the secular determinant should vanish. It is 
simpler, however, to put Eq. (10) into the form 


EA,. (10) 


A, > A;. 
E-T; 3 


(11) 


Summing over 1 and cancelling the common factors 
yields 


F(E)=M Ve (E-T))=1. (12) 


The behavior of the function F/(£) is illustrated in 
Fig. 2, from which it is clear that Eq. (12) determines 
N’ different eigenvalues for E. The lowest N’—1 of 
these are interspersed in the dense spectrum of the T;, 
but the top eigenvalue is free to separate from the rest 
and rise to higher energy,’ provided the interaction 
matrix element M is sufficiently large. For very large 
values Eq. (12) requires E~N’M, which is just the 
case studied in Sec. II. As the interaction strength is 
reduced E drops toward the lower lying continuum and 
at a certain minimum strength coalesces with it. This 
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Fic. 2. F(E)=M 2,(E—T,)™ vs energy E. M is the matrix 
element of the Coulomb interaction for the transition indicated 
by the dashed lines of Fig. 1. T; are the kinetic energy increments 
for the one-electron-excited configurations. The condition F(Z) =1 
determines the energy levels of the coupled system, in the Tamm- 
Dancoff approximation. All the eigenvalues except the highest 
must remain interspersed with the dense 7; spectrum. The highest 
eigenvalue splits off and forms the discrete momentum-exciton 
state, for sufficiently strong interaction. 
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Fic. 3. Origin of the discrete state. Excitation energy (in units 
of the Fermi energy) vs the square of the electron charge, measured 
in units of its naturally occurring value. The abscissa value of 1.0 
corresponds to the case found in nature. Passing to zero strength 
and neglecting the interaction of the electrons causes the discrete 
state to merge with the continuum and be lost. The spacing of 
the horizontal lines below excitation energy of 1.252 is inversely 
proportional to the density of energy levels in the continuum of 
one-electron excitations. The momentum of excitation is taken 
to be one-half the Fermi momentum. The upper curve shows the 
Tamm-Dancoff approximation to the excitation energy of the 
discrete state. Correction of the momentum-exciton model for 
correlation yields the lower curve, in complete agreement with the 
Bohm-Pines theory of plasma oscillations. 


behavior has been calculated and is exhibited by the 
upper curve of Fig. 3. This figure is drawn for the case 
k/ko=4 and the horizontal lines for excitation energies 
less than 1.25K indicate the dense 7; spectrum, or 
continuum, as we have been calling it. The density of 
the electron gas has been chosen as that corresponding 
to r,=2, and the “interaction strength” is the ratio of 
the value of e? appearing in Eq. (3) to that actually 
occurring in nature. Since only the ratio of interaction 
energy to kinetic energy matters for a degenerate 
electron gas, one can alternatively keep e? at its natu- 
rally occurring value and vary the density. Thus, the 
abscissa can, with this interpretation, be considered 
equal to r,/2. 

The origin of the discrete state can be regarded as a 
manifestation of Hund’s rule. In the absence of inter- 
action the low-lying continuum of the 7, represents a 
set of essentially degenerate energy levels. “Turning 
on” the interaction splits the degeneracy and the linear 
combination of the basis states which has the highest 
spatial symmetry becomes the highest energy level. 
The wave function of Eq. (8) is essentially the same as 
that of Eq. (1), where all the expansion coefficients are 
equal and of the same sign. The other N’—1 linear 
combinations have expansion coefficients of both signs. 
Because of the much lower spatial symmetry of these 
energy levels they remain with the continuum. 


IV. PLASMON AS A MOMENTUM-EXCITON 
In Sec. II we have seen where the extra energy of 
excitation comes from, while in Sec. III we have studied 
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how the interaction produces a discrete excited state of 
the electron plasma. Having removed these two quali 
tative discrepancies, we are now interested in seeing 
how well we can expect our simple quantum-mechanical 
approach to describe quantitatively the sharp eigenloss. 
A particularly convenient check is provided by the 
Noziéres-Pines sum rule. According to Eq. (52) of II, 
the oscillator strength corresponding to excitation of ¥ 
of Eq. (8) above is restricted by the inequality 


fiok<N. (13) 


If we continue to use the simple Fermi-sea description 
for the ground state, we find 


(14) 


’ 


' 


= _ TM? 
V (px)s0l?= | Ls Ail? [= 
E(E-T 


Here we have squared Eq. (11) and applied the require 
ment of normalization. Let us consider the case where 
the discrete state is well separated from the continuum, 
so we can write 


E-T,~ E=(W,UV) = N'M, (15) 
Equation (14) becomes simply N”, which, when substi 


tuted into Eq. (53) of II, yields 


Samne’ 
hio*+ N v'(k /ky) 
hk’ 


3 ko 
(kao) ( 
Qn k 


N(0.498r,bko/k)?. (16) 
According to Sec. IV of II, the quantity in parentheses 
in the last form of Eq. (16) is of the order of unity in 
the vicinity of the cutoff. Although the approximations 
made in deriving Eq. (16) are not valid in this case, 
it is clear that Eq. (16) is compatible with the require 
ment of Eq. (13). This is not the case for smaller values 
of k, however, for which Eq. (16) yields fio*>WN, 
definitely inconsistent with Eq. (13). Thus, our simple 
theory grossly overestimates the oscillator strength of 
the momentum-exciton for small momenta of excitation. 

This failure of our one-electron excitation theory can 
be expected to extend to other quantities of interest, 
A refinement of the theory is clearly required before it 
can be used for quantitative purposes. ‘The error is due 
to the Tamm-Dancoff approximation of restricting the 
excited state wave function to the one-electron subspace 
of Hilbert space. In reality the interaction couples this 
subspace to the states of three-, five-, etc., electron 
excitation. In addition, it is clear that whenever the 
interaction is strong enough to cause the discrete state 
to split off from the continuum, it will also introduce 
important correlations into the ground state. These 
correlations are described by admixtures of two-, four-, 
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Fic. 4. Higher con 
figurations which, as ad 
mixtures, represent posi 
tional correlations in the 
stationary states of an 
interacting degenerate 
electron gas. Diagram 
(a) shows a two-electron 
admixture in the ground 
state while (b) shows a 
typical _ three-electron 
excitation which occurs 
as an admixture in the 
excited state 


etc., electron excitations. A typical two-electron ground 
state admixture is shown in Fig. 4(a), while Fig. 4(b) 
shows a three-vlectron admixture in the excited state. 
It would be a difficult problem to calculate separately 
the energies of the ground state and excited state, 
taking into account accurately the correlations. Fortu- 
nately this is not necessary here, for we are interested 
only in the difference of these two energies, which is 
much more easily calculated. The calculation is facili- 
tated by Feynman’s time-dependent formulation! of 
the Schrédinger equation. As illustrated in Fig. 4(a), 
the excitations which represent the ground state corre- 
lations are created and annihilated in pairs. The graphs 
which determine the ground-state energy consist there- 
fore of closed loops, or “bubbles.” These bubbles also 
appear in the excited-state graphs. Calcutating the 
excitation energy by taking the difference cancels out 
the bubbles and leaves only the connected graphs of 
Fig. 5. Figure 5(a) shows an interaction taking place 
at time 1 so that the excitation is transferred from a 
certain one-electron excited configuration to another. 
At time 2 a second interaction takes place and the 
excitation is passed on to yet another configuration. 
The flow of time is upward and the excited configuration 
of an electron outside the Fermi sea plus the hole left 
behind is represented by a single line. This type of 
graph has already been taken into account in Sec. TII. 
Figure 5(b), on the other hand, illustrates the refine- 
ment necessary in the momentum-exciton model to 
make it give quantitatively correct results. The inter- 
action which takes place at time 2 creates an excitation- 
pair, resulting in a three-electron admixture in the 
excited-state wave function. The member of the pair 
which carries the arrow pointed backwards in time 
corresponds to the excitation of the left hand side of 
Fig. 4(b). It carries momentum — Ak and, by virtue of 
the interaction at time 1 (later than time 2), annihilates 
with the incoming one-electron excitation. It is con- 
venient to assign backward-pointing arrows to the 
excitations of momentum —/k so as to emphasize that 
the excitation can be considered to be conserved and 
to be carried continuously along its ‘“world-line.” The 
world-line can make an arbitrary number of “jogs” 
backwards in time as it works its way from the past 
to the future. 


“c 


'R. P. Feynman, Phys. Rev. 76, 749 (1949). 
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QUINN 


Let A,‘*) exp(—iEt/h) denote the probability ampli- 
tudes at time ¢ of the forward- and backward-going parts 
of the graphs of Fig. 5. According to the Schrodinger 
equation in the interaction representation, the incre- 
ment in the amplitudes due to the interaction acting 
during the infinitesimal period dt, at time 4, is 


— (idt,/h) (Aj +A) exp(—iEty/h). 


The propagation of the forward-going excitation from 
time ¢, to the later time /, is described by the propagator 


exp{ — if E(k,;+k) — E(k,) }(t2—t,)/h}. 


The forward-going amplitude at /=0 is therefore 


0 
AG = iM S(A+AS) fF exp(—ikt/) 
j —m 


Xexp{iLE(ki +k) — E(k) J/h} dt, 


M 
~S(AsM+A;O). 


. (17) 
E—E(ki+k)+ E(k) 3 


Except for the presence of A; this equation is 
identical to Eq. (11). The propagation from f; to <4, 
is, on the other hand, described by the propagator 


exp{ —iLE(ki—k) — E(k,) (4-2) /h}. 


The backward-going amplitude at ¢=0 is therefore 
AO =—ihM (ASP +45 of exp(—1tkt,/h) 
r 0 


Xexp{ —iLE(ki—k) — E(k,) Ji/h}dty 
M 


-S(AsP+A,;). (18) 


~ = E—E(k,—k)+E(k,) ‘7 


Equations (17) and (18) are identical to Eq. (30) of II 
[after substituting there from Eq. (7)]. Since the 
Bohm-Pines dispersion relation follows from these 
equations, they complete the identification of the 
momentum-exciton with the plasmon. To illustrate the 
quantitative, as distinguished from qualitative, nature 
of the refinement of the present section, the Bohm- 
Pines plasmon energy has been included for comparison 
in Fig. 3 (lower curve). 


Fic. 5. Feynman graphs 
basic to the momentum- 
exciton model. Graphs of 
type (a), in which the exci- 
tation is always carried 
forward in time, are already 
taken into account by the 
Tamm-Dancoff approxima- 
tion. (The flow of time 
is upward.) Inclusion of 
graphs of type (b) corrects 
for correlation and com- 
pletes the identification of 
the momentum-exciton with 
the Bohm-Pines plasmon. 





ELECTRONS PASSING 

The inclusion of Feynman graphs with backward- 
going parts not only corrects the excitation energy but 
removes the difficulty with the oscillator strength as 
well. The square of the matrix element for plasma 
excitation is simply 


|V (px)10o]?=|50 (AP +-4,) |? 
=> ,(|Ai|?—| A, )|2) 
M? 


1 eta e oa RN 
i [E—E(ki+k)+E(k,) P 


; M? 
a . (19) 
i [—E—E(k,—k)+£(k,) P 


Use has been made of Eqs. (17) and (18). Normalization 
to unit temporal flow of excitation requires 


LA] |? |AO])=1. 


Introducing the reduction factor G~ of II [following 
Eq. (33) ] leads to 


(20) 


Rhu 
| V (px)10|2?= V-——_G-, (21) 


Srre” 


in exact agreement with Sec. V of IT? 

2 In the general identification of the work of the present paper 
with that of IT it should be noted that A,;“~, although in actuality 
real, is formally the complex conjugate of the corresponding 
quantity in IT. It should also be mentioned that all of the sums 
in the present work are restricted by the Pauli exclusion principle. 
This restriction has, however, no practical effect, as proved in 
the discussion following Eq. (32). 


THROUGH 


METAL FOILS 


V. SUMMARY 


In the above work it has been shown that a straight- 
forward quantum-mechanical treatment of the excita- 
tion of a degenerate electron gas automatically yields 
the two characteristic qualitative features of collective 
plasma oscillations, provided only that the interaction 
of the electrons is taken into account. In Sec. IV the 
additional refinement is presented which makes the 
momentum-exciton model quantitatively useful and 
which completes the identification of the momentum- 
exciton with the plasmon. The plasmon oscillator 
strength as well as excitation energy is worked out, 
thereby supplanting the derivations of the previous 
paper, which invoked the correspondence principle. The 
present work also makes it clear why the continuum 
is not excited by small-angle scattering of the incident 
electrons. The confinuum states have low spatial 
symmetry and do not exhibit the bunching found in 
the discrete state. There is consequently hardly any 
electrostatic field associated with these excitations, 
and they are coupled only very weakly with the incident 
electrons. It is possible to show that the present theory 
is equivalent to the screening out by the conduction 
electrons of the external field set up by the incident 
electrons, where the screening is calculated by Lind- 
hard’s* and Hubbard’s* theory of the dielectric constant. 
It is hoped to deal more with the excitation of the 
continuum in the future. 


3J. Lindhard, Kgl. Danske Videnskab. Selskab, Mat.-fys. 


Medd. 28, No. 8 (1954) 


4 J. Hubbard, Proc. Phys. Soc. (London) A68, 441, 976 (1955). 
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Luminescence of Z Centers in KCl: Sr Crystals* 
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\ search has been made for emissions that are characteristic of the Z; and Z, centers in additively colored 
crystals of KCI containing strontium. No emission was found for the Z; center. The Z, center was found 
to emit at 1.14 4 at 77°K. A study of the polarization of the emission of the Z, center with polarized exciting 
light leads to the conclusion that this center is of high symmetry. 

A study of the transfer of energy between centers that have been formed by irradiating with F light leads 
to the conclusion that these centers (i.e., FP, Z:, Ri, Ro, M, and a center with absorption at 860 my) are 


formed in the neighborhood of each other. 


INTRODUCTION 


‘YERTAIN absorption bands arise from color 

4 centers associated with divalent impurities in 
additively colored crystals of NaCl or KCI doped with 
strontium, barium, or calcium. These are called Z 
bands. Pick! originally discovered the Z bands and 
found three of them in KCI and NaCl. The Z; and Z, 
bands in KCl! were found on the long-wavelength side 
of the F band at 590 and 635 my, respectively, and the 
Z, band was found on the short-wavelength side of the 
F band at 505 my. These bands were resolved from the 
F band at 77°K. Further work was done on these bands 
by Heiland and Kelting,’ Seitz,’ Camagni and Chia 
rotti,* and Chiarotti, Fum{, and Guilotto.® Pick and 
Seitz proposed different models for the centers re 
sponsible for these bands. These are shown in Fig. 1. 

It is often possible to determine the symmetry of a 
luminescing center by exciting it with polarized light 
and examining the polarization of the emission.® Since 
the proposed models of the Z centers have different 
symmetry, the present investigation was undertaken to 
determine if the Z centers luminesce, and if so to study 
their emission by polarization methods in order to 
obtain information about the symmetry of the centers. 


EXPERIMENTAL PROCEDURE 
Sample Preparation 


The KCl crystals used in this investigation were 
grown by the standard Kyropoulos method. Varying 
concentrations of SrCl, were added to the KCI melt. 
Two samples were grown in this manner—one from a 
melt containing 0.1 molar percent SrCl, and one from 
a melt containing 0.01 molar percent SrCl». Polar 
ographic analysis showed that the more highly doped 


* This work was supported in part by the Air Force Office of 
Scientific Research 

1H. Pick, Ann. physik 35, 73 (1939) ; Z. Physik 114, 127 (1939) 

2G. Heiland and H. Kelting, Z. Physik 126, 689 (1949) 

4F, Seitz, Phys. Rev. 83, 134 (1951). 

4P. Camagni and G. Chiarotti, Nuovo cimento I], 1 (1954) 

* Chiarotti, Fumi, and Guilotto, in Defects in Crystalline Solids, 
edited by N. F. Mott (The Physical Society, London, 1955), 
». 317. 
- J. Lambe and W. D. Compton, Phys. Rev. 106, 684 (1957). 


crystal contained 1.33X10-* molar percent Sr while 
the other one contained less than 10~* molar percent 
Sr. Following the initial crystal growth, sections of the 
crystals were cleaved and additively colored in potas- 
sium vapor. The additive coloration was achieved by 
inserting the crystals in a Pyrex envelope, doubly dis- 
tilling the potassium, under vacuum, into the envelope 
containing the crystals, evacuating to about 2X10~* 
mm Hg, and then sealing the envelope with a helium 
pressure that was sufficient to prevent the collapse of 
the Pyrex tube at the additive coloration temperature. 
The crucible was heated at 600°C for about 24 hours 
and then slowly cooled to room temperature. The re- 
sulting F-center concentration was about 1.310!” 
cm for both crystals. 


Creation of the Z Centers 


The Z bands do not normally appear when the 
crystals are given a rapid quench from the additive- 
coloration temperature. The Z,; center can be formed 
by irradiating an additively colored crystal in the F 
band at room temperature. The Z, center is formed by 
heating a crystal containing / and Z, centers to approxi- 
mately 110°C. This forms the Z, centers, destroys the 
Z, centers, and re-forms a portion of the F centers 
previously destroyed by the irradiation with F light. 
This process can then be repeated in order to grow 


4) 
B 


lic. 1. Models for the Z:, Z2, and Z, centers. Group A—as 
proposed by Pick,’ Group B—as proposed by Seitz. The + and 

symbols enclosed by squares represent positive- and negative 
ion vacancies, respectively; ++ represents a positive divalent 
impurity, and e represents a trapped electron. 
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large Z, bands. The Z; center can be formed by illumi- 
nating an additively colored crystal with F light at 
—90°C. 

As was suggested by Seitz’ and shown by the Italian 
group,® the Z, center can also be formed by slowly 
cooling the sample from the temperature of additive 
coloration. The Z, centers studied here were formed in 
this way. 


Absorption, Excitation, and Emission Spectra 


Absorption measurements were made with a Beck- 
man Model DU spectrophotometer that was modified 
for measurements at 77°K. The crystal was immersed 
in liquid nitrogen during this measurement. 

Excitation spectra were obtained at 77°K with the 
crystal immersed in liquid nitrogen.’ A Bausch and 
Lomb grating monochromator with a tungsten-lamp 
source was used for the excitation. The spectral band 
width of the excitation was 6.6 mu. A lead sulfide cell 
in conjunction with suitable filters was used as the 
detector of the infrared emission. 

Emission spectra were taken with 
monochromator with a lead sulfide detector. The ex- 
citations were made with the Bausch and Lomb grating 
monochromator with either a tungsten or mercury 
lamp as a source. The spectral band width of the ex- 
citation was less than 27 mu. 


a Gaertner quartz 


Polarization of Luminescence 


A schematic representation of the polarization ex- 
periments is shown in Fig. 2. The crystal was suspended 
in liquid nitrogen. The exciting light was either an 
H-4 mercury lamp or a tungsten lamp filtered to select 
the particular wavelength required. The first polarizer 
could be set to excite along either the [100] or [110] 
direction of the crystal. The emission from the crystal 
was analyzed by an infrared-transmitting polaroid and 
detected by a lead sulfide cell. If Jo is the signal when 
the direction of polarization of the two polaroids is 
parallel and /, the signal when the direction of polariza- 
tion of the analyzer is rotated 90° relative to the 
polarizer, then the degree of polarization of the emission 
is defined by 

P (Lo—1)/ Toth). 





| DETECTOR 


LIGHT 
SOURCE 











Fic, 2. Apparatus used for studying polarization of emission at 
room temperature or liquid-nitrogen temperature 
7 A technique for making optical measurements on samples im- 
mersed in liquid nitrogen is to be published by E. J. West. 
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lic. 3. Total emission at 77°K of an additively colored KCI: Sr 
crystal as a function of the wavelength of the exciting light. 
Curve 1—measured immediately after additive coloration, Curve 
2—measured after crystal was reheated to 200°C and quenched 
to room temperature 


DISCUSSION OF RESULTS 


Experimental results will only be given for the 
sample containg the higher concentration of strontium, 
i.e., 1.33 10~ molar percent. No Z centers were found 
in the lower-doped crystal that had been slowly 
quenched. It contained only the same centers found in 
undoped crystals.* Samples of either strontium content 
contained Z, centers after they had been irradiated with 
F light. The results reported below for the Z; centers 
were qualitatively the same for both samples. 

Figure 3 gives the excitation spectrum of two samples 
that were additively colored as indicated above. Curve 1 
gives the results on a crystal immediately after additive 
coloration. Curve 2 gives the results on a crystal that 
was reheated to 200°C and then quenched to room 
temperature. Excitation peaks were found for both 
crystals at the F (545 my), Z2 (640 my), and M (810 
my) bands. The relative heights of the # and Z, bands 
clearly depend upon the quenching rate. 

In addition to the three excitation peaks at the F, 
Z,, and M bands, curve 1 shows a peak at about 670 
my. No evidence of a band at this wavelength was 
found in absorption measurements taken at 77°K. 
Since this excitation peak was absent when the crystal 
was quenched, it is concluded that the center responsible 
for this excitation has no relationship to the Z,» center. 

Emission spectra were measured for the two crystals 
of Fig. 3 and were found to be the same. The results 
are shown in Fig. 4. Curve 1 shows a peak at 1.08 
with excitation in either the F or M bands. Curve 2 
shows a peak at 1.14 w with excitation in the Z, band. 

It is known that the M center emits at 1.08 yu and 
that excitation in the Ff or M band gives this emission, 
The excitation of the M center by F-band light is 
believed to occur by a transfer of energy from the F to 
the M center.® 

In the case of the emission at 1.14 y, it is necessary 
to determine whether this emission is characteristic of 
the Z, center or results from a transfer of energy from 
the Z, to some other center. Curve 1 of Fig. 3 indicates 
that some other center may be present that absorbs at 
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Fic. 4. Emission spectra at 77°K of an additively colored 
KC1:Sr crystal. Curve 1—excitation in the F (545 my) or M 
(810 my) bands. Curve 2—excitation in the Z_ (640 my) band 
This was the same crystal as was used for curve 1 of Fig. 3. The 
ordinate, the number of quanta emitted per unit wavelength, 
was not corrected for changes in dispersion of the quartz prism 
monochromator 


670 my. However, it has been shown above that the 
excitation peak at 670 my has no direct relationship to 
the Z, band. Further, the same emission (as indicated 
by peak position and half width) was found with 
excitation in the Z, band whether the excitation peak 
appeared at 670 my or not. Thus, it is concluded that 
the Z, center was not transferring to the center that is 
excited with 670-my light. Since the R,, Re, or M 
centers do not emit at 1.14 yw, the Z, cannot transfer to 
these. We may conclude from this that the 1.14- 
emission is characteristic of the Z», center. 

Since the 1.14-4 emission is characteristic of the Z» 
center, a measurement of its degrees of polarization with 
polarized excitation could give information about the 
symmetry of the center. Z, light, whose direction of 
polarization was along the [100] or [110] direction of 
the crystal, was used as excitation. In both cases the 
degree of polarization of the emission was found to be 
zero, i.e., the emission was unpolarized. This indicated 
that the center was of high symmetry and implied that 
of the two models that have been proposed (Fig. 1), 


‘ f 

















Fic. 5. Total emission at 77°K of an additively colored KCI:Sr 
crystal as a function of the wavelength of the exciting light. The 
crystal was strongly irradiated with F-band light (546 my) at 
room temperature prior to the measurement. 


W. D. COMPTON 
the model by Pick is in better agreement with the 
experimental observations. 

Z, centers were formed by strongly irradiating with 
F light a crystal that had been slowly cooled from the 
additive-coloration temperature. The excitation spec- 
trum of such a crystal is shown in Fig. 5. It is seen that 
excitation peaks occur in the Z, (590 my) and Z, (640 
my) bands and at 515 and 860 my, but that peaks do 
not occur at the F (545 mu) or M (810 my) bands. The 
disappearance of the excitation peak at the M band 
and the appearance of the peak at 860 my did not occur 
in pure KC! crystals. Thus, it is presumed that the 
strontium impurity is responsible for this new excitation 
band. The nature of the center responsible for this is 
not known.* An excitation peak at 515 my was found 
in pure KCI that had been strongly irradiated with F 
light. Thus, it is presumed that this is not a property 
characteristic of the strontium-doped samples. How- 
ever, the nature of the process responsible for this 
excitation is not known. 
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Fic. 6. Emission spectra at 77°K of an additively colored 
KCI:Sr crystal that had been strongly irradiated with F-band 
light at room temperature. Curve 1—Z2-band (640 my) excitation, 
Curve 2—Z,-band (590 my) excitation. Curve 3—F-band (546 
my) excitation. Curve 4—R,-band (720 my) excitation. Curve 5 
860 my excitation 


The emission spectra of this crystal are shown in 
Fig. 6 for excitation in the F, Z,, Z2, or Re (720 my) 
bands and at 860 my. The emissions are similar for all 
of these excitations. Thus, there does not appear to be 
an emission characteristic of the Z; center and so no 
information was obtained about the model of this 
center. Of course, the model of the Z, center proposed 
by Seitz cannot be correct if Pick’s model of the Z, 
center is correct. 

Some remarks are necessary concerning the two 
emission peaks shown in Fig. 6. The peak at 1.18 y is 
probably a combination of emission from the Z, centers 
(emission at 1.14 uw) and the R centers (emission at 
1.23). It is likely that R centers are formed during the 


* A private communication from G. R. Cole and R. J. Friauf 
indicates that they have observed an absorption peak at 860 mp 
in additively colored crystals of KCl doped with strontium. The 
band appeared after irradiation with F light at room temperature. 
They call this the Z, band and suggest that the center may be a 
complex of a positive-ion vacancy and a neighboring strontium 
that has trapped an electron. 
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irradiation with F light and that these are excited with 
F light. Excitation in the Z, band overlaps the R-band 
region, so that with this excitation one might expect to 
get a combination of the two emission bands. Excitation 
with 860-myu light should not excite the R and Z, 
centers since they absorb at higher energies. The peak 
at 1.68 uw was found with all of these excitations. Since 
this was the only peak found with 860-my excitation, 
this emission was considered as possibly characteristic 
of the center that absorbs at 860 mu.® A measurement 
was made of the polarization of the emission with 860 
my excitation polarized parallel to [100] and [110]. 
It was found that 


P (100) = 0.34 and P (110) = 0.39. 


Although a larger degree of polarization was found for 
excitation polarized along [110] than [100], it is not 
possible to represent the center by a simple dipole 
oriented along [110] for which the degrees of polariza- 
tion would be 


P 100) =(0.33 and P i110) -0.66.° 


The present results give some information about the 
energy transfer among centers. Lambe and Compton® 
have suggested that energy is transferred between FP 
and M and between F and R centers by dipole-dipole 
interactions. In order for this to occur with the con- 


§ The center that absorbs at 860 my emits at 1.7 yw at room 
temperature. The efficiency is about three times as great at 77°K 
as at room temperature. Excitation in any of the absorption bands 
gave rise to this emission at room temperature. 
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centration of centers that was used, it was suggested 
that the centers were not randomly distributed. 

In the unirradiated crystal, excitation in the F or M 
bands gave emission characteristic of the M center at 
1.08 uw while excitation in the Z, band gave emission 
characteristic of the Z. center at 1.14 uw. On the basis 
of the energies of absorption and emission of these 
centers, it should be possible for an excited F center to 
transfer energy to a Z2 center and for an excited Z, 
center to transfer to an M center. Since this is not 
observed, it is likely that the F and M centers are 
formed near each other but that the Z, center is formed 
sufficiently far from these other centers that transfer 
is not possible. Thus, the Z, centers appear to be 
randomly distributed relative to the / and M centers. 

Since excitation in the /, Z;, Zo, or Ry bands and at 
860 my gives emission at 1.68 » in the irradiated sam- 
ples, it is likely that this common emission results from 
a transfer of energy from the excited center to a center 
whose absorption lies at low energy, perhaps the center 
responsible for the 860-my absorption. Just as F light 
forms M and R centers near F centers in pure crystals, 
so Z, centers and the centers with absorption at 860 
my are formed near the /’, M, and R centers by F light 
at room temperature. Thus, it appears that many of 
the centers that are produced during optical irradiation 
are formed in a nonrandom distribution. 
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The effective magnetic anisotropy energies associated with the domain theory are derived to second order 
for cubic crystals. These effective anisotropy energies are expressed in terms of the intrinsic anisotropy for 
an undeformed crystal, the magnetostriction, and the elastic moduli. Also, in the process of deriving the 
effective anisotropy energies to second order, the expression for the magnetostriction of a cubic crystal is 
expanded to sixth order in the direction cosines for the magnetization. The interrelation between the effective 


anisotropy in domains and 


suggested 


I. INTRODUCTION 


HE magnetic anisotropy of an undeformed mono 
crystal will be defined as the intrinsic magnetic 
anisotropy. ‘The effective anisotropy of a monocrystal, 
which has been permitted to deform freely due to mag 
netostriction and/or deformed by an applied stress, is 
the sum of the intrinsic anisotropy and contributions 
from the magnetostriction and/or the applied stress. 
The effective anisotropy of a saturated monocrystal is 
the effective domain anisotropy and is the only effective 
anisotropy energy which can be directly measured. The 
intrinsic and domain-wall anisotropy energies can not 
be directly measured and must be determined from the 
measured effective domain anisotropy, the magneto 
striction, and the elastic moduli 
Other workers have derived 
anisotropy expression to the first order.'? Experimenta! 
data on many materials indicate the anisotropy energies 
must be expressed at least to the second order, Hence 
the main purpose of this paper is to derive and study 
the effective anisotropy energy expressions to the second 
order, The domain and the domain-wall anisotropy 
through the intrinsic 


the effective domain 


energies are interdependent 
anisotropy and magnetostriction, The interrelation 
between domain and domain-wall anisotropy energies 
is shown to have a profound influence upon the mag- 
netic domain configuration in a crystal and hence also 
upon its macroscopic properties. 

The second-order terms in the expression describing 
the anisotropy energies are sixth order in the magnetiza 
tion direction cosines. Therefore, the magnetostriction 
must also be expressed to sixth order in the magnetiza- 
tion direction direction cosines. Since existing expres 
sions for the magnetostriction are inadequate, a new 
and more general expression has been derived. The 
sixth-order magnetostriction expression, which has been 
derived, conveniently reduces to existing lower order 
expressions and in addition is independent of the nature 
of the magnetic anisotropy. 

1R. Becker and W. Déring, Ferromagnetismus (Verlag Julius 


Springer, Berlin, 1939), p. 145 
*C. Kittel, Revs. Modern Phys. 21, 541 (1949) 


domain walls is studied and its influence upon the domain configuration 


Il MAGNETOSTRICTION 


‘The spontaneous magnetostriction of an uncon- 
strained cubic monocrystal at a fixed temperature can 
be expressed as a series expansion in the direction co- 
sines a; and §; for the directions of magnetization and 
measurement respectively. The direction cosines are 
referred to the cubic crystallographic axes. Only the 
terms of even order in the a; and #8; are nonzero because 
of the cubic symmetry. The magnetostriction can be 
expressed to second, fourth, or sixth order in the a; 
with two, five, or nine constants respectively. Second- 
and fourth-order expressions have already been de- 
rived! which are satisfactory except for the dependence 
of the fourth-order expression upon the magnetic 
anisotropy. ‘The zero reference for the existing fourth- 
order expression, although arbitrary, is defined as the 
strain for the special domain configuration of an equal 
volume of domains magnetized along each of the equiva- 
lent easy directions of magnetization, e.g., the (111) 
directions in nickel and the (100) in iron. Thus, in cases 
where the anisotropy changes the direction of easy 
magnetization with temperature or composition, the 
magnetostriction for the same variations does not have 
the same zero reference. A sixth-order expression has 
already been derived but it does not conveniently re- 
duce to the existing lower order expressions, and in 
addition it involves ten constants.’ 

The required sixth-order expression for describing the 
magnetostriction has been obtained by a straight- 
forward extension of the method used by Becker and 
Déring to determine the fourth-order expression; see 


Pas.e I. Five-constant magnetostriction data. 


Material hi X10® = ha X10% ha X10% hy X10° = hy K108 


78% Ni-Fe (quenched )* 13.7 2.6 
78% Ni-Fe (slow cooled )* 20.9 2.8 


1,1 

: 1.4 

Nickel* 68.8 36.5 —7.5 
4 ‘ 


Magnetite (FegQ,)' 24.5 123.3 16 


«RK. M. Bozorth and R. W. Hamming, Phys. Rev. 89, 865 (1953). 
+L, R. Bickford, Phys. Rev. 99, 1210 (1955). 


‘R. Vautier, Ann. phys. 9, 322 (1954). The three constants 
ha, 4s, and he of Vautier’s expression can be replaced by two 
constants, 
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Appendix A. It is 


51/l=hy(a)°B) +0278 +038" — }) 
+ 2h (aya 82+ a2 33 8 3+ ay0138 183) 
+h3(S—) 
+hy(ay'By?+a2'B 2? +0318 2+ 4S . 4) 
+ 2h5(acr2013"B 82+ cg 00)" 2B 3+ a0190°8 183) 
+ he(ai*B "+ a2®Bo?+a;°By+S— si 4) 
+ 2hy (a ycrars'B 182+ 120190118 8 3+ aa3cr2'8 183) 
+hg(P—1/105) 
+ 2hg (ay ar®B Bot ao%a3*® BB 3+a;%a3°B 83), 


where 


. 2 29 — ie 
S=aya?+a/a7+a;a;, P=ay’ar’a;’. 


The zero reference of Eq. (1) has been defined as the 
strain for the special domain configuration of an equal 
volume of domains magnetized along all crystallo- 
graphic directions and therefore is independent of the 
magnetic anisotropy. Also the first five constants of 
Eq. (1) correspond directly with those of the existing 
fourth-order expression. 

_ Theoretically all nine constants of Eq. (1) could be 
experimentally determined by extension of the method 
now used to obtain the first five constants. The /; are 
obtained by the inversion of a strain matrix, which is 
made up of a sufficient number of independent strain 
measurements. However, the present experimental tech- 
niques used to make the strain measurements introduce 
errors which make the determination of the constants 
h, and hs very uncertain. Since the constants hg to hg 
would be expected to be smaller than the first five, 
determination of all nine constants does not seem fea- 
sible using present experimental techniques. Neverthe- 
less, all nine constants will be retained to ascertain the 
role of the higher order terms on the anisotropy energies. 
Existing five-constant data are listed in Table I to 


provide a comparison between various materials and a 
basis for following calculations. 
The most familiar representation of magnetostriction 


is the two-constant expression, 


él l 3d100(ay7B + ay’B.? | ayBy h) 


} 3X 111 (a8 Bo | C2048 of) { 039 183), (2) 
where 


$hy, Ais=$h2, hs to hg=0. 


A100 


Almost all existing magnetostriction data on mono- 
crystals consist only of the two constants Ajoo and Aju. 
Two-constant data for several materials have been 
listed in Table II. 

When hy, --+, 4940, Eq. (2) is not a valid repre- 
sentation and the measured constants, Ayoo and Ajqyy, 
are not unique. Therefore, since the constants hy to hy 
have not been determined for most materials, the two 
constants Ajoo and Ay;; and Eq. (2) must be used with 
caution. Most experimental techniques, used to obtain 


Aiwo and Ayu, exploit the symmetry of Eq. (2) with 
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TABLE II. Two-constant magnetostriction data 


Material Aioo X 108 Aint X108 


+ 19.5 18.8 
1 25 
19.4 + 86.4 
46 4 
+45 

+120 

210 +110 

200 +65 
35 1 
14 14 


Iron 

Nickel 

Fe,O,4* 

Nio sl Ce Q,' 
CokFe,0,' 

Coo gle of ),' 

Coo sZno eee Og 
Coo saMno «Fee p04! 
Mio oak ei. g6O4' 
Mno 6Zno iF ee 104! 
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*B. A. Calhoun, Technical Report No. 68, Laboratory for Insulation 


Research, Massachusetts Institute of Technology, July, 1954 (unpublished 
> R. M. Bozorth and J. G. Walker, Phys. Rev, 88, 1209 (1952 
© Bozorth, Tilden, and Williams, Phys, Rev, 99, 1788 (1955) 


respect to the directions of magnetization and measure 
ment (i.e., symmetry with respect to the direction 
cosines a; and Bi, respec tively b Inspection of Eq. (1) 
shows that such symmetry does not hold for higher 
order expressions. Hence, if hy to 4y#0, the evaluation 
of Ayoo and Ay will differ according to whether the 
direction of magnetization or measurement is kept 
constant. It can easily be shown, by using the data in 
Table I, that the evaluation of the two constants for 
nickel or magnetite could vary by 10°), depending upon 
the method of measurement. 


III. EFFECTIVE DOMAIN ANISOTROPY ENERGY 


The intrinsic magnetic anisotropy energy, i.e., that 
for an undeformed monocrystal, may be expressed in 
the form 


U=K,S+ KP, (3) 


where S and P, functions of the magnetization direction 
cosines, have already been defined for Eq. (1). An 
undeformed crystal is one which has not been permitted 
to deform either due to magnetostriction or externally 
applied stresses. Although the undeformed state is 
virtually impossible to obtain, it is a useful concept and 
is the defined reference state for describing the anisot 
ropy energy for any other state of strain. 

When magnetic measurements are made no external 
stresses are usually applied and the sample is allowed 
to deform freely due to magnetostriction, The effective 
anisotropy energy for a saturated monocrystal under no 
constraints may be expressed by 


Udl=(Ky)etS+ (Kaetr?, (4) 
which has the same form as Eq. (3). It should be noted 
that Eq. (4) expresses the effective domain anisotropy 
since a saturated monocrystal is by definition a single 
domain. The effective anisotropy constants of Eq. (4) 
are, however, not equal to the corresponding constants 
of Eq. (3) since the total magnetoelastic energies of an 
unconstrained monocrystal vary with the direction of 
magnetization. The anisotropy contributions from the 
magnetoelastic and elastic energies have been derived 
in Appendix B. The resulting expressions for the effec 
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tive constants of Eq. (4) are 


7 
(Ks) ott ™ K, + (Ci —C i) (1 + “nila ~has) 


. h? hihe 
~ 2 yh?! +3(Cu+2Cu)( 4 ), (5) 
5 105 


(Ka)ott™ Ka 3(Ci— Cia) Aha t 1 2C hahy 


hshs hy 
+3(Cut2C1)( t ) (6) 
5 105 


The K, and K, are the anisotropy constants defined by 
Eq. (3), the A, to hy are the magnetostriction coefficients 
defined by Eq. (1), and the Cy, Cy, and Cy are the 
usual elastic moduli for a cubic crystal. When the 
higher order magnetostriction coefficients are zero, 
Eqs. (5) and (6) reduce to the simpler first-order ex- 
pressions derived by others.'” 

Since an unconstrained monocrystal is allowed to 
deform freely to a lower energy state, it has been argued 
by some‘ that always | (Ky)orr| <|K,)\. It will be shown 
subsequently, however, that for both magnetite and 
cobalt-zine ferrite |(Ky)en|>|Kil|. These results for 
magnetite and cobalt-zinc ferrite are not anomalous 
since the concept derived above is based on a fallacious 
argument. ‘The fallacy is that the reduction in the lolal 
energy produced by a free deformation is anisotropic. 
Although the folal energy of the crystal is always 
lowered by permitting the free deformation, the ani- 
sotropy of the total energy may either be increased or 
decreased. Therefore, the intrinsic anisotropy constants 
K, and Ky of Eq. (3) may be either greater or smaller 
than the measured effective constants and must be 
calculated from Eqs. (5) and (6). 

In order to calculate the intrinsic anisotropy con- 
stants from Eqs. (5) and (6), the elastic moduli must 
be known. The elastic moduli C\,, Cys, and C44 describe 
the elastic deformation of a cubic monocrystal under a 
given stress. When these moduli are measured for 
magnetic materials it is essential that strains, such as 
could be produced by magnetostriction and/or ionic 
ordering, should not occur during the period of meas- 
urement. The influence of the magnetostriction can be 
removed by maintaining the sample in a saturating 
field, thus fixing the magnetic state during the period 
of measurement. The elimination of the influence of 
ionic ordering however is practically impossible. Fine 
and Kenney® were so concerned about the influence of 
the order-disorder transformation of magnetite at 
120°K that they were not willing to calculate even the 
room temperature moduli from their data. The influence 
of magnetostriction upon the determination of elastic 
moduli has been recognized for some time and called 

4H. Shenker, Naval Ordnance Laboratory Report 3858, Febru 


ary 8, 1955 (unpublished) 
*M. E. Fine and N. T. Kenney, Phys. Rev. 94, 1573 (1954) 
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the “AE effect.” Despite this fact, most existing data 
on the elastic constants of magnetic materials have 
been obtained without regard for the inelastic strains 
produced by magnetostriction. Thus, at present we must 
be content to use such data that are available; see 
Table LI. 

The intrinsic anisotropy constants of Eq. (3) can be 
calculated from Eqs. (5) and (6). Using the data in 
Tables I, II, and II, the measured anisotropy constants 
of Eq. (4) for some materials have been compared in 
Table IV with the calculated intrinsic constants. The 
intrinsic constants are significantly different from the 
reported effective constants. 


IV. EFFECTIVE DOMAIN-WALL ANISOTROPY 


Most magnetic monocrystals have a magnetic do- 
main configuration in which domains of a given satura- 
tion magnetization are separated from each other by 
transition regions called domain walls. The volume of a 
domain wall is so small compared to that for the adja- 
cent domains that the elastic state within a domain 
wall is dictated by the deformations of the adjacent 
domains. Hence the rotation of magnetic moment 
through a domain wall, from one domain to the other, 
must be accomplished under the constraint of an 
essentially fixed elastic state, within the domain wall. 
The general calculation of the effective anisotropy 
energy for a fixed elastic deformation is quite complex. 
However, the problem is greatly simplified for certain 
special cases. Since the magnetostriction of the domains 
is an even function of the direction of magnetization 
[see Eq. (1)], the magnetostriction of antiparallel 
domains is the same. Thus, in the case of 180° domain 
walls, the elastic deformation is a constant across the 
wall thickness. In other than 180° domain walls, the 
deformation must be considered a function of the dis- 
tance through the wall. Only the effective anisotropy 
for a 180° domain wall (i.e., constant deformation) 
will be calculated. 

The deformation existent within a 180° domain wall 
is considered to correspond to the magnetostrictive de- 
formation of the adjacent domains when the magnetiza- 
tion in these domains is defined by the direction cosines 
fi, referred to the cubic crystal lattice. The anisotropy 
energy, U, within a 180° domain wall associated with 
the rotation of the magnetic moment, defined by the 


TABLE ITI. Elastic moduli. 


Ci K107% Ci X107" 
(ergs/cc) (ergs/cc) 


Cu X107% 
Material (ergs/cc) 
Fe,0,* 7 

Coo Zo oFes of ), 66 mx 
Nickel® 50 1.60 
Iron4 4 1.46 


0.987 
0.78 
1,185 
1.12 


1.08 
5 


*M.S. Doraiswami, Proc. Indian Acad. Sci. 25A, 413 (1947), 

* McSkimin, Williams, and Bozorth, Phys. Rev. 95, 616 (1954). 

* Bozorth, Mason, McSkimin, and Walker, Phys. Rev. 75, 1954 (1949), 
#R. Kimura and K. Ohno, Sci. Repts. Tohoku Univ. 23, 359 (1934). 
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TABLE IV. Anisotropy constants in units of 10* ergs/cc 





Effective-measured 


Material (Ki ett 





Iron 

Nickel 

Fe;O, 

Coo 3ZNo 2Fe2 004 
Mno osFe: 864 
Nio se, 004 


150° eee 
—2.84 0.2+0 44 
wie ous 

. Nakamura, J. Phys. Soc, Japan 10, 937 (1955). 

.. R. Bickford, Phys. Rev. 78, 449 (1950). 

. M. Bozorth et al., Phys. Rev. 99, 1788 (1955). 


. F. Dillon, Jr., e al., Phys. Rev. 100, 750 (1955). 
. M. Bozorth et al,, Phys. Rev, 99, 1898 (1955). 


In lieu of experimental data, the elastic constants have been estimated to be (Cir —Cis) # Cu 


direction cosines a;, has been derived in Appendix C: 


Uw={Ki—3(Cut 2€ ‘12) hal ha( So— b) +he( Po— 1/105) ]}S 
+{ K2—3(Cit 2C 2) el ha(So— §) + Me Po— 1/105) ]} P 
— (Cu —Cy)hP Lari sitar te t+asts3— hw | 
— 4 "sah? crycret yp t+ r2arg 25 + aya3&13 ] 
—(Cu—Cy2) Aha +a2t22+a3't33+-w (FS — 4) | 
— 4 "ghohgl yarns? 12 +-crgergars*£ og ergary” £1 | 
— (Cy — Cy) hyholan*Es1 t an®£o2+-a15%b 53 +0(S—P— }) | 
—AC ghohi| ayares't 1 + arnt ats*Eo3 + a ycrgers't 1 | 
- AC gahohol_ary*ar2* £12 + aga tos t+ay'as*t 13 1, (7) 


where 


1 
bis =F Th thst hes *), 


1 


1 
bi wr Chk ifthe fhe +A Eh b MS? I), 


1 
a [hi—hy(2So— 1) —hg(3So—3Po- 1) |, 
1 


So= enews +5 "o 9? +o1f3", 
= CPo7o3". 


As will be shown later, the form of Eq. (7) is quite 
similar to the expression for describing the influence of 
an externally applied linear stress. Thus, the gross 
influence of the magnetic domains upon the domain 
wall may be interpreted as an equivalent stress parallel 
to the domain magnetization, which tends to align the 
magnetization within the wall parallel to that in the 
adjacent domains. 

In most materials the domains are magnetized along 
either (100) or (111) directions depending upon the 
domain anisotropy. Eq. (7) is greatly simplified for 
either of these special cases; the corresponding expres- 
sions for he to hy equal zero are 

Domain magnetization along (100) 


f.=1, 62=03 Q, 


Intrinsic-calculated Intrinsic-calculated 
(S-constant magnetostriction (2-constant magnetostriction 
i : 1 J 


15 


kas 42.1 
—4.48 12 4.35 1,09 
-8.0 0 


0.2+0.4' 


10! ergs/c¢ 


3(Cip + 2C 2) 
Ue [«: { . hv iS+KoP 
5 


(Ci Cy) (Ae +hyhy) (a? 


(Cy C2) (Ayla thy’) (agi a5 h). 


Domain magnetization along (111) 


{1=f£2=3=1/V3, 


2(Cir+-2C 12) 
Uy [«: is as + K.P 
5 


h? hohs 
1 uf - + ) oa + ctoatg-f a ycrg) 
3 9 


hiohs hs? 
4 uf + ) area? + croc gary? + 40030”), (9) 
3 9 


The lack of cubic symmetry in the domain-wall ani 
sotropy energy is the main feature which makes the 
domain and the domain-wall anisotropy energies dif 
ferent. The constants of Eq. (9) may be calculated for 
nickel and magnetite by using the data in ‘Tables I, ITT, 
and IV. 
approximately K,/10 for both materials. 

The first-order form of Eq. (7), obtained by letting 
K2=0, hia a=9, Ay = Ajo, and hy= }Aiu, is simply 


Uw=K,S—(9/4)(Ci, 


Oo Arar? (ar yat 19 targa ol at aryagl C4). 


The constants for the noncubic terms are 


( i) Ao0(ayrt ? | ay? { avt 7 +) 
(10) 


It should be noted that the second or third terms of 
Eq. (10) go to zero when the domain magnetization is 
along a (111) or (100) direction respectively. Therefore 
usually only one of the last terms predominates in a 
given material. The coefficients for Eq. (10) have been” 
calculated for several materials and tabulated in Table 
V. As noted by Kittel, the magnetostrictive contribu- 
tion to the effective domain-wall anisotropy is small for 
the metals iron and nickel. However, in the magnetic 
oxides this contribution can be quite large, as for Fey. 
and Coo 3Zno.2le2 204, or very small as in the case of 
Mno gale) Pr 4. 
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TABLE V. Effective domain-wall anisotropy constants, 
in units of 104 ergs/cc. 


(9/4)(Ciu—Cis) 


A008? 9C ari? 


Materia! Ki 


+ 42.1 0.08" 0.09 
4.35 0.43 0.17" 
&.0 0.14 1.7* 

+143 11* 2.1 
0.27 10°** 
0.29 0.03" 


Iron 

Nickel 

FeO, 

Coo aZNo ol €2 if PT 
Mig gal ey ge” 3.1 
Nig «Fee Oy” 4.2 


* Predominant term resulting from direction of domain magnetization 
» blastic constants approximated: (Ci; —Cis) Casa = 10" ergs/cc. 


V. INTERRELATION BETWEEN THE EFFECTIVE 
ANISOTROPY IN DOMAINS AND 
IN DOMAIN WALLS 


The effective anisotropies in a domain and in a domain 
wall depend on the same independent parameters and 
are therefore interrelated. The magnetic domain con- 
figuration and thus also the magnetic properties of a 
material are grossly influenced by not only the absolute 
values of the domain and domain-wall anisotropy 
energies (U4 and L’,,) but also by their relative values. 
The special cases which are the most interesting and 
also the most illuminating are those for which either 
of the anisotropy energies is zero and those cases for 
which certain of the independent parameters are zero. 
lor brevity, only the first-order expressions for U4 and 
U, will be used. The first-order expression for Ug is 
readily obtained from Eqs. (4), (5), and (6) as that 
given in Eq. (11). The first-order expression for U/,, has 
already been given in Eq. (10), 


l d (K y)ett5, (11) 


where 
(K i )ett 


In the expression for Ug all the terms have the same 
0 if (Kyi)er=9, ie., if 


Ci2)As007— 2C gedit’ |. 


1 


K,(9 4){ (Cy C'12)A100° mr ‘Aur |- 


symmetry and U4 
K,=—(9/4)[ (Cu 


Substitution of Eq. (12) into the expression for U, 
shows that if U4 is zero then U,, is not necessarily zero. 
Since the expression for U/, is comprised of terms each 
having a different symmetry, U,, can be zero only when 
each term is separately zero. Therefore, it follows that 
if U,=0 then Ug must also be zero. 

If U/,=0, then discrete domain walls would not exist 
and the change in magnetization from one domain to 
another would be accomplished in a rather incoherent 
way. The fact that U,#0, even when U4=0, means 
that the magnetization process can usually be con 
sidered one of discrete domain-wall motion in addition 
to domain rotations. The domain-wall energy density, 
which is dependent’? upon U,, should be minimized to 
reduce the static and dynamic losses. One should 
therefore question how U, may be reduced and what is 


(12) 


J. B Goodenough, Phys. Rev. 95, 917 (1954), and N. Menyuk 
and J. B. Goodenough, J. Appl. Phys. 26, 8 (1955) 
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the corresponding effect on the U4 and the general 
domain structure. 

The reduction of U’, breaks down to the possibilities 
K,=0, Aioo=90, Ars: =O Or any combination of two of 
these possibilities (the case of all three being zero has 
already been considered). When K,=0, Ua depends 
only upon the magnetostriction coefficients. In fact, 
U,=0 if 


(Cir—C 12) Ar00? = 2C 1117 ; (13) 


Eq. (13) does not require elastic isotropy (Cu—Cy 

-2C44) or magnetostrictive isotropy (Aioo=Aiu), but 
isotropy of the magnetoelastic energy. If Eq. (13) is 
fulfilled and K,=0, then U, may be expressed in a very 
simple form: 


U w= — (9/4) (Cir—Ci2)Ar00? cos’8, (14) 


where @ is the angle between the magnetization in the 
wall and the magnetization in the adjacent domains. 

When the total magnetostrictive contribution to U,, 
goes to zero, 180° domain walls tend to separate into 
“90°” domain walls.2 Therefore, in addition to the 
possibility of reducing Uy, it is also necessary to estab- 
lish the conditions which favor 180° or 90° domain walls. 
When both Ajoo=O0 and Ayi=0, U,=K,S and 90° 
domain walls will be favored. When either Ajoo=0 or 
Ain =0, the magnetostrictive contribution to U, may 
or may not be zero, depending upon the direction of 
magnetization in the adjacent domains [see Eq. (10) ]. 
In Table VI the cases favoring the types of domain 
walls are tabulated for either Ayo9 or Ay, = 0. 

In cases (a) and (b) of Table VI, the domain ani- 
sotropy energy will simply be U,.=K,S and 90° domain 
walls will be favored. Both of these cases are nicely 
illustrated in the system Fe-Ni and have been studied 
in detail by Bozorth e/ al.’ It is notable that the re- 
sponse to a magnetic anneal in the system Fe-Ni goes 
to zero at the compositions for which cases (a) and (b) 
are fulfilled and thus where 180° domain walls are not 
favored. 

In cases (c) and (d) of ‘Table VI, the domain-wall 
anisotropy will be expressed as 
Us.=K\S 


OC gad 1i1? (ere ot vera of at anaeg its), (15) 


U w= KyS— (9/4) (Cir— Ci2)Ar00" 
x (art? + art? + ast? — h), 


(16) 


respectively. In both cases the U,, will not be sensibly 
affected by the fact that one of the magnetostrictive 


Tasie VI. Influence of magnetostriction on domain wall type 


Conditions favoring 180° 


Conditions favoring 90° 
domain walls 


domain walls 


(a) (Kidett >0, or (c) (Kidett <0, or 
Ki >(9/2)C adi? Ki <(9/2)Caadur® 
(b) (Kidett <0, or (d) (Kidett >0, or 
Ki< —(9/4)(Cu- Ki > — (9/4) (Cir —Cia)Ar00® 


Arve = O 


Aus @9 
Cia)Ar0o® 


7R. M. Bozorth, Revs. Modern Phys. 25, 42 (1953). 
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coefficients goes through zero. An illustration of case (c) 
is not known although one does not see why it would 
not be physically possible. Case (d) is illustrated in the 
system Fe-Si where 180° domain walls have been 
observed.® 

In all the ferrites measured, Aioo has always been 
negative. Hence, the occurrence of \;90=0 in the ferrites 
would seem unlikely. The sign of Ay, does, however, 
change sign for the ferrites and can be made zero. ‘Thus, 
only cases (b) and (d) need be considered for the fer- 
rites. Since (Ky)or¢ is usually negative, 90° domain walls 
wi!l predominate in most ferrites when \4,=0. Only 
ween (Ky) ott 18 positive will 180° domain walls be favored 
witen \41,=0. 


VI. INFLUENCE OF APPLIED STRESSES 


The influence of externally applied stresses upon the 
magnetic state may be expressed as a contribution U, 
to the total effective anisotropy energies. 
ws "= oh (ayy + a2" + asy3" = +) 

- 2ahe(ayary1y2 + arnt s'V x 3+ Oasys) 
—oh3(S—}%) 


ohs(ay*y? t ayy?’ t as'¥3" t 4S ‘ 


3) 
2ahs(ayases’y V2 ana’ vy at aga’ 173) 
-ohe(ay*y)?+a2*y2? +a3°¥2+S—P- +) 

~ Qohy(ayares yy 2+ vag yoy s+ ajyagaey 17 4) 

~ohg(P—1/105) 


2ahy(ay*ao*y 172 + an"as’ V2 3 { ay'as’V 173) (17) 


l’, as expressed in Eq. (17) has been derived in Ap 
pendix D, where the applied stress has been defined as 
linear with a magnitude o and direction cosines ¥;. 
The total effective anisotropy energy expressions for 
domains and 180° domain walls are 


P l ad l a, (18) 


Uw=U+U,, (19) 


respectively, where U7’ and U,° are the respective 
anisotropy energies for an unconstrained monocrystal. 

The first-order expression for U, is obtained from 
Eq. (17) by letting A;=4$Ai00, 4eo= Ain, and hy, ---, 
hyg=0: 


U,=- SoA 100(ar’y 1" + ayy? +0978" - 4) 


— Sadi (ayaryry2 + any vat ajazy 173). (20) 


The corresponding first-order expressions for U4’ and 
U,° are given in Eqs. (10) and (11). The first-order 
expressions U4’ and U’,,” may now be used to study the 
interrelationship between the effective anisotropy in 
domains and domain wall in the presence of an applied 
stress. The results obtained are similar to those ob- 
tained in Sec. V,for zero stress. The most significant 
difference is that, in general, the presence of an applied 

§L. J. Dijkstra and U. M. Martius, Revs. Modern Phys. 25, 
146 (1953). 
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stress makes 180° domain walls more favorable. Only 
rather special stresses will not tend to inhibit the forma- 


tion of 90°” walls. 


VII. SUMMARY 


A nine-constant expression has been derived for 
empirically describing the spontaneous magnetostri« 
tion to the sixth order in the direction cosines of the 
magnetization. This expression is readily reduced to the 
familiar five- and two-constant expressions. The zero 
reference usually used for magnetostriction expressions 
has been replaced by one that does not depend upon the 
effective anisotropy. The questionable significance of 
existing two-constant data is also pointed out. 

The effective first- and second-order anisotropy co 
efficients of an unconstrained monocrystal have been 
derived in terms of the intrinsic anisotropy coefficients 
of an undeformed monocrystal, the nine magnetostric 
tion constants, and the elastic moduli. The contribution 
to the total effective anisotropy from a linear applied 
stress has been derived to the sixth order. 

The effective anisotropy for a 180° domain wall has 
been devived and compared with that for a domain, 
The interrelation between the effective anisotropy 
energies in a domain and in a domain wall has been 
studied, and the conditions favoring the formation of 
180° or 90° domain walls determined for the cases when 
the magnetostriction constants go to zero 


APPENDIX A. MAGNETOSTRICTION OF AN 
UNCONSTRAINED MONOCRYSTAL 


The phenomenological expression for describing the 
magnetostriction of a monocrystal to sixth order in the 


magnetization direction cosines, a;, is derived by ex 
tending the method of Becker and Déring' to_higher 
order. 

of a cubic crystal may be 


The elastic energy, U’,, 


expressed as 
"re 
‘ 3 (¢ 1! 


| 4( 2(€xz { Cyy | Cus)” t BC a(x,’ t Cys t Caz), 


C12) (@22” t Cys" | as’) 


(Al) 


where the C’s are the elastic moduli and the ey the 
strain components. 

The magnetoelastic coupling energy, Uy, which may 
be considered responsible for the phenomenon of 


magnetostriction, may be expressed in the general form 


a PF yjez2 | F g2€ yy t Fae, 


t F yx zy { Fox ys +P ys@,2, (A2) 


where the Fy; are functions of the a; and must have 
the same invariance to crystal symmetry operations 
possessed by the corresponding e,;. Therefore it follows 
that /;; must be an even function of aj, aj, and a, and 
also be symmetrical in a; and ay, which is expressed in 
general form by 


FP 4=botbi(a?- 4) +-baS+-bylaf 4S 4) 


+bela,*+S—P—4)+bsP, (A3) 
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where the 6,’s are called the magnetoelastic coupling 
coefficients. Similarly F,; must be symmetric in a; and 
aj which results in 


Fy 2b; + 2b yaya,” 


+ 2byaerjoy'+ 2bya?éa/, for 1A}. (A4) 


Static equilibrium of the crystal requires that 


I(U,+U,)/dey=9, (AS) 


which results in six independent equations. The explicit 
dependence of the e,; on the magnetization direction 
cosines may now be found by solving Eq. (A5) for the 
e,, and eliminating the Fy, by use of Eqs. (A3) and 
(A4). The resulting expressions for the ¢,,; are 


64 = Zhenayt 2Zhywaja? 
+ Lhyaajay'+2hyafa? for 


€4=hothy(ae—4) +hsaS+ha(at+§5S—}4) 
+he(ai®+S—P—4)+hsP, 


and the corresponding expressions are obtained by 


i%j, (A6) 


(A7) 


cyclic permutations of the a. 

The h; of Eqs. (A6) and (A7) are the magnetostric- 
tion constants, which are related to the magnetoelastic 
coupling coefficients in the following manner: 


ho= —bo/(Ciurt+2C wa), b= —b1/(Cu—-Cw), 

hy= —bo/Cus, hs= —b3/(Cir4+2C 2), 

he=—b4/(Cu:—- Cz), hg = — 95 /Cas, 

he be/(Cu—Cwz), = hb = —b7/Cus, 

hy= —bs/(Ciurt+2C2), by=—b9/Cus. 

The strain of a monocrystal in the direction defined 
by the direction cosines B; may be expressed by 


él 


> €1;2 iB). (A9) 
1.) i 


The measured strain may be completely described 
with respect to an arbitrary zero reference. A special 
magnetic domain configuration has been defined for a 
zero reference, namely that an equal volume of domains 
are magnetized in all crystallographic directions. Hence, 
suitable averaging of Eqs. (A6) and (A7) for the zero 
reference and substitution into Eq. (A9) yields 


hot hs/5+h/105 =0. (A10) 


Finally, substitution of Eqs. (A6), (A7), and (A10) 
into Eq. (A9) gives the desired expression for describing 
the magnetostriction as Eq. (1) in the text. 


APPENDIX B. EFFECTIVE ANISOTROPY ENERGY 
OF AN UNCONSTRAINED MONOCRYSTAL 


The total energy dependent upon the direction of the 
spontaneous magnetization may be expressed in the 


following form: 


Uror=UrtUrtU.. (B1) 


PoILi? <&.. 


BALTZER 


The U, is defined as the anisotropy energy for an un- 
distorted crystal which for a cubic crystal may be 
expressed to the sixth order in the a; as 


U,=K,S+K2P. (B2) 


The elastic energy and magnetoelastic coupling energy, 
U,and U), are given in Eqs. (A1) and (A2) as functions 
of the F;; and e,;. Substitution of Eqs. (A3), (A4), (A6), 
(A7), (A8), and (A10) into Eqs. (A1) and (A2) and 
retention of terms up to sixth order in the a; yields 


7 
U,+U,= [ici = C12) (hy?+ _ hss) 


h? h3hg 
~2Cuh+3(Cut2Cx)( pas )Is 
5 105 


a | (Cu a Ci)hihat+ 1 2Cuhohs 


hats he? 
=3(Cut2Cu) (= + - -) |r. (B3) 
5 105 


Using Eqs. (B2) and (B3), the Eq. (B1) for the total 
energy may be expressed as Eqs. (4), (5), and (6) in 
the text. 


APPENDIX C, EFFECTIVE ANISOTROPY ENERGY 
WITHIN A 180° DOMAIN WALL 


The case of constant deformation in a crystallite is 
the first-order approximation to the condition existent 
with 180° domain wall. The distortion is dictated by 
the distortion in the adjacent domains. The distortion 
will be taken as that consistent with the direction of 
magnetization defined by the direction cosines, ¢;, in 
the adjacent domains. The direction of magnetization 
within the domain wall will be defined by the usual 
direction cosines, a;. Considering the magnetization as 
rotating through a domain wall, the direction cosines 
¢; may therefore be considered the initial values of 
the aj. 

Since the state of strain of the 180° domain wall is 
independent of the direction of magnetization within 
the wall, the elastic energy is not a function of the 
direction of magnetization and will not contribute to the 
effective anisotropy energy. The effective anisotropy 
energy for a 180° domain wall is the sum of the anisot- 
ropy of the undistorted crystal, U,, and the magneto- 
elastic energy, Uj: 

U,=U,4+ Uy. 


U, is the intrinsic anisotropy energy defined by 
Eq. (B2). Uy, the magnetoelastic coupling energy, is 
given by Eq. (A2) where it should be noted that the 
strain components ¢;; are now constants. The constant 
ej may be expressed in terms of the domain magnetiza- 
tion by replacing the a; of Eqs. (A6) and (A7) by the 


(C1) 
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corresponding initial values ¢;. Substitution of the con- 
stant e;; together with Eqs. (A3), (A4), (A8), and 
(A10) into Eq. (A2) yields the form of U, for final 
substitution into Eq. (C1) to give the desired expres- 
sion for U,, as Eq. (7) in the text. 


APPENDIX D. MAGNETIC ANISOTROPY RESULTING 
FROM AN APPLIED STRESS 


The elastic strain components e;;” resulting from the 
application of a linear stress are 


aye? Cio 
exi" = ) 
Cu-Ci (Cur Ci) (Cir + 2¢ ‘12) 
(D1) 


OV iY; 


53° for i*j, 


Cu 


where the applied stress is defined by the magnitude o 
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and the direction cosines y;. Since the ¢,% do not 
depend upon the magnetization, the only contribution 
to the magnetic anisotropy energy is through the mag- 
netoelastic coupling energy U)’, 

U,*=U)+ U,. (D2) 
U,° is the magnetoelastic coupling energy for zero 
applied stress used in Appendixes A, B, and C. U, is 
the total contribution to the magnetic anisotropy 
energy due to the applied stress which, by analogy with 
Eq. (A2), may be expressed as 


U, FP yye22" t Fy yy? t F536 40” 


+t Fy sy? | Fos ys | F y3e,2". (D3) 


Substitution of Eqs. (A3), (A4), (A8), (A10), and 
(D1) into Eq. (D3) finally gives U, as an explicit 
function of the magnetization direction cosines a, and 
the applied stress in Eq. (17) in the text. 
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Anomalous Variation of Band Gap with Composition in Zinc 
Sulfo- and Seleno-Tellurides 


S. Laracnu, R. E. Suraper, AND C. F. STOCKER 
RCA Laboratories, Radio Corporation of America, Princeton, New Jersey 
(Received July 18, 1957) 


A monotonic variation of band gap with composition occurs for many binary solid solutions. Of some 
Group II-Group VI systems, ZnS-ZnSe shows this type of variation of band gap with composition, whereas 
ZnSe-ZnTe, ZnS-ZnTe show an anomalous minimum in a plot of band gap versus composition of the solid 


solution. 


INTRODUCTION 


—— measurements of the variation of band-gap- 
energy with composition in isomorphous series of 
two-component solid solutions have been reported. 
Gisolf! has investigated the ZnS-CdS system, Johnson 
and Christian,? the Ge-Si system, and Folberth,’ 
Group III-Group V materials. The results seemed to 
confirm a postulate that intermediate members of a 
two-component series have band-gap energies inter- 
mediate to those of the extreme members of the series. 
The present work reports results which show that 
although the systems ZnS-ZnSe follows the above 
postulate, the systems ZnS-ZnTe and ZnSe-ZnTe do 
not. 
EXPERIMENTAL 
Synthesis of Materials 


Phosphor-grade zinc chalcogenides were used through 
out the work. Powder mixtures of the pure ingredients 
“1J. H. Gisolf, Physica 6, 84 (1939). 

? FE. R. Johnson and S. M. Christian, Phys. Rev. 95, 560 (1954). 

30. G. Folberth, Z. Naturforsch. 10a, 502 (1955). 


(in the desired molar proportions) were dry ball-milled 
for six hours, to insure homogeneity of mixing. The 
materials were then transferred to silica boats, and 
crystallized in an atmosphere of purified nitrogen at 
900°C. The materials were cooled under nitrogen. 
Phosphor-type purity and precautions were maintained 
throughout the synthesis. 


Analysis 

X-ray diffraction studies were carried out using a 
North American Philips diffractometer, with a copper 
target and nickel filter, to obtain monochromatic 1.54 A 
radiation. 
» Chemical quantitative analyses of tellurium in solid 
solution were ‘carried out by an electrometric titration 
method developed by Dr. M. C. Gardels of these 
laboratories.‘ 


Reflection Spectra 


In the absence of single crystals for direct absorption 
measurements, the diffuse reflectance of the micro 


‘ Method to be published elsewhere. 
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Fic, 1, Diffuse reflectance spectra of zinc seleno-tellurides. Figures indicate mole-percent zinc telluride. 


crystalline powders was used to furnish a relative 
measure of the absorption. Light from either a xenon 
pressure-arc or a tungsten-filament lamp was passed 
through a 500 mm Bausch & Lomb monochromator, 
equipped with an automatic scanning control. The 
intensity of the diffusely reflected light from approxi- 
mately 1 cm? of the specimen was measured with a 1/21 
multiplier phototube. The intensity relative to that 
from a pressed disk of magnesium carbonate was 
plotted against wavelength. Values of the energy gap 
were calculated from the wavelength corresponding to 
the intersection of the straight-line extrapolation above 
and below the short-wavelength knee of the curve. 
igure 1 shows the diffuse reflectance spectra for several 
zinc seleno-telluride solid solutions. 


Diffuse Transmission 


Measurements of diffuse transmission were made on 
several materials with a Cary recording spectrophotom- 
eter, Model 14. Small amounts of the materials to be 
tested were ground with KBr (Harshaw, IR Quality) 
and pressed into translucent pellets. Energy-gap deter- 
minations were made by extrapolations on the recorded 
curves of optical density (log transmission). 


RESULTS AND DISCUSSION 


A plot of band gap as a function of composition for 
the three systems studied is given in Fig. 2. It is seen 
that a linear variation of band gap with composition 


occurs for the system ZnS-ZnSe [Fig. 2(A) }. Figure 
2(B) is a similar plot for ZnS-ZnTe. Solid solution in 
this system occurs only to the extent of about eight 
mole percent of ZnTe in ZnS, and about five mole 
percent of ZnS in ZnTe.® Figure 2(C) shows a like plot 
for ZnSe-ZnTe solid solutions. Measurement of the 
energy gap in this system by diffuse reflection and by 
diffuse transmission indicate a minimum near a com- 
position of 63 mole percent Zn'Te, without exhibiting 
a discontinuity of slope. A small systematic difference 
between the reflection and transmission values is 
attributed to the fact that diffuse reflectance and optical 
density do not have a simple relationship, so that extra- 
polations of the type described do not yield completely 
identical results. The trend, however, is unmistakable. 


TABLE I. Band-gap types. 


System Reference 


ZnS-CdS* a 
InAs-InP 3 
ZnS-ZnSe This work 


Type of variation 


Linear 


Discontinuous slope or 
monotonic convex 


Monotonic convex 
Nonmonotonic concave 


Ge-Si 2 
GaAs-GaP 3 
ZnS-ZnTe This work 
ZnSe-ZnTe 


* A possible discrepancy in the band-gap value assigned to ZnS by Gisolf, 
makes it uncertain whether ZnS-CdS should be described as linear or 
monotonic concave, 


6 Larach, McCarroll, and Shrader, J. Phys. Chem. 60, 604 
(1956). 





ANOMALOUS VARIATION OF 


As seen from Fig. 2(C), the variation of band gap 
with composition for ZnSe-ZnTe, compared with that 
for Ge-Si, (1) is not linear, (2) is not monotonic, (3) does 
not have an abrupt change of slope, and (4) is concave. 
These features suggest that a band scheme other than 
that suggested by Herman® to account for the Ge-Si 
anomaly, should be sought. In particular, it would 
appear that some specific property peculiar to the Te 


TABLE II. Room temperature band-gap energies 


Material Band gap (ev) Method Reference 
3.64 
3.00 
3.00 
2.58 
2.66 
2.66 
2.64 
2.15 
2.10 
2.22 
2.26 


Absorption 

Luminescence b 
Reflectivity This work 
Photoconductivity ; 
Luminescence b 
Reflectivity This work 
Transmission This work 
Absorption c 
Photoconductivity d 
Reflectivity This work 
Transmission This work 


Cub.-Zns 


Cub-ZnSe 


Cub.-ZnTe 


*F. A. Kroger and J. E. Hellingman, J. Electrochem, Soc, 93, 156 (1948) 
> R. E. Shrader (unpublished data). 

¢H. B. DeVore (unpublished data). 

4R. H, Bube and E. L. Lind, Phys. Rev. 105, 1711 (1957) 


TABLE III. Lattice spacings of ZnSe-ZnTe 


Lattice 
spacing (A) 


Analyzed ZnTe 
traction 


Initial composition 
5.6684 
5.705 
5.761 
5.811 
5.857 
5.899 
5.940 
5.977 
6.022 
6.055 
6.100 


ZnSe 
0.9 ZnSe:0.1 ZnTe 
0.8 ZnSe:0.2 ZnTe 
0.7 ZnSe:0.3 ZnTe 
0.6 ZnSe:0.4 ZnTe 
0.5 ZnSe:0.5 ZnTe 
0.4 ZnSe:0.6 ZnTe 
0.3 ZnSe:0.7 ZnTe 
0.2 ZnSe:0.8 ZnTe 
0.1 ZnSe:0.9 ZnTe 

ZnTe 


0.226 
0.328 
0.440 
0.535 
0.633 
0.700 
0.793 
0.875 


atom (or ion) may bear directly on the behavior of solid 
solutions containing Te. 

Comparison of the exact nature of the dependence of 
band gap on composition suggests that each dependence 
may be categorized in one or more ways, as for example, 
linear, nonlinear but monotonic-concave (or -convex, 
etc.). Table I summarizes in this manner some available 
data on band-gap dependence. 


*F, Herman, Phys. Rev. 95, 847 (1954) 


BAND GAP 


M 


Fic. 2. Band gap as a function of composition for (A) zine 
sulfo-selenides; (B) zinc sulfo-tellurides; (C) zine seleno-tel 
lurides 


Band-Gap Determinations 


Several methods exist for the measurement of band 
gaps in solids. These include: absorption, transmission, 
reflectance, photoconductivity, and luminescence. ‘Table 
If lists and compares the band gaps obtained by the 
various methods with those obtained in this work 


Lattice Spacings 


The lattice spacings of solid solutions of ZnSe and 
ZnTe follow Vegard’s law throughout the range. Table 
ITI lists the initial composition prior to crystallization, 
the analyzed amount of ZnTe after crystallization, and 
the lattice spacing of the solid solution. 
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Quantum Theory of Electrical Transport Phenomena* 
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The usual theories of electrical conductivity suffer from a number of weaknesses. This paper attempts, 
on the basis of a simple model, to put the theory on as rigorous a basis as possible. A technique is developed 
which gives the entire density matrix of the system of charge carriers in the steady state. Our model consists 
of noninteracting free (or Bloch) electrons being scattered by “random” rigid impurity centers. The density 
matrix is developed in ascending powers of the strength of the scattering potential. The familiar Boltzmann 
transport equation represents an approximation valid in the limiting cases of very weak or very dilute scat- 


terers. Higher order corrections are given. 


I. INTRODUCTION 


N this paper we shall be concerned with the problem 

of calculating the electrical conductivity of a some- 
what simplified model of a real substance, on as rigorous 
a basis as possible. ‘The problem of electrical conduc- 
tivity is usually treated on the basis of a transport 
equation.’ ‘This is an equation for a distribution function 
f, which describes the probability of a particle being in 
any given state. The equation is determined by the 
requirement that in the sleady stale the total rate of 
change of the distribution function must vanish. This is 
in turn a sum of the change due to the acceleration by 
the electric field, and a term due to collisions, which 
limit this acceleration. Thus the usual transport equa- 
tion has the form 


(Of Ol) fierd { (Of, OL) collisions =, (1) 


Equation (1) is incomplete in several respects. First, 
it is well known that in quantum mechanics if we wish 
to find the average of a physical quantity we need in 
general not only the probabilities of different states 
being occupied, but the entire density matrix (see 
below). Now the occupation probabilities of some com 
plete set of states are just the diagopal elements of 
the density matrix in this representation. Therefore for 
(1) to contain all necessary information we have to 
assume that we can find a “natural representation”’ for 
our system, and that for this representation the density 
matrix may be considered as diagonal at all times. This 


so-called “random phase” assumption must also be 


made in the derivation of (1), and is a serious weakness 
of the derivation. Further, it is not always clear just 
what “natural representation” should be chosen, and 


* Different portions of this work were performed at Carnegie 
Institute of Technology, The University of Michigan, Bell Tele- 
phone Laboratories, Murray Hill, New Jersey, and the University 
of California, Berkeley, California. Assistance by the Office of 
Naval Research is gratefully acknowledged 

1 See, for example, A. Sommerfeld and H. Bethe, Handbuch der 
Physik (Edwards Brothers, Ann Arbor, 1943), Vol. 24, Part 2, 
pp. 499-554 


one can obtain different answers by making different 
choices,” 

Recently considerable progress in the question of 
removing this random-phase assumption has been made 
by Van Hove,’ who studied the question of the approach 
to equilibrium rather than the steady state in the pres- 
ence of an external electric field. He was able to show 
that the random-phase assumption could be replaced 
by certain properties of the interaction causing colli- 
sions, and that these properties could be verified in 
particular problems. The method we shall use to avoid 
the random-phase assumption is formally rather dif- 
ferent from that of Van Hove but rests, very likely, on 
similar properties of the interaction. 

Another weakness of Eq. (1) in its usual form is that 
it treats the collision interaction by the lowest order of 
perturbation theory. The question of what exactly 
occurs in higher order seems never to have been in- 
vestigated carefully. We shall extend the theory in 
this direction also, and show that in the higher orders 
terms of the usual form appear but, in addition, there 
are some characteristic deviations from the standard 
transport equation. Some of these new terms would 
seem to play a role in the theory of the Hall effect in 
ferromagnetic substances.” 

The general technique is the following. We shall 
imagine a closed system in the presence of an external 
electric field which is gradually being turned on. The 
sample is taken to be cubical in shape and periodic 
boundary conditions are imposed. These boundary 
conditions allow the existence of a steady current and 
are justified in detail in Appendix A. The density matrix 
of this system then has a well-defined equation of mo- 
tion. We study this density matrix for a given electric 
field in the limit where the rate of turning on becomes 


* This situation arises in practice when considering the problem 
of the Hall effect in ferromagnetic substances. Differing results 
were obtained by R. Karplus and J. M. Luttinger [Phys. Rev. 95, 
1154 (1954) ] and J. Smit [Physica 21, 1 (1955) ], with different 
assumptions. In fact, the desire to settle this controversy was the 
starting point of this paper. We hope to return to the application 
of our results to the Hall effect question in a later publication. 

+L. Van Hove, Physica 21, 517 (1955). 
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very slow. The solution is obtained in the form of a 
power series in a parameter A, which measures the 
strength of the interaction causing collisions. To the 
lowest order in \ the standard transport equation is 
obtained ; in higher order there are deviations. 

In Sec. II we shall consider a collection of electrons 
so dilute that we can neglect their interaction with each 
other and can also neglect the effect of Fermi-Dirac 
statistics on their behavior. Then every electron may be 
treated as completely independent of all the others, and 
we have essentially to deal with a single-electron prob- 
lem. The collision mechanism is provided by a set of 
fixed impurities distributed at “random” throughout 
the volume occupied by the electrons. (The precise 
meaning of “random” in this problem will be made 
clear in the discussion below.) ‘The electrons are treated 
as completely free except for their interaction with the 
impurities and with the external electric field. The 
impurities are allowed to be anywhere in the volume 
under consideration. In this section we limit ourselves 
to the lowest order effects in the strength of the inter- 
action of the electrons with the impurities. In Sec. IIT, 
the generalization to higher orders in the strength of the 
interaction is considered. In Sec. IV, we generalize the 
discussion to the case where there is also a periodic 
potential present. 

In the Appendices we deal with a number of related 
questions. In treating the acceleration of electrons by 
an external homogeneous electric field there are certain 
well known technical difficulties, associated with the 
limitation of the current by the walls of the container. 
In Appendix A a ring-shaped sample is discussed in 
detail leading to an unambiguous prescription for deal- 
ing with these difficulties. In Appendices B and C some 
of the details of the derivations omitted in the text are 
given. In Appendix D the approach to the steady state 
and the effect of time-dependent external fields are 
considered. In the main body of the text we have 
limited ourselves to effects linear in the external field; 
in Appendix E we show that the quadratic effects give 
rise to the Joule heating. Finally, Appendix F general- 
izes these results to the case of Fermi-Dirac statistics. 

We hope to return to the treatment of electron- 
electron and electron-phonon interaction by these 
techniques in a later publication. 


Il. MATHEMATICAL FORMULATION OF 
THE PROBLEM 
The total Hamiltonian, 7, for each electron in our 
problem may be written 


Hyr=Hy+H'+Hyp, (2) 
where Ho is the Hamiltonian of the free electrons, H’ 


the interaction with the impurity centers and Hy, the 
interaction with the external electric field. We have‘ 


* We shall not indicate explicitly the vector character of & or r 
Thus e*’’ means e*'* and &#k’ means k#k’ throughout 


ELECTRICAL 


RANSPORT 
Ho= p*, 2m, 


N 
> o(r—r,) =AV, 


Hp 


- ¢E aka. 

In (4), A is some dimensionless measure of the strength 
of the interaction of the impurity with the electron, 
¢(r) is the interaction energy with a single impurity 
center, and the 7; are the locations of the N impurity 
centers. In (5), e is the (algebraic) charge of the ele 
tron, the E, (a=1,2,3) are the x, y, and z components of 
the external field, respectively, and the repeated index 
a implies a summation over it. We shall sometimes write 


H: Hot+H’, (6) 


the total Hamiltonian in the absence of an external field. 

We now consider a collection of v electrons moving 
under the action of the same //7 and introduce the 
density matrix pr for this collection. We denote the 
wave functions of the electrons by ¥'(r,/) and expand 
them in a complete set of time-independent functions 
Wnlr): 

V'(7,l) =dondn'(LWalr). 


Then the Hermitian matrix p(t), with elements 


1» 
> dm'(t)a,'* (Lt) 


py vl 


(pr)mn 


in the y, representation, is the density matrix. The 
expectation value of any observable quantity A at 
time ¢ is given by 


A(t) Trl pr(t)A |. (7) 


Further, pr(t) varies with time according to 


[Hr,p1 (%) 


} 


1(Op7/dl) 


(Units are chosen such that #=1.) 

The diagonal elements (pr)an give the probability 
of finding an electron in the state ~,. The sum of all 
these probabilities is of course unity for a wave function 
normalized to unity. If we can find pr from (8) we can 
calculate the observed value of any quantity (for 
example, the current) by means of (7) 

We shall use (8) in the following way. Imagine that 
in the very remote past (/ ~) we have a collection 
of electrons in equilibrium with a heat bath at tempera 
ture 7. There is no external field present. ‘Then at this 
time contact with bath is broken and the 
electric field is very slowly turned on. It is convenient 
to turn the field on according to the formula 


the heat 


E=E,'e", (9) 
so that E, is zero at f x» and reaches its full value 


*See, for example, R. C. Tolman, Principles of Statistical 
VUechanics (Oxford University Press, New York, 1930), pp. 327 ff 
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E,° at t=0. We shall see later that the results do not 
depend on 5 as long as it is chosen “reasonably.” [See 
discussion following Eq. (47). | The collection of elec- 
trons is now described by a single-particle density 
matrix pr, whose time development is given by (8). 
We shall be interested in the solution for t=0 when the 
field has reached its full value. 

Since the entire system is isolated, the conductivity 
which we calculate in this way will be an “adiabatic” 
conductivity. In general we would expect this to be 
equal to the more usual “isothermal” conductivity. 
We shall not, however, enter into a discussion of this 
point here. 

With this in mind, our problem is now to find a solu- 
tion of (8), Za given by (9), which reduces at t= — 
to the equilibrium distribution, say p. This is just the 
usual Maxwell-Boltzmann distribution 


p=Ke #4, (10) 


where 
B=1/kT 
and 
K~'=Tr(e~9#), (11) 
We must use H/ (instead of Ho) here, since at / D 
the electrons are not free but are interacting with the 
impurities. 

We shall limit ourselves here to calculating pr cor 
rect to terms to the first order in the electric field. This 
is of course all we need if we want to compute the cur 
rent to terms linear in the field, i.e., in the ohmic region. 
One might however raise the following objection to our 
procedure. Since our system is closed, properly speaking 
it cannot reach a steady state since the Joule heat keeps 
its energy steadily increasing. However, the Joule heat 
is quadratic in the external electric field. Therefore, 
there exists a time of action of the electric field such 
that the Joule heating is negligible but after which the 
steady state has set in. The conductivity we calculate 
in this way will then correspond to the original tempera 
ture. By limiting ourselves to terms linear in E, we 
automatically eliminate any such difficulty, since the 
heating effects are of second order in E,. In Appendix 
I’, we shall actually show that the quadratic terms in 
E,, do give rise to exactly the Joule heating of the whole 
sample. 

We write the total density matrix as 

pr=ptpr, (12) 
where pr is linear in E,. Since the density matrix would 
stay equal to the equilibrium one if the £, were zero, 
the p in (12) is simply the equilibrium value given by 
(10). Inserting this into (8), we get 


[H+Hr, p+pr | 
[Hep |+[Hpr |, 


1(Opp/dl) 
(13) 


neglecting terms of the second order in E,. The quan- 


KOHN AND J. 
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tity pr must satisfy the initial condition 
pr(t=—)=0. 

Now since Hp may be written as 
Hp=He"', 


H,=—cE "x2, 


(15) 


Eqs. (13) and (14) can be satisfied with the Ansatz 


pr= fe", (16) 


where f is independent of time. The quantity f is the 
correction to the density matrix at 4=0, which is what 
we want. Inserting (15) and (16) into (13), we obtain 


isf=[Hi,p ]+(H,f 1. (17) 


To solve (17)—which is valid for any representation 
we shall choose the representation for which Ho is 
diagonal, i.e., plane waves with periodic boundary 
conditions. The normalized eigenfunctions are 


Yi=eh//0, 


where {2 is the volume of the container. The allowed k, 
are given by 


(18) 


ka=(24/L)na, (19) 
where 
na=0, +1, +2, ---+o 


and 


We also have 
Hwy, = Wk, 


where ¢,°= k?/2m. In this representation, (17) becomes 


(wen? — is) fier =Cre td (feel err = H’ cee fern), (21) 


ki’ 


(20) 


where wy4 = €°— €,*, and C=[/p,H,; |. The commutator 
C is a known matrix in principle, since p and H, are. 
The matrix elements of H’ are easily obtained: 


1 
Hen = fe ua BD S$ b(r—r,)dr 
Q . 


1 
2— > itt von fe i(h—-k") “1 (9) dy. 
Q i 2 


For simplicity we take @ to be a potential of finite 
range so that we can extend the r integration over all 
space. Then 


Dkk’ 
Q 


H’ ye: Bs e i(k—k’) ri (22) 
where 


um f eR 1g (p) dr. (23) 


The diagonal element of H’ is clearly 


H' up axe Nour /Q, 
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and is independent of the location of the impurities. 
If there is no particular order in their location then there 
is no particular connection between the phases of the 
N terms in (22). In this case H’,, (R#k’) is in general 
of order \/N rather than NV. Here we®see the sort of 
sharp distinction which the randomness in the positions 
of the impurities produces between diagonal and non- 
diagonal matrix elements in the &-representation. This 
suggests that we split (21) into diagonal and non- 
diagonal parts. We may write 


(were? — 15) fer’ 


=Crert (fe— fer) eet fine (Hern — ee) 
-+- } (fee LL eee — DL ese fare’), 


kh’! (k’' 9th ke’) 


for k#k’, and 


C+ 


kh! (kk) 


_ 1S fr, (ficrHl bk ~ A" eee fark). (25) 
Here {x= fex and Cyh=Cyx. The function f, is just the 
usual distribution function dealt with in transport 
theory. In (24) we have separated out the individual 
terms in the k” sum where k’’ is equal to k or k’. The 
only reason that these terms give contributions com- 
parable to the entire sum is that, as we shall see later, 
they are of larger order of magnitude in N owing to the 
randomness of the impurity positions. We can deal at 
once with the third term on the right-hand side of 
(24). Defining «= €°+H",, €., we re- 
write (24) as 


and wy, = €& 


(were — 15) few = Crewe (fem fer) ere 
+ > (fcr perce 


he’! (he''#k ke’) 


HL cae fier). (26) 


That is, the only effect the diagonal elements of H’ 
have is to shift the unperturbed energies ¢,° by H’ xx. 
Since we want there to be a finite density of impurities 
present, V/Q will be finite, and this energy correction 
will stay finite for an infinite sample. Actually, by (23), 
H’',, is independent of &, so that this energy shift is the 
same for all k. By resetting the zero of energy we may 
remove this constant (which is the same as choosing 
H',,=0, throughout the calculation), and we shall for 
simplicity imagine that this has been done. 

So far everything is quite general. We shall now try 
to obtain a solution of (26) in a power series in A. To 
do this we must first get some idea of how we can expect 
the different terms in (26) to depend on A for small X. 

We begin with the commutator 


Cre = — cE a{ p(Hot+H’), Xa lex’. (27) 


Now we may expand p in powers of H’ (taking into 
account its noncommutativity with Ho) and this gives 
for p a power series in \. Therefore in general we will 
have 


Cre =Cuxe 4 Cen OC gy O+ ++ es (28) 
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Cxx being proportional to A". We shall limit ourselves 
here to the evaluation of C,,“’, the higher order terms 
being left to Appendix C. 

In the lowest order, 


SHo 


p=po= Koe 


Ko exp(—6p’/ 2m). (29) 


Using the commutation rules (or x 
obtain the operator relationship 


1 pa 
Ko 


i Opa i om 


10/Opa), we ob 


1 Opo 


e FH, (30) 


(po,Xq) = 


(For a justification of the formal use of these commuta- 
tion rules, see Appendix A.) Therefore 


Bka 
Cyp O= ick ——Kvye a 


m 
Defining 
Pk Ke een: 
we may write 


Cg = 10g (Opr/ORa) bux. (33) 


It is important to realize that the derivative occurring 
in (33) is the formal derivative and (33) is meant to be 
identical with (31), the question of whether the allowed 
values of & are discrete or continuous playing no role. 
Thus the diagonal terms of C begin with the zeroth 
order in A while the off-diagonal ones are of the first 
order in A. We shall see later that f, is of order \ 
This is also the result in usual transport theory, the f, 
being inversely proportional to the transition proba 
bilities. If we assume this, then it follows at once from 
(26) and (33) that fix (kR#k’) is of order X '. Thus (26) 
can be solved by an iterative procedure. Let us first 
obtain the lowest order result. From the orders in A 
discussed above, we see at once that on the right-hand 
side of (26) the second term dominates and we obtain 


(fm fer) bre 
(34) 


Wkk? is 
in lowest order. If we insert this in (25), again retaining 


only the lowest order, we obtain 


Ops 


tek, be 2. 


Oka  ’ (h/t) 


| 1 
x| fe)( - )| (35) 
Wkk? 15 Weer ts 


We shall now show that (35) is just the usual transport 
equation. Inserting for H’,, its value from (22), we 
have 


er 


1S fe 


ae? Pier’ | 
DD ne \? = (36) 
(j2 


Pr 


where q=k—k’ 40. 
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This quantity depends in general on the positions of 
all the impurities. We shall now show, however, that 
the summation over k’ in (35) has the effect of “washing 
out” these fluctuations. In fact, if there are no correla- 
tions between the positions of the impurities, (35) 
becomes a well-defined equation independent of these 
positions. The general method of proof is the following. 
Suppose we have any quantity M which is a function 
of the positions of all the impurities. For each arrange- 
ment of impurities, M will have some definite value. 
Let us define the ensemble average of M, say (M), as the 
average of M over all the different arrangements of the 
impurities, without any correlation between the im- 
purities. That is, 


dr; drs dry 
(M) fof 1's ommmonl Gras «:ayyg), 
0 Q Q Q) 


(In assuming that the impurities are truly independent 
we are of course allowing two or more to occupy the 
same position. We adopt this model for the sake of 
simplicity, although it is not realistic for high impurity 
concentrations.) 

For a specific system the value of M will in general 
deviate from (M), the deviation depending on the 
positions of the impurities. However, it might be that 
as N—» » the fraction of arrangements which satisfy 
the inequality 


(37) 


|(M/(M))—1| <6 (38) 


for 6 arbitrarily small, approaches 1. In other words, 
we could take M=(M) for all but a negligible number 
of arrangements. A sufficient condition for this to be 
true is that 


((M—{(M))?*) (M?)—(M>Y 
lim = lim =(), 


oie (mM) (M)? 


(39) 


Now direct calculation shows that for | H’,,-|? this is 
nol true. In fact, 


C) cue |?) = (dew |27/Q)N (40) 


and 


((| ene |?)?) = (| an |?7/?)?(2N?+N), (41) 
so that the right-hand side of (39) actually approaches 
unity rather than zero. 

On the other hand, since w,, is a smooth function 
of k’, and the same will be shown for fy, the summation 
over k’ in (35) may be broken up into regions of mo- 
mentum space in which wee and fy do not vary appre- 
ciably, but |H’,«|* may. Let the number of states in 
such a region be v. In general v will be of the order N, 
i.e., 


(42) 


v=aN, 
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where a is some very small number independent of N.® 
Therefore we consider instead of | H’,,-|? the quantity 


1 
M=- > |H'w|?. 


yk’ ine 


(43) 


We assert that whereas (39) is not satisfied for 
| H'x4-\?, it is for M given by (43). Direct calculation 
gives 


(M)= (| dee |?, %)N, (44) 


and 


ldee |?\? 
vo ( 
(? 


1 
x|.v4 -N(V-1) 


V a’ 8” ia o 


(Sx, wee +B 2k, be4 2) (45) 


The N? term is the one we want, the rest being of lower 
order in NV. The 6y, x gives a contribution of N(N—1)/v, 
which is only of order N since v is. The 52%, 4447 only 
yields a result if the region v surrounds k, and even in 
this case the contribution is at most N(N—1)/v, which 
is only of order N. Therefore we see that M defined by 
(43) does satisfy (39), and is a well-defined quantity 
equal to its ensemble average for all but a negligible 
fraction of possible arrangements of the impurities. (An 
example of an exceptional arrangement where M can 
deviate substantially from (M) is a periodic-impurity 
lattice. In that case M is sometimes of order N? rather 
than N. Such exceptional arrangements form a negli- 
gible fraction of all possible arrangements.) The entire 
result of this discussion is therefore that without any 
loss of rigor we may replace |H’,,\? in (35) by its 
ensemble average. (The generalization of this result 
to higher order terms is found in Appendix B.) This 
gives 


Ok s due’ |? 
nt t+. 5 in ) 


Oka k’ (k'#k) ? 


1 1 
en -). (46) 
Wke +15 


The solution of (46) depends in general on the value 
of s. However, there is a tremendous range of s (in- 
cluding the physically interesting rates with which we 
could turn on the field) for which the solution is prac- 
tically independent of s. This range is given by the 


x(fe-fe)( 


Wkk’ is 


* The number of states in a little region of & space A is given by 
v=[0Q/(2r) JA. Since N~Q, we may write this as 
oi? ay 

LN (2x)? j ’ 
so that a is determined by the volume per impurity and the vol 
ume of & space over which « and /, do not vary appreciably 


¥ 
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following conditions. First, 


G0) oa 1 oe 


where /, is of the order of the relaxation time, and ¢, 
is an “atomic time.”’ That is, ¢, is a time associated with 
the dynamics of the electron and has nothing to do 
with ¢,. In our problem /, would be of the order of h/é 
or 79/0, where é is a typical energy of the electron, ro 
the size of an impurity, and i a typical electron velocity. 
When this condition is satisfied we may drop the left- 
hand side of (46), which is of the order of st, times the 
second term on the right-hand side. Further, if s>AE/h 
(where AE is of the order of the spacing of the transla- 
tional electronic levels), the sum in (46) may be re- 
placed by an integral according to 


Q 
> f dk’. 
k’ = (2)! 


Once we have done this, the condition s<t,! enables 
us to use the well-known result 


1 
im ( ) = P(1/x)+inb(x), 
+0" \x—is 


where P(1/x) is the principal value of 1/x and 6(x) is 
the ordinary Dirac 6 function. Therefore (46) becomes 


(47) 


(48) 


Ops - N Pik 
O=cEg—+2r 


Oka k (? 


/|2 
(wee) (fe— fer). (49) 


Now the transition probability w,,.- per unit time 
from a plane-wave state k’ to k due to a single impurity 
may be written, in lowest Born approximation, as 


Pex |’ 
6 (Wee). 


(50) 
? 


If we define the total transition probability Wy, as 
the sum of those occurring due to each of the impurities, 
then we have 
Ope 
0O=eha—+ DY (Wee fi—Waeer fe), (51) 


Oka ke! (k' Ak) 


which is the customary transport equation used in the 
theory of impurity conductivity. The first term is the 
acceleration due to the external electric field, the second 
is just the rate of change of the distribution function 
due to collisions. 

In this theory we now have a rigorous meaning for 
the distribution function f;, namely as diagonal ele- 
ments of the density matrix in the plane-wave repre- 
sentation. The expectation value of any operator A is 
given, by (7), as 


A=Tr(pA)+Tr(fA) 
= Aot+ Ar. 
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The first term Ao is just the equilibrium value of A, 
and will not interest us further here. The second term 
Ar is the correction due to the presence of the electric 
field. In the k-representation we have 


Ap Dd few Ane 
kk! 
> feAnet > few 


—~ —~ 
k kk’ (kth) 


A kk. (53) 
In general, both terms of (53) will be necessary. 
For calculating the current we need the average 
velocity. The velocity operator is, as usual, 
vg= i H7,x9 | 


pa/m. (54) 


The matrix elements of vg are 


(Ug) kk’ Redken’ m, (55) 


Therefore, for the velocity the off-diagonal elements of 
f automatically play no role, and 
bp=Doekafy/m. 
We see that for calculating the conductivity only the 
diagonal elements of f play a role, and these satisfy 
(to the lowest order) the ordinary transport equation. 
Therefore under “random 
phase” assumption is justified in this representation 
As an example of an operator for which the off 
diagonal terms play a vital role, we consider the 
acceleration, The acceleration operator is given by 


{cEs+il H’,pp |) /m, 


which has the matrix elements 


(56) 


these circumstances the 


ag if Hy,0¢ | (57) 


(dg) Kk [eFgbxs t i(k, hea!) ET yey \/m. (58) 


Therefore, at /=0, 


1 
ag ekg +1 ae (ky 


m kk’ (khAk’ 


ha’) few en|. (59) 
If we dropped the off-diagonal elements of /, we would 
obtain only the first term eH, 
not correct. Since to terms linear in the electric 


m, which is certainly 
field 
there is a stationary state, to this order in £,° the 
acceleration must vanish. However, the off-diagonal 
contribution is easily evaluated. We have, to the order 
we are working in, 

i>. (kp hes’) face HL er id (kg F by’)? LL ene |? 


kek’ kk! Weer 15 


1 1 
id kal fe far) | DL exe ( ) (60) 
kk’ Wkke 15 Whe + 1s 


By means of (35), with very small s, (60) becomes 


1D) (kp— ke’) few’ ee 


kk’ 


kf 


Opr 
ek, +B kg 
k Oka 
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Inserting (61) in (59) we see that dg=0, as we expected. 
Thus for the calculation of the acceleration the off- 
diagonal elements are essential. 


Ill, HIGHER APPROXIMATIONS 


We now consider the problem of finding the higher 
approximations to the transport equation (51). To do 
this we need only continue the iterative process begun 
in the last section. We shall only push this process two 
orders (in A) further, since it is there that new phe- 
nomena begin to occur. Since f/, begins with * we 
need it to order d", and since fi,» (k#k’) begins with 
d ! we need it to order \. To this order, (26) and (25) 
become, for very small s, 


Cy 4 (fr- Se) H cee 
HO few ee H ewe fern), (62) 


(Were 18) few 


and 


0=ChO4- C9450 few H vr—H' ev ferr), (63) 


respectively. The prime on the summation means that 
the summation is taken in such a way that all index 
equalities are avoided. [In (62) this means k”¥k, k’, 
in (63) k’#k.| Further, in (63) we have left out Cy“ 
since it vanished with our choice of H’,,=0 (see 
Appendix C), 

The lowest order solution of (62) is given by (34). 
If we insert this in the last term of (63), and solve again 
for fix, we get the first correction, Continuing this 
process indefinitely would give f,,: a8 a power series in 
\, the terms increasing very rapidly in complexity for 
higher powers. ‘To terms linear in \ we obtain 


hick bn OA fcr + fear, (64) 


where fx, is given by (34) and 


fey! ~T'(kkk’) 
“ 


15 
fa Sr Serr Sue 
x( -}, (65) 
Weer — 1S Were gr IS 
1 | (kh! kk’) 
z 
Wkk’ ish kk” 
k 


hk” #k, 
ke’! the kel! 


(= fae’ 
x 
-1§ 


Wkk'? 1S 


— fry 
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Here we have introduced the notation 
(RRR!) =H pee ere, 


/ ’ ’ (67) 
(kh! kh!’ k’ =H mer Paya & | ki’ k’y etc. 


If we insert (64) in (63) we obtain, for very small s, 
the “transport equation” 


0=T.%+T,9+T., (68) 


where 7, is just the right-hand side of (35) which we 
have already discussed, and 


T= i 


ke’ (ke Ah) 


iz (fire OW err 


ke’ (k' #k) 


(fcr OH pen c.c.), (69) 


c.c.)+C,. (70) 


First let us consider (69). Reyrouping the terms 
somewhat, interchanging the indices k and k’ here and 
there and making use of the fact that (kk’k’k)* 
= (kk’k'’k), we obtain 


Tr =A f-E Bae fur, (71) 
D 


1 
A,y@= D canes) cc), (72) 
ki ke 0 Poa 


and 


Byye™ > (RR RR) 


£ 


| 1 1 
x( )~ce. 
Aner t dyes, der’ dye! dgyrtdyyer* 


(73) 
We have introduced the notation 


1 
dunt = Ty 
Wher HIS 


1 
der’ = — a (dyrnt)*. 
Weeki 18 


Now once again the summation over k’ and k” which 
occur in (72) and (73) have the effect of replacing 
(kk’k’k) by its ensemble average (see Appendix B). 
This is easily seen to be 


‘ Owheréws 
((kk'k’’k)) =———_—___—_-_N (75) 


0? 


The resulting summands in (72) and (73) are smooth 
functions of k’ and k” and therefore may be replaced 
by integrations according to (47). Now making use 
of (48), (72) becomes 
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Y= = 2 ACRRYR k))2ei 


1 1 
x {avon P( ): ilo) Pl ) 
Wkk'’ Wkk’ 


((kR!k’k)) ((kk'k’'k)) 
fay 
Wkk’! 


((RR’R"’k)) 
+ (76) 


again using the symmetry in k’ and k’’. The reason for 
writing A,“ in this form will become clear when 
we discuss (73). We may rewrite the coefficient of 


((kR”R’k)) in (73) as 


= ant 2 5(wee’) 2 |: 


Wkk’! 


((kk’’k’R)) 
" 2ri ky slow] 
b’ ke’! 


dua’ day 


1 1 is 
dyn nye dune td geet dine 7 Pe a 


by direct algebraic transformation. All the integrals 
which arise from the last term are regular, and approach 


zero as s does. Therefore 
1 1 ) 
Apert Anne td ppt 


((kk''k’k)) ——) 


Begs 5 (eee) : 
kit ex 


21 alow] 
wz 


Ayn Ake 
Making use of (75), (76), and (77), and defining 
278 (wk) 


(3 


[L Pk PK PK he — Pee Phi ke Pei'k 
xz( ! ), 
k Agger Akg 


we easily see that 
T.Y=iN JD — wey fy) (79) 

The interpretation of this result is immediate. The 
quantity w,,.") is just the first correction to the Born 
approximation for the scattering from plane wave 
state k’ to k by a single impurity. Nwye? =Wae 3 
just the correction due to all N impurities.’ There ms 
the only effect of T,"” is to replace the transition proba- 
bilities Wie in (51) by Wie +Win-, Le., to use 
the correct transition probabilities to the order in 
question. 

We now turn to the discussion of (70). There are 
two terms, those from the commutator, say T,®(C), 
and those linear in f,, say T,®(f). That is, we write 


Ty? =Ty(C)+-T. (f), (80) 


7See, for example, W. Heitler, Quantum Theory of Radiation 
(Oxford University Press, New York, 1954), third edition, pp. 168 
ff. For the scattering on a single impurity there is of course no 
question of an energy shift. 


(1) 
Du (Were Si 
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where 
Cen OM er 
s: 


Aen 
and 
OAT+LT OU)", 
with 


(T, (2 


l 


ki’ Ape 
(RRR RR) ofa far’ 
—. 
Aker’ dene’ 


ae a 
dyer 


dyn 


dur 


I 
[ Ty (f) > ey 
bk” dee: 


(RRR RR) f fam. 

en 
7 ee App 
(= Ik 
7 Pa d, tk dee 


(84) 


The division of 7, (/) given in (82) comes 
eliminating from (83) those 
indices k, k’, k’’, k’”’ are equal. 

The calculation of 7, (C) is very straightforward, 
using the results of Appendix C. C,” 
by (C.11). The other term is 


Cee OM er 
is i 
p ity Cit. 2iek™ >-'} 
¥ Wkki 18 hk’ 


| AL eee |? 0 0 Pk Pr 
x { (85) 
Wkk’ Ok Ok.’ Wkk? 


about by 
terms where any of the 


is already given 


making use of (C.9). 
| H',4|* by its ensemble average, so that (85) becomes 


n Dik’ 3 é 0 Pk Pee 
fuer t , 
(2r)$ Wkk? Ok, Ok! Wkk? 


where n is the number of impurities per unit volume. 
Putting these results together, we have 


nN 
T; (2)(C) tel: ‘a of — ‘| YPk fa Der’ 
Oka (2)? 
1 /pe pr 2n 
x ( t ao) t fur 
Wiki \ Whe’ (2x)? 


| Pen 127 8 0 Ph Pre 
x t 
Sha ha’ T were 


The usual argument now replaces 


2ieKa® (86) 


Whk’ 
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A word may be said about the significance of the two We next consider [ 7, (f) |’. This may be written 
terms which enter into T,%(C). The C,® term is just 
the correction which arises because the equilibrium dis- (Te (f)=An fi- Le Baer for, (88) 
tribution function is not that of the free electrons, but ai 
that of the free electrons in the presence of impurities. with 
Phe other term, (85), arises from the combined effe ts (kk! k!'k’k)) 
(or interference) between the change in the distribution A,y®= >’ ( aa ite c«:), 
function due to the electric field, and the change due to inti cit 
the collisions with the impurities. and 


roe Pro ee 


| 1 1 1 
Buy® x | caerwrn( a —. f = ) 
den dyn der — den dene tdene® — dene deren t — dere tdyrre dyn 


ki’ kit? 


1 1 1 1 
+ (mW) ( - ——_—— + - hear eee —) 
Dyn dene hn dye dane ene’ dyer td dane — dene there dere 


l l 1 1 
+ (mew #))( . -}- : - . . ee 
Dyne dere td gerne Dene dpe d ge ge * Dene td ene td gerne 0 Pe ad ae 


1 1 
- —__—_"—__-_ - - —_——— }]}, (90) 
ayy dye ger dye, 7 Agger’ dye dye! 
where as usual the matrix elements have been replaced without any loss of rigor by their ensemble averages. By 
interchanging a few summation indices, we may easily rewrite A, in the following form: 


A, =2mi + My 5 (wee) 


kiki’ hel? 


((RR' RRR) ((RR!'R'k’k)) (RR R' Rk) ) 
| , ‘ | ‘0 


Ayer td yer Agee 7 Agger t day 


The reduction of By, is rather tedious but straightforward. Just as in (73), we can show by direct algebraic 
transformation that up to terms proportional to s, which vanish in the limit, we have 


Byy == 2ni > he 5 (wee) 


((RR RU R'’’k)) ((RR UR” RR) ((RR’ RRR) ) 
~ + | (92) 
“ee ee a Agnes dager Dene degen 


The ensemble averages are easily seen to be given by 


A greek - 
((kk’ kk’) [N+N(N—1)bep07, weer), 
oy 
where 


A gr keke SD Dhe ke Dre Dh ke 


Now let us make the following definitions. Put 


dyer dyper* 


1 
Wye 2) = 25 (wee) . By | = 


es iad ities 
. : + 2 ’ (95) 
ad Ma id dune dyyert dyn td yyert 


and 


—s y 


Up = 275 (wer) 
(4 Uae tad 


V dyypitineves tewitienvar Ayawrbuswuw 
: of, (96) 


Dgne dene’ Dene diner Dene dene 
Then [ 7, (/) |!’ becomes 
CT? (PV =in Soe’ (were + there) fe— (Wee + tens) fer. (97) 


The interpretation of the wy, terms is very simple. Just as in (79), wee is the second correction to the Born 
approximation for the scattering of plane wave states k’ into state k by a single impurity.” Nw. =Wixe™ is 
just the correction due to all N impurities. Therefore the only effect of the w terms in (97) on the transport equa- 
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tion is to replace the transition probabilities Wyx,©+Wie? by Wee ©+Wiee?+Wie®, Le., to use the correct 


transition probabilities to the order in question. 


The u terms in (97) also have a very simple meaning. They represent the effect on the transition probability of 
interference between scattering from two impurities, averaged over all possible configurations of the pair. The 
fourth order (the one studied here) is the first order in which such effects occur. In higher orders of course we would 
find interference effects between scattering from three impurities, etc. 

As is easily seen by replacing the sums by integrals in (95), (96), and (97), the w terms are proportional to 


while the “ terms are proportional to n’, as they must be. 


Finally we must consider [7,°)(f) ]’. This may easily be simplified by a little algebra into the following form: 


CT. (A J" = L' (fe— fe) 


k’ sk’! 


—(—= 
(dyxe y 


2) shel (| ex |2)(| Herne |) 


Ayye* 


(98) 


-C€.C. 
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In (98) we have once more replaced the matrix elements by their ensemble averages, as may be shown to be rigor- 


ous. In addition, we have written ensemble averages like (| Hyu:|?| Heew|*) as (| Hew |? 


(| Hare |*). It is easy to 


show that the difference is of the order of 1/N smaller than the matrix elements themselves. 
In (98) the first two terms have a very simple physical meaning. Let us define 


Law|?) 


6. =A,—ihyn.=L 


kl €p— eqn fas ke 


From (99) and (48), 


a= 


(| ee |?) 
P 


De? 
« : 


Agger 


(99) 


(100) 


’ 


hi? Wek? 


Ve Qe (|W cue |*)6 (Wen). 
‘ 


(101) 


The quantity A, represents an energy shift for the state k, the principal value being necessary since we are in the 
continuous spectrum. The quantity y, is just the total transition probability per unit time (to lowest order) from 
the state & to any other state. Thus it is the reciprocal of the lifetime of a plane wave state &. 


With (99) we may write for the first two terms of (98) 


zi (| Hex: |?) : 
~ (fe— fe) —_ (e,° u0)|-ce | 
I 


(dune )* k’ 
to the order in question. If we combine this with (46), 
we see that what these terms do is replace denominators 
€.—€x —15 by 


(exten?) — (ex tex *) —is 


Vb ee! 
= (ex +A,)— (arta) if ts). (103) 
2 


Since 7, is positive, these denominators now represent 
delta functions of argument (€,+A,)— (e,-+A,-) with 
a “natural width,” (ye+»')/2. That is, the transitions 
take place between the states of the same corrected 
energy «,+A, but even this energy is not exactly con- 
served. It is conserved up to an energy of the order 
average reciprocal lifetime of the states in question. To 
this order we may replace every denominator occurring 
in (68) by these corrected denominators, so that if we 
wish we may drop the first two terms of (98) and re- 
member that the corrected denominators (103) are 
always to be used. 

For the last term in (98) we have not obtained a 
simple and clear physical interpretation. 

This completes the discussion of the transport equa- 


| Dene |?@ fa fv) 
(€& +- ¢,°? ) 


| TL" ene |? (fe Se’) 
_ c.c. (162) 


( €,- } €,7(?)*) 18 €; €4° 1s 


tion up to and including terms in A‘. ‘To obtain f, to 
this order, we expand the solution of (68) in powers of 
d and break it off at \°. That is, we can obtain f, from 
fe by a perturbation technique, 

As far as the calculation of expectation values goes, 
all the comments following (53) are still valid, and need 
not be repeated here. 

Finally, we should like to discuss one limiting case 
of the transport equation (68). If we go to the limit 
where there are very few impurities (i.e., where the 
average distance between impurities is much greater 
than the mean wavelength of the electrons) then we 
would expect that the only physical effect entering the 
transport equation would be just the scattering by a 
single impurity. This is easily seen to be the case from 
our explicit formulas. All terms except C,° and the 
Wx terms give higher order corrections in n, 
vanish in the dilute limit.’ Therefore in the dilute case 


and 


* Note added in proof.—The order of magnitude of these terms 
can easily be estimated in the limit where the average wavelength 
of the electron is much greater than the range of the scattering 
potential ro. Denoting a typical electron wave number by k and 
a mean magnitude of the scattering potential by ¢, the ratio of 
the terms of order n? to those of orderj is n(r0°, k)(mo/h?). 
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we just obtain the usual transport equation with the 
usual transition probabilities computed to the order in 
question. This result can be proved to arbitrary order, 
but we shall not give the general proof in this apper. 


IV. ELECTRONS IN A PERIODIC POTENTIAL 


In this section we shall generalize the results of the 
previous two sections to the case where the electrons 
are moving in a periodic potential as well as the ex- 
ternal electric field and the field of the scattering centers. 
We shall take the same type of impurity potential as 
before but shall for simplicity assume that impurities 
may only be found at lattice sites. The perturbation H’ 
is the same (4) the only difference now being that ¢(r) 
represents the difference between the potential pro- 
duced by an impurity atom and that of the original 
atom of the periodic lattice. 

The interaction with the external field is of course 
given again by Hy as in (5). The main change comes in 
H. This is now given by 


p* 


2m 


HT, + l . (104) 


where U is the periodic potential. We shall assume that 
the eigenfunctions and eigenvalues of (104) are known. 
Let us write 


(105) 


Hw, Ef 


Here / stands for the index pair (v,k), v telling us the 
band we are in, and k being a vector extending over the 
first Brillouin zone. As is well known, the functions y, 
may be written as 


w,(r), (106) 


Jf2 


where w;,(r) is a function which has the periodicity of 
the lattice. The y, are normalized to unity: 


[verve bu. 


We shall use as our basic representation the repre 
sentation in which Ho is diagonal (which we shall often 
call for brevity the ‘/-representation”’), just as we used 
the k-representation previously. ‘To carry out the dis- 
cussion of the previous two sections we must investigate 
the matrix elements of H’ and C in this representation. 


We have 


(107) 


Mwy [vended 


ow 


DE ae 
Qi 


Ps 
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where 


(109) 


ou = fe 1k) rey Fw (1) dr. 


Q 


In deriving this we have used the fact that the impuri- 
ties are located at lattice points. Equation (108) has 
exactly the same form as (22) except that 4, is re- 
placed by @i. The diagonal elements of H’ are 


H'y (N Q)odit, (110) 


ou = f | w|*p(r)dr. 


In general the H’,, will not vanish and will be some 
definite function of 1. We adopt the following conven- 
tion: if H’;, does not vanish, we absorb this diagonal 
part of H’ into Ho and take as our unperturbed energy 


with 


(111) 


ef +H' 1. (112) 


€1 


‘Therefore we imagine from now on that H’ has vanish- 
ing diagonal elements. 

A detailed derivation of the general expression for C 
is given at the end of Appendix A. The result is quite 
simple, namely 


Cw 


0 a 
Ok, Oka’ aos 
(113) 


* Ke (0) 
tek, 


In (113) the derivatives with respect to k and k’ are 
purely formal and just mean that these operations are 
to be carried out as if k were a continuous variable. The 
quantity J," is defined by 


1 Owyk 
i= (fw ir ow, 
wrt, Oka 


where w is the volume of a unit cell. 
Once again we may write 


(114) 


Cw = Cw 4+ Cw P+ Cw O+---, (115) 
Cw being of order \". However, Cy has off- 
diagonal as well as diagonal elements in the present case. 
Now everything leading to (25) and (26) may be 
repeated in the lrepresentation. This gives rise to 
equations which are formally identical with (25) and 
(26) except that k is replaced everywhere by /. The 
method of solution is identical, involving a split into 
diagonal and off-diagonal terms in /. Since all the 
algebra is identical we shall only state the results. 
Define 


Rw = (wy 1S) fr, LAI’ 


¢ 
= Ry OR y+: -, (116) 
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Rw =(fi-fvln’, 


sa : fi-fve hue—fy 
Rw =CwOF YD HN we wv — }. 
ied Wil 1S Wy 1s 
This gives the off-diagonal terms up till order \°. The “transport equation” up to the same order is 
| | 


{Cw Hv) {Cu Hrs) 
0=C,O+-C,Y8+C,® +>-’ ~ cc. JHE! CA ) 
v dy 


dw 


4 Cu OH — Hw'Crv\ Hel a 
t a ( . ) ee tid (Wifi WW ll fv) +S+A 
ee dy: dyry dy i 


de (UU) ss | 


Here 


t f 


W vi=2n6(wr) 4 (| Hvi'|?)4 Zz. 
diy tdi dw du dive du 


i 


— 
vee 


puvy) (uv) 
re; 
dy dw 


(fi-fv) 
S=3(\e'|}———( 
lV’ (dw ,P 


ey 


> (Hw? 
ve dw 
, 1@\ / 9 
> ({H’ w+ |?) (|H’vve|?) (fi- fv) 
cr 
vr dip dy: dyyr 
The symbol ( ) means the ensemble average part vg“ and an off-diagonal part v3 
again; that is, we must average the positions of the 
impurities over the lattice points. The quantity Wy, is 
again the total transition probability to order \4 of an 
electron going from state / to l’ and includes the inter : mf 
‘ . + .¢ —~ ’ 
ference effects of the scattering from two impurities. t Okp 
The detailed evaluation of these ensemble averages 
and commutator terms goes very much like the simpler 
plane-wave case. We shall not give these rather cumber- 
some formulas here, but hope to return to them in a 44/2) js the result one usually uses in transport theory, 
later publication. One point of interest, however, b) 
should be mentioned. 
In the plane-wave case we saw that only the diagonal vp => fypwud 9” (Roan 
elements of f contributed to average velocity or current. i 
This is no longer true here, and off-diagonal elements = = 
of the density matrix make contributions to the current. . sete 
The velocity operator is again . . ie i 
, : oe) 5 Suk. of Ta’ "(kh 
vg=i[ H1,x5 ]= il Ho,xp ]. (124) oo Wok, oh BNR) 


viv (ve) Wye yh dS 


Je; 


Df (vp) er; (129) 
tt 


vg”) is new, and may be transformed somewhat. 


f vk, vw kDevk, wk Ta” *(k) 


As is well known, the diagonal elements of vg are given xy > Row nd g”(h). (130) 
by ko ove (ve 
(vg)1 J€,/Okg. (125) 


; To the lowest order (which is A~'), this gives 
On the other hand, vg also has off-diagonal elements, 


which are easily® seen to be (v_()) 
(vg) = —wul pg’ (R)bex, (lA), (126) 


Therefore the average velocity consists of a diagonal 
St CM ned 9 (Rk) —S a" (RH ve, oe). (131) 


® Luttinger and Karplus, reference 2 
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This sum over vy’ is easily evaluated, by using (113) 
with p replaced by H’, and gives 


O(H' 1) 


(19) = fr— (132) 


l Oks 
Therefore (vg) is zero, since we have chosen Hy 
to be. If we had not chosen H’,, zero, then (132) would 
give a contribution which is just of the form of (128), 
and would be the contribution to the velocity due to 
the first-order correction to the energy. 
The next terms in vg (of order \°) are 
k ove’ (ver’) 


te UM a eH, oe) 


ke ove’ (wey) IL’ 


f,~ fv fr -fv . 
x — Tg”'"(k). (133) 
Wi 1s Oy is 


From (113), we have 


(vg) 


Cot OS p'"(R) 


Cy 10k a (pi- pv) J "(Rb xn’, (134) 
where p; is the Maxwell-Boltzmann distribution for //o, 
evaluated in the state /. With this the first term of 
(133) is easily evaluated : 

» ie 


kh opie’ (eee) 


ica Yor X (Sa? (k) I 9k) Ia?” (k)Jat’(k)] 
t * 


A OJ! OT g! 
{ tek, pi nf ), 
Oka 


l Oke 
by using (2.17) of Karplus and Luttinger.’ This term is 
independent of the collision mechanism, and was found 
previously by Karplus and Luttinger. The second term 
of (133) does depend on the collision mechanism, and 
is rather complex. There is no reason why (133) should 
vanish, and in general it does not. It is of considerable 
interest in connection with the Hall effect in ferro- 
magnetics, and we leave its detailed discussion to a 
later publication on that subject. 


Cok, 0 OS 9” "(R) 


(135) 


APPENDIX A. DETAILED JUSTIFICATION OF 
THE ACCELERATION TERM 


‘There are two points in our discussion which may 
appear somewhat mysterious: (1) How is it at all 
possible for an isolated rectangular block of material to 
carry a steady current and (2) why is Cy =—eEk, 
X[p(Hot+-H’), xa lee given by ieZ, (0/dka+0/dka') 
X pax where the operations 0/dk, and 0/dk,’ are formal 
differentiations, as though k, and k,’ were continuous 
variables. This latter result seems puzzling when one 
considers that for a finite block, with center of gravity 
at the origin, x4, =0 which would also make [p(H0),%a Jex 


AND J. 


M. LUTTINGER 


=(), while according to our prescription [p(Ho),%a lee 

— (Bkq/m)K ye ®* [see Eq. (31) ]. 

Since we have obtained physically reasonable results, 
many readers may not be disturbed by these doubts. 
However, for those who are, we shall now give a more 
careful derivation of our basic equations which we 
believe to be free of the objections just mentioned. 

Instead of a block of material containing the elec- 
trons we consider a hollow circular cylinder. In such a 
cylindrical ring a steady current can be set up. For the 
following discussion we adopt cylindrical coordinates 
r, 6, and z. The inner and outer radii will be denoted by 
r, and ro, the mean radius, 4(r,;+72), by 7, and the re- 
maining two bounding surfaces by z=0 and z= L,. This 
cylinder is situated in a spatially uniform but time- 
dependent magnetic field, parallel to the z-axis and 
given by 


Ha= — (2Ec/s#e*. (Al) 


This field is chosen to give rise to an electric field of 
magnitude 


E=E (r/?)e**, (A2) 


and pointing in the direction of increasing 6. For a 
sufficiently thin ring [(r2.—1;)/r1], this electric field 
is almost spatially uniform, so that if s is chosen small 
enough the ratio of the circular current to Ee* will 
give the desired conductivity. 

The unperturbed Hamiltonian (no impurities, no 
field) of this problem is 


1 (i 
aes 
2m \dr’ 


However, since the electron wavelengths in question 
are much shorter than the macroscopic mean radius 7, 
we can without appreciable error neglect (1/r)(0/dr) 
in comparison with 6?/dr*. Further, since the ring is 
thin we may replace (1/r°)(d?/00@*) by (1/#)(0?/06*). 
This suggests the introduction of the following notation: 


g _ 76, > 

110 
Pr = per ’ 

1700 


10 1 


ror ror 


7—T), f=2, 


10 
P; = ° (A3) 


1 02 


10 
P,= See 
1 or 
Evidently the new variables satisfy the canonical com- 
mutation relations. In terms of these, the total Hamil- 
tonian to the first order in E°? is 


Hr=Hyt+H'+Hp, (A4) 


where 
Ho= (1/2m) ( >P+P 2+ Py), 
H’=V (é,n,6), 
Hp=(H,/s)e", 


(AS) 
H,=[eE/m]P,, 


which corresponds to Eqs. (2)—(15) in the text. If we 
call 


L,\=2nt, Le=n—r, Ls=Li, (A6) 
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the physical boundary conditions satisfied by the wave 
functions y are 

¥=0 for n=O or lo, §=O0or Ls, (A7) 


and 


W(E+Li, 0,6) =0(En,8) ; (A8) 


the last of these represents the singlevaluedness of the 
wave functions. 

Now it can be easily shown that our results do not 
depend on the exact boundary conditions imposed at 
n=0 and J», and at ¢=0 and JL, as the current flow 
takes place in the & direction. 
therefore replace (A7) by the periodic conditions 


Ow Oy’ 

gases (EY) EN 
On7 Lt On ¢.0,¢ 
Oy 


ya 
CF tna oF bse 


0 ¢ 


For convenience we 


(A7’) 
(En, 13) ¥(E,n,9) ; ( 


The conditions (A7’) and (A8) correspond exactly to 
the periodic boundary conditions used in Sec. II. As 
the basis for our representation we shall use the eigen- 
functions of Hy which satisfy (A7’) and (A8). These are 


1 


kiE+kont kat) 


where k stands for (k,,k2,ky), r stands (from here on) 
for (&n,¢), and Q=L,LoL3. 

In analogy with our development in the text, we now 
write the total density matrix as 


pr=ptpr, (A10) 


where pr represents the correction linear in the electri 
field. pr satisfies the equation of motion: 


Hr,pr |. 
Substituting (A10) into (A11) and making the “Ansatz” 


1(dpr/0l) (A11) 


(A12) 


gives 


(L410 }—iLH,C J], 


5 


isf C+(H,f j+ (A13) 
where H=H +H". Evidently (A13) will be satisfied if 
C obeys 

iL H,C|}=(Aie] (A14) 
and f satisfies 


isf=—C+[H,f]. (A15) 


While C is defined by (A14) only to within an operator 


E 
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which commutes with H, the total pp= — (i/s)C+ f is, 
of course, unique. 

We shall now show that 


C=1eE (dp/dP») (A16) 


is a solution of (A14). Here 0/0P; represents the formal 


derivative of the operator p, the latter being expressed 


Py: 


as function of &, n, 


1 
| (PE+P2+P2)+AV (Eng) | 


2m 


(Al7) 
This may be seen as follows. With (A16), we have 
iLH,C }=i(HC—CH) 


Op Op 
(Ho+AV) 


- r| 
OP; 
OH OH 
no p—p ) 
OP: OP; 


[H 1,P |, 


(Ho+Al | 
OP; 


(e/m) EU Pp | (A18) 


since V is independent of P¢. 
We shall next show that the matrix elements of C, 
as defined by (A16) are given in our representation by 


0 0 
Cae ick ( | Jou. 
Ok; Ok,’ 


(A19) 


where 0/0k; and 0/0k,' are formal derivatives. ‘This is 
the result used in Eq. (C7). These matrix elements are 


1 Op 
Cre’ ick fe ther , 
Q) OP: 


'dr 


p(P,r) je* "dr, (A20) 


X[p(P+.e,7r) 


where ¢ is a numerical vector in the & direction. | That 
is, P+-e= (P;+ |e|, P,,P,). | Equation (A20) follows di 
rectly from the definition of the formal derivative. Now 
(A21) 


rapier 


p(P+.e, 7) =e **"pe*’’,” 


because the operator e'* produces a displacement in 
momentum space. Equation (A21) may also be verified 
directly by expanding in a power series in the mo 
mentum. Inserting (A21) in (A20), we have 

teh 1 


lim 


4) | 
|-*0 


Cr’ 
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By definition of the formal! derivative with respect to 
k, and k,’, (A22) is identical with the expression (A19). 

Hence, in the present formulation, the correction to 


the density matrix is 


cE dp 
pr 
s OP; 


where the 7 is the solution of the same transport equa- 
tion as in the text. 

We must still verify that, despite the extra term in 
(A23), we get the same physical current as before. Now 
in the present formulation the operator for velocity 


along the € direction is 
cE 
. ) 


1 
(7 T 
m 


This expression is obtained formally from the relation 
€=i| Hr, | 


and may also be derived less formally by consideration 
of the motion of a wave packet. The expectation value 
of v, is given by 


(A23) 


u= (A24) 


dp= Tr(prv,) 


1 ek £ dp ek 
f~-P i t+ ( \r tp | 
_ Mm sm NOP; sm 


on 're 
1 ec ~@ 

of tr( fr) { n( ord) | (A25) 
m sm OP; 


The same technique which led to (A19) now gives 


0 
(pPs) 
OP; 


whose sum over k vanishes. Therefore 


1 
ae tr( J—Pe), 
m 


Bloch Case 


ra] 
(pPs) kk; (A26) 


kk OR 


as required, 


The problem of electrons moving in a cylindrical 
ring with impurities as well as a periodic potential U 
can be treated in a very similar way. The unperturbed 
Hamiltonian becomes now 


Ho=(1/2m)(Pe+Pe+P2)+U (Ens), 


while H’ and Hy are unchanged. This leads again to 
the equation 


(A28) 


isf=—C+(H,f), 


where C must now satisfy (A14) with the present H/, 
which includes the periodic potential. The solution is, 


(A29) 


J. 
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as before 


C=ieE (dp/dP)). (A30) 


Next we want to obtain the matrix-elements of C in 


the representation of the Bloch waves 
Wilr) = (1/24) wi(r)e***, (A31) 


where / represents both quantum numbers v and k and 
w, has the same periodicity as U. Clearly, in analogy 
with Eqs. (A20) to (A22), we obtain 


1 : Op 
Cu = ick f wite ther___agy, ik’ "dy 
Q OP; 


1 
=~ieE lim - [wie ll eal iis 
2 le|--0 | e| 

K wye*’ dr. 


(A32) 
Now we write 


Wy, 4*€ (hte) -rosay, . %e i(kt+e) +r il ( ther 


Wok € 
Ok, 
(A33) 
7] 


, , , F 1] ,. 
Wy, pe +e)-r Wy’, eee PO) °F cnn d( wr Jee i 
Ok,’ 


which gives 
7] 
+ )ow 
Ok,’ 


0 
Cw en (- 
Ok, 


1 Ow* Owy 
- fe | pwy+wi*p - Jew var] (A34) 
Q Ok Ok,’ 


To obtain Eq. (113) of the text, we note that 
ik’ «7 — 9 ik’’-r 
pwye'® r= Si ywye® "py, 
(A35) 


on te-h- toa 5 weit!’ 
wire p= vpw we *', 


so that the second term of (A34) becomes 


ie ow,* 
= ‘ € ae pretkor pve 
Q Ok 


wy 
an (ca “e ow) Ni. (A36) 
Ok, 


Now, denoting the volume per unit cell by w, we have 


1 Owy 
‘ frre ik!’ sr -e**' -rdy 
Q) Ok,’ 


1 Owy 
= few z dr Youn =I" 
W w Ok,’ 


where J,"’" is the same expression previously defined 
in (114). Similarly, using the orthonormality of the y, 
we find 


(A37) 
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— € ik rw e*' dr 


= f— Substituting these expressions in (A34) gives 


Q Ok 0 0 
1 ow)* Cw . ies ( + Jou 
—_ (f : ter You Ok, Ok,’ 


wrt\J, ok 
tT perv pur di") |, (A389) 
" 


1 Owy 
S (fur ir Jou — J” (A38) 
w Ok,” which is equivalent to Eq. (113) of the text. 


w 


APPENDIX B. ENSEMBLE AVERAGE THEOREM 


Consider the quantity 


1 
M=- > ~~ expl—i(k—ki)-riy | exp[ —i(ki— ke) «rig |- - -expl—t(Rna—k) rin |F (Riko, + Rn), (BI) 
QU” kiss sknet fred N 
ineteN 
where r; denotes the location of the impurity i, N=total number of impurities, &2= volume of container, and 
F(ky,-++Rn»-1) is a smooth function of its arguments. The function F approaches zero for k,b>>1, where 6 is a length 
much smaller than the size of the container and independent of it. 
We shall show that for the overwhelming majority of all arrangements, the difference between M and its “en 
semble average” (M) becomes negligible as 2—> «, with (N/Q) remaining fixed. (M) is defined by 


dr, dr. = drn 
(M) fof meee M (r\,%0,°° «1N), 
0 92 Q Q 


and is just the average of M over all possible arrangements of the impurities. 
In general several of the 7,, will be equal. We now break up M into a number of terms 


M=)> Maz, (B3) 


where each M, contains all the terms in M which differ only through an interchange of the impurities, e.g., My 
might contain all the terms in M in which all 1,, are equal to each other, M, those in which 1) = 1, and tg 14 ++ ty, 
but 7;%73, and so on. The general M, will have the form 


1 
M. > = exp(iKy-riy) exp(iKe- rig): + -exp(tK m-1°Tim—1) exp[ —i(Kit +++ +Km-1) ‘rim | 
()” i; =1,---N 
in =1,+ °° 
1; M4 


XG(Ky,°+*Km-1; Km,***Kn-1), (B4) 


where m and the K, will depend on a; the K, are certain linear combinations of the original variables k;, spanning 
the same space; G(Ky,: ++ Kn-1) =F (hi,° + -Rn-1). 
We shall now demonstrate that 


|(Ma)|2=(MaM *)[1+0(1/N) ]. (BS) 


It is elementary to verify that this is equivalent to the assertion that Ma—(M,) is negligible compared to (M,), 
for the overwhelming number of arrangements. Since M is the sum of a finite number of M,,,the difference between 
M and (M) must then also be negligible compared to (M). 

To prove (B5) we first note that 


1 1 
(Ma)=—N(N—1)-+-(N—m+1) ¥ G(0,-+-0; Km: **Kn—-1)=—N(N—1)---(N—m+1)(Q""-"/), (B6) 
(jn K ¢ 


{2 m, *‘Kn-i {)” 


1 mm” 
I |—] foo fake dke G(0,:--0; Ka: Ke). (B7) 
(2m)? 


Since m is a fixed number independent of NV, we therefore have 


(Mq)=(N/Q)"1[1+0(1/N) |. 


where 
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To calculate (M,M,*), we first write down 


1 
M.* > = exp(—ikKy’-riy') exp(—iK¢ -ria’)- + -exp(—iKm—1'rim-1’) 


Xexpl—i(Ki' +--+ Km—1')tim }G*(Ky'+++Km1'; Km',:**Kn-1’). (B9) 


When we multiply M, by M,"*, the resulting terms fall into two essentially different groups. In the first group, 
the contribution of which we will denote by (M,M,*); no members of the set i;,---im, 71’, «+ im’ are equal; the 
second group (M,M_,*) 1 contains all the remaining terms. 


Clearly 


((M,M,*);) N {N92 . iz G(0,---0; Km, *Kn 1)G*(0,:+ +0; Km's ++ Ka 1’) 


Kn—-1’ 
N 2m 1 
( ) 7) 1+0( I (B10) 
2 N 
This is just equal to |(M,)/|* [see Eq. (B8) }. 


The ensemble average of (M,M,"*)\; is of a smaller order of magnitude. As a typical set a te rms contributing 
to (M.M,*)1, consider those in which i;=i;’ but there are no other equalities in the set i), - ++i’. Their ensemble 


average is 


-(N—2m+2) 5 > (Ky, K1/)6(K2,0)- + -6(Km_1,0) 


o— 
Ky Kn-1i Ky Kn-i’ 


, { _- 1, 0)5( Ky’ ,0)- 5 ‘6( Ky, 1',0)6(K,’ + aa + Re ee 0)G(K,,: ‘ ‘Km 1; | Fe : ‘Ry 1) 


1/N\™" 1 ! 
xG*(Ky',: ’ ‘Km i’: ge ‘Ky 1’) . ( ) 4 [1+0( )} (B11) 
N\Q N 


where the notation 6(A,B) is used for the Kronecker symbol. The essential role of the factors 6(K 1+ - - - +Km-1, 9) 
and 6(Ky’+-+++K,—1’, 0) will be noted. 


Exactly the same reasoning applies to the other terms in (M,_M,*)11. Therefore, we have shown that for a suffi- 
ciently large sample, M may be replaced by its ensemble average. 


APPENDIX C. EXPANSION OF C 


In order to obtain the expansion of the commutator C in powers of \, we need first the expansion of p. We may 
write 
p=Ke- Plot’), 
Ls Trfe Amor”) 


Now it is easy to establish the following expansion" 


(C1) 


(k| eB Moth) | p!) = eB ek§,,, Hiuy'4 
Wkk’ iz Wk’ hk! 


y Bek’ 9 Bek <a Ber’ 9 Ber oe her —e “| 
—|+ 


Wk’ Wkk’? 


In this expression the terms with vanishing denominators have the limiting value obtained by letting them ap- 

proac h zero smoothly. 
For K we obtain, to second order, 
K l . e Ber :¥ HH ee 12 


S 
, a 
hk kk 


|" Bek(] + Burp,’ ) € “] 


Weer” 


” See, for example, R. Karplus and J. Schwinger, Phys. Rev. 73, 1020 (1948), Appendix I 
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since we have assumed H;,,'=0. If we write 
K: ” K(1 +y¥), 


we obtain 


—¢ id 
2 ) 
Wkk’ 


In (C5), just as in the discussion of the transport Eq. (34), we may replace |H),-’|? by its ensemble average, 
and obtain 
ae € Bek(] + Bad &*) é Bek: 
¥ Ko>d. ¢ H’ yx: |?) 
kk’ Wkk ? 
e fue 
Kod (| H' nx: |*)8 = 
kk’ 


Wkk’ 


if we interchange the indices k and k’ in the last term. In this term we must interpret the denominator as a prin- 
cipal value when it vanishes, since the original expression for y is perfectly regular when w,, approaches zero, 
Therefore, we write 
|’ ks 
i bi K Be Bek 3 P 
’ k’ 


Wkk’ 


n Dun ss 
=Ke~e—Te ro fan’ 


(2mr)* & 


Wkk’ 


We note for future reference that y is proportional to m, the density of impurities 
From (27), we have 


0 0 
Cie = iekt( + Jou ' 
Oka Ok,’ 


0 a] Pk Pk’ LD! pe AD ee [pee = pa Pio Ps ss 
1eL4°(1 ry) t PrOkK’ t Hk { . (¢ /) 
Oka Ok,’ ‘ Wkk’ sis Wk’ kh’ Wh 


pr= Ke FP, (C8) 


Here 


the zeroth-order distribution function 
In the evaluation of T,°°)(C), which is as far as we go in this paper, all we need is Cy) (R#R') and Cy. From 


0 0 Pk Pk’ 
Cy tek °H xx’ +- P (¢ 9) 
? Oka Ok, Wkk’ 


Ops 0 ; ] Pk Pk 
C,” iek.,° 7- > H' vy |? t py, 
Ok, Ok, Wk Whkk? 


0 | Pk Ph 
iele,° Ypi > 1 ue |? + Spy | 
Ok, Wkk’ Wei 


Again, in (C10) as in (C5) we may replace | H’,,'|* by its ensemble average, and obtain 


0 n din |? Spe— pre 
iel.,° YPs fw t px 
Ok (2r)* Wk k’ DW kh 


a 


(C1), these are given by 


Since y is proportional to n, so is Cy. 
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APPENDIX D. TIME-DEPENDENT PHENOMENA 


We shall consider in this appendix another method of 
arriving at the transport equation. This method has 
the advantage of being able to treat the approach to 
the steady state (or to the equilibrium state) as well as 
the steady state itself. Instead of turning on the ex- 
ternal field slowly, we imagine the following situation: 
Up to time t=0 we have a collection of electrons in 
equilibrium with a heat bath at same temperature 7’, 
and there is no external electric field present. Then at 
t=( the contact with the heat bath is broken and the 
full electric field is turned on. This collection of elec- 
trons is now described by a single-particle density 
matrix pr whose time development is given by (8), 
where H7y=H-+H, and is independent of time. The 
problem is to find a solution of (8) which reduces to the 
equilibrium distribution p [given by (10) | at ¢=0. 

To solve Eq. (8), we make what is essentially a 
Laplace transform of it. Define 


F(s) f e"'pr(t)dl. 


Since pr is Hermitian and (D1) is a real operation, F(s) 
is also a Hermitian operator. Without the factor s this 
would simply be the Laplace transform of pr. This form 
has certain minor advantages for our problem. If we 
1/to, then (D1) becomes 


(D1) 


write § 


1 x 
f e "pr (t)dl, 
loo 


which is essentially an average of pr, averaged over a 
time of order ty or 1/s. [We might call (D1) the “Laplace 
average” of pr. | 

From this interpretation as a time average, we see 
that if pr approaches a constant value, then 


F(s) 


limpr(t) = lim F(s). (D2) 
t+ 0, 
This theorem can be rigorously proved." If pr oscillates, 
then the right-hand side of (D2) gives the value of pr 
at very long times averaged over these oscillations. 
This is, of course, just what we want physically, and 
therefore the object which will interest us is F(s) for 
small positive s. 

If one is interested in finite times, then it is necessary 
to use the usual inversion formula 


1 vm =F (5) 
J ” ds, 
2ri 5 


C—t8e 


ar(t) (D3) 


‘Taking the Laplace-average of (8), we obtain 
is[ F(s)—p ]=[Hr,F(s) }. 
Defining 
F(s)=pt+f, 


"See B. van der Pol and H. Bremmer, Operational Calculus 
(Cambridge University Press, New York, 1950), p. 122 
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and only going to the first order in E,, we obtain 
isf=(Hip}+[H,f]: 


This equation is identical with Eq. (17) which is also 
needed for very small positive s, and therefore from 
now on the treatment is identical with that of Sec. II 
and, of course, yields the same answers. 

From our present point of view, however, it is also 
possible to study the actual approach to the steady 
state. We shall not give a detailed analysis of this 
problem, but only indicate how it goes to the lowest 
order in \. To this order, f, satisfies Eq. (46) of Sec. 
II. Using the inversion (D3), we obtain 


(DS) 


Opyx(t) Opr N 
=—ek,° 


al Oka 


" | 14 
pir’ |? 


()? kh’ kh! Ak 
x2 f Fault 1)~pult~s)} cols, (0 
0 


where p;(t) is the term in pr linear in the electric field. 

This equation is rather different than the usual 
equation which describes the drift towards the steady 
state. In the conventional Boltzmann equation the 
rate of change of the distribution function at a certain 
instant depends only on the value of the distribution 
function at that instant. In (D6) on the other hand, 
the rate of change of the distribution function depends 
on all its previous values up to the instant in question. 
The more usual result is an approximation which is 
valid only if the relaxation time /, is much greater 
than a typical “atomic time” ¢, (see discussion im- 
mediately following Eq. (48) for definition of ¢,). 

To see this, let us formally expand py.(t—r) in 
powers of r and consider the contribution of the first 
two terms to (D6). We have 


t t 
ff emt ~7) COS(wex7) dT ult) f COS(w4% 7dr 
0 


0 


Opix(t) $ 
f 7 COS(Wyx TdT +++". 
at 0 


The first term is easily integrated, giving 


: sin (44) 
COS (W447 dt =- , 
0 


Wk’ 


(D8) 


As long as ¢ is much greater than an atomic time fa, 
this expression may be replaced in (D6) by 18(wex-), as 
is well known. The second term is most easily evalu- 
ated as follows: 


t a t 
f T COS(w,yT) dt =- f sin (wx) dT 
0 A (wee) 0 


0 ( 1— ene) 
O (wer) Wkk’ . 
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The quantity being differentiated becomes, in the limit 


of {>>t,, just the principal value of 1/w,4-, so that we 
may write 


t 
f piz(t— 7) cos(wyg 7) dr = pix (t) 15 (wyy’) 
v0 


Opix(t) 0 1 
Sah etnies P( Ye 
al O (wee) Wkk’ 


In estimating the relative magnitude of the first two 
terms in (D9), we note first that 


(D9) 


Opix (L) /al ~ piz(t)/t,. 


On the other hand, if (D9) is inserted in (D6), the 


factor 
0 1 
ft) 
Owe) \weee 


will give something of the order (@)~! times what the 
factor 15(wx) gives (@ being a typical energy arising 
in the problem, a~/,~'). Therefore, the ratio of the 
second to the first term is of the order /,/t,. Taking the 
first term gives the usual Boltzmann equation, as is 
easily seen by substitution. [The particular method 
given here for obtaining the Boltzmann equation from 
(D6) is due to Mr. S. T. Choh. ] Thus, the usual Boltz- 
mann equation describing the drift towards equilibrium 
is valid only if the relaxation time is much greater than 
an atomic time, and after a length of time much greater 
than an atomic time. Under other circumstances the 
more general (D6) must be used. 

We may also use the above formalism"to study the 
“free” relaxation. That is, suppose at time /=0 the 
ensemble of electrons is described by a density matrix po 
which is not the equilibrium density matrix p(H). We 
want to investigate how the distribution approaches 
the equilibrium one, there being no electric field present. 

Instead of (D4) we now obtain 


(H,g(s) J, 


where g(s) is the Laplace average of the total density 
matrix for the ensemble. If we write this as 


1S po t LH,g(s) |, 


isl_g(s)—po (D10) 


isg(s) (D11) 


we see that the equation is formally identical with 
(D5), f(s) being replaced by g(s) and the commutator 
[H,,p | by ispo. Therefore, the entire analysis may be 
formally carried over. ‘To the lowest order in A and 
for the case /,>>t, we obtain 


Op, (t) ss : 
> Wee Loe (tL) —pe(t) |, 


al ki! (hk! #k) 


(D12) 


the usual kinetic equation. In higher orders, or if ¢, is 
not much greater than ¢,, the kinetic equation is re- 
placed by something more complicated. 
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As a final application of these methods we consider 
the case where the external field is periodic in time with 
an angular frequency of, say, w. Then once again we 
must solve (8) subject to p=p(#H) at /=0 and with 
Hyr=H-+H, coswt. Writing again pr=p+pr, and going 
only to the first order in the field, we obtain 


i(Opr/Al)=[H,,p | cos(wt)+[ Hype]. —(D13) 


Let us write 
pr=4[pt (de''+-p- (Ne *]. (D14) 


Clearly p~ is the Hermitian conjugate of pt. Inserting 
this in (D13), we obtain for p*(¢) the equation 


[H,o |+(CH,p* J. 


1(dpt/dl) —wpt (D15) 


The Laplace-average of this gives (since pt=0 
at /=0) 


isft(s)—wf*t(s)=[Hi,p }+(L,ft(s)], (D16) 


where f*(s) is the Laplace-average of p*t(). We need 
f*(s) for small s again. (D16) is identical with (D5) 
except for the additional term (—w/*) on the left-hand 
side. This can be taken into account very simply: in 
the energy denominator in the nondiagonal equations 
wee is replaced by wx +w, and in the diagonal equa- 
tion we have an extra term wf,* on the left-hand side. 
The method of solution is, however, identical and we 
obtain to lowest order 


Ope N . 
wf! tel, + Qn 2. Pick’ 1? 
Ok ()? kh’ (k’ Ak) 


a 


Kb (wen tw) fet — fet). (D17) 
Unless the external field oscillates with a frequency 
comparable to an atomic frequency the w is completely 
negligible compared to the wxx in the 6 function, and 
we obtain 
Ops 
ek,° { ei 


Ok hk’ (kh' Ak) 


W ene?(fre?— fat). CD18) 


tw fy, 


This is just the equation one ordinarily would use, 
since after long times 


pr =4(fte‘'+ e tut) | 


In higher approximations the situation is again more 


(D19) 


complicated. 


APPENDIX E. JOULE HEAT 


To obtain the Joule heat we must solve (8) correct 
to the second order in E,. Let us write 
(F1) 
Sub 
stituting in (8) and equating equal powers of Ea, we 
obtain 


pr= pt prt pr, 
where py is linear in the field and p, is quadratic. 
Hyper J + Hp: |, 


1(Op2/dl) (2) 
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pr satisfying (13). Using (15) and (16) this becomes 


i(Op2/dt) =(H,,f \e*"+ (Hp: |, (E3) 


(E3) has the solution 
po= ger", (F4) 
yielding 


(H,f J+ A, ). (E5) 


Now we are interested, in the quadratic correction 
to the mean energy of the system (apart from the 
interaction energy with the external field). That is, 


().=Tr(poll) =e" Tr(gH). 


To obtain this trace, we need only multiply (E5) by 
. H and take the trace. Then 


2is Tr(gH) =Tr({ Hy, f \W)+Tr([ Hg |). 


2isg 


(K6) 


(E7) 
Making use of the formal operator identity, 


Tr(A[B,C])=Tr({A, BIC), (E8) 


Eq. (7) becomes 


2is Tr(gH) =Tr( f{ H,H, }). (E9) 


However, 


| H,H, | cE, [H,xq|=ieEg™ te, (E10) 
so that 


ek, 
Tr(gi/) 


(E11) 


d, is just the average velocity as computed from f. 
Therefore, the quadratic correction to the energy at 
any time ¢ is 
cE. 0. 
(Ms e 


ds 


(E12) 


On the other hand, the power absorbed per unit 
volume due to the Joule heat is just 
P() = Ea()ja(t) = Ea ja(tye", (E13) 
where jq(t) is the average current density of an electron 
at time /. This is 
, 
de". (E14) 


() 


ja(t) 


Therefore, the power absorbed for the entire volume, 
P(t), is 
P(t) (E15) 


cE bee*"'. 
The total energy absorbed up till the time / is clearly 


t eh te" 
f P(t)dt= , 
2s 


© 


(E16) 


which is identical with (B12). 
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Incidentally, the same method of proof shows that 
there is no linear correction to the energy. Multiplying 
(13) by H and taking the trace, we obtain 


(A), =e" Tr(Hf) 


at 


=—{Tr(H((H,f}+(He))))=0, (E17) 
1$ 


by (E7). 

The somewhat formal operations implied by using 
(E7) may easily be verified with the explicit expressions 
given in the paper. 


APPENDIX F. QUANTUM STATISTICS 


When the electron density is sufficiently high, the 
exclusion principle must, of course, be taken into ac- 
count. Provided that the dynamical interaction of the 
electrons is still neglected, we shall see that the only 
change required in our formalism is a change in the 
form of the equilibrium density matrix: instead of the 
Maxwell-Boltzmann form (10) we have to use the 
Fermi-Dirac expression 


p=1/[e#-P+41), (F1) 


where ¢ is the chemical potential determined by the 
density of the electron gas. 

It is convenient in this derivation to make use of the 
formalism of second quantization. All operators are 
then thought of as being operators in occupation- 
number space. The wave function y of the system be- 
comes an operator 


y => ay, (F2) 


where the y, are some complete set of functions for a 
single electron. The a, are the destruction operators 
which satisfy the commutation relations 


7 (F3) 


a,a,t+ a,’ta, = 


where a,' is the adjoint of a,, and is the creation operator 
for the state r. The operator representing the number of 
particles in the state r is 


(F4) 


Nye =Or'a,. 


Consider now a “one-particle” operator. That is, an 
operator of the form 


Rr => Ri, 


where R; depends only on the dynamical variables of 
the ith electron. We introduce the notation Rr to 
mean the form of this operator in the second-quantized 
formalism. Then, as is well known, 


(FS) 


Rr=> a,ta,R,,, (16) 


where R,, are the ordinary matrix elements of the 
one-particle operator R, in the r representation. The 
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total Hamiltonian is of this form, so that we have 


Ar=> a,;'ay(H1)¢. 


(F7) 


Calling the density matrix in this representation pr, 
we have for its time development 


Opr 
i—=[Ar,pr]. 
al 


(F8) 


In order to calculate the expectation value of any 
one-particle operator such as the current, we need the 
trace of the product of this operator with pr. Therefore, 
we need objects of the form 


(R)=Tr(prRr) =>. Tr(pra, tay) Rey 


=  & [Ree (pr)er |, ( i9) 


where 


(pr) re = Tr (prar',ay). (F10) 


Equation (F9) may be written 


(R)=Tr(Rpr), (F11) 


where Tr means the trace in the r representation, and 
we are viewing (pr),, aS a matrix in that representation. 

To find the equation satisfied by (pr),,, we multiply 
(F8) by a,-ta, and take the trace. This gives 


10 (pr) rr/At 
= Tr(a,ta,{ Ar,pr }) 
=Tr({a,ta,,Ar |pr) 
iia TrL> (a, tap (Ar) pp 


(12) 
apa (Ar) pr )pr], 


where we have made use of the commutation relations 
(F3). Using (F10) we now have 
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id (pr) rr’/ al 
= Sel (Ar) re (pr) er 
(Hr,pr) rr. 


(pr) re (Hr) pre | (13) 


In matrix notation, 


10pr/dl= [ Hry,pr |. (14) 


Therefore, the object which we need, pr, satisfies 
the same equation of motion that the pr satisfied 
without statistics. The only difference is that the un- 
perturbed value of pr is now different. Without the 
electric field we have pr 
defines the equilibrium state of a collection of N 
dynamically independent Fermi-Dirac particles 

Let the equilibrium value of pr be called p. Then 


p, the density matrix which 


pre = Tr(pa,ta,). (115) 


To find what this is, choose for r the representation 
which makes H diagonal. In this representation p is 
diagonal in the corresponding n,’s. Therefore, we get 


pre = Tr (pa,ta,)6,,/ 


ie (I'16) 
Ur (pny)brr. 


The quantity multiplying 4,,- is just exactly the defini 
tion of the Fermi-Dirac distribution function for the 
state r. Therefore, we may write (1°16) in the form (F1), 
which proves the original assertion. 

The same method of proof goes though if one has 
Bose-Einstein statistics instead of Fermi-Dirac. 

Finally, we notice that, as a consequence of this 
theorem, when we derive the transport equation we 
still obtain the same collision terms as previously. 
These are linear and f, and not of the form {,(1— fy), 
as has sometimes been suggested. This difference can 
lead to physical consequences when, say, there are 
spin-orbit forces .present, and the transition proba 
bilities are not symmetric in k and k’ 
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Band Structure of Graphite and de Haas-van Alphen Effect 


J. W. McCrore 
National Carbon Research Laboratories, National Carbon Company,* Cleveland, Ohio 
(Received July 3, 1957) 


The de Haas-van Alphen effect in the magnetic susceptibility of graphite has been interpreted by applying 
the susceptibility formula for general bands of Lifschitz and Kosevich to the band model of Slonczewski. 
The majority electrons and holes are responsible for the two periods of oscillation of the susceptibility. The 
analysis yields information concerning the band structure: (1) the total band overlap is about 0.03 ev, (2) the 
energy difference between the two doubly degenerate bands at the corner of the Brillouin zone is about 0.025 
ev, (3) yo must be larger than about 1.2 ev, and (4) the relation y,; =0.04y¢ holes approximately (where both 
y's are in ev and correspond to Wallace’s notation). Calculated carrier densities are 2.4 10~5 per atom for 
electrons and 1.8 10~* per atom for holes, in rough agreement with estimates made from galvanomagnetic 
data. Rough agreement with electron specific-heat data is also obtained. 


1, INTRODUCTION 


HE current carriers in graphite occupy a very 

small fraction of the Brillouin zone. Because of 
this, and because of the large anisotropy of the crystal 
lattice, it is possible to write formulas for the energy as 
a function of wave number which involve six unknown 
constants. The band model is described in Sec. 2. Some 
of the band parameters are determined in Sec. 3 by 
using information gained from de Haas-van Alphen 
experiments. The results are consistent with the gal- 
vanomagnetic data and the low-temperature specific 
heat. 

The crystal structure of graphite is depicted in Fig. 1. 
The atoms are arranged in hexagonal layer planes, the 
spacing between nearest neighbors in the planes being 
1.42 A. The planes are stacked in abab order, 3.37 A 
apart. ‘The ao and co distances are 2.46 A and 6,74 A, 
respectively. Note that, of the four atoms in a unit 
cell, A and A’ have neighbors directly above and below 
in adjacent planes and that B and B’ do not. (For 
convenience, we always imagine a Cartesian axis system 
embedded in the crystal, with the 2 axis vertical and 
parallel to the co axis of the crystal.) The Brillouin zone 
is a thin hexagonal pillbox, shown in Fig. 2. Because of 








Fic. 1. The graphite crystal lattice. 


* A Division of Union Carbide Corporation. 


the large anisotropy in the crystal structure, it is a 
useful starting approximation to discuss the properties 
of a single layer. This was first done by Wallace,' who 
found that the highest occupied band and the lowest 
unoccupied band (which we shall call the valence and 
conduction bands, respectively) are degenerate in en- 
ergy at the six zone corners (the Brillouin zone for a 
single layer being simply a two-dimensional hexagon). 
Later calculations of the single-layer band structure by 
Coulson and Taylor,? Lomer,’ and Corbato‘ agree that 
the valence and conduction bands are degenerate at 
the zone corners. Furthermore, there are no other 
bands with energies near the degeneracy energy, so 
that the only part of the band structure important for 
transport phenomena is the region near the zone corners, 

Interaction between layers lifts some of the de- 
generacy. The splitting is small (about 0.1 ev) com- 
pared to the band width (about 15 ev), but is appreci- 
able compared to the kinetic energies of the carriers. 
In the three-dimensional case there are two conduction 
and two valence bands (not counting spin degeneracy), 
two of which are required by symmetry to be degenerate 
along the vertical zone edges (HH and H'H’). Wallace’s 





Fic, 2. The reduced Brillouin zone for graphite, showing 
the coordinate system used 
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BAND STRUCTURE 


three-dimensional calculation,! which was a tight- 
binding calculation taking into account nearest-neighbor 
interactions only, has one conduction band degenerate 
with one valence band along the vertical zone edges, 
but no band overlap. A calculation by Johnston® 
which took into account more distant neighbors gave 
extra degeneracies near the zone edges and a small 
overlap between valence and conduction bands. A 
later calculation by Johnston® reveals a larger band 
overlap due to the dependence of the degeneracy energy 
on k, (along HH and H’H’). The possibility of overlap 
of this kind has been pointed out by Slonczewski’ and 
also found by Horton and Tauber.*® 

In the face of the increasing complexity of the band 
structure, it is natural to turn to group theory to estab- 
lish which types of structure are possible. Group- 
theoretical studies have been made for the single-layer 
Brillouin zone by Lomer’® and Slonczewski,’ and for 
the three-dimensional zone by Carter.’ Slonczewski’ 
and Slonczewski and Weiss! (henceforth called SW) 
have combined group theory and perturbation theory 
in a calculation which will be described in the next 
section. 


2. BAND STRUCTURE MODEL 


The basic idea of the Slonczewski-Weiss model can 
be stated very simply: previous calculations show that 
the interesting part of the Brillouin zone is quite near 


the vertical zone edges (no further from the zone edge 
than about one percent of the distance from the zone 
edge to zone center); thus, it is sensible to make a 
Taylor expansion of the Hamiltonian in terms of x, 
and x, (distances from the zone edge in the x and y 
directions). However, in the z direction, a Fourier 
expansion of the Hamiltonian is made as the layer 
planes are widely separated and the series is rapidly 
convergent (a case of ideal tight-binding). From a 
study of the symmetry of the lattice, they find it 
possible to write the eigenfunctions corresponding to 
any point on a zone edge in terms of Bloch sums of 
single-layer eigenfunctions, For points not on the edge 
they use the method of Bouckaert, Smoluchowski, and 
Wigner" in which the change in the Hamiltonian is 
given to first order by hx: p/m. In the above, « is the 
shortest vector from the zone edge to the point in 
question, and p is the momentum matrix for the states 
on the zone edge (at k—x). The method can be ex- 
tended to second order in x by use of Van Vleck per- 


51). F. Johnston, Proc. Roy. Soc. (London) A227, 349 (1955). 

6D. F. Johnston, Proc. Roy. Soc. (London) A237, 48 (1956). 

7J. C. Slonczewski, Ph.D. thesis, Rutgers University, 1955 
(University Microfilms, Ann Arbor, Michigan, 1956, Mic 56-2314). 

*G. K. Horton and G, E. Tauber (unpublished). 

*J. L. Carter, Ph.D. thesis, Cornell University, 1953 (un 
published). 

#0 J. C. Slonczewski and P. R. Weiss, Phys. Rev. 99, 636(A) 
(1955). 

4 Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
(1936). 
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turbation theory” as Shockley did for cubic lattices.” 
The same ‘“‘k-p” method has been recently used with 
considerable success in the study of the valence bands 
of several semiconductors.“ Thus, the form of the 
momentum matrix is the key to the type of band struc- 
ture, and it has been a major concern in the work of 
Slonczewski and Weiss. 

The labeling of the states on the zone edge which we 
adopt is based on that of SW and is explained below: 
Band 1 corresponds to the sum of Bloch waves made 
up from 2, orbitals based on A and A’ atoms and is 
generally the highest in energy; Band 2 corresponds to 
the difference of the same Bloch waves based on A and 
A’ atoms and is generally the lowest in energy. Bands 1 
and 2 are degenerate on the zone corners (#7 and HH’), 
Bands 31 and 32 correspond to Bloch waves made up 
of 2p, orbitals based on B’ and B atoms, respectively. 
Bands 31 and 32 are degenerate everywhere on the 
zone edge. 

In writing the Hamiltonian we shall use a set of 
dimensionless variables, a= tan™'(—x,/xy), 0= 4V3a9| «|, 
t=k,co. In these variables, Wallace’s S can be written 
near the zone corner as S=o exp(ia). To give an idea 
of relative magnitudes, the o value for the zone center 
is 3.6, and height of the zone in the same units is 
V3md9/co= 1.99. The number of carriers of both spins 
contained in two cylinders of radius 20/V3a9 and height 
2n/co (there are two such complete cylinders in a zone) 
is 0.09207 per atom or 1.05 100? per cm*. In pure 
graphite, we shall see that maximum o values for 
carriers are of the order of 0.03 and carrier concentra- 
tions are of the order of 10~° per atom, 

In the notation established, the Hamiltonian is 


| Ey 0 Hy; H 3" 
iQ Ey Ho, Ho" 
H,;* Hy;* EK; Hy3 |’ 
His —Hy H33* Ky J 


H (2.1a) 
where the order of rows and columns is 1, 2, 31, 32, and 
E,=yil'+A, (2.1b) 
F,=—yl'+4, 

E3=2(1+cosé) 

Hyy=2-4( 

Hy 

Hy, 


(2.1c) 
(2.1d) 
(2.1e) 
(2.1f) 
(2.1g) 


In the above, we have put I'=2 cos(4£). The Hamil- 
tonian is taken from SW with the approximation that 
only the first nonvanishing k,-dependent term is kept in 
each matrix element. As written, it applies to the zone 
edge HH; the complex conjugate applies to H’H’. SW 


hyol, 
Yo t yal')o exp(la), 
2 Myo | yal )o exp(ta), 


yal'a exp(ia). 


2 J. H. Van Vleck, Phys. Rev. 33, 467 (1929). 

4 W. Shockley, Phys. Rev. 78, 173 (1950) 

4 See, for example, Dresselhaus, Kip, and Kittel, Phys. Rev. 
98, 368 (1955) or E. O. Kane, J. Phys, Chem. Solids 1, 82 (1956) 
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worked out the Hamiltonian to first order in «. The 
form of the second-order Hamiltonian is given by 
simply squaring the first-order Hamiltonian, and does 
not produce any qualitatively different structure. The 
magnitude of a typical second-order term can be in- 
ferred from Johnston’s work to be about equal to the 
free-electron value of 0.507 ev, which is about 5X 10~4 
ev for a o value of 0.03. This is to be compared with 
yur or yo'o"/y;, each of which is about 0.1 ev at the 
same o value, Spin-orbit coupling is ignored as SW 
estimate the splitting so produced 10~* ev. 
The same band model has been used by Noziéres in 
discussing cyclotron resonance in graphite.!® 

There are six constants in Eqs. (2.1) which we shall 
discuss individually. The quantity yo which we have 
defined to be the same as Wallace’s yo, is the most 
important in determining the dependence of energy on 
a. It is also the only parameter in the single-layer case. 
Wallace quotes an estimate for y» by Coulson (based on 
chemical evidence) of 0.9 ev. Lomer and Johnston esti 
mate 3 ev. SW calculated the momentum matrix ele 
ment and arrived at 2.3 ev. Corbato’s calculation yields 
a value of 3.2 ev. Finally, an estimate based on the 
magnitude of the magnetic susceptibility gives 2.6 ev.'® 

The parameter y; represents the chief splitting of 
bands caused by the interlayer interaction. Wallace 
estimated 0.1 ev and Johnston’s work yields 0.35 ev. 
The quantity A reflects the fact that the A and B atom 
sites are different. It was pointed out by Carter and 
Krumhans!'’ that it is not required by symmetry that 
all four bands be degenerate at H and H’. They esti 
mated that A is about 0.01 ev. The parameter 2 is 
responsible for most of the band overlap. Johnston 
obtains a value of —0.007 ev from the mixing of 2p, 
orbitals with other types, due to the interlayer inter 
action. However, Horton and Tauber estimate 0.001 
ev from next-nearest-plane overlap effects. As the two 
effects compete, the sign is in doubt. The quantity ys; 


as about 


gives rise to the anisotropy in the xy plane and the 
extra degeneracies near the zone edge found by John 
ston. Johnston’s work yields an estimate of 0.13 ev 
for ys. The term is present in Wallace’s Hamiltonian as 
yi but was ignored in computing the energy. The 
parameter y, does not have a qualitative effect on the 
band structure but could have an appreciable quanti- 
tative effect. It would be equal to yz; if the orbitals on 
A and B atoms were identical; as the differences are 
probably slight, it is very nearly equal to y;. This term 
was also included asa y;’ term in Wallace’s Hamiltonian. 
In discussing the energy spectrum of (2.1), we first 
ignore ys and 74. Then the energy is independent of a 
and is worked out by SW to be 
E=)(£it+- EF) +[h(hi 
E=}(E.t+ E;)+[}(22.— Es)*+ yo? }'. (2.2b) 
1° P,P. Noziéres, Bull. Am. Phys. Soc. Ser. IT, 1, 321 (1956) 
67. W. McClure, Phys. Rev. 104, 666 (19506). 


‘J. L. Carter and J. A. Krumhansl, J. Chem. Phys. 21, 2238 
(1953) 


E;)*+ yoo? |}, (2.2a) 
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The dependence of £ on a is called “hyperbolic” by 
SW, in contrast to the more familiar “‘parabolic’’ de- 
pendence. Note that the two formulas (2.2a) and (2.2b) 
differ only by the sign of cos(4£). Thus, for easy visual- 
ization we may plot one of the formulas in a double- 
height Brillouin zone. Figure 3 shows a three-dimen- 
sional plot of E versus o and £ for formula (2.2b). The 
case shown is for positive values of all the parameters; 
it is seen that for pure graphite, holes would be located 
along the central part of HH and electrons would be 
located near the points H/. 

Inclusion of 4 would produce only additional warping 
of the energy surface depicted in Fig. 3. However, intro- 
duction of y; produces additional structure. The secular 
equation derived from (2.1) then no longer factors into 
two quadratic equations for all k. At present it is un- 
instructive to examine the solution to the quartic 
equation, so we look instead at two special cases. For 
certain planes in k space (given by a= 4mm) the secular 
equation still factors and we obtain Johnston’s solution. 


E=}(E.4+ E3—y3l'o cos3a) 


+ [4(E.—E; + ¥y;I'o cos3a)*+ (yot yal" )?o? }}. (2.3) 


The above equation gives all four roots when we let 
run over the double zone. 

In the case that £, and £2 are well separated from 
E;, we can solve (2.1) by perturbation theory and find 
the explicit angular dependence of the two bands de- 
rived from 31 and 32. We find 


E=E;+Ao°+[ B’ot+ 2Bo*y,T cos3a+o*y7T? }', (2.4a) 
where 


| (yo- va")? 1 (yoy)? 


(2.4b) 
2 E;—- ky E;— E2 


B= (2.4c) 


| (yot yal’)? 


| 


2 E;- EF, | Oe De 





Fic. 3. The energy versus wave vector for the four-parameter 
model, using the double-zone convention. The energy is plotted 
vertically and the wave-vector coordinates are as shown in Fig. 2. 





BAND STRUCTU 
In the foregoing, é is restricted to the first zone (if & 
is allowed in the second zone the same two bands are 
reproduced). It is seen that for a= 4mm, (2.4a) gives two 
overlapping parabolas, and for other a’s the extra 
crossing of bands disappears. Note that there are three 
satellite minima (or maxima) in addition to the central 
one. With the estimates of parameter values given 
previously, the scale of the energy variation due to y; 
is about 0,001 ev, and the variation is important for @ 
values of about 0.001, 

We are now in a position to construct a picture of 
the Fermi surface in pure graphite, which is shown in 
Fig. 4. In constructing the figure, we have used the 
Fermi surfaces given by Fig. 3 (with the electron sur- 
faces translated back into the central zone) and applied 
the trigonal warping due to 73. We conclude this sec- 
tion by noting that the group theory-perturbation 
theory treatment did not uncover any qualitative type 
of behavior not already reported. It does, of course, 
include all previous calculations as special cases. Its 
greatest value is that it provides fairly simple, general 
formulas and contains the minimum number of ad- 
justable parameters. 


3. DE HAAS-VAN ALPHEN EFFECT 


The low-temperature oscillatory behavior of the 
magnetic susceptibility of graphite has been studied by 
Shoenberg!*® and by Berlincourt and Steele,'’ with sub- 
stantial agreement. Shoenberg analyzed his data on the 
basis of constant tensor mass theory. Recently Lifshitz 
and Kosevich” have presented a theory which is valid 
for general band structures. The dependence of the 
susceptibility magnetic — field 
strength is the same in both theories, so that Shoen- 
berg’s analysis can be utilized by constructing a transla- 
tion key for the parameters involved in the two theories. 
In the general theory, the oscillatory susceptibility is 
determined by the properties of the band structure in 


on temperature and 


the region where the cross section of the Fermi surface 
perpendicular to the magnetic field has its maximum (or 
minimum) value. ‘The period of oscillation in inverse 
magnetic field is given by 


P=2re/A,htc — B/f, (3.1) 


where A,, is the maximum cross section (measured in 
rationalized wave numbers squared), B is the double 
effective Bohr magneton and ¢ is the Fermi energy. 
The equality holds for the general case and the arrow 
indicates the value taken for the case of constant tensor 


mass. The dependence of amplitude on field strength 


and temperature is specified by the ratio of the magnetic 
energy-level spacing to the thermal energy. The energy 


18 T), Shoenberg, Phil. Trans. Roy. Soc. (London) 245, 1 (1952) 

1% T. G. Berlincourt and M. C. Steele, Phys. Rev. 98, 956 (1955). 

7. M. Lifshitz and A. M. Kosevich, J. Exptl. Theoret. Phys 
(U.S.S.R.) 29, 730 (1955) [translation: Soviet Phys. JETP 2, 
636 (1956) }. 
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hic. 4. The Fermi sur 
face for pure graphite 
The central surface con 
tains holes and the outer 2n/C, 
surfaces contain elec 
trons The length-to 
width ratio of each sur 
face is about 13. The 
trigonal anisotropy is ex 
aggerated for clarity 
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level spacing is given by 


AE= (29eK/ho)d0E/0A — eh3e/mye, (3.2) 


the maximum 
cross section of the Fermi surface, m, is the effective 


where the derivative is evaluated at 
mass perpendicular to the ¢o axis (we are treating here 
only the case with the magnetic field parallel to the co 
axis), and JC is the magnetic field strength. The mag 
nitude of the amplitude of oscillation depends upon a 
quantity 

(3.3) 


|07A /Ok,?| — m,,/m,2n, 


where this derivative is also evaluated at the maximum 
cross section, and mj, is the effective mass parallel to 
the co axis. In principal, information can be gained 
from the phases of the oscillations, however, these 
quantities were not determined precisely in Shoenberg’s 
experiment and will not be discussed here, 

Shoenberg finds two distinct contributions to the 
de Haas-van Alpen effect, the two transverse masses 
being 0.036mo and 0.07my. We identify these two con 
tributions as those of electrons and holes respectively 
on the basis of the cyclotron resonance data of Galt 
et al.” which has been analyzed by Lax and Zeiger” 


2) Galt, Yager, and Dail, Phys. Rev. 103, 1586 (1956 
28. Lax and H. J. Zeiger, Phys. Rev. 105, 1466 (1957), 
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Taste I, Calculated band parameters for graphite. The values of the band parameters chosen to fit the de Haas-van Alphen data 
are given for assumed values of yo. Note that the upper half of the table refers to positive y2, and the lower half refers to negative +2. 
The cos$£é column refers to the position of the maximum cross section of the Fermi surface (for electrons in the upper half, and for holes 
in the lower). The calculated “de Haas-van Alphen” mass anisotropies and carrier densities for electrons (n,) and holes (,) are also 


given 


vi (ev) 72 (ev) A (ev) 
0.075 
0.035 
0.018 
0.008 
0.012 


0.033 
0.019 
0.017 
0.016 
0.016 


0.041 
0.085 
0.162 
0.377 
0.679 


0.073 
0.225 
0.938 


0.021 
0.014 
0.013 


0.057 
0.196 
0.811 


and by Noziéres.’* The former analysis yields electrons 
of mass 0.05m, and holes of mass 0.07my, while the 
latter yields electrons of mass less than 0.05my and 
holes of mass between 0.06m 9 and 0.07mp. Further 
evidence for the simultaneous presence of electrons and 
holes is the fact that the Hall coefficient changes sign 
as a function of magnetic field strength.“ As the char- 
acter of the de Haas-van Alphen effect is determined 
by the properties of the band structure near the maxi 
mum cross section of the Fermi surface, we may neglect 
the fine structure associated with the parameter ¥; (at 
least in the orientation here considered, in which the 
magnetic field is parallel to the co axis). We also neglect 
the parameter 4 as it causes no qualitative change in 
the band structure. Neglect of y4 may cause a 10% 
error in the other quantities and it should be taken 
into account in later, more accurate treatments. With 
these approximations, we are left with a four-parameter 
band model. In discussing a particular experiment we 
must add another unknown, the Fermi energy, as we 
cannot be sure that the sample is absolutely pure. In 
principle we could get six pieces of information from 
the experiment (the three quantities discussed above 
for each type of carrier), which would then determine 
the five unknowns and provide one test relation. In 
practice the longitudinal-to-transverse mass ratios turn 
out to be of little use in determining parameters, but 
do provide a consistency check. ‘Thus, we are left with 
four relations among five unknowns, and we shall 
proceed by assuming values for yo and solving for the 
other parameters. 

The easiest way to work out the important quantities 
for graphite is to use the relation yo’e?=(E—£;) 
< (E—E,), which is actually the secular equation for 
the four-parameter band structure. We use the con- 
vention of letting — run over a double zone as discussed 
in Sec. 2. We shall write f,; and f, for the quantities 
t—E, and ¢—E; evaluated at the maximum cross sec- 
tion of the Fermi surface for electrons. The analogous 
quantities for holes are written as /; and f,. It is con- 


venient to calculate o? from A by the rule o,,.2 


% 1). E. Soule, Bull. Am. Phys. Soc. Ser. IT, 1, 255 (1956). 


ft (ev) 


0.055 
0.028 
0.024 
0.022 
0.022 


0.012 
0.012 
~0.012 


Ne nh 
(miui/MLe (mii/mi)r (atoms™') (atoms™!) 


€ 08 bm 


0.62 105 80 
0.50 125 120 
0.48 130 130 
0.47 130 130 
0.47 130 130 


~0.15 190 100 
0.22 210 120 
0.23 215 120 


= 347A m/ 44 = 3a¢?/(2Phc). Shoenberg’s periods of 2.20 
*10~° and 1.65 10~* gauss for electrons and holes, 
respectively, then give 


fife 6.3% 10 ty ¢? ; 
Safa 8.4 10 4707. 


For the transverse mass we have m,/mo= (2h?/3mpoao") 
X 00*/dE=0.839007/dE. Thus, we find that 


fitfe 
fotha 


In writing formulas (3.5), we have used the choice of 
Shoenberg’s masses quoted above, and explicitly written 
the hole mass as negative. Even without specifying the 
form of £, and E;, we can immediately solve Eqs. (3.4) 
and (3.5) for the /’s in terms of yo. It turns out that 
there is no solution possible for a yo less than 1.17 ev. 

We must distinguish two cases, depending upon the 
sign of 72. For positive y2, the maximum o? for holes 
comes at =2m and the maximum o? for electrons is 
given by cos(4&m)=yif2/2y2fi. Using these expressions 
for £, Eqs. (2.1) for E, and E,, and the values of the 
f’s found from above, we obtain five equation in five 
unknowns (counting &, for electrons) for each value 
of yo. The set of equations can be simplified and easily 
solved, the results being given in Table I. For negative 
values of y2, the maximum o? for electrons is at &=0, 
and that for holes is given by cos(}ém)=~y1ifs/2ye/s. 
The method of solution is the same as before and the 
results are also given in Table I. 

Several qualitative features of the results can be 
understood easily. In the case of positive y2 and for yo 
a little larger than the minimum value, all the holes 
are in a region where £ versus o looks parabolic. In this 
case the ‘‘Fermi energy”’ for holes (2y2—¢) is completely 
determined by m, and o’, both of which are given by 
experiment. Thus, 2y2—¢ is independent of yo and equa! 
to Shoenberg’s value of 0.010 ev. The same sort of 
result holds for electrons, but as the maximum is 
near the crossing of £, and E; (where £ is linear in a) 
the convergence is slower, and the asymptotic ¢ is not 


(3.4a) 
(3.4b) 


for elec trons, 


for holes, 


4.3X 10-7"; (3.5a) 


for electrons, 


~8.3X 10-02. (3.5b) 


for holes, 
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equal to Shoenberg’s value of 0.014 ev. The important 
quantity 2y2 which is the total band overlap, varies 
little and thus is well determined by the present analy- 
sis. Near o=0 the curvature of E versus o is propor- 
tional to yo?/y:. Thus, it is principally this quantity 
which is determined by experiment, and its value is 
approximately equal to 25 throughout the range of yo. 
The value of A found for negative y2 is much larger 
than expected from theoretical considerations, there- 
fore, we choose the positive sign of 72. 

The mass ratios as a function of yo can easily be 
calculated from the formula 


2a | 0A /dk2| = 3 (co/ao)?| d%a?/de| 


= 5.0| 00? ‘ag | —m,/m, (3.6) 


and are included in Table I. It is seen that the ratios 
vary little with yo and therefore, cannot be used to 
determine yo. However, we use the calculation as a 
consistency check. Before making comparison it is 
necessary to modify Shoenberg’s mass ratios. Shoenberg 
analyzed the susceptibility on the basis of one ellipsoid 
for each of the oscillating contributions (he did include 
spin degeneracy, of course). For a positive yz we have 
two complete hole surfaces (one for an HH edge and 
another of an H'H’ edge) and four complete electron 
surfaces. As the susceptibility is proportional to 
(m,,/m,)', we should divide Shoenberg’s m,,/m, ratio by 
4 for holes and by 16 for electrons. The factors are in- 
terchanged for negative y2. Shoenberg’s mass ratios are 
5500 for electrons and between 350 and 10 000 for holes. 
Thus, for positive y2 the experimental mass ratios are 
350 for electrons and between 90 and 2500 for holes. It 
is seen that the theoretical mass ratio for holes falls in 
the allowed range, but for electrons the theoretical value 
is a factor 2.5 too low. For negative yz the theoretical 
ratio for holes is also in the allowed range (23 to 600), 
but the theoretical value for electrons is a factor 7 lower 
than the experimental value (1400). The better agree- 
ment in the first case is further evidence for the positive 
sign of 72. 

The calculated carrier concentrations are also in- 
cluded in the table. The exact density of states is 
worked out below, but we may give a quick estimate 
here. The number of holes per atom is approximately 
4 (0.0920,7)(At/2r), where Aé is the height of the 
Fermi surface. The quantity a,,” is fixed by experiment, 
and Ag is very nearly fixed by the geometry of the zone 
to be equal to w. Our rough estimate then gives 2.5 10~* 
holes per atom. Since the major dimensions of the 
Fermi surface do not vary much with yo, neither do the 
carrier concentrations. For comparison, Shoenberg’s 
carrier concentrations estimated from the ellipsoid 
model are 3.4% 10~° electrons per atom and between 
1.4 and 7% 10-5 holes per atom. Note that for positive 
v2 there are excess electrons, but for negative 2 there 
are excess holes. Hall-effect data (on a different crystal 
than Shoenberg’s but one which exhibited nearly the 
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same de Haas-van Alphen periods) indicate that there 
are excess electrons in graphite at these temperatures.” 
This fact is stronger evidence for the choice of a positive 
v2. The carrier densities estimated from the galvano 
magnetic data are about a factor 4 lower than those 
calculated here, being 0.54 10~° electrons per atom 
and 0.51X10~* holes per atom.” Taking into account 
the uncertainties in the de Haas-van Alphen data and 
in the analysis of the galvanomagnetic effects, the dis 
crepancies are not considered to be serious.f 

The exact density of states for the four-parameter 
model is easily calculated, The total number of carriers 
per atom inside a given energy surface is 


&(2) 
dio’, 


€(1) 


n= (0.092/27) (3.7) 


where o?= (E—E,)(E—£;)/ye? and &(1) and (2) are 
the vertical limits of the constant-energy surface, which 
can be found using Eqs. (2.1). The double-zone con 
vention is used and spin and site degeneracy are in 


cluded, so that (3.7) is evaluated along one vertical 
edge in the double zone. The density of states per atom 
per energy for each branch of the energy surface on 


the vertical edge is 


0.092 
N(B) 
ary" 
« |[(2E—A 


ya)t—V2 sinE+4y, sinh lecay§® 





° 


aTow Ev) x 105 
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Fic. 5. The density of electronic states in graphite, calculated 
under the assumption that yo=2 ev. The heavy line is the total 
density of states, and the partial densities of states for holes and 
electrons are indicated. The dashed line gives the density of 
states for the two-dimensional model. The right-hand scale gives 
the predicted value of the low-temperature specific-heat constant 
y, the arrow indicating the measured value 


4 J. W. McClure, Bull. Am. Phys. Soc. Ser. II, 1, 255 (1956). 

t Note added in proof.—An improved analysis of the galvano 
magnetic data now gives carrier densities within 20% of those 
found in this paper. 
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When £ is greater than 27,+-A or less than —2y,+-A 
the two-dimensional density of states holds: 


N(B) A(y2tA)|. 


Note that 4(y2+A) is the average energy of the four 
bands on the vertical zone edge. The density of states 
for yo=2 ev and positive y2 is shown in Fig. 5. The 
dashed line represents the two-dimensional density of 
states for the same yo and average energy. The Wallace 
three-dimensional density of states with the same yo 
and 7; is so nearly equal to the exact density of states 
that it cannot be shown clearly in the same figure. The 
coefficient (vy) of the linear term in the low-temperature 
specific heat is proportional to the density of states at 
the Fermi level. The scale of 7 is given on the right-hand 
side of Fig. 5 and the arrow represents the measured 
value.” As the specific-heat constant is obtained by 
extrapolation, it is possible that the uncertainty in it is 
of the order of the disagreement with the theory. 


4(0.092/y?)|E (3.9) 


4. DISCUSSION 


The band parameters derived from the de Haas- 
van Alphen data (with a positive y2) are, for the most 
part, of the order of magnitude of the theoretical esti- 
mates discussed in Sec. 2. The one which is most out of 
line is y» itself. However, it is the most difficult to 
calculate from first principles, as it depends on higher 
order effects. The fact that our calculated longitudinal- 
to-transverse electron mass ratio is a factor 2.5 too low 
implies that our calculated amplitude of oscillation of 
the susceptibility would be a factor 1.6 too low. How- 
ever, the experimental mass ratio is derived by a diffi- 
cult process of curve fitting, so that there is a good deal 
of uncertainty in the experimental value, It is gratifying 
that the band model constructed to fit the de Haas- 
van Alphen data gives rough agreement with the carrier 
densities estimated from galvanomagnetic data, and 
with the electronic specific heat. Preliminary results of 
Soule** on analysis of the oscillations in the galvano- 


magnetic properties indicate that the best values of 


the band parameters may be as much as 20% different 
from those adopted here. 
The determination of all the band parameters from 


% P H. Keesom and N. Pearlman, Phys. Rev. 99, 1119 (1955), 
Warren deSorbo (unpublished) 


2° 1). E. Soule, Bull. Am. Phys. Soc. Ser. II, 2, 140 (1957) 
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experiment is a problem with seven degrees of freedom 
(six band parameters plus the Fermi energy). Applica- 
tion of the de Haas-van Alphen effect reduces the 
number of degrees of freedom to three. This is a stroke 
of good luck as most other experiments would be very 
difficult to analyze with seven degrees of freedom. It is 
interesting to speculate on the remaining parameters. 
For instance, the fine structure caused by , is most 
likely the source of the abundant structure in the 
cyclotron resonance experiment. The minority carriers 
identified by Lax and Zieger could be the carriers in 
the projections on the Fermi surface (see Fig. 4). 
Noziéres’ interpretation of the cyclotron resonance 
structure differs from Lax and Zieger’s, but he also 
uses the SW model and relies on the existence of 73. 
Thus, we may anticipate that correct analysis of cyclo- 
tron resonance will provide a value of 3. Once 7, is 
obtained, it will furnish a good idea of the value of 4. 
The case for yo may be more difficult. Firstly, for most 
of the carriers in pure graphite, the energy formulas 
contain yo only in the combination yo’/y1. Thus, any 
property which depends roughly equally on all carriers 
will be insensitive to yo. One way to obtain yo is to 
observe effects due to states further away from the 
zone edge (but not so far that terms in o* are important), 
either by doping, radiation damage, or by applying 
an extremely strong magnetic field. Another course is 
to compute the magnitude of the diamagnetic sus- 
ceptibility. It has been demonstrated that a large 
susceptibility can result from interband transitions near 
a degeneracy point.'® Thus, the largest contribution to 
the susceptibility may come from near the crossing of 
FE, and E;, where the energy depends on 7» explicitly. 
It should be pointed out that a preliminary investiga- 
tion of the susceptibility calculation seems to imply 
that a value of y, as large as accepted here quenches 
the large susceptibility calculated on the two-dimen- 
sional model. This has led Hearing and Wallace?’ to 
make an entirely different interpretation of the de Haas- 
van Alphen effect. 

It is a pleasure to acknowledge interesting and helpful 
conversations on the subject of this paper with Dr. 
J. A. Krumhansl, Dr. J. C. Slonczewski, Dr. B. Lax, 
and Dr. P. P. Noziéres. 


27 R. R. Hearing and P Phys. Chem. Solids 


(to be published). 


R. Wallace, J 





PHYSICAL REVIEW VOLUME 


108, 


NUMBER 3 NOVEMBER 1, 1957 


Effect of Defects of Spin Interactions in a Simple Cubic Lattice* 


A. Istmarat 
Institute for Fluid Dynamics and A p plied Mathematics, University of Maryland, College, Park, Maryland 


(Received May 2, 1957) 


Effects of lattice defects such as foreign atoms or holes on spin-spin interactions in a simple cubic lattice 


are calculated by using the so-called spherical model developed by Montroll, Berlin and Kac, and others 
In the case when the concentration of defects is low and the distance between any pair of defects is large, 
the exact positions of the defects are not important and the excess free energy and other thermodynamical 


functions are determined by the concentration and the nature of defects 


The Langevin-Curie law of 


magnetic susceptibility is modified by the presence of defects. The ferromagnetic Curie point is also affected 
by the presence of defects and is a linear function of defect concentration for low concentrations. When 
defect atoms have stronger exchange interactions with their nearest neighbors than that of the rest of the 


atoms in the lattice, the Curie point is raised and the specific heat vs 


temperature curve is enhanced. The 


reverse is true when defect atoms have weaker exchange interactions with their nearest neighbors 


1, INTRODUCTION 


HE statistical mechanics of the Ising problem has 
made remarkable strides since Onsager! gave an 
elegant solution for the two-dimensional problem in 
1944 and proved the existence of a phase transition for 
the first time by a rigorous theory. Since then, many 
investigators have tried to generalize his method to treat 
the three-dimensional lattice but because of mathemati- 
cal difficulties no satisfactory theory has been given. 

The difficulty in calculating the partition function of 
the Ising lattice comes mainly from the restriction that 
each spin can take only the discrete values + 1. 

Since one of the most important subjects in statistical 
mechanics is the study of phase transitions, Montroll, 
Berlin and Kac, and others’ developed a mathematical 
method to treat a ferromagnetic transition in a three- 
dimensional lattice. They adopted the so-called spheri- 
cal model which is a mathematical generalization of the 
Ising model and which permits fluctuations in the 
magnitudes of the spins. 

If we adopt this spherical model, the theoretical 
treatment of the Ising lattice becomes much easier and 
enables us to treat rigorously the three-dimensional 
problem. Since the fluctuations in the magnitudes of 
the spins are small when the total number of spins is 
large, theories based on the spherical model have 
thrown light on transition phenomena in three-dimen- 
sional lattices. 

Indeed, the free energy obtained using the spherical 
model appears in a form which contains two essential 
features of the exact results of the Ising model: the 
appearance of the logarithmic form and the structure 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command (Physics Division). 

t On leave of absence from the Department of Physics, Univer 
sity of Tokyo, Tokyo, Japan. 

iL. Onsager, Phys. Rev. 65, 117 (1944). 

2E. W. Montroll, Nuovo cimento 6, 264 (1949); T. H. Berlin 
and M. Kac, Phys. Rev. 86, 821 (1952); T. H. Berlin and J. S. 
Thomsen, J. Chem. Phys. 20, 1368 (1952); Melvin Lax, J. Chem. 
Phys. 20, 1351 (1952); Montroll, Berlin, and Hart, Compt. rend. 
de la 2* reunion de chimie physique (2-7 juin 1952, Paris). 


of the cosine functions. ‘The theoretical interpretation 
of such mathematical expressions in the free-energy 
equation is not clear in the case of the Ising model but 
is clear in the case of the spherical model. Moreover, a 
phase transition was shown to occur in the three 
dimensional ferromagnetic lattice, and a treatment of 
the electric and magnetic dipole-dipole interaction on 
lattices became possible. 

These theoretical treatments were all confined to 
perfect crystal lattices. We know that various kinds of 
imperfections are sometimes essential to many physical 
properties in solids. In particular, transition phenomena 
in crystals are sensitive to such lattice imperfections 
since they are the results of cooperative interactions of 
spins or atoms to form an ordered state from a dis 
ordered state. 

Therefore, the 
defects such as impurities, holes, and foreign atoms on 


investigation of the influence of 
the physical properties of crystals has been one of the 
central problems of solid-state physics in recent years. 
However, since there seems to be no rigorous treatment 
of a ferromagnetic spin lattice in which some lattice 
defects are present, we shall treat this problem in this 
paper, adopting the spherical model. 

Recently Montroll, Potts, and others’ developed a 
general theory of the effect of defects on lattice vibra 
tions and gave a general expression for the calculation 
of additive functions of the frequencies of normal mode 
vibrations of crystal lattices. Their method is extended 
in this paper to evaluate the partition function of a 
ferromagnetic Ising lattice. 

The lattice defects considered in this paper are vacant 
lattice points and foreign atoms which interact with 
their nearest neighbors with exchange integrals different 
from those for the interaction between normal atoms 
in the lattice. For convenience, we shall put all the 
atoms on the simple cubic lattice points. 

4 FE. W. Montroll and R. Potts, Phys. Rev. 102, 72 (1956); 


100, 525 (1955), Mazur, Montroll, and Potts, J. Wash. Acad 
Sci. 46, 2 (1956). 
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2. SPHERICAL MODEL OF FERROMAGNETISM 


Let us begin with the Ising lattice composed of a 
total of N spins. A nearest neighbor interaction of the 
form —Jee; is assumed, where J is the interaction 
energy and ¢; is the spin of the ith lattice point. Each 
spin takes the discrete values +1. According to this 
Ising model, the partition function, which is normalized 
to unity, is expressed in the following form: 


Z=2" SF explK D’ ac;], 


fe= 41) (ij) 


(2.1) 


where {¢;= +1} means that the summation is extended 
over all the configurations of spins, K equals J/2kT, 
and > «jee; is the symmetrical quadratic form con- 
structed by counting a given set of nearest neighbors 
twice. 

The summation of Eq. (2.1) over all the spin states 
is subject to the constraint 


(2.2) 


which makes the calculation of the partition function Z 
very complicated even in the two-dimensional case. The 
spherical model consists in replacing this constraint by 
the following weaker one 


YS «2 


— j 


(2.3) 


j=l 


This constraint retains the correct average value (€/) = 1 
and prevents large fluctuations of the order of N of 7 
around this mean value. 

If we admit this approximation, an exact calculation 
of the partition function is possible. 

The constraint of Eq. (2.3) may be replaced by the 
Dirac delta-function 


1 i 
f expl((V—> 7) dt, 
2m 


is 


6(N—> «?) (2.4) 


and the partition function can be obtained by evalu- 
ating the following (N+ 1)-dimensional integral 


«yl or « 
Z : | dt expL NE if , f dey: + +dex 
2ri us x 


{> ef +K LD’ ej], (2.5) 


(47) 


x exp| 
K = J/2kT. 


In this expression, the integration over ¢ is accom- 
plished along the line {= which lies to the right of the 
singularities of the integrand of Eq. (2.5) as a function 
of ¢. The quantity & is the normalization constant of the 
partition function : 


2 fon fer sde 2 NI2N ON 
y 


2ef=N 


N2/T(N/2). (2.6) 
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Therefore, we see that the assumption of a spherical 
model adds, in effect, diagonal terms to the original 
quadratic interaction form. The evaluation of the 
partition function is reduced to the diagonalization of 
the quadratic form in the exponential function of Eq. 
(2.5). 


3. SPHERICAL MODEL WITH ONE DEFECT 


We shall consider a three-dimensional simple cubic 
lattice with m, sites in a row, m2 rows in a plane, and mn; 
planes so that the total number of lattice points is 
nynon,= N. These lattice points are numbered in such 
a way that the ith site whose space coordinates are 
(x,y,z) is represented by the integer 7: 


t= p+qnit+smyn2. (3.1) 


Here, p, g, and s take the following integer values: 


p=1, 2, s+); q=0, 1, ‘+ me—1; 


(3.2) 


s=0, 1, ---nms—1, 
corresponding to the space coordinates x, y, and z 


x=(p—l1)a; y=qa; z=sa, (3.3) 


where a is the lattice constant. 

Let us introduce one defect in this lattice and, for 
convenience, put this at the origin (0,0,0) of the lattice. 
We shall consider that this defect corresponds to a 
foreign atom whose exchange integral for its interactions 
with its nearest neighbors is J’, where J’ is greater or 
less than J depending on the particular defect. 

Then, the quadratic form in the corresponding par- 
tition function becomes 


(3.4) 


N 
(> ef -K DY’ eej;—(K'—K) ad &;, 
j 


j=l (ij) 


where the last term represents the exchange inter- 
actions of the lattice site i= 1. 

We shall adopt, hereafter, the cyclic boundary con- 
dition so that the nearest neighbors of the site 1 will be 
i=2, mt+1, mnet+1, N—nyn2t+1, N—n,+1 and N. 
K’ is the constant defined by 


K’=J'/2kT, (3.5) 
which may be larger or smaller than K according to the 
impurity or the lattice defect. If K’ is zero, it means a 
vacancy of spin at the origin of our lattice. 

The matrix A corresponding to the quadratic form 
of Eq. (3.4) is the same, except for the first row and 
column, as the cyclic matrix A“ which corresponds to 
the ideal lattice without a defect. 

Generally speaking, the diagonalization of a cyclic 
matrix is always possible. Therefore, we can always 
calculate the determinant of the matrix A. The calcu- 
lation is required because the determinant appears in 
the integrand of the partition function such as Eq. 
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(2.5) after we diagonalize the matrix A“ and evaluate 
the integrals over N spins which are expressed by the 
N products of Gaussian functions. 

In the case where there is no defect, the real orthog- 
onal characteristic vectors, normalized to unity, of the 


correspoonding matrix A are given by: 


2r 
cos (kR—1)(s | 
N 


2r 
tsin| (a—1y(s-0) |} (3.6) 
N 


The matrix which diagonalizes A“ by an orthogonal 
transformation is (V;,) whose Jacobian is unity. 
Although A is generally not cyclic, it is an Hermitian 
matrix and can be diagonalized by a unitary trans- 
formation. As we shall see in Sec. 5, the transformation 
matrix of A is not much different from that of A“ if 
the perturbation by defects is small. As in the case of 
A), after integrating over the spins, the determinant 
of A appears in the integrand of the partition function. 
The determinant of the matrix A can be expressed in 
terms of the determinant of the unperturbed matrix 
A, Let us denote the (i,j) element of detA by a; 
its cofactor by A,;. For detA™ the notations a;;° 
A;;° will be used. The relations between these are: 


Vie=N-A 


and 
and 
(1, 722), 

Ap > — K’=4a,,°(1+6/K), 

(p=1, m+1, mm2+1, N-—nyn.+1, N—n,+1, N), 
=(1+6/K)Ai,", An=An’. (3.7) 


on 0 
aij a. aij ’ 


= Gp 


Ap 


If we expand detA along the first row, we obtain the 
following relation : 
detA = fA 11 +2» a,A lp 


= tA wet (1 +-6/K)* Te 41,°A is’ (3.8) 


Therefore, using the notation 

bo= (K”— K*)/K?, (3.9) 
we can express detA in terms of detA“ as follows: 
detA[1+69—60fAnn/detA J. 


detA (3.10) 


Equation (3.10) corresponds to the three-dimensional 

lattice but the form of the right-hand side of this equa- 

tion is retained in the one- or two-dimensional case. 
The characteristic values of the matrix A“ are given 


2dr 
ny(1 | 
A 


+ COs 


2dr | 
N\no(4 0 | , Cases) 
N 


-, N). 
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Thus, if we put 


0). 


we arrive at the following equation for det A 


dr 
detA® =]]T A, (2K) TI co (1 | 
i N 


dr 2r 
ni(i—1) ]—cos N\No(4 


N 
3) exp } In 


cos 


oI 


(2K)%(z 


2dr 


dr 
nyne(t—1) | 
N \ 


x eee 
(2K)NX(z oor iff 
(2r)*. 0 


3 


<In(z >. cosw,)] | da, 
i~l 


COS 


ny(4 | cos 


— 


-6K was 
taken out of the exponential function in order to 


where the largest characteristic value \=¢ 
prevent divergence in evaluating the partition function. 
The cofactor A,,° is det A 
' which is equal to the harmonic mean of the 


/ times the inverse element 
ayy 
characteristic values: 


A)" detA 


Thus, the explicit form of Ay,° is found to be 
CA 4)" detA | 
N (z—3) 


hI 1H (Som) fo 


Inserting Eqs. (3.12) and (3.13) into Eq. (3.10), we 
obtain for detA the following form: 


detA (1 af" ( yt 


1 2a , 
f’(z) fff 11 dos / (: ¥ cos) (3.14) 
(2) 0 ie! 


On the other hand, the partition function of the 
lattice with one defect is calculated by evaluating the 
integral 


Q'e*2(2K) pete ers 
Z i) dz, 
dni w-ia (2—~3)*(detA)! 


where 2 is taken to the right of z= 3. 


deta "1 +6 


(3.15) 
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This integral can be calculated by the method of 
steepest descent. If we denote by z, the saddle point, the 
result of this calculation is expressed by 


2%?2K expL4N—4N In2K+Ne(z,) } 
z (3.16) 
(z,—3)[2eN pg’ (z,) |! 


Here we have 


g(z)=2Kz—}3 f(z), 


1 ae 
f(z) fff n(« 
(2r)’ 0 


The saddle point z, is determined by 


cos) 


g'(z.)=0; g’’(z,)>0, (3.19) 


wv 
te : 

4K fff 11 do, /( ¥ cos) 
(2m) 0 I 


The effect of the lattice defect on the saddle point is 


( 


(3,20) 


negligible as it should be from the physical point of 
view. 

From Eq. (3.16) the excess Helmholtz free energy 
due to the defect is 


AF I —f, 


(3.21) 
} Inf 1+69(1—4Kz,) ], 


AFP/kT 
where F and Fy are the free energies of defect and non- 
defect lattices, respectively. 

The saddle point z, is determined as a function of 
temperature by Eq. (3.20). As the temperature de 
creases from infinity, A increases and 2, decreases 
monotonically until the temperature 7, is reached at 
which z, equals the branch point z,=3 of f’(z). Below 
this temperature z, sticks to 3 which corresponds to the 
transition. Thus, below this temperature the difference 
in free energy over kT becomes constant : 


AF/kT =} In{1+6(1—12K) ]. 


Evaluation of integrals such as f’(z) of Eq. (3.14) has 
been carried out by Watson and others‘ and their results 


4K,: 


give as the numerical value of f’(3) 


4K,=0.50546, 


and thus below the transition temperature, 


AF/kT =} In[ 1—0.51646o }. 

Therefore, we observe that if the defect atom interacts 
with its nearest neighbors more strongly than the 
nearest-neighbor interactions of the other spins, the 
excess free energy is negative. The reverse is true when 
its interaction constant is smaller. 


4G. N. Watson, Quart. J. Math. 10, 266 (1939); E. W. Montroll, 
Proceedings of the Third Berkeley Symposium on Mathematical 
Statistics and Probability, 1955, p. 244; M. Tikson, J. Research 
Natl, Bur. Standards 50, 177 (1953); R. J. Duffin, Duke Math 
. 20, 233 (1953). 
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4. EFFECT OF MAGNETIC FIELD 


We shall examine the case when the lattice so far 
considered is in an homogeneous magnetic field H. The 
additional energy due to the magnetic field is 


» 
-Hyo > 6;—H(u—po)a, 


j~l 


where yw and wo are the magnetic moments of the spins 
in the ideal and the defect lattices, respectively. 
The partition function now takes the form 


{2 
A fever [deter » den 
2m1 


Ho N H (po) €1 | 


xexp| - ; exp(e’-A-e), (4.1) 
TO 


where A is the interaction matrix of the perturbed 
lattice and e is the vector (€), €2, ---, €v). For simplicity, 
we introduce the N-dimensional vector X: 
, 
X (%1,%2, ny ‘ XN) = (x XX, ‘,%), 


: (4.2) 
x= —Ap/RT; x= —Ayo/kT. 


Then Eq. (4.1) can be rewritten in the following way®: 


(yl cri 
7 f dgeeNs{ detA } 4( 22a”) 


2m S ix 


xf explu—4u?/o* |du, (4.3) 
where 


o*= 4X’-A 1.X, (4.4) 


Thus, the evaluation of the partition function is 
reduced to the calculation of the constant o”. For this 
purpose we express the cofactors of A in terms of the 
cofactors of the unperturbed matrix A“. The results 
of this calculation are as follows: 


A\y,=A,)’, 

Ayi= (1+6/K) Ai)’, 

A ij= Ajj? +60(Ai—f Anis), 
A ij;=Aji, 


4.5 
(1, 722) aa 


where Aj;; is the second-order cofactor obtained by 
striking out the 1st row and column and the ith row 
and jth column of A. It has the following relation to 


detA™: 


1 1 


ayy ayj 
detA . 
len az" 


(4.6) 


Ans 


where a;;~' is the inverse element of the matrix A, 


5. W. Montroll, Commun. Pure Appl. Math. 5, 415 (1952); 
O. Schlimilch, Compendium der héheren Analysis 2, 497 (1879) ; 
S. O. Rice, Bell System Tech. J. 24, 46 (1945). 
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Inserting Eq. (4.5) into Eq. (4.4), we obtain 


V 
2a? detA = x""A 1)°+2x'x(1+6/K)>- Ai! 


N 


N 
+x >» A;; +40 pi (Ai—fA sj’) 


4,722 4,922 


which becomes 


\ 
2a* detA “> A, + (x! —x)?A + 24(2'- 
i, joe 


N 
+ x59 S ‘¢ { 3° tA 11ij’)- 


— 
#,j22 


(4.8) 


The right-hand members of this equation are ex- 
rt ght-hand I f tl juation are ex 
pressed in terms of the cofactors A;,° of detA. Since 


we know the characteristic vectors and the charac- 


1 1 2” 
A,/=detA + fff 
V(¢—6K) (2m)! 0 


w,=2ml/n, we 


cos(t 


2rs/N2, Ws 
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teristic values of this determinant, we can calculate 


these analytically by the following equation: 


re V UV (D 
detA” > 
l= Ni 


1 ij? 


1 wv VV) 
detA +> 
VA, 4 r; 


Introducing Eqs. (3.6) and (3.11) and putting 


l—] 


m-+ sn3+ lnons, 


and replacing summation by integration, we get 


j)L wit (we/m1) + (w3/nyny) | 3 


a | | dw, 


(— 2K (coswi+coswy+ cosws) inl 


’ 


2rm/Ns 


The cosine function in the second term of this equation can be rewritten if we use the triple numbering 
system defined in Eq. (3.1). Then the constants m), m2, and ny which depend on the dimensions of the lattice dis 


appear and Eq. (4.9) becomes 


A;;° 


detA Va 


2 


\ y 
(-6 


Nx* deta 


(—6K detA® 


so that 


2a?= Nx?/(t—6K), 


where f’(z) is defined in Eq. (3.14). In deriving Eq. 
(4.11), quantities of the order of 1/N were neglected. 
We must note here that x’ does not appear in the right- 
hand side since we are treating the lattice with only 
one defect. 

Substituting Eq. (4.11) into Eq. (4.3), we have 


Q-'9%/2(2K) exp{.V¢(z)+4/(z—3))} 
Z= f dz. 


(4.12) 
2wi(2K)%/? [1+69(1—z2f"(z)) }! 


1 1 ** cos{(p, 
detA t fff 
N(C—6K) (2nr)' 0 ¢ 


where (1,91,51) and (2,q2,52) represent 7 and j, respectively. 

The summation of A;,;° over all i and jis easily performed, because the first term of Eq. (4.10) is a 
constant which is independent of i and j and the integrand of the second term is a cosine function. We 
finally arrive at the following expression for a: 


Pojoitr (nn 2)wot ($1 


Il dw; ( | 10) 


2K (cosa)-+ COSw2-+- COSW4) im] 


S2)ws} J | 


e ies [i+af1 : fff Maa, /(: ¥: cose) | 
detA® ¢ 6K | (29) a i=l | 


{1+6.(1—z/f"(z))} 
K 


The saddle-point equation becomes 


xf 1 
4K=f'(z,)+ , (4.13) 
1K (z,—3)? 
which shows that because of the magnetic field the 
ferromagnetic Curie point is destroyed. 


5. CORRELATION BETWEEN SPINS 


Before discussing the general n defect case, we shall 
examine one more point about the one-defect lattice. 
The correlation C , between two spins ¢, and ¢ situated, 
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respectively, at the jth and kth lattice sites is defined by 


Ca (5.1) 


//, 2 4 
(esen)/(e7)ex*)', 


where ( ) means the average over all the spin states. 
We are interested in calculating the perturbation in cor- 
relation due to the lattice defect at the origin in the 
absence of a magnetic field. Particularly the correlations 
between the spin at the origin and other arbitrary spins 
are of interest. 

If we use first-order perturbation theory and denote 
by MA and AV, the perturbations of matrix A and its 
characteristic vectors due to the lattice defect: 


A=A+AA, Vie=V,-+AVi, (5.2) 
then we have 

(AA)ip= (AA) pi = 4, 
(p=2,m+1, mnet+1, N—nyn2t+1, N—ni+1,N) (5.3) 


(AA) =O, (1, k>1) 


p 1 fpf cos{ (p, pra)wit (qi -J2)w24 (5) —S2)ws} 
7 (2r)’ 0 3 — COSW — COSW2— COSW3 


The sets of integers (pi,g1,51) and (p2,g2,52) have the 
same meaning as in Eq. (4.10). Particularly, since 
Cy =1 for T>T,, we find that 


1 
-* | 


+ Mi - CE ST,). 
l it'd; rt 


(5.8) 


lor the simplest case where 7=1, we obtain the fol- 


lowing explicit result : 


126 1 re 
AC rr fff 
K (2r)' 3 


485K ./K 


dw dw yl, 


COS@) — COSW2 — COSW, 


(5.9) 


6.0666/K. 


If AK’ deviates 2% from K, we expect about 10% devi- 
ation in correlation Cy, due to the defect. This is not 
very small. 

The integral appearing in Eq. (5.7) has been inves- 
tigated by Duffin and Montroll.° If the distance between 
the points (pi,gi,5i) and (p2,g2,52) is very large, the 
main contribution comes in the range of small values 
of w’s. The integration can be extended over the entire 
range of positive w’s without appreciable error. There- 
fore, we get the following approximate expression for 
Fi: 

Fy; =1/2rS+0(S~*), (5.10) 

*R. J. Duffin, Duke Math. J. 20, 233 (1953); E. W. Montroll, 


Proceedings of the Third Berkeley Symposium on Mathematical 
Statistics and Probability, 1955, p. 209. 
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and 
126 , V; 


AVi= . ’ 
N 1 AA 


(5.4) 


where >°,;’ means the sum in which the term corre- 
sponding to 1=k is omitted. 

Accordingly, if we denote the first-order perturbation 
terms in Cj, by AC jx: 


Ca=Cp+dC pp, (5.5) 


then AC, is proportional to 6 and is given by 


125 Cu” 
ACh > 

yo 
where C;; is given by 


Cy = 1— T/T .+ (4K) IF; 
= (4K)"'F,;; 


(7% T.) 
Cp 
and 


dw dared. 


where 


S*= (pi-— po)? + (qi— 2)? + (S1— 52)”. 


In general C,; for T>T, is a rapidly decreasing 
function of the distance between the lattice points 7 and 
j. The largest contribution to the summation of Eq. 
(5.6) comes when ), is close to either A; or Ax. Because 
of the periodic boundary condition A, is equal to 
Aw—a+2 and A, is equal to Ay_j;2 so that such large con- 
tributions appear twice in each term of Eq. (5.6). We 
thus obtain the approximate formula: 


246C px. 7 21 1 
AC ju | t ; (5.11) 
N nD Vee Vane, Vines 


In the particular case when j=1 we obtain the fol- 
lowing approximate formula for the perturbation of 
the correlation between the defect point and the kth 
point: 

a fF | 
ss 2 


(5.12) 
Milety Niada~hel 


1 
AC 246C 1. | 
A 
The summations appearing in the right-hand side can 
be expressed in an integral form 
ea 1 1 da duedu3 
eon fig 
AeA (2x)* > [cos(2rx/L) — cos; ] 
Pky (5.13) 
where P means the principal value of the integral, 


(x,y,z) is the coordinate of the &th point and L’ is the 
volume of the crystal. Denoting this integral by ¢x, 
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AC, becomes 
246C 


ACK = (git ¢x). (5.14) 


¢, takes the numerical value 0.5055. The evaluation of 
ye for kA1 is rather difficult. In the one-dimensional 
case, however, we can obtain the following more 
accurate formula: 


4K =(z2,?—1)-), 


a 


ACn= = 2: 


Ci; | 
AR—At 


ey 


5 (Nolte 
as cum f , dw 
wK COSw ,— COSw 


Nw/29 


¢ 
Hcy f - ia, 
COSW, — COSW 


c=[z,—(2,?—1)*]. 


Therefore, evaluating the integral we arrive at: 


with 


sinh 
AC ji, 


sin{ (2r/N)(j—1) | 


(0) 


sinh ‘1 
C15” " [ 
sin[ (2x/N)(k—1) | 


This equation is for j or k not equal to 1. 


6. MANY DEFECTS—FOREIGN DEFECT ATOMS 


We can apply the same technique used in the previous 
section to the more general case of many defects in the 
three-dimensiona! simple cubic lattice. For simplicity, 
we shall assume that all the defects are of similar 
nature. 

We can think of many kinds of defects but the defects 
in this section are those which correspond to foreign 
atoms included in a ferromagnetic lattice. Their elec- 
trons interact with the electrons on their nearest 
neighbors with exchange integrals which are different 
from those of electron pairs in the normal lattice without 
defects. A slight modification in our treatment is neces- 
sary in the case of vacant lattice defects. This case will 
be discussed later. 

If there are two defects situated at the ith and the 
jth lattice points, respectively, and if they and also 
their nearest neighbors are not the nearest neighbors of 
each other, the determinant of the quadratic form 
associated with this lattice is found to be 


detA = (1-469)? detA 


- (14-60) 50¢ (A +A is)+ (50f)?A sg?’ (6.1) 
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where A,,;° and A,;;° are the first- and the second-order 
cofactors of the detA, respectively, and 5p is defined 


in Eq. (3.9). Ajij;° can be calculated by 


detA (6.2) 


! are the inverse elements of A“. Combining 
(6.2), we can express detA® 


where 4;; 
Eq. (6.1) and Eq. 
follows: 


as 
detA ® =detA 


1 


Cay *) bof Gis 


: 1+-69(1 


[1+50(1 
x (6.3) 


bf ji {a;;")| 


Similarly, the determinant A“ of a three-defect 
lattice is found to be: 


detA @ = (1+69)* detA 
— Bot (1+80)?(A (P+ A jj? +A ee”) 
t (60¢)?(1 + 50) {A a5 +A 5 jun? | Annie} 


~ (50f)8A sijjee. (6.4) 


This equation is correct when the three defects at 
the ith, jth, and &th lattice points and also their 
nearest neighbors are not the nearest neighbors of each 
other. 

We can obtain a formula for the determinant under 
the following conditions: 


(a) ‘There are n= Ne defects where c, the concentra 
tions, is much less than one. 
(b) The defects are located at 


spacings apart. 


least three lattice 


We observe, however, that the off-diagonal terms of the 
determinant such as appears in Eq. (6.2) are very 
small compared to the diagonal terms when any two 
defects are far enough apart. We notice also that all 
the diagonal terms are the same. ‘Therefore, in the two- 
defect case, we can use the approximate formula: 


detA © (1 + bo — dbf ay, 1)? detA (0). (6 5) 


Similarly, in the m defect case we can use the follow- 
ing approximate formula: 


detA ‘™ = (1+69—6 detA™, (6.6) 


of 2, ')” 


According to Eq. (4.10), we have 


fay . t : fff 
N(z—3) (Qn) 0 


des dw ylurg 
% 


2— (COsw; + COSw2+COSws) 


The first term of this equation can be neglected, and if 
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we define ¢(z) by 
Zz 2” 
se, 


then the determinant of the n-defect lattice becomes 


dw dered, 
(COSw) + COSW2+ COSws) 
(6.8) 
detA‘” 


{1+60¢(z)}"* detA™, (6.9) 


equations (6.5) and (6.9) show that the positions of 
defects in the lattice do not seriously affect the macro- 
scoplt properties of the lattice. 

Now the partition function assumes the form: 


” y 
{) la NV 2(2K) 7 eNol@dz 
Qri(2K)%!? Sgy-im (2—3)[14+8o9(z) Nera? 


where 


(6.10) 
g(z)=2Kz—4 f(z). 
Therefore, the saddle point z, is determined by 


f boy’ (z,) 


21+4+50¢(z,) 


doy’ (z,) ) 
{ boy(z,) 


cd 


The first equation is equivalent to 


yg’ (z,) 


f'(2,) +06 (6.12) 


1+8¢(z,) 


where /’(z,) is the integral defined by Eq. (3.14): 


1 2" 
ror SSE 
(27) 0 2s 


y’(z) {’(z)4 ; fff 
(2r)8 0 


dw \dwdws 
4 - (6.14) 


(2— COSw) — COSWs— COSWs )* 


dw ida: lw ; 
(6.13) 


COSW| COSWe COSWs 


Equation (6.12) determines z, as a function of tem- 
perature. If the temperature is very high K is very small 
and z, should be very large. In this case, we can expand 
the integrand of Eq. (6.13) in a power series in 1/z. 
After integrating this series we get: 


1 31 451 
(4 , ts). 
Z 227 8 x 


A more general expansion formula of /’(z) for large z 


f(z) (6.15) 
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has been calculated by Tickson and others‘: 


@ (1X3X---K(2n—1) 7 2"gon 
(2?—1) +5" =aee 


f'(2) a 
n=iL 2K4X--+- x (2n) 


(2n) ! 
(6.16) 
d" 


n= — 
dz” 


2—1)-4, 


Introducing Eq. (6.15) into Eq. (6.12), we can 
determine the saddle point as a function of temperature. 
In the first approximation the result is 


1 
= —{143(4K)*(142cé,)) (6.17) 
4K 


After the saddle point is determined, the thermo- 
dynamic functions of an n-defect lattice can be obtained 
by evaluating the integral of Eq. (6.10) by the method 
of steepest descent. 

For example, the excess free energy AF which is the 
free energy of the perturbed lattice in excess of the free 
energy of the unperturbed lattice is given by 


AF 
NkT 


C 
=~ logl1+d0¢(z,) |, (6.18) 
2 


where ¢(z,) is the function defined by Eq. (6.8). This 
free energy is proportional to the concentrations of 
defects as it should be. When 2z, is large g(z,) takes 
negative values and the sign of AF is determined by 4o. 
We shall call the defects strong or weak according to 
whether 4o is positive or negative. Then, the excess free 
energy is negative in the case of strong defects and is 
positive in the case of weak defects. 

Keeping in mind that Eq. (6.12) corresponds to the 
condition of (dF/dz,)r=0, we obtain the following 
expressions for the internal energy and the specific 


heat: 
1 
v=na(. 
4K 


1 dz, 
Cy= vil +2K? ) 
2 dK 


Introducing Eq. (6.17) into Eqs. (6.18) and (6.19), 
these thermodynamic quantities assume the following 
forms at high temperatures : 


AF Cbo 
=—{-3(1/4K)*], 
NkT 2 
U=—3NkRT(J/kT)* (1+ 2cb0), 
Gy = 3NR(J/RT)*(1 + 2cb). 


(6.20) 


Therefore, we notice that the specific heat of a lattice 
with strong defects is larger than that of the unper- 
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turbed lattice. Its temperature dependence is also 
enhanced. The reverse is true in the case of weak 
defects. 

As the temperature is lowered, Z, is monotonically 
decreasing until z, approaches 3. This point is the 
branch point of f’(z) defined by Eq. (6.13). Although 
f'(z) is finite at this point, all its derivatives become 
infinite, and the higher the order of derivatives the 
higher the order of infinity. Therefore, the Taylor series 
expansion of the integrand of Eq. (6.10) fails at this 
point. 

The nature of the function /’(z) in the neighborhood 
of z=3 can be seen from the expansion formula’: 


1 
(z—3)!—0.014625(z—3) 


(6.21) 
Therefore, if we put 
(g—3)'=1, (6.22) 


the partition function of Eq. (6.10) will be transformed 


into 
Qt 


Z=-— J eNGWdt, (6.23) 
2wi(2K)iN— 


where 


Cbg 3 
Giji=q(3)—~—9(3)-—bd 
2 2b 


+[2(K — K,.)+0.2308c8y JP +--+. (6.24) 
The saddle point exists if the second derivative of 
G(t) is positive. Therefore, the critica! point is given by 


T= T2(1+0.2308c50kT 29/J), (6.25) 


where 7, is the critical point of ideal lattice which is 
connected to the exchange integral by the relation 


T &= 3.9568) /k. (6.26) 


If we neglect the terms proportional to the square of 
concentration of defects, the free energy is approxi- 
mately given by 


F/(NkT) =} In2K—6K +3} (3) 


+ Acbol 1—3/'(3) ], (6.27) 


below the critical point. Thus, the internal energy is 
proportional to the absolute temperature 


U=NJI[(kT/2J)—3], (6.28) 


and the specific heat becomes constant. 

Equation (6.25) shows that the critical point is 
raised due to strong defects and is reduced in the case 
of weak defects. 7, is linearly dependent on the con- 


7 Montroll, Maradudin, and Weiss (to be published). 
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centration of defects. Within this approximation no 
change in the order of transition occurs. The discon- 
tinuity occurs, for example, in the slope of the specific 
heat vs temperature curve at 7°. 


7. MANY DEFECTS. -VACANT LATTICE POINTS 


The defect vacancies can be treated in a similar way. 
Let there are n= Ne vacant lattice 
points. Then the partition function is expressed by 
N—n integrations over spin variables under the re 
striction of sphericalization of N—n spins. However, 
we can include in the expression of the partition function 
the following n integrals 


a ‘ lo} 


over mn virtual spins since these integrals are just 
constant. 

The interaction matrix corresponding to m defect 
lattice points can be diagonalized by a unitary trans 
formation. The determinant corresponding to the 
matrix can now be related to that of the unperturbed 
lattice where there are N spins by striking out » rows 
and columns. Thus, when the concentration of defect 
vacancies is small we get to a good approximation : 


us assume that 


detA 
detA “™ "(z)} Ne, (7.1) 


(2K)Ne 
Thus, the partition function assumes the form 


~hclnf'(z))} 


az. 


Qvin 'w*?(2K) ¢ expN (g(z) 
Sey 


2ri(2K)N-™) (z—3)! 
The equation to determine the saddle point is 


4K (1—c)=d f/dz,+c(f"/ f’), (7.3) 
from which z, is determined as a function of tem 
perature and the concentration of defects. Then, the 


free energy is determined by 


F/(NRT)=4(1—c) In(2K) —g(z,)+4e Inf"(z,). (7.4) 

At high temperatures we can use the expansion 
formula (6.15) and the specific heat takes the following 
form: 


C,=3NR(1—c)(J/kT)?. (7.5) 


The transition temperature is determined as in the 


previous section and we have 
T.=T(1—0.747c), (7.6) 


where the numerical constant was determined by using 
Eq. (6.26). 
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8. MAGNETIC SUSCEPTIBILITY OF THE 
DEFECT LATTICE 

Now, let us apply a uniform magnetic field H to the 
lattice with m defects of the type of foreign atoms. We 
assume again that the defects are well scattered in the 
lattice and that the distance between any of them is 
very large. The n defects are put at the lattice sites 
$, J, By ++ +5 % 

The method of Sec. 
case and we must calculate o” by the formula 


20*= X'-A~-X, 
*»XN), Xi xj MB coe 


(lA1, 7, ---m), 


4 can be used in this general 


X = (%1,%2, - -t,=x', (8.1) 


Xe=X; 


where X is defined by Eq. (4.2). The calculation of the 
inverse matrix A~! is reduced to finding the cofactors 
of detA‘”, since we already know the value of detA‘” 
by Eq. (6.9). Because of the assumption that the 
distance of two defects is large, the cofactors are found 


to be approximately given by 


[1+ 


A lm bof C4 : \"A tn, 


Au [ ] | bo 


bof aii 


[1+5o 


bof Q4i 


Ai; [ 1 | by 


bof ii 


(sey 


where / and m are the normal lattice sites and 1 is one 
of the defect sites. Therefore we find 


207 detA (1 +-dy bof ay, x Aw’ 


x’ —2 r) 
2(22) (48) tangs 
x K 


, 


y'—2 
‘ A i | ( ; ) { 1 { bo bf Gis ') ' > A ‘é 
red x’ ' 


1 | by 


bof ay 2, 3 


5\? 
x(142) x. 
K 1) 


Here, the first term in the brace is the summation of 


Ta (8.3) 


A,,i° over normal lattice points m and J, and the second 
one is the sum of A,,° where i is one of the defect points 
and / is a normal point. The last term is the sum of A,,° 
over defect points. After summing Eq. (4.9), we obtain 


the following equations: 


N 
7. haf detA, 
C—6K 


detA 


> Aa’: 


1 
-n| -_ 
(—6K 


n f'(2) 
-( —_-+-— ) detA , (8.4) 
N({-6K) 2K 


nf’ (2) 
+ | aera @), 


> Aid 
2K 


| n 
N(t{—6K) 


n* 
> Ai? detA, 
N(¢—6K) 


Thus, retaining only the first-order quantities, we 
finally arrive at 


(K'—K 


) 
a? ci } 206|1 + ((2+3) f’(2)- || (8.5) 


where 


2a¢" (x’—x)/x. (8.6) 


x’N/({-6K), b= 


Introducing Eq. (8.5) into the equation for the par- 
tition function, we obtain 


(2! 


az. 


exp{ N[g(z)+ (o0?/2N)y(z) }} 
oieed 


2ei(2K)%! J (z—3)§[1+60(1—2f"(2)) 
(8.7) 
Thus, the free energy is 


F x (z.) 
} In2—4+4 In2K—g(z,)— 
NkT 8K (z,—3) 


+4cln[1+6d0¢(z,) ], (8.8) 


from which the susceptibility is calculated as 


9 


ho 
X= W/(2,). 
2J (z,—3) 


(8.9) 


In these equations, z, is the saddle point determined 
by 
x w(z,) x W'(z,) 
+ 


" 0 (8.10) 
8K (2,—3)? 8K (z,—3) 


g’ (z.) —-bo¢' (z,)- 
and y(z) is the function defined by 
K’ 


ait 
y(z) 1+2ail 1+(- rs Jecra@-n (8.11) 


Equation (8.10) shows that if the magnetic field is 
not zero, the third term becomes very large as 2, de- 
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creases from infinity. Finally, at absolute zero 2z, 
reaches a constant value which is slightly greater than 
3 depending on the magnetic field. This means that no 
transition is expected under the magnetic field. In 
conformity with experiments, a spontaneous mag- 
netization is predicted by this theory. 

At higher temperatures, Eq. (6.15) can be used in 
Eqs. (8.10) and (8.11). After determining z, asa function 
of temperature, the susceptibility is found to have the 
following approximate form: 


X= (uo?/RT) (14+ 2cb)(14+12K). (8.12) 


This equation shows that effects of defects on the sus- 
ceptibility are proportional to their concentration, and 
that the susceptibility vs temperature curve is enhanced 
in the case when the defects have larger magnetic 
moments. The reverse is true in the case of weak defects. 


9. DISCUSSIONS 


Many experiments have been done on the variation 
with composition of the Curie point of ferromagnetic 
elements when one of the magnetic elements is alloyed 
with a nonmagnetic element such as nickel with copper. 
The curie point in such cases is generally lowered from 
that of the pure element. Marian® and others have 
shown that many alloys of nickel show a systematic 
linear decrease of Curie point with atomic percentage of 
added element. 

This is in conformity with our theoretical result Eq. 
(6.25). The decrease in Curie point of nickel is propor- 
tional to the valence of the added element. Equation 
(6.25) shows that the decrease is linear with respect to 
the difference in the exchange integral. It would be 
beyond the scope of this paper to discuss such experi- 


§V. Marian, Ann. phys. 7, 459 (1937); R. M. Bozorth, Ferro 
magnetism (D. Van Nostrand Company, Inc., New York, 1951). 
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mental dependence of the Curie point on valence 
electrons. 

The experimental data on iron alloys are not very 
simple. Manganese depresses strongly the Curie point 
of iron but weakly that of nickel. Vanadium raises the 
Curie point for iron whereas it depresses it strongly 
when alloyed with nickel. Probably these behaviors are 
related more or less to the formation of compounds and 


superstructures and also to the nature of the 3d shells 


of iron, neither of which is believed to be filled, as one 
shell is in nickel. 

In our calculations, we assumed that the concentra- 
tion of defects is small and that the defects are well 
separated in the lattice. In other words, we have ne- 
glected the thermodynamical interaction between 
defects which may give additional terms to thermo 
dynamic functions. 

It is very possible to calculate the free energy of a 
defect lattice as a function of the distances between 
defects. However, the additional terms would be pro 
portional to the square or higher power of the difference 
in the exchange integral. This can be seen from Eq. 
(6.1) or Eq. (6.6), and probably the effect is not large 
at higher temperatures. 

We have so far discussed only the effects of foreign 
atoms or lattice vacancies. We must extend our theory 
further to discuss interstitial atoms or dislocations. So 
far we have confined ourselves to the case of ferromag 
netic material. However, it is possible to extend our 
theory to antiferromagnetic lattice. We hope to discuss 
these points in later articles, 
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It is shown that an excited sensitizer can transfer its energy simultaneously to two activators, under 
suitable conditions, leading to two emitted photons per incident higher energy photon. The probability 
of this transfer process is computed, and the process is shown to be experimentally feasible. 


HE study of luminescence in inorganic crystals 

has been largely concerned with luminescent 
impurity “centers.”” From the experimental point of 
view this is a result of two factors: one, that most 
“pure” inorganic crystals do not with 
appreciable efficiency at room temperatures, and two, 
that the variety of systems obtainable clearly is greatly 
increased when impurities are added. From the theorist’s 
point of view, the localized “center” is easier to deal 
with, and may in some cases be considered as an 
almost isolated atom, perturbed by the host crystal in 


luminesce 


which it resides. 

In the simplest case, excitation of the luminescence 
does not require the motion of charge through the 
crystal, the electrons involved in the radiative transi- 
tions existing only in bound, localized states. In the 
following we shall restrict ourselves to examples of 
this type, with the further restriction that the excitation 
of the luminescence be by visible or near-visible light 
That is, we shall be concerned with photoluminescence 
in the absence of photoconductivity. 

In this conceptually simple problem, the impurity 
center is raised to one of perhaps several discrete, 
excited, bound states by excitation with light in a 
definite energy range corresponding to an absorption 
band associated with the impurity. From one of these 
excited states the center returns to its ground state 
with the emission of a photon, generally less energetic 
than the exciting light. This degradation of the exci 
tation energy is referred to as the Stokes’ shift, the 
energy difference of course appearing as heat. Such a 
luminescing center is called an activator. 

It sometimes happens that an activator with de- 
sirable luminescent properties has no excitation, i.e., 
absorption band in an energy region for which a 
convenient light source is available. This may happen 
for example if the activator has only forbidden transi 


tions in the energy range available, so that the absorp 
tion bands, though present, are extremely weak, or it 
may happen that the particular light source, e.g., a 
mercury lamp, has very little intensity at wavelengths 
as long as the activator’s principal absorption bands. 


In such cases it is sometimes possible to excite the 
activator by the incorporation in the host crystal of an 


* Research supported in part by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research 
and Development Command 


additional impurity, called the sensitizer, which is able 
to absorb the light from the source and transfer its 
excitation energy to the activator. The resulting lumi- 
nescence from the activator is called sensitized lumi- 
nescence. A previous paper! contains a discussion of 
this phenomenon and references to other work. 

The total process clearly involves three steps: 
absorption of light at the sensitizer, transfer of the 
energy to the activator, and emission at the activator. 
If the probability of transfer is low, the sensitizer may 
itself luminesce, so that in general one would expect 
two emission bands upon excitation of the sensitizer, 
the one from the sensitizer having undergone a Stokes’ 
shift, and the one associated with the activator at still 
lower energy because of lattice relaxation on both 
centers. 

It is not essential that the sensitizer be an impurity, 
if the host crystal itself can absorb light from the source 
and transfer the energy to the activator. Thus, we may 
expect host-sensitized and impurity-sensitized lumi- 
nescence in different systems. 

As we have seen, there are certain advantages specific 
to sensitized luminescence: First, we are enabled to use 
certain activators (such as Mn) which may not be 
excitable by light directly. Second, the double Stokes’ 
shift may enable us to use a particularly convenient 
ultraviolet source (such as a mercury lamp) and yet 
obtain visible luminescence, a shift in energy unlikely 
to be obtained with a single Stokes’ shift. In the present 
note we point out the possibility of a third decided 
advantage, namely, the possibility of obtaining quan- 
tum yields greater than unity through a “photon- 
splitting” process. 

Getting two visible photons out per ultraviolet 
photon in is energetically possible, of course, and can 
potentially be achieved by a trivial process on a single 
activator. All that would be required is that the acti- 
vator have three energy levels, such that the separation 
between adjacent levels corresponds to visible light, 
and that radiative transition probabilities be sizable 
between adjacent levels and between the ground and 
second excited levels. The writer is not aware of any 
examples of this “cascade” process among the common 
luminophors. 

We envisage the process as follows. A sensitizer 
absorbs a uv photon of energy £,, the surrounding 


'D. L. Dexter, J. Chem. Phys. 21, 836 (1953) 
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lattice relaxes so that the sensitizer could emit a photon 
of energy ~E,<£,, this energy is transferred before 
emission to wo activators, each activator accepting 
~E,/2, the lattice around each activator relaxes, and 
finally each activator emits a photon of energy ~£; 
<F,/2. In the succeeding paragraphs we shall discuss 
the probability for the occurrence of this energy 
transfer. 

We take as the normalized wave function for the 
initial state of the system, before energy transfer has 
occurred, the antisymmetrized product 


W,= (6) [1 — 07 (2,3) J! 
Xd p(—1) Ps’ (1) Wo(2)W3(3). (1) 


The subscript S refers to the sensitizer, and 2 and 3 
refer to the two activators. For convenience, let us 
define as atom 2 the activator closest to the sensitizer. 
The prime in Ws‘(1) indicates an excited state, and the 
arguments 1, 2, 3 are abbreviations for the coordinates 
of electron 1, 2, 3. 0(2,3) is the overlap integral between 
the normalized atomic wave functions Wo(r) and ,(r). 
We have omitted all terms such as 0*(.8’,2), since it 
will be explicitly assumed that the sensitizer’s wave 
function does not overlap the activators’ wave func- 
tions. (If the sensitizer is very close to one or both of 
the activators we assume that Ws and Ws’ have been 
orthogonalized to Wo, Po’, Ws, Ws’.) Similarly we take as 
the wave function of the system after transfer has 
occurred the antisymmetrized product 


W r= (6) (1 — 02(2',3') 3 
XY pe (— 1)?’ Ps ( Vo! (2)s' (3), (2) 


where ©(2’,3’) is the overlap integral between y,'(r) 
and w;'(r). Terms such as ©?($,2’) have again been 
omitted. It is clear that ¥,; and Wy are orthogonal if 
¥i(r) and y,’(r) are orthogonal, with our further stipu- 
lation of the orthogonality of ys and Wa’ to Po, po’, Ws, 
Ws. Overlap integrals between W2 and Wz or Wy’ are not 
assumed to be zero, and in fact will be responsible for 
the energy transfer. 

We take into account the fact that the levels are not 
infinitely sharp, but are broadened by lattice vibrations, 
by our method of normalization. We normalize Ws’, Po, 
Ws in the usual way, 


fiver f Y2\ 4dr fv *dr=1, (3) 


introducing probability functions ps’(ws’) and pa(e) 
for the probabilities that instantaneously the excited 
sensitizer has energy ws’ and the two activators together 
have energy e. These functions are normalized such that 


fs'(os'yds [rscoue 2 (4) 
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The functions in the final state wave function, Eq. 
(2), are normalized on an energy scale, such that 


wl 
f ds f Ws(r,ws) | 2dr i. 
E+1 
f def |e" abs") "drag 1. 
E 


We now compute the matrix element of the pertur- 
bation Hamiltonian 7 between VW; and Vy, where 
e 


f-§2i, 
‘ 2 Ki; 
and « is the (high frequency) dielectric constant. The 
lower case indices refer to electronic, the upper case 
indices to nuclear coordinates, and the prime on the 
summation symbol excludes the equality of the two 
summation indices. Equation (6) is merely the sum of 
the Coulomb interactions among the electrons and 
nuclei involved. We shall explicitly assume from now 
on that only one electron on each of the three atoms is 
involved in the transitions, though more general cases 
can easily be treated by the same methods. We shall 
further assume for simplicity that the ground state of 
each atom is an S state. 
The perturbation matrix element of Eq. (6) 


Eqs. (1) and (2) is given by 


using 


e’O(2,3’) 
(Hr; 
KR | 1 


0?(2,3) |4{ 1— ©?(2’,3’) ]} 


Xs 3Rgo(vo- Ryo) /Rs? 


Rs.\* 
| )o 3Rea(va'Ress)/Rav]}, (7) 
R33 


where ws is the usual type of dipole matrix element 


Us [vs'(on. (r)dr, 


and v, and vy are two-center dipole matrix elements, 


V2 vetnns'(ondr, v3 [vateyevs'(ry (9) 


Ry. and Rg; are the vectors connecting the sensitizer 
nucleus with the two activator nuclei. Because of the 


normalization procedure (Hj ;y) is a dimensionless 
quantity, not an energy. There may be several degener 
ate states yo’, ~s’ which can contribute to the energy 


transfer, and it will be necessary eventually to sum 
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over all states. In this case O(2,3’) and vw. and vz; will 
depend on the particular state involved; we suppress 
explicit indication of this dependence for brevity. A 
different symbol O(2,3’) is used for the overlap inte 
grals, as compared with Eqs. (1) and (2), because the 
©’s are computed with wave functions normalized in 
the usual way, whereas we use functions normalized 
(3) and (5) in calculating O(2,3’). 
(Hy) is a function of ws’, 6, ws and &, 


condition that energy be conserved during the energy 


according to Eas 


subject to the 


transfer, and the transfer probability is given by 


brre'G | Ryo,R 33)), y fa [ ver(w ’ 
I k « 


3K? R go°hg 3’ 1— 07(2,3) }}I 
where G is a quantity of the order of or slightly larger 
than unity depending on the orientations Rye, Rys. 
In the last integral the product vO0?(2,3’) is a function 
of « and e+, where we have integrated over ws by 
means of the Dirac delta function and have substituted 
Dp for ra € Ww 9’ i 

The second integral in Eq. (11) can be related to the 
spontaneous emission probability 1/75 of the sensitizer, 
as in reference 1, 
product of the probability f4(/2) that the two acti 


and the last integral is equal to the 


vators are momentarily in resonance with the sensitizer, 
the average of the square of the overlap integral 0(2,3’) 
computed with wave functions normalized in the usual 
way, and the square of the two-center dipole matrix 
element fy computed with the same wave functions. 


Thus, we obtain 
re'h* Wy ( R R 
K'Rs 


F s(E) fa(E\dE 
X(0*(2,3'))aA tev)? f 
1 Du 


(Sb KS, )*(g 4’)? 


2° s[ 1 — 07(2,3) }§[1— 07(2’,3”) }! 


(12) 


In this expression /'y(/) is the shape of the emission 
band of the sensitizer, normalized such that 


es E)\dE=1, 


and f,(£) is the similarly normalized probability that 
the two activators can accept the energy E. If each 
activator has the normalized shape function a4(w) for 
its absorption band, f,4(/) is equal to 


f4(E) feea(taalt w)dw, 


and the integral in Eq. (12) is essentially a statement 
of the conservation of energy in the transfer process. 
From a slightly different point of view it is the density 
of states pg in the familiar expression for transition 


(13) 


YEXTER 


dn & fae f aos f depute) f des’ps (ws! 
1 F 


hgs'[1— 0°(2,3) [1 — 0°(2',3")]} 


4 (Hrp(ws’ ,e ; ws,e’))|6[ (ws’—ws) _ (e’—€) a‘ 


Psa 


(10) 


We have divided by the factor gs’, the degeneracy of 
the excited sensitizer state, since we subsequently sum 
over all of these states. We square (H/;p), average over 
all orientations of ws, v2, and vs with respect to Ry» 
and Rg;, and insert in Eq. (10), obtaining 


. Ws’ " E) ps’ (ws')dw 3’ 


J v20"23)pa(ode (11) 


02(2',3’) }! 


probabilities, P=(2r/h)|(H)\*pe. In Eq. (12) &, is 
the electric field which would exist at the sensitizer if 
an electric field & were applied to the crystal. Neg- 
lecting “local field” effects, we may set equal to unity 
the quantity (&/«'6,). 

We must now discuss the integral in Eq. (12). Let 
us assume that the emission band of the sensitizer is 
approximately a Gaussian, centered about the energy 
Ko, with a full width at half maximum given by U's 

(2 In2)/B', so that 


F's(E) = (B/x)' exp —B(E— Ep)* }. 


Similarly, if the absorption band of the activator is a 
Gaussian centered around wo with a width U 4 = (2 In2)/ 
y', the joint shape function for the activators is equal to 


f4(E) fet -y(w—wo)* |expl —y(E—w— wo)? |dw 
Tv 


(14) 


oY 4 
( ) exp —y(E—2w»)*/2 ]. 
2x 


If the sensitizer and activators be chosen for best 
resonance, so that Ly=2w», the integral in Eq. (12) is 


equal to approximately 
2 In2 


~. (15) 
WES 2+Us)s 


1 
feos (E)dE 
Eé 
Thus, the effective density of states is reduced by at 
most a factor 2~! by the fact that transfer must occur 
to two activators rather than to one. 

In order that appreciable transfer occur before the 
sensitizer itself luminesces, Ps47s must be greater than 
or of the order of unity. Thus, for appreciable transfer, 


2! (In2)G(Rso,Rs3) shc\? 7 & \* 
aor ae?) 
KE2(2U .2+U 3)! é Rso 


: (roy)? 
x (g4')0*2,3°) nd ) 
eA i 
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Where the activators are near to each other, say first- 
or second-nearest like neighbors, we may expect 0(2,3’) 
to be of the order 10~', and |r3-| to be perhaps a few 
times 10-* cm. If we evaluate Eq. (13) for a typical 
alkali halide, setting x= 2.4, Ey=S ev, Us~Us=04 ev, 
and choose P states for the excited activator (i.e., 
ga’=3) we may solve for a characteristic value of Ro, 
finding that for appreciable transfer to occur, Rg 
must be less than or of the order 


RyS12A. (17) 


Thus, we find that if two activators, separated by only 
one or two lattice distances, are within about 12 A of 
an excited sensitizer, the sensitizer will probably trans- 
fer its energy before emitting a photon. If the two 
activators are farther apart than first- or second-nearest 
like neighbors, 0(2,3’) and rey will be reduced, and the 
activators would have to be closer to the sensitizer 
than we have found in Eq. (14). There are about 160 
lattice sites for Na or Cl within a sphere of radius 12 A 
in NaCl, so that we woulil have a reasonably large 
probability of achieving these conditions in a crystal 
doped with activator in excess of one percent. 

It is important to note that for this process to occur 
it is not necessary that the activator’s transition of 
energy ~wo be an allowed one. That is, the matrix 
element f23 is not the usual dipole matrix element 
responsible for an allowed electric dipole transition on 
the activator, but is instead a two-center matrix ele 
ment which will in general be nonzero regardless of the 
relative symmetry of ¥2 and y,’. Hence an activator 
such as Mn might be perfectly satisfactory in this 
transfer process, and in fact might work better in this 
double-transfer process than in the usual single transfer. 
If the radiative transition in the activator is too weak 
one may not be able to observe an absorption curve, 
but the transfer may occur anyway. In this case of 
course one would not know a,(w) or f4(w). In this 
case also the luminescent decay time from the activator 
would be long, but this would not necessarily imply a 
low emission yield. 

Once the activators are excited, they will either 
luminesce or undergo a nonradiative transition to a 
lower state. We may compute the quantum yield for 
the activators’ luminescence as twice the transfer yield 
multiplied by the average luminescent efficiency of the 
activators. The presence of the sensitizer and the other 
activators will not in general influence greatly the 
relative probability for emission until the concentration 
becomes so high that concentration quenching is im 
portant. The luminescent quantum yield from the 
activators will be a function of concentration similar to 
that in Fig. 1 of reference 1, but with the ordinate scale 
multiplied by two for good efficient activators. Thus, 
we obtain the quantum yield for the activator lumi 
nescence, a function which monotonically increases 
with activator concentration, with a critical concen 
tration of about one percent where the yield is unity, 


QUANTUM 
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if we use the typical figures leading to Eq. (17). Above 
this concentration the yield should continue to increase 
until concentration quenching begins to dominate. 

If thermal quenching occurs on the sensitizer so that 
in the absence of the activators the sensitizer has a 
luminescent yield of ns, the criterion for efficient trans 
fer is obtained by replacing the left side of Eq. (16) 
by ns. With an efficient sensitizer we would expect ns 
to be about unity, and the above results not to be 
appreciably changed. 

The dependence of this transfer process on tempera 
ture! and on sensitizer concentration’ is expected to be 
similar to that for the usual single transfer, and will 
not be discussed here. 

If the two activators were sufficiently close together 
and were to interact sufliciently strongly, another point 
of view would be appropriate, in which the two acti 
vators might be considered as a diatomic activator 
molecule. In such a case, if the energy levels and wave 
functions of the activators were strongly perturbed, 
the foregoing arguments might or might not be appli 
cable. For example, the molecular levels might not be 
in resonance with the excited sensitizer, so that transfer 
could not occur. Or it might happen that direct exci 
tation of the molecular activator could occur by the 
absorption of the incident ultraviolet photon, even in 
the absence of the sensitizer. Similarly, the emission 
from the activator molecule might occur in the form 
of one uv photon rather than two visible quanta 
A possible piece of evidence indicating the necessity 
for the “molecular” viewpoint would be the appearance 
of an appreciably modified absorption spectrum at high 
activator concentration, On the other hand, if the 
specific interaction between neighboring activators is 
not too great, the energy levels would not be greatly 
perturbed, the absorption spectrum would not be much 
modified, and the activators could be considered as 
largely independent. This is the case treated here, 
which may be expected to be typical in systems in 
which tight binding is prominent. 

In summary, it is proposed that sensitized lumi 
nescence measurements be made at high activator 
concentrations where the activator is in half resonance 
with the sensitizer. It is expected that quantum yields 
greater than unity may be obtained in the process of 
changing uv photons into visible light. A suitable 
system might be one such as KCI containing 0.1 mole 
percent ‘Tl and about 3 mole percent Mn. 

ACKNOWLEDGMENTS 

It is a pleasure to acknowledge helpful discussions 
with D. Fox and R. S. Knox of this laboratory and 
with C, C. Klick and J. H. Schulman of the Naval 
Research Laboratory. 


21). L. Dexter and J H 
1954 


t Although the discussion has been based on inorganic 


Chem. Phys, 22, 1063 


chulman, J 
ystern 
identical arguments and results obtain for organic crystals and for 
liquid and gaseous solutions 





PHYSICAL REVIEW VOLUME 


108, 


NUMBER 3 NOVEMBER 1, 1957 


Symmetry Properties of the V, Center* 
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The symmetry of the V, center was studied using a technique of bleaching with polarized light. The V; 
band in KC] and KBr produced by x-rays and 2-Mev electron bombardment was examined. In addition, 
the effect of bleaching with polarized light on the phosphorescent emission of KCI was observed. It is con 
cluded that the center responsible for the V, absorption band in KC] and KBr has cubic symmetry insofar as 
its optical absorption is concerned. The phosphorescent emission of KC] became anisotropic under polarized 
bleaching light, indicating the presence of a center of noncubic symmetry. This second center has a [011] 


axis of symmetry 


I, INTRODUCTION 


ECENTLY spin resonance experiments have been 

carried out by Kinzig! on alkali-halide crystals 
which had been x-rayed at liquid-nitrogen temperature. 
At this temperature he finds a paramagnetic resonance 
absorption spectra showing fine structure and which 
appears to be related to a center of noncubic symmetry 
which has an axis of symmetry along the [011 } direc- 
tion. If the crystal showing such resonance is warmed 
up from 77°K, the resonance center is thermally 
bleached. From this fact, and the known thermal- 
bleaching properties of the V; center,’ it was concluded 
that the paramagnetic center involved is the same 
center that gives rise to the V, absorption band. 

This result is of interest because it has been proposed® 
that the V, center may be the antimorph of the F 
center; that is, a hole trapped at a positive-ion vacancy. 
Such a center should have cubic symmetry however, in 
contrast to the [011] symmetry which Kinzig associ- 
with the V, center. Since thermal-bleaching 
properties are involved in Kinzig’s result, it is of interest 
to examine the symmetry of the V; center using methods 
which do not involve this aspect. In the present work 
optical methods are used to study the symmetry of 
the V; center. 

This experiment utilizes a method similar to that 
used by Ueta‘ for the M-center symmetry studies. In 
this technique, one bleaches in the absorption band 
with polarized light. If the centers responsible for the 
absorption are anisotropic, preferential bleaching occurs 
along the direction of polarization of the bleaching 
light. ‘The crystal then shows dichroic absorption and 
from this type of measurement symmetry features can 


ates 


be established. 

In addition to the above type of measurement, it was 
found useful to observe the phosphorescent emission 
from crystals being studied. After KCI or KBr have 
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been x-rayed or bombarded with electrons at 77°K, 
a phosphorescence is observed. Such emission has been 
studied by Dutton and Maurer? in connection with 
thermal-glow curves. In the present work, the effect of 
bleaching with polarized light on this phosphorescence 
was examined. 


Il, EXPERIMENTAL METHODS 


Crystals of KC] and KBr were colored at 77°K by 
x-raying (45 kvp) or bombardment with 2-Mev elec- 
trons. The crystals were maintained at 77°K during 
the course of subsequent measurements. 

Optical absorption measurements were made with a 
Beckman monochromator modified for work at 77°K. 
Glan-Thompson prisms were inserted between the 
crystal and detector such that the optical absorption 
could be studied as a function of the polarization of the 
light as seen in Fig. 1. A 1P21 photomultiplier was used 
to measure the transmitted light with the sample in 
and out of the light beam. Phosphorescence ‘nduced by 
x-rays or by 2-Mev electron bombardment was also 
observed with the photomultiplier through the same 
Glan-Thompson prisms. In this case, the exit shutter 
was closed on the monochromator. This phosphores- 
cence persists for several hours after high-energy 
irradiation. 

After the crystals had been irradiated, the optical 
absorption and the total phosphorescent emission was 
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Fic. 1. Apparatus used to measure optical absorption as a 
function of polarization of absorbed light and to measure polariza 
tion of phosphorescent emission. The PM is a 1P21 photomulti 
plier. For phosphorescent emission measurements, the shutter is 
closed. The Dewar is of clear Pyrex 
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measured as described above. The crystals were then 
bleached with polarized light in their respective V; 
bands (Hg 3650 A line used for KC], 4360 A line used 
for KBr), using an H-4 mercury lamp with an appropri- 
ate filter. The mercury lamp for purposes of bleaching, 
was placed in the position of the photomultiplier. After 
bleaching, the photomultiplier was returned to position 
and measurements made. 


III]. EXPERIMENTAL RESULTS 
A. KCl and KBr X-Rayed at 77°K 


These materials were x-rayed for about 4 hours. 
Subsequent bleaching with polarized light was carried 
out for periods of 5 minutes to an hour. Experiments 
were done with the bleaching light polarized along the 
[011 ] crystal direction and the [001 ] direction. Figure 2 
shows a typical run for KCl. Results indicate that no 
dichroism was induced although substantial bleaching 
of the V; band occurred. Similar results were obtained 
for KBr. 

It must be established in bleaching experiments of 
this type that the bleaching occurs directly by the 
action of the light on the center under consideration and 
not by some indirect process. For example, when 
bleaching in the V; band in KCl, it must be ascertained 
that the bleaching effect is not a result of ejecting 
electrons from F centers by absorption of light in the 


high-energy tail of the / band. Such electrons could 
annihilate V,; centers and no dichroism would be ob- 
served. To check this possibility, 4360A light of 
intensity equal to the 3650 A light normally used, was 
used to bleach the V; band in KCl. The rate of bleach 
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Fic. 2. The effect on the V; absorption band of bleaching with 
polarized 3650 A light. The V; band is produced by exposure to 
x-rays at 77°K. The figure shows the absorption as measured with 
volarized light. The bleaching light was polarized parallel to the 
Pot 1] crystal direction. 
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Effect of bleaching on phosphores« ence and optical 
The crystals were bleached for about 2 minutes 


TABLE I 
density in KC] 
at 3650 A 


After bleach 
on LOL] 


(oi) = (olny 


Before bleach 
O11) O11) 


Optical density at 3650 A 0.30 0.30 0.28 0.28 


Phosphores¢ ence 10 10 3 6 


of the V; band was much less under these conditions. 
If F-band absorption had been significant the 4360 A 
should presumably have had a larger effect than the 
3650 A. 

The observations on phosphorescence are as follows. 
Immediately after high-energy irradiation a phosphores- 
cence was observed which decreased slowly with time. 
Using filters it was determined that this emission was 
apparently the same as that observed by Dutton and 
Maurer.’ After the crystals were bleached with polarized 
light for a few minutes, it was observed that the phos- 
phorescent emission had decreased and was anisotropic. 
The emission was partially polarized with the maximum 
occurring in a direction oriented at 90° to the direction 
of the plane of polarization of the bleaching light. This 
effect was observed for bleaching light polarized along 
[011] and (001 ] crystal directions. A typical result is 
shown in Table I for bleaching along [011 ]. 

Upon warming it was found that the polarized emis 
sion persisted to about — 140°C. At this temperature 
the emission was swamped out by the large thermally 
stimulated emission as has been reported.? This emission 
is not polarized, and with continued warming to 

-120°C all emission was determined by 
using filters that the thermal-glow emission was of 
different spectral quality than the low-temperature 
phosphorescence. Thus, the phosphorescence is removed 
by warming. 


ceased. It 


B. KCl 2-Mev Electron Bombardment at 77°K 


Crystals were colored at 77°K by bombardment with 
2-Mev electrons. Temperature was maintained by 
immersing the sample just below the level of liquid 
nitrogen. Very large absorption in the V\-band region 
could be induced as compared to that obtained in 
exposure to x-rays. The same type of optical experi 
ments were carried out, but the results obtained showed 
some difference from the x-rayed case. 

In these experiments it was possible to observe a 
small induced dichroic absorption in the region of the 
V, band, definitely indicating the presence of some 
anisotropic center. For example, Fig. 3 shows the 
dichroism induced by bleaching with light polarized 
along the [011 | direction. Similar results were obtained 
when bleaching was along [001]. In each case the 
absorption was less for light polarized in the same 
direction as the bleaching light. The amount of di- 
chroism, the difference in optical density between the 
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hic. 3. The effect of polarized 3650 A bleaching light on the 
absorption of electron-bombarded KCI] crystal. The ordinate 
shows the difference in optical density for light polarized along 
[O11] and [011]. The bleaching light was polarized along [011 ) 
The optical density at 3650 A was 1.7 along [011]. 7=77°K 


parallel and perpendicular direction, was about 10% at 
most. This dichroism could be removed by warming 
the crystals to —120°C. The temperatures at which it 
disappeared could not be accurately determined in our 
apparatus 

The phosphorescent behavior of these crystals was 
the same as that found for x-rayed samples. That is, 
bleaching with polarized light caused the phosphores 
cence to become polarized just as for the x-rayed case. 
Similarly this polarized emission was removed by 
warming the crystal to its first glow peak. Figure 4 
shows the time dependence of the phosphorescence and 
the effect of bleaching with polarized light 


C. KCI(TI) 


It has been reported® that when thallium or silver is 
added to KCl, exposure to x-rays at 77°K produces a 
center which shows a very strong spin resonance absorp- 
tion. ‘This resonance is very similar to that observed by 
Kinzig for the V, center. Experiments were therefore 
carried out to determine what similarities might exist 
in the optical experiments. 

KCI crystals prepared with 1 mole percent thallium 
added to the melt were x-rayed at 77°K and optical 
measurements were then made. These crystals showed 
a strong phosphorescence which differed somewhat in 
spectral quality from the pure material in that the 
emission was shifted toward longer wavelength. The 
optical absorption is of course different than for the 
pure material,® several other bands being present. 

For such crystals, bleaching with polarized light did 
induce dichroic absorption in the region around 3650 A. 


® Delbecq, Smaller, and Yuster, Color Center Symposium, 
Argonne National Laboratory, 1956 (unpublished) 
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In addition the phosphorescence became polarized. 
These effects were found for bleaching along the [011 ] 
and [001] crystal directions. It should be noted that 
the phosphorescent pelarization is not a trivial effect 
due to self-absorption of the dichroic crystal since the 
maximum in the phosphorescence is in the same direc- 
tion of polarization as the maximum absorption. 

In this material the induced dichroism and the ani- 
sotropic phosphorescence persisted as the crystal was 
warmed to appreciably higher temperatures than for 
the pure crystal. The anisotropic phosphorescence per- 
sisted until the onset of a large thermal glow emission 
at about —75°C. This thermal glow peak was of 
different spectral quality than the phosphorescence and 
was not polarized. The dichroic absorption was also 
removed by warming through this temperature region. 


IV. DISCUSSION 


Since the results of Kianzig! on resonance apply to 
x-rayed KCl, we will focus our attention on this case 
first. Those results have been interpreted in terms of a 
center like a Cle~ molecule ion.'® This center is taken 
to have an axis of symmetry along the [011 } direction. 
It might be expected that such a center should have 
anisotropic absorption. Our results indicate that insofar 
as optical bleaching is concerned the V; center has 
cubic symmetry in agreement with the model of Seitz.‘ 
This leads to two possibilities: (a) the V; center dis- 
plays cubic symmetry in optical absorption but not in 
spin resonance; (b) the spin resonance results apply to 
a center other than the center which gives rise to the V; 
center absorption. The first possibility would have to 
be examined in terms of a more detailed analysis of 
ground and excited states of the proposed Cl,~ model. 
Case (b), however, has aspects which are born out by 
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Fic. 4. The effect of polarized bleaching light at 3650 A on 
the phosphorescent emission of electron-bombarded KCl. The 
bleaching light was polarized along [011]. T7=77°K 


* T. Inui and S. Harasawa, J. Phys. Soc. Japan 11, 612 (1956). 





SYMMETRY PROPE 
present results on phosphorescence so that it may well 
represent the true situation. 

The examination of anisotropic phosphorescence indi- 
cates that there is certainly a center other than the V, 
center present in KCI x-rayed at 77°K which has an 
axis of symmetry along [011]. Moreover, this center 
can absorb light at 3650 A and can be bleached ani- 
sotropically. Its absorption properties are therefore 
anisotropic even though this could not be observed 
directly in x-rayed KCI but is implied by the phos- 
phorescent behavior. Further, the anisotropic phospho- 
rescence disappears in the same temperature region as 
the V, center so that the center responsible for the 
phosphorescence may also disappear in this region. 
Thus, this center would have thermal-bleaching proper 
ties very similar to the V; center. 

The results on electron-bombarded crystals are in 
agreement with the above findings. The same ani- 
sotropic phosphorescence is found and in this case the 
small induced dichroism indicated the presence of an 
anisotropic center. The fact that dichroism could be 
observed directly in electron-bombarded crystals is 
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probably due to the higher coloration obtained which 
makes the experimental observation simpler. 

The results of KCI(Tl) are rather suggestive. It was 
noted that for KCI(T1)® one observes an x-ray induced 
resonance signal quite like that reported by Kinzig. 
It is much more intense than in pure KCI for the same 
amount of x-raying. Our results show that one can 
“asily find induced dichroism and anisotropic phos- 
phorescence in this case. Thus, it is possible that the 
center in KCI(Tl) which shows noncubic symmetry in 
resonance is also manifested in the observed dichroism 
and anisotropic phosphorescence. It should be noted 
that phosphorescence in KCI(TI) is shifted in wave- 
length from that found in pure KCl. This indicates 
that the centers involved are not identical. 


ACKNOWLEDGMENTS 


We wish to thank Professor R. J. Maurer for sug- 
gesting this investigation to us. We also thank Dr. C. J. 
Delbecq, Dr. P. H. Yuster, and Dr. B. Smaller of 
Argonne National Laboratory for helpful discussions of 
their work. 


NUMBER 3 NOVEMBER 1 195 


Problem of Spin Arrangements in MnO and Similar Antiferromagnets* 
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Ihe magnetic dipolar energy is computed for ordering of the 
second kind with the four antiferromagnetic sublattices of a face 
centered cube making arbitrary spin directions with respect to 
one another, and this energy is shown to be of the same form in 
the sublattice direction cosines as is the calculated powder neutron 
(The dipolar energy is 
ordering of the third kind and shown to lead to a spin arrangement 


diffraction pattern also calculated for 
in disagreement with powder neutron-dilfraction results on 6 MnS.) 
The observed neutron patterns in MnO and @ MnS agree with 
minimum dipolar energy, but many spin arrangements can satisfy 
this and the spins are constrained only to certain regions. Other 
sources of anisotropy in Mn 
\ model is introduced in which the spins are constrained by dipolar 


* salts are shown to be much weaker 


I. INTRODUCTION 


HE problem of the arrangement of spins in anti 

ferromagnetic MnO, and in the similar crystals 

a MnS and a Mn&Se, is not simple, and it will most 

likely remain somewhat unsettled until good single 
crystals are available for experimental study. 

Neutron diffraction experiments give unquestioned 

evidence that the ordering in MnO is of the second kind, 
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and exchange forces to point parallel to (111) planes and con 
strained by the weaker anisotropy to a threefold set of easy axes 
within these planes. Nagamiya’s small-field approximation for the 
field dependence of the powder susceptibility of a uniaxial anti 
ferromagnet is extended to all values of the applied field, and a 
similar calculation is made for the powder susceptibility of our 
MnO model 
the weak within-plane anisotropy is 


Comparison with experimental data indicates that 
~3X 10 ergs/cm' which is 
to be contrasted with the theoretical out-of-plane dipolar aniso 
tropy of 107 ergs/cm*. A rough theory of antiferromagnetic reso 
nance for our model seems to explain the partial paramagnetic-like 


absorption observed below the Néel point 


that is, coordination of next-nearest neighbors.':? How 
ever, the problem of the direction in which the spins 
point (or multidirections, since the system can be 
divided into many sublattices) remains entirely open. 
The original neutron evidence! suggested an arrange 
ment in which all spins pointed along [100] directions, 
Subsequently Kaplan* showed that in ordering of the 


' Shull and Wollan, Phys. Rey. 83, 333 (1951) 

* For an excellent review of antiferromagnetism, which we shall 
Nagamiya, Yosida, and Kubo, 
laylor and Francis, Ltd., London, 1955), 


Strauser 


quote throughout this paper, see 
in Advances in Physics 
Vol. 4, p. I 


‘J. 1. Kaplan, J. Chem. Phys. 22, 1709 (1954 
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second kind the magnetic dipolar interactions should in 
theory align the spins parallel to (111) planes. 

In MnO, in which the ionic configuration Mn*+ +O 
should at least predominate, the Mn ions are for the 
most part in S states, and it is difficult to find any 
source of anisotropy that can compete with the 
magnetic dipolar interactions. Fortunately some recent 
Brookhaven neutron diffraction experiments on MnO, 
NiO, and a MnS suggest a (111)-plane arrangement, 
although Roth has pointed out that multi-spin axes will 
also fit the powder data and are perhaps to be preferred 
for the single-crystal data available only in NiO.“ 

Kaplan showed that the dipolar energy constraining 
spins to (111) planes (for his single spin-axis model) 
should be of the order of 10’ ergs/cm*. This large anisot- 
ropy disagrees with a much smaller anisotropy (~10° 
ergs/cm*) estimated by Nagamiya® from the field 
dependence of the powder susceptibility of MnO, as 
observed by Bizette, Squire, and Tsai.’ 

In this paper we reconcile Nagamiya’s calculation 
and the large dipolar anisotropy by introducing a model 
in which, in addition to Kaplan’s (111)-plane constraint, 
a much weaker anisotropy selects preferred directions 
in those planes. 

But first we derive the dipolar anisotropy for a multi- 
spin axis arrangement in both ordering of the second 
kind and ordering of the third kind. We then estimate 
the magnitude of other sources of anisotropy from 
rather general considerations. After a discussion of the 
relation of the powder neutron-diffraction problem to 
the dipolar problems, we introduce our model in some 
detail. In the last two sections we apply this model to 
calculations of the powder susceptibility and antiferro- 
magnetic resonance, 


Il. DIPOLAR ANISOTROPY FOR FACE- 
CENTERED CUBE 


A. Ordering of the Second Kind 


We compute the dipolar anisotropy for the general 
case of ordering of the second kind when the four cubic 
sublattices are allowed to take arbitrary directions with 
respect to each other. Let the direction of the ith sub- 
lattice be given by the direction cosines aj, Bi, Yi. 
Following Luttinger and ‘Tisza,* we may denote each 


sublattice by 


aXe + BiYs { vile, 


where, for example, Z, means a cubic antiferromagnetic 

array aligned in the z direction. It proves convenient 

to take as origins of the arrays the four points 
(0,0,1) (4,4,0), (0,4,4), (4,9, 4). 

4 Corliss, Elliott, and Hastings, Phys. Rev. 104, 924 (1956). 

®W.L. Roth, Bull. Am. Phys. Soc. Ser. II, 2, 119 (1957) 

*T. Nagamiya, Progr. Theoret. Phys. Japan 4, 342 (1951) 

7 Bizette, Squire, and Tsai, Compt. rend, 207, 449 (1938). 
Their data is reproduced as Fig. 7 of reference 2. The units for the 
susceptibility, omitted in the figure, are g7'. 

‘J. M. Luttinger and L. Tisza, Phys. Rev. 70, 954 (1946) ; 72, 
257(E) (1947) 
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Luttinger and Tisza have shown that the field at our 
second array resulting from our first array is given by 


}Nu(—aiYs—fiXs) Ms, 
where 4N is the number of dipoles per unit volume on 
an array, » is the moment of each dipole, and 

h= 14.461. (1) 
Hence the interaction energy between arrays 1 and 2 
will be given by 
Ure - (4 Nu)?(ar¥e+6iXs) : (a2Xg+BoYst+72Ls) 
= (4Nyu)?(a\Bot+B a2) hs. 

Similarly 

Uys= (4Nu)*(Brvst7iBs) ha, 

Uy= (4Nu)*(avyvatyi04)s, 

U.a3= (4.Nu)?(avyst+ vos) hs, 

Uy= (4Nu)*(BrvatvBs)As, 

Uss=(4Nu)? (as8it+Baas) Ms, 

U,,=0, 1=1, 2, 3, 4. 

The total dipolar interaction energy will be the sum 
of the above energies, which may be written as 
U=4$(4Ny)*hal (art+-Botys)?+ (a2+8it7s)? 

+ (a3t+Bat72)*+ (astBs +7,)?—4]. 

This energy is obviously a minimum if 

at+Betys=9, 
atpitys= 
astBat72 
agtBatyi=9, 
and the minimum energy is given by 
Umin = 2ha(4Nu)? 
= —1.807(Ny)?. 


(2) 


(4) 


We note that in the special case that all four arrays 
are in the same direction, Eq. (2) reduces to 


U’ =3.615(Nyu)?(aB+By+ya). (5) 


This result was first obtained by Kaplan,’ his 
numerical constant being 3.588. In this special case, as 
noted by Kaplan, the minimum condition on direction 
is 


ait+Bi +7i:=0, (6) 


and hence all dipoles point parallel to (111) planes. 
We have so,chosen our origins of the four arrays that 
for the above case the dipoles in any (111) plane all 
point in the same sense, an arrangement which Li? calls 
ordering of the second kind, type A. It is possible to 
have all dipoles parallel without having a unique sense 
on any set of {111} planes, or what Li calls ordering of 


*Y-Y Li, Phys. Rev. 100, 627 (1955) 
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the second kind, type B. In this case 


ae 


Be 


a3 


Bs 


= (4 


B4= 


—~ 1, 
—61, 


m3 1 Te Th 


and Eq. (2) gives l’=0, regardless of direction. This 
complete absence of dipolar anisotropy for type-B 
ordering has been noted by Li. 

If the arrays are allowed to take various directions 
with respect to each other, there are many possible 
solutions to Eq. (3) besides the conditions represented 
by Eq. (6). 

We hote that Eq. (3) defines only a general region of 
minimum anisotropy, not a single direction. Thus, 
under dipolar anisotropy alone, the spins will always 
have considerable freedom of movement. In the next 
section we discuss possible restrictions on this freedom 
which may arise from other sources of anisotropy. 


B. Ordering of the Third Kind 


In ordering of the third kind, or “improved ordering 
of the first kind,” each of the four basic arrays building 
the face-centered cube has alternate planes (which we 
take as yz planes) of up and down dipoles. The arrays 
may not take arbitrary directions with respect to each 
other, however, as each site of the face-centered cube 
must be surrounded by 8 antiparallel and 4 parallel 
dipoles (nearest-neighbor correlation). In the Luttinger 
and Tisza notation, the arrays are of the form 


aiXo+BiY3t+y7Zs, 
with 


(a1,01,¥1) (a3,83,Y3), 


(a2,82,¥2) (a4,34,Y4). 

We have taken origin points as in Sec. IT A, above. 
Using the Luttinger-Tisza field factors, we find 
U3 
Un 
Uy. 
U i; 


(4. Nyu)?( 2a;03- BiBa— 173) 2, 


(4Nyu)? (Zang BoBs—Yovs)ho, 
Uy=Uy 


—4(4 Ny) fatas( fe 


0 


’ 


where 


ho=7.992: fe 9.087; {3= 4.844. (8) 
The total dipolar interaction energy is the sum of the 


above, and on invoking Eq. (7) we find 


U (4 Vu)? 6.296 — 9.445 (a;?+-a2") |. (9) 


This is a minimum when a,’ =a,*=1, or when all dipoles 
are parallel to the x axis. 

Corliss, Elliott and Hastings‘ have studied the order- 
ing of 8 MnS (zine-blende structure) by using neutron 
diffraction. They find ordering of the third kind with, 
however, spins perpendicular to the x axis. We do not 


understand the source of an anisotropy large enough to 
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overcome the energy represented by Eq. (9). Spin-orbit 
coupling effects should be small in MnS. However, since 
the antiferromagnetic pattern has a unique direction in 
ordering of the third kind, it is possible that the super- 
exchange mechanism itself may lead to nonisotropic 
terms. 


Ill. OTHER SOURCES OF ANISOTROPY 
A. Dipolar Anisotropy from Lattice Distortion 


It is known that the face-centered cubic antiferro 
magnetic manganese salts distort along a [ 111 ] dire 
tion below the Néel point, that is, they undergo struc 
tural rhombohedral symmetry."” This 


distortion, which is of the order of magnitude of a 


transitions to 


fraction of 17, will perturb the dipolar anisotropy 

It is generally assumed that for ordering of type A 
the distortion is perpendicular to that set of (111) 
planes characterizing the order."' In this case the per- 
turbed anisotropy energy must be of the form 


constant (aB+py+ya). 


This is because dipole-dipole interactions can lead at 
most to an energy expression quadratic in the direction 
cosines (unless, as we discuss below, higher-order 
quantum-mechanical effects are considered), and the 
dipole array has threefold symmetry about the axis of 
distortion and symmetry for inversion of all dipoles. We 
have verified this by a rather lengthy perturbation 
calculation and find that Eq. (5) becomes 

U’ [3.615 +S8.8A |( Vu)* (aps tBy+ ya), (10) 


where A is the fractional increase in cube diagonal. We 
have assumed an accompanying decrease in dimensions 
perpendicular to this diagonal such that the density is 
unchanged, 


B. Speculations on the Cause of 
Lattice Distortions 


Smart and Greenwald" have argued that antiferro 
magnets with ordering of the second kind, type A, will 
distort perpendicular to the ordered (111) planes so as 
to minimize the exchange energy. It is claimed that 
such a distortion, since it uniformly changes the distance 
between sheets of up-spins and neighbor sheets of down 
spins, will sufficiently lower the exchange energy to 
make type-A order distinctly preferable to type B, 
where no such alternate sheets of up and down spins 
exist. 

Li,’ on the other hand, has argued that the distortion 
We wish to point 


out that there are good theoretical reasons for doubting 


is probably due to anisotropic force 


if anything other than exchange forces could cause a 
distortion approaching the magnitude of that observed 


The change to rhombohedral symmetry may be thought 


1950 
1951 


165 
§2 


Nature 
Rey 


442 
113 


C. Tombs and H. P. Rooksby 
5. Smart and S, Greenwald, Phys 


uy 
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of as a shear through an angle of a few thousandths of a 

radian, The energy involved, per cm*, will be of the 

order of this angle multiplied by the shear modulus. 

Taking as a conservative estimate a modulus of 10! 

dynes/cm*, we arrive at an energy of 107 to 10° ergs/cm’. 

In the absence of large spin-orbit coupling only the 

exchange energy can decrease, under a small distortion, 

by this order of magnitude. 


C. Remainder of the Anisotropy 


In a discussion of the problem of Mnf», we have 
listed some other sources of anisotropy in antiferro- 
magnets with predominately S-like magnetic ions.” The 
principle mechanism invoked for Mn Fy», involved the 
interaction between excited states of Mnt* and the 
tetragonal crystalline field, and led to an anistropy 
energy of the order of 510° ergs/cm*® (about 1/10 of 
the magnetic dipolar anisotropy). 

Since the crystalline field in MnO, apart from the 
mall effect of the distortion, has cubic symmetry, the 
anisotropic interaction with excited states of Mnt? will 
be a higher order perturbation than in MnF,, and will 
lead to an anisotropy energy considerably smaller in 
magnitude, 

On the other hand, MnO is not as ionic as Mn ky, and 
a considerable anisotropy may arise from spin-orbit 
coupling in the nonionic configurations. This sort of 
interaction would also affect the g factor, and since both 
susceptibility and microwave resonance measurements 
indicate a value of g very close to 2, we estimate that 
the anisotropy energy is ~10° ergs/cm® or less. This 
rough estimate is based on the Kittel-Van Vleck ap 
proximation of anisotropic exchange coupling of order 
of magnitude (g—2)* times the exchange energy.” 
The nonclassical part of the dipolar interaction will 


“ This yields an 


be a further source of anisotropy 
energy of order 0.05(.N*u?/S) or ~10° ergs/cm'’, and it 
has a very complicated directional dependence.’® 

All of the above anisotropies will have terms of the 
form of Eq. (10). In addition, they will have terms of 
higher order in the direction cosines which should pin 
down the spins to certain preferred orientations within 


the (111) planes 
IV. POWDER NEUTRON-DIFFRACTION PATTERN 


We calculate the powder neutron-diffraction pattern 
to be expected from ordering of the second kind with 
arbitrary orientation of the four dipolar arrays with 
respect to each other. 

The structure factor for scattering from an (hkl) 


plane is'® 


Snare Doe ae exp 2mt (hu, + ko, + lo,) |, (11) 

“I. Keffer, Phys, Rev. 87, 608 (1952) 

‘J. H. Van Vleck, J. phys. radium 12, 262 (1951 

4]. Tessman, Phys. Rev. 96, 1192 (1954) 

1° M.H. Cohen and F. Keffer, Phys. Rev. 99, 1135 (1955). The 
calculation in this paper is for ferromagnetism, but antiferromag 
netism should be very similar. 

'©Q, Halpern and M. H, Johnson, Phys. Rev. 55, 898 (1939), 
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where a, is the magnetic scattering amplitude from a 
dipole at (1:,0,w,) and is given by 


(12) 


at e:-x,e-s— x; 8. 


Here e is a unit vector perpendicular to the scattering 
plane, x; is a unit vector in the spin direction of the ¢th 
dipole, and s is the spin of the neutron. 

The sum in Eq. (11) is over all dipoles of the unit 
magnetic cell. We have four basic arrays of the Lut- 
tinger-Tisza type Zs (see Sec. IIA). The common part 
of the structure factor of all four arrays is 


(1 = e**h) (1 —e***) (1 —ertl) 
which equals 8 if 4,k,/ are all odd, zero otherwise. Thus, 


Sper 8| aye" *'4 age§® (hth) 4 aged (e+) 4 aged* (a+) 


[h,k,lallodd] (13) 


where d,:++d, are scattering amplitudes characteristic 
of the origin points of the four basic arrays. (We choose 
origins as in Sec. ITA.) 

For unpolarized neutrons we may average 
over all directions of 8. We use the relation 


. le 
Shet|? 


4a,ay Ay KK — O- KO Ky. 


\ further average is then taken over +h, +k, +/ and 
over permutations of /, k, / as is appropriate for a 
powder pattern. After a few algebraic manipulations, we 
obtain 


Cl) Snr/8 |?) m0 4 + [ (ayt+Botya)?+ (a2tBitys)* 
t+ (ag+B44 2)" + (agt+B34 41)" 4 lPret, 
[h,k,lallodd| (14) 


where 


Pri 


(i*t*hk+ ik! hl+-i'* hl) /[ 12+ R+P) |. 


We note with astonishment that the expression in 
square brackets in (14) is identical to that in (2). If we 
assume any of the arrangements, given by Eq. (3), 
which lead to minimum dipolar anisotropy, we have a 
powder pattern independent of the precise nature of the 
multi-spin axis orientations. 

Roth has shown that the observed powder pattern 
seems to be consistent with a value of —4 for the 
bracket in Eq. (14); and we note that this value corre- 


sponds to minimum dipolar anisotropy. Further infor- 
mation on the spin orientations awaits single-crystal 


diffraction measurements, although even here the 


analysis may be obscured by possible domain effects.” 


V. PROPOSED SPIN MODEL 


We have noted that various arrangements satisfy 
both minimum dipolar anisotropy and the powder 
neutron-diffraction pattern. However, only the arrange- 
ment of all spins parallel (type A) seems to explain the 
distortion below the Néel point. This distortion should 


17 We wish to thank Dr. W. L. Roth for a most informative dis 
cussion of the neutron diffraction problem, 
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couple the four arrays to one another, inasmuch as it 
upsets the zero balance of nearest-neighbor exchange 
forces. And the coupling should compel all four arrays 
to point in the same direction. Therefore we shall 
assume a single spin axis and hence all spins constrained 
by the dipolar energy to be parallel to (111) planes. 

We consider two types of anisotropy: (1) the large 
dipolar energy given by Eq. (10), and (2) a much 
smaller energy coming from sources discussed in Sec. 
III. This latter anisotropy will select special minimum 
directions within the (111) planes, and because of the 
threefold symmetry (and in addition the twofold up 
down symmetry of antiferromagnetism) its leading 
term will be of the form 


ue -4Ky 


cos6n, (15) 


where 7 is the planar angle between the actual spin 
direction and a preferred direction. In addition this 
latter anisotropy will add a small correction to the 
numerical constant in Eq. (10), and we may write the 
out-of-plane anisotropy in the form 


U’ K (ap By+ ya) 
Except for small corrections, 
K,=3.615(Ny)?. 


For MnO, p=58=4.64K10-" erg /oersted, 
« 10” Mn atoms/cm*, and 


K,~1.64X 10! ergs/cm’*, (18) 
a result first obtained by Kaplan.’ This applies, of 
course, only to a sample at O°K, and A, should drop 
with the square of the sublattice magnetization as the 
temperature rises. 

We expect K, to be very much smaller, of the order 
of 10‘ to 10° ergs/cm*. 

Arrangements other than all dipoles parallel to (111) 
planes, but which satisfy minimum dipolar anisotropy, 
will also be expected to have a large energy constraining 
the spins to certain regions, and a much smaller energy 
picking out certain directions. Therefore, although such 
arrangements would modify the details of the calcu 
lations in the next sections, they should not affect the 
general nature of the results. 


VI. FIELD DEPENDENCE OF POWDER 
SUSCEPTIBILITY: UNIAXIAL 
SYMMETRY 


The problem of the field dependence of the powder 
susceptibility of an antiferromagnetic material with 
uniaxial symmetry has been solved for small applied 
fields by Nagamiya.® Before considering our complex 
spin model of MnO, we wish to generalize his calculation 
to all field values. This is necessary since we assume K» 
to be so small that Nagamiya’s approximations will no 
longer apply. 

In the two-sublattice molecular-field approximation 


SPIN 


ARRANGEMEN 


1. Detinition of angles 
in Eq. (19) 





the free energy of the system of spins is very nearly 


F SIT? (x, cosw+yx, sin’y) 


1K cos| 2(y 6) |+-const, (19) 


The angles are 
defined by Fig. 1, This 
amounts to the usual assumption that the molecular 
field is very much larger than either the applied field 
H or the anisotropy ‘‘field” K/M. 


We introduce the well-known “critical field’ 


H.=([2K/(xi—xu) 


Here the notation is that of reference 2 
and we assume @ very small 


(20) 


which is the value of the field /7 which, applied parallel 
to the preferred spin direction, causes the spins suddenly 
to flop to a position orthogonal to 7, For convenience 
we measure // in units of H/,: 


h=H/Hi.. (21) 


The minimum condition on F with respect to p is 
h*=sin| 2(~—6,) |/sin 2p (22) 


The component of induced magnetization along the 


direction of the applied field is 


Mn x 14 (X14 (23) 


Xi )H sin’, 


and the powder susceptibility is given by a spherical 
average of My/H: 


Xi)! sin*y Ay 


XeP XT Ks 
From (22) we have 


sin’y = 44-4 (h’—cos20y4)/(1— 2h? cos26y+h')', (24) 


which must be averaged over all values of 0,7. The result 


1S 
1 w—! 


Xe™ Xu (Xs Xi 


Sh? 
(h?+-1) (3h? 


16h 
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Fic. 2. Powder susceptibility as a function of applied field 
Curve (1) for the case of uniaxial symmetry, Eq. (25), with H, 
defined by kq. (20). Curve (2) for the case of magnetization 
constrained to a plane of threefold symmetry, Eq. (31) numeri 
cally integrated, with H/, defined by Eq. (32). 


Nagamiya’s result follows from (25) with the assump- 
tion that /?<1: 


Xp Xu { (x4 xu)! 4 | (4 15)h’ |, [ h< 1 |. (26a) 


In addition we have 


Xp Xut (xs xil d+ (4 8) |, [ h? 1 |, (26b) 
and 
Xp Kut (x4 xu) 1 (2 15h') |, [h?>1 |. (26c) 


The general expression (25) is plotted as curve (1) 
in Fig. 2. The curve has an inflection point at #’?=1, 
which is the powder-susceptibility analog of the single 
crystal flop. 


VII. FIELD DEPENDENCE OF POWDER 
SUSCEPTIBILITY: MAGNETIZATION 
CONSTRAINED TO A PLANE 


A. General Case 


We now consider the case of a very large anisotropy 
constraining the magnetization to a plane of m-fold 
symmetry, and a much smaller anisotropy within the 
plane. (‘This is our model of MnO with m= 3.) 

We assume that the applied field 7 is small compared 
to the anisotropy “field” K,/M for motion out of the 
plane, but not small compared to the within-plane 
“field” Ko/M. Under this condition the sublattice mag 
netization vectors will swing about within the plane. 
Let H make the angle 4; with the normal to the plane, 
and let the projection H sin@; make the angle 62 with 
respect to the preferred axis. Then the free energy for 
motion within the plane will be given by 


P= —4H? sin’6,(x,, cos*y+ x, sin*y) 
—4K,cos{ 2m(y—62) |+const. (27) 
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The critical field for the case 6.=0 can be found by 
expanding (27) about e=(y—O): 


F~—}H sin’6, 


+ [ Kym? . HT? sin’6;(x4- Xi) je + const. (28) 


It is seen that the magnetization vectors will flop when 
H sin@, reaches 


Ho! =(2m?K2/(xi—xu) }'.  [02=0). (29) 


However, we show below that for other values of 42 the 
critical field for a flop may be smaller than (29). 

The minimum within-plane direction will be given by 
the following analog of Eq. (22): 


H? sin®6, sin2m(y —42) 


, (30) 
sin2y 


[2mK 2/(xi—x11) | 


and the powder susceptibility will be the following 
spherical average: 


Xp= (x1 cosp+x, sina) sin’6;+x 1 COS’A1) ay 


§xut 4xat (xi— xu) (sin’y sin’Os) a. (31) 


Before performing this spherical average one must of 
course solve Eq. (30) for sin4y as a function of 6; and 62. 
For values of m>1 the expression is very complicated 
and x, is most easily obtained by numerical integration. 

For cases m>1 hysteresis effects should appear if 
the applied field ever exceeds the critical field. That is, 
above H, the magnetization direction snaps to easy 
axes more nearly perpendicular to H (and such axes 
will exist for m>1); and therefore on lowering H a 
powder susceptibility should be observed that is much 
closer to x, than is that of a randomly oriented sample. 


B. Application to Our Model (m= 3) 


For our proposed (111)-plane constraint the value of 
m is 3, and Eq. (30) is cubic in cos?(2y). Examination 
of the values of H and 62 for which the discriminant of 
this equation changes sign discloses that the smallest 
value of critical field for a flop is obtained at 6.= 30° 
and for H sin@,; equal to 


H.=( 2mKo/(x1—x11) }}. 30°}. (32) 


(30) 


[m=3; 0» 


To see this, note that for #.=30°, m=3, Eq. 


becomes 


HT? sin’, 


sin(2y)[4 sin?(2y) —3 ] 
sin2y 


(33) 


[2mK» (Xu xi) ] 


The solution to this equation which for H=0 starts at 
sin?(2y) = { disappears abruptly when the critical field 
(32) is reached, and only the solution sin2y=0 remains. 

The critical field (32) is smaller by a factor v3 than 
the critical field (29) for 62.=0. This has its origin in the 
fact that at 6.=30° the magnetization snaps to a per- 
pendicular axis which is an easy axis, whereas at 6.=0 
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it snaps to a hard axis. (In either case it goes over an 
anisotropy hill and hysteresis effects should be ob- 
servable.) 

We now define h as H//H,, using the smaller value, 
given by Eq. (32), for H.. 

The results of numerical integration are plotted as 
curve (2) in Fig. 2. It is apparent that the curve has an 
inflection point somewhere between h=1 and h=3, 
that is, between the two critical fields (32) and (29), 
Limiting solutions of the problem are 


(1/45)h2], [<1], 


[h’>1 ], 


Xp™Xut (xX xXin)L(2 3)4 (34a) 


Xp™Xut(xi- Xun) 1 —-0.36h-4), (34b) 


which are to be compared with (26a) and (26c). 

In attempting to apply curve (2), Fig. 2, to the case 
of MnO or a MnS we must be very careful. In the first 
place, our model may not be correct, and multi-spin 
axes may be present. This will affect the numerical 
results, but not seriously, since we believe that in any 
reasonable model the spins will be constrained by the 
dipolar anisotropy only to a region, and not a single 
direction. 

In the second place, as H gets larger the spins can 
begin to move out of the constrained pane. Nagamiya'® 
has considered the powder susceptibility for the ortho- 
rhombic case, with different anisotropies in two per- 
pendicular directions. This case somewhat resembles 
ours, in that we also have K; and K» for movement of 
the spins perpendicular to and parallel to the plane. In 
K»/K,, Nagamiya finds 


terms of 


Xp ax, + 4x (2/15)(14 
+ (4/315) (1+92)hO+- ++] 


q)h®— (2/35) qh! 


[<1 |. 
We cannot use this formula for all values of 4, and 
furthermore the symmetry conditions are different in 
Nagamiya’s case and in our model. Nevertheless, we 
can see from Eq. (35) the general effect of two anisot- 
ropies. Since we expect g=10~*, the correction to our 
results should be negligible until 7 begins to approach 
the very large critical field for a flop out of the plane, 


IX. 


(35) 


given by Eq. (46) in Sec. 


VIII. ESTIMATE OF K, IN MnO FROM POWDER 
SUSCEPTIBILITY DATA 


Bizette, Squire, and Tsai have measured x, of MnO 
down to 14°K and in fields of 5000 and 24,000 oersteds.” 
We find that our curve (2) of Fig. 2 gives a reasonable 
fit to their data, extrapolated to 0°K, with 
(O°K) 


H,~2.1X108 oe. (36) 


Here Eq. (32) is used to define H,. The critical field will 
increase with increasing temperature. 

(It should be mentioned that in order to fit both the 
5000-0e and the 24 000-0e data with the same value of 


18'T. Nagamiysa, Physica 22, 249 (1956). 


ARRANGEMENTS 643 
H, it was found necessary to use a value of x,=0.87 
X10-4 g at OPK, which is 3% larger than the value 
at the Néel point. This is in line with the spin-wave- 
theory prediction that x, should rise slightly as tem- 
perature drops.) 

From Eqs. (32) and (36) we now find 


K.=6.4X 108 ergs/g 


3.210 ergs/cm*®, (O°K) (37) 
The values (36) and (37) are to be compared with 


using a uniaxial model 


) 


estimates made by Nagamiya,! 
and the approximation (26a) : 
H.(Nag.) 
K (Nag.) 


3.6X 104 oe, 
5.7104 ergs/g 


It is seen that our model leads to a smaller anisotropy. 
This is because it is more difficult to swing the spins 
around in a powder sample when they are confined to 
planes, and hence a smaller A is required to fit the 
same set of data. 

The value of Ky» is reasonable, as has been discussed 
in Sec. III C. 

At the end of Sec. VILA we pointed out that hysteresis 
effects should be observed whenever //>//,. However, 
the full effect should not be felt until /7 exceeds the 
larger H,, defined by Eq. (29), for 6,.=0. This field, for 
MnO, we estimate as 3.610% oe. The largest field 
used by Bizette, Squire, and ‘Tsai, 2.4104 oe, fell too 
short of this larger /7,--although it slightly exceeded 
(36) 
esting to apply a field of, say, 4X10' oe (or a larger 


to produce much hysteresis. [t would be inter 


field at higher temperature) to a powder sample of 
Mn0. If the powder remained unshaken on removal of 
the field, the susceptibility in small fields should sub 
sequently be dependent on direction. A sintered sample 
should show the same effect. 

Néel™ has discussed the effect that domain walls, if 
they exist, might have on the field dependence of 


powder susceptibility; and he has proposed a model 


which could explain the MnO data. Precise measure 
ments of hysteresis effects might enable one to dis 
tinguish between his mechanism and ours 


IX. ANTIFERROMAGNETIC RESONANCE 


The problem of antiferromagnetic resonance in MnO 
is complicated by the presence of four pairs of up and 
down sublattices. Next-nearest-neighbor exchange forces 
couple the members of each pair to each other and 
nearest-neighbor forces the 
various pairs. The latter coupling is further complicated 
by the distortion, which increases the exchange between 
spins of neighbor (111) sheets. All of these interactions, 


exchange cross-couple 


1 See reference 2, p. 40. The units for the value of K are incor 
rectly stated in this reference as ergs/cm# 

*™L. Néel, in Proceedings of the International Conference on 
Theoretical Physics, Tokyo and Kyoto, 1954 (Science Council of 
Japan, Tokyo, 1954 
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taken together with a complicated anisotropy, will lead 
to a very involved equation of motion which will have 
a great number of normal-mode solutions, Without a 
detailed understanding of all the energies we cannot 
hope to set up, much less to solve, such an equation. 

However, we can get a good picture of the general 
nature of the resonance from a simpler model. We will 
assume a single exchange energy coupling a single up 
sublattice to its down partner. Kaplan* has shown that 
under this assumption the magnetic dipolar energy is 
given by 


U’=4K,{—1+4 +--+") +a’ +Bp’—2yy' |. (38) 
4 


3(7’ 
Here x and y axes are taken in the (111) plane, z axis 
normal to the plane, and the primed and unprimed 
direction refer the sublattices. The 
constant K, is the same as that of Eq. (17). 

We may subtract from (38) an isotropic term in 
aa’ + BB’ +-yy', since this only adds a small amount to 
the exchange-energy Hamiltonian. We are left with 


cosines Oo two 


l/’ = const } 1K | h (+? + y"*) vy’ |, (39) 


To this we add a within-plane anisotropy energy of 
the form of Eq. (15), which for two sublattices may be 
written as 
(40) 


LU" =const+4K o(sin*3n+sin’3n’). 


For small displacements from the preferred axis, which 
we take as the x axis, Eq. (40) may be written as 


‘thd const + (9 2)K (3? | B’), (41) 


We further add, for generality, an anisotropy of a form 


VII: 


not considered in Sec. 


U'" = K 8p’. (42) 


The total anisotropy energy is now of a form given 
by Eq. (39) of Keffer and Kittel” for the orthorhombic 
case: 

vv +K App’. 
(43) 


bteny!?) +4 Ky (8°4+f")+ Ky! 


where we now identify 


K,'=3K,, K,'=9K K,! 1K,, Ki =Ky. (44) 


Che antiferromagnetic resonance frequencies are dis 
cussed in Keffer and Kittel. There are in general two 
different modes, which now correspond to motion out 
of the plane and motion within the plane. 

(1) Motion out of the plane.—Here, in the absence of 
an applied field, the resonance frequency at 0°K is 
Kittel, Phys. Rev. 85, 329 (1952 


“FF Keffer and C 


W. O’SULLIVAN 


given by 


w= w= 7H” = [6K x1}, (45) 


where we have replaced the exchange field Hg by its 
equivalent AM=x,"M. It is seen that H,.” is the 
critical field for a flop out of the plane. Using (18) for 
an estimate of K, we find 


H '=5X 10 oe. (46) 


This field is so very much larger than the critical field 
(36) for motion within the plane, and also so much 
larger than the fields used in powder susceptibility 
experiments, that we feel justified in our assumption 
of the previous sections that the magnetization vectors 
are actually constrained to the plane. 

The resonance frequency (45) corresponds to wave- 
lengths of the order of 0.2 mm. 

(2) Motion within the plane.—Here, in the absence of 
an applied field, the resonance frequency at 0°K is 
given by 
yH = (18K 2—2K3)/xi]'. (47) 


@1= W@W 


In the absence of K, the critical field is identical to that 
of Eq. (29). Presumably some effects of Ks were in- 
cluded in deducing the size of H,’ from experiment. Our 
estimate of 3.6X10* oe corresponds to wavelengths of 
the order of 3 mm. 

It should be pointed out that although the critical 
field increases with temperature, the resonance fre- 
quency will in general decrease. This is shown in Keffer 
and Kittel, and it has been experimentally verified” 
for MnF». Since Ky is probably even more strongly 
temperature dependent than the dipolar-type anisot- 
ropy of MnF», it may well be that for a long way 
below the Néel point the in-plane resonance frequency 
is in the centimeter range. If so, this may account for 
the continuation of paramagnetic absorption seen below 
the Néel point in thin disk polycrystalline samples of 
MnO, MnS and MnSe,” and for the small residual 
absorption seen in powdered samples of MnO and 
MnsS.” 

We wish to caution the reader that not only have 
we made here the drastic two-sublattice simplification 
discussed above, but also in the discussion of within- 
plane motion we have restricted ourselves to the small- 
angle approximation of Eq. (41). For applied fields of 
the order of H,’ the resonance frequencies will be much 
more complicated. 


2 F. M. Johnson and A. H. Nethercot, Jr., Phys. Rev. 104, 847 
(1956) 

*8 Okamura, Torizuka, and Kojima, Phys. Rev. 82, 285 (1951). 

*L. R. Maxwell and T. R. McGuire, Revs. Modern Phys. 25, 


279 (1953). 
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Silicon crystals were bombarded at room temperature with electrons of 700 kev from a Van de Graaft 
accelerator. The annealing of the bombardment damage was studied between 200°C and 400°C by observing 
the recovery of the minority-carrier lifetime. The annealing was found to proceed with an activation energy 


of 1.3 ev. This is interpreted as being the activation energy associated with the lattice jump frequency 


The kinetics of the annealing are identical in most p-type and n-type crystals 
has been identified toward the end of the annealing. Evidence is given that crystalline defect 


the annealing kinetics 


I. INTRODUCTION 


YEVERAL workers have studied the damage caused 
J by electron bombardment in metals and semicon 
ductors.!* The interest in such experiments became 
pronounced when it was realized’ that permanent 
changes in the crystal structure could be induced with 
an electron beam. 


It is possible to divide the effects of electron bom- 
bardment into two general categories: 

1. Excitation of electrons which, in semiconductors, 
results in an increase in the densities of free electrons 
and holes above their equilibrium values. ‘The holes and 
electrons recombine with their characteristic lifetime 
which is, generally, less than 10°* sec. This transient 
effect consumes a large part of the energy transferred 
by the bombarding electrons. 

2. Displacement of stationary 
normal lattice positions which give rise to interstitials 


nuclei from their 
and vacancies. The present experiments deal with the 


second type of effect. 


Several writers have shown‘ that, in many cases, a 
displacement of atoms from their normal positions leads 
to a complex kind of damage, such as the formation of 
clusters, and localized heating of the lattice, leaving the 
crystal in a state in which the distribution of the induced 
defects is very nonuniform. This, however, happens 
mainly during bombardment with heavy particles 
which transfer a large momentum. Electrons, on the 
other hand, transfer a small momentum to the displaced 
atoms. The probability that such a displaced atom can 
produce further displacements is low. One should 
expect, therefore, that in its simplest form, the damage 
will consist of individual vacancy-interstitial pairs 
called Frenkel defects. There is evidence that such 
Frenkel defects are electrically active and introduce 


donor and acceptor energy levels within the energy gap 

1G. J. Dienes, Annual Review of Nuclear Sciences (Annual 
Reviews, Inc., Stanford, 1953), Vol. 2, p. 187 

2 F. Seitz and J. S. Koehler, in Solid State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 2, p. 307. 

3F. Seitz, Phys. Today 5, No. 6, 6 (1952) 

‘J. A. Brinkman, Am. J. Phys. 24, 246 (1956) 


\ second-order proce 


can influence 


For that 
resistivity measurements are frequently used to study 


in germanium as well as in silicon reason, 
the damage in semiconductors. The lifetime of minority 
carriers in silicon also can be used to study bombard 
ment damage. Loferski and Rappaport® have measured 
lifetime to determine the threshold for introduction of 
damage in germaiun and silicon, Wertheim has found a 
recombination level in n-type silicon at 0.31 ev above 
the valence band.’ He further found that values of the 
capture cross section for holes and electrons in n-type 
silicon are 2.8% 1074 cm* and 10 


In samples in which clustering can be neglected, the 


© om’, respectively. 


change in the rate of recombination, that is, the inverse 
of the lifetime, is proportional to the number of 
recombination centers introduced, so long as no pro 
nounced changes in the Fermi level take place.* Because 
of the fairly high capture cross section in bombarded 
silicon, it is possible to detect changes in the density of 
defects of the order of 10" cm *. Such small changes 
are very difficult to observe by resistivity measure 
ments. The measurement of the lifetime of minority 
carriers is, therefore, well suited to the study of bom 
bardment damage on “lightly”? bombarded silicon in 
which the Fermi level does not change appreciably 

In the present experiments, measurements of lifetime 
have been used to study the annealing of bombardment 
damage. In these studies, the absolute density of 
defects introduced by bombardment is not of essential 
importance since the interpretation involves relative 
changes during the annealing cycle and most conclu 
sions would be valid even without knowledye of the 
capture Cross se tion. One needs only assume that the 
cross sections remain constant over the whole annealing 
cycle. From these studies one can acquire some know! 
edge concerning the character and the motion of the 


defects. 


*H. Y. Fan and K. Lark-He Irradiation of 
ductors, Conference at Garmisch Partenkirchen 
(unpublished 

* J. J. Loferski and P. Rappaport, Ph Rev. 98 

7G. Wertheim, Phys. Rev. 105, 1730 (1957) 

* Hall-Shockley-Read model: W. Shockley and W. 7 
Phys. Rev. 87, 835 (1952 
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TABLE I. Summary of bombardment and annealing results.* 


N,. (total) flux 
electrons cm? 


7.5% 10" 
3.3% 10° 
2.5% 10'* 
1.2 10" 
6.6% 10" 
1.5 10° 
4X 10" 
5X 10!" 
8x 10)" 
2% 10'* 


ne listed are for an annealing temperature of 350°C 


Il. LXPERIMENTAL PROCEDURE 
a. Bombardment 


Bombardments were made with a 700-kev electron 
beam from a Van de Graaff accelerator. Silicon samples 
were bombarded in groups of ten. By passing the 
electron beam through a 0.003-in. aluminum window 


approximately 3 in. in front of the samples, uniform 


exposure of the samples was achieved. The samples 


were turned over after being exposed to half of the 
total flux in order to expose both large-area surfaces to 
the beam and thus assure a uniform distribution of 
defects throughout the volume of the samples. 

In a test experiment, it was established that up to a 
sample thickness of 0.020 in., 
sample was uniform to +10%,. The samples used here 


the damage within a 


consisted of grown p-n junctions 0.017 in. thick. The 
bombardment took place in a vacuum of about 10°° 
mm Hg. During the bombardment, the sample temper 


ature remained below 75°C 





ELEC TRONS/CM* 


Fic. 1. Lifetime of holes in n-type silicon after bombardment 
as a function of total electron flux. Included is a comparison with 
Wertheim’s results 


Comments 


Pulled in He; rotation 0 rpm 
Pulled in He; rotation 60 rpm 
Pulled in He; rotation 3 rpm 
Pulled in He; rotation 0 rpm 
Pulled in He; rotation 60 rpm 
Pulled in He; rotation 0 rpm 
Pulled in He; rotation 0 rpm 
Floating zone; grown in H» 
Floating zone; grown in vacuum 
Pulled in He; rotation 60 rpm; 10! 
copper atoms cm™? 


b. Annealing 


The annealing was performed in an oil bath (Aroclor 
1254, Monsanto Chemical Company) with a high-speed 
stirrer (3500 rpm) providing circulation of the bath. The 
£1°C. 
from one crystal were carried through a complete 


temperature was controlled to ‘Two samples 


annealing cycle at a constant temperature. 


1000; 

| CRYSTAL®| 
220°C 

4 260°C 

@ 290°C 

320°C 

¥ 350°C 

x 400°C 


TIME (MINUTES) 


Lifetimes obtained by annealing crystal No. 1 at dif 
ferent temperatures, as a function of time. 


Fic. 3. Results of Fig. 2 expressed as a fraction of unannealed 
defects. The typical magnitude of errors is indicated for one set 
ot points 
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EQUIVALENT TIME 


DAMAGE IN Si CRYSTALS 


HOY, 


10 io* 


AT 350°C (MINUTES) 


Fic. 4. Superposition of points in Fig. 3 by shifting the time scale. The data for 350°C were selected as a reference 
The tail of the annealing curve is fitted with the second-order process 


c. Lifetime Measurements 


The lifetime measurements were performed by the 
injection-extraction method.’ All the measurements 
were performed at room temperature. Necessary correc- 
tions for surface recombination velocity were applied in 
converting the observed lifetime to body lifetime. This 
correction became important only for lifetimes above 
4 to 5 microseconds which were observed toward 
the end of the annealing. The error in lifetime measure- 
ments was estimated at +0.1 usec. The average of the 
values obtained on equivalent samples was used for the 
evaluations. 


Ill. RESULTS 
a. Bombardment 


All the results are exhibited in Table I, where the 
starting resistivity, p, and lifetime, 7», as well as mean 
life, 7», measured after the bombardment, are listed. 
The uniformity of lifetime in the 10 rods bombarded 
simultaneously was always better than 25%. The 
results for all n-type samples, together with Wertheim’s 
data,’ are plotted in Fig. 1. His determination of the 
capture cross section and of the energy level of the 
recombination centers permits the conversion of the 
data for lifetimes of various n-type resistivities to 
equivalent lifetimes at 7 ohm cm. A close agreement is 
observed as based on the single-level picture. In the 
case of p-type crystals, the data scatter more and cannot 
be interpreted that simply. 


b. Annealing 


Typical annealing results are shown in Figs. 2 to 5 
for crystal No. 1 in Tabie I. Figure 2 represents a plot 
of lifetime as a function of time for samples annealed 
at different temperatures. The temperatures inves- 
tigated covered a range between 200° and 400°C. No 
annealing was detected for temperatures below 100°C 
in times up to several days. For the analysis, the frac- 


9B. Lax and S. J. Neustadter, J. Appl. Phys. 25, 1148 (1954) 


tion, f, of defects not annealed at time, /, is of interest. 


This fraction is defined as 


f=N(t)/Np, (1) 


where V(t) =density of defects remaining at time ¢, and 
N.=density of defects before annealing. As pointed out 
before, for low densities, the changes of reciprocal life 


time will be proportional to changes in the density of 


defects. With this we can write 
) rol Ty— T(t) | 
T(L)( To Tp) 


es 


where 7(¢) and 7, have the same meaning as for N (1) 


1 1 
(2) 


T(t) Ti 


and N,, and ro represents the original lifetime. ‘The 
data of Fig. 2 are converted into terms of f and shown 
in Fig. 3. 

Fletcher and Brown" treated several possible types 
of annealing processes which lead to first-order, to 
error-function, or to second-order relations. ‘The data 
as presented in Fig. 3 cannot be interpreted by any 
single mechanism. Only a combination of functions will 
lead to the observed annealing behavior. Each of these 
functions will involve a typical time constant, n;. If the 


factors leading to superposition as ¢ 


10/7 for all ery 


Fic. 5. Time function of 


tal 


C. Fletcher and W. L. Brow Ph 1953 


n 
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VALENT TIME AT 350° MINUTES) 


hic. 6. Data equivalent to those in Fig. 4 for copper-doped 
crystal (No. 10). Note the increase in the second-order com 
ponent 


temperature dependence of these different time con- 
stants is the same, then it will be possible to multiply 
the time scale of Fig. 3 by a certain factor and to 
superpose the annealing points obtained at different 
temperatures. The points at 350°C have been selected 
as reference, and superposition leads to Fig. 4. The 
resulting points all lie on a single curve. Such an analysis 
has been carried out for all 10 crystals investigated, and 
the superposition always led to a single resulting curve. 

All the time factors thus obtained are shown in Fig. 5. 
They are plotted as a logarithm of the factor versus 
10°/7. ‘The straight-line relation shows that the time 
constants involved in the annealing process in all 
crystals exhibit the same temperature dependence of 
the form 


1/n,« exp(— E/kT) 


with an activation energy, E, of 1.3 ev. 
The superposed annealing curves as presented in 
Fig. 4 for crystal No. 1 should be analyzed in terms of 


possible annealing processes. The tail of the annealing 


curves can be attributed only to a second-order process 


of the general form: 


f,=c,/(1+,). 


The constant c,, gives the fraction of defects, which 
anneal by the second-order process with the time 
constant, 9,. The constants, c, and ,, can be obtained 
by curve fitting as indicated in Fig. 4. The values for « 
and », for all crystals are given in Table I. 

The first part of the annealing curve might be asso 
ciated with any combination of a first-order process, 
an error-function process, or other type of processes." 
The experimental errors in the lifetime measurements 
give rise to a fairly large uncertainty in the first part of 
the annealing cycle. On the basis of the present data 


Advances in Physics (Taylor and Francis, Ltd., 
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Or —p ae 


UNANNEALED 


FRACTION 


10" 
TIME (MINUTES) 
Fic, 7. Comparison of annealing at 290°C between an average 
pulled crystal (No. 1) and the floating-zone crystal grown in 
hydrogen (No. 8). Note the fast annealing rate in crystal No. 8 


it appears, therefore, inconclusive to distinguish between 
the various possibilities, although a single first-order 
process, together with the above-mentioned second- 
order component, gives a reasonable fit to the observed 
curves. 


Discussion and Conclusions 


The superposition of the annealing curves leads to a 
single activation energy of 1.3 ev. ‘This indicates that 
a common mechanism the time constants 
involved throughout the annealing. In most of the 
discussed models, these time constants are proportional 
to the inverse of the lattice-jump frequency. ‘The ob- 
served energy is, therefore, most likely 
identical with the activation energy for the lattice-jump 


controls 


activation 


frequency.” 

The second-order component associated with the tail 
of the annealing curves exhibits time constants which 
have, qualitatively, the expected inverse dependence 
on the total electron flux. A higher flux leads to shorter 
values of the time constant. 

The copper-doped crystal (Fig. 6)_shows an increase 
in the fraction of defects which anneal by the second- 
order process. The crystal grown by the floating-zone 
method in hydrogen (Fig. 7) anneals at a much faster 
rate than all other crystals, with no indication of a 
second-order process. The data for these crystals 
suggest that crystal imperfections can affect the anneal- 
ing. More experiments along these lines will be necessary 
to determine the exact nature of the annealing process. 
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Heat capacity measurements below 4.2°K have been made on Cu;Au in both the disordered and ordered 
states. It is found that ordering increases the Debye temperature of the lattice but that it leaves the 
electronic heat capacity substantially unchanged at a value in excess of that for free electrons. An explana 
tion of the latter observation is proposed in terms of the changes in Brillouin zone structure that are pre 
sumed to take place on ordering. The values of Debye temperature do not agree with those obtained from 
low-temperature resistance measurements, but are in good accord with the value computed from the room 


temperature elastic constants of ordered Cu,Au 


I, INTRODUCTION 


OTH Muto! and Slater? have considered theoreti 

cally the effect of ordering on the zone structure 
of an alloy. Thus, in going from the disordered to the 
ordered state, the structure factor for many of the 
planes in the reciprocal lattice space becomes nonzero, 
causing a reduction in the size of the basic Brillouin 
zone. It would thus be expected that in the ordered 
state there would be a considerable overlap of the 
Fermi surface into the higher subzones. 

Muto has considered ordered Cu;Au in some detail 
and concludes that susceptibility’ and Hall effect* data 
are consistent with a scheme where the Fermi surface 
just overlaps into the third subzone. Since this situation 
should result in a marked reduction in the density of 
states, it was considered of interest to measure the low 
temperature specific heat in order to see whether this 
reduction was in fact observed. In addition such meas 
urements give an independent check on the © values 
for disordered and ordered CujAu obtained by Bowen® 
from low-temperature resistance studies and the © 
value computed by Quimby® from the room-temperature 
elastic constants of ordered Cu;Au 


Il. EXPERIMENTAL 


Measurements were carried out in the same manner 
as described in a previous paper.’ The specimen of 
Cu;Au was prepared by induction-melting appropriate 
quantities of high-purity copper and gold in a graphite 
crucible, care being taken to ensure adequate mixing of 
the components. Subsequent chemical analysis revealed 
an insignificant difference in the macroscopic chemical 
composition between the top and bottom of the ingot, 
the mean concentration of copper being 49.1% by 
weight, which figure is within the experimental error of 
the ideal composition, viz., 49.15% by weight 


Muto, Sci Phys. Chem. Research (Tokyo) 
(1938) 

Slater, Phys. Rev. 84, 179 (1951 

1. J. Seemann and E. Vogt, Ann. Physik 2, 976 (1929 


Tech. Phys. (U.S. S. R.) 1, 711 
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34, 37 
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2 
* A. Komar and S. Sidorovy, J 
(1941) 
5D. B. Bowen, Acta Met. 2, 573 
6S. L. Quimby, Phys. Rev. 95, 916 (1954) 
7]. A. Rayne, Phys. Rev. 107, 669 (1957) 


7 
C 


1954 


After casting, the ingot was hot worked to remove 
segregation and then homogenized at 800°C for 48 
hours. The specimen was turned to size and water 
quenched from 800°C to produce a disordered condi 
tion. X-ray examination revealed no trace of super 
lattice lines, but from the work of Cowley* it must be 
expected that short-range order existed to a consider 
able degree in the specimen. Heat capacity measure 
ments were made in the quenched condition, after 
which the specimen was ordered. To prevent oxidation 
of the specimen during this heat treatment, it was 
sealed under vacuum in a Pyrex tube. Following the 
procedure outlined by Jones and Sykes,® the alloy was 
held for an hour at 410°C and then cooled at 370°C. It 
was maintained at this temperature for 48 hours and 
then cooled at a rate of 20°C per hour down to 200°C 
Subsequent x-ray analysis gave well-defined super 
lattice lines and measurement of the relative intensities 


10 


of the various reflections in the usual fashion! gave a 
value of long-range order parameter S~ 1.0, the uncer 
tainty in this figure being due to difficulties in cor 
recting for extinction, preferred orientation, and grain 


size in the specimen 


III. RESULTS AND DISCUSSION 


When plotted in the usual form, viz., C/T versus 7*, 
the data for the two samples give straight lines as shown 
in Figs. 1 and 2. Thus, the low-temperature capacity 


must be of the form 
yT+A(T/O@)®, (1) 
the first and second terms representing the electronic 


Values of y and © in the relation ¢ yl +A(T/@)* for 


disordered and ordered Cu,Au 


TABLE | 


pecimen state millijoule mole deg” 


0.664-0.02 
0.69+4-0.02 


Quenched from 800°C 
Ordered 


‘J. M. Cowley, J Appl Phys 21, 24 (1950 
*F. W. Jones and E. Sykes, Proc. Roy. Soc 
376 (1938 

“Dp: I 
1951) 


London) A166, 


Keating and B. EF. Warren, J. Appl. Phys. 22, 286 
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and lattice heat capacity respectively. The correspond- 
ing values of y and © are given in Table I, the quoted 
uncertainties representing both random errors estimated 
at the 99% confidence level and systematic errors 
assumed to be 4%. It will be seen that the y values in 
the disordered agree within 
experimental error, whereas the Debye temperatures 
differ by about 2.5%. 


and ordered states to 


(a) Electronic Heat Capacity in the 
Disordered State 


It might be expected that the y value in the 


quenched condition could be computed from that of 


copper, utilizing the rigid band model of a binary alloy 
and making due allowance for lattice expansion. ‘Thus, 
assuming that the density of states increases as the 
square of the lattice parameter for a fixed electron/atom 
ratio, we have 

(2) 


N' (Ey) = N(E»)(a’/a)?, 


a, a’ being the lattice parameters for the pure solvent 
and the alloy and N(£), N’(£o) the corresponding 
densities of states. Since 


y¥=4rkh’N (Eo), (3) 
we have 

*y’ y(a’/a)?. (4) 
Using the values y=0.687X10~* joule mole! deg”, 
a= 3.608 kX and a’ = 3.743 kX, we find y’ =0.738X 10-4 
joule mole! deg-*, which value is much greater than 
that observed. It is possible that the discrepancy is 
due to the existence of short-range order in the speci- 
men and further experiments are planned on other 


copper-gold alloys to investigate this point. 


(b) Electronic Heat Capacity in the 
Ordered State 


In the ordered state the structure factor for the 
{100} planes is nonzero and the first Brillouin zone 
becomes a cube containing 4 electron per atom. Thus, 
since the alloy contains one electron per atom, the 
Fermi surface must almost certainly encompass the 
higher subzones in the ordered condition. Muto! has 








Fic. 1. Heat capacity of disordered CugAu. 
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proposed that it just overlaps into the third zone as 
shown in Fig. 3. Now according to the Peierls" formula, 
such a situation causes an increase in the electron 
diamagnetism and this could produce the increased 
diamagnetism of ordered CusAu as observed by Seemann 
and Vogt.* Such a scheme is also not inconsistent with 
the change in sign of the Hall coefficient on ordering, as 
observed by Komar and Sidorov.‘ 

Clearly the results of the present work are not in 
accord with Muto’s model, since this leads to a value 
of y much smaller than that observed experimentally. 
It seems likely, therefore, that the Fermi surface 
extends much further into the third zone, and that the 
density of states curve for the ordered alloy is as shown 
schematically in Fig. 4. In this diagram the maxima at 
A, B, and C correspond to the beginning of contact 
between the Fermi surface and successive zone bound- 
aries, so that it is here assumed almost to touch certain 
of the planes bounding the third zone, giving a y value 
in excess of that for free electrons, vide dotted line in 


Fig. 4. 








Fic. 2. Heat capacity of ordered Cu;Au. 


This situation could still give an increase in the 
diamagnetism of the conduction electrons, although one 
would expect the effect to be relatively small. Inasmuch 
as the experimental increase in diamagnetism is only 
20%, the present overlap scheme must be considered 
reasonable from this viewpoint. Furthermore, such a 
band structure could still give a positive Hall coefficient 
owing to the presence of holes in the 2nd zone. Thus, 
referring to the general formula” for the Hall coefficient 
in an overlapping band scheme, vi1z., 


1 fmt net? N17} NoT2\? 
R=-— yf : +- : 
ec\ m;? m? m ms 


we have, assuming 2;=n.=n and 7r;=7», 


1 mM, M2 
_ nec \m,+ my» 
"R. Peierls, Z. Physik 80, 786 (1933). 


AH. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1953), second edition, p. 213. 


(5) 


(6) 
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where n is the number of electrons in band 1 and m,, 
m, are the effective masses in bands 1 and 2 respectively. 
Clearly (6) can have a positive sign if m,>mz, and it is 
not impossible that such a situation exists in ordered 
CusAu. 

(c) Lattice Heat Capacity 


Reference to Table I shows that the Debye tempera 
ture for the ordered state is larger than that in the 
disordered state. This fact is in qualitative agreement 
with the observation that the elastic constants for 
CuzAu increase on ordering. 

It is interesting that our values for the change in © 
on ordering and the magnitude of © in the disordered 




















Fic, 3. Cross section of proposed zone structure for CusAu.! 


state differ greatly from the corresponding quantities 
obtained by Bowen® from low-temperature resistance 
measurements on Cu;Au wires. According to his meas 
urements A@=22°K and Og jsord rea =175°K compared 
to our values of AO=7+4°K and 278 
+2°K. Although the value of © obtained from resistance 
measurements seldom agrees exactly with that obtained 
from low-temperature heat capacity data, the dis 


disordered 


crepancy is not usually as large as that found here 
Using the data of Siegel’ on the elastic constants of 

Cu;Au, Quimby® has computed the values of Debye 

temperature for the alloy over the temperature range 


18S, Siegel, Phys. Rev. 57, 537 (1940) 
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Fic. 4. Proposed density of states curve for ordered CusAu. 


from 20°C to 450°C. At 20°C he finds Oordered Aik om 
while at the critical temperature the Debye tempera 
ture is found to drop from 249°K to 239°K. Since the 
Debye temperatures of both copper and gold increase 
slightly in going from room to liquid helium tempera 
tures, it is not unlikely that a similar increase would 
occur in CusAu. In the case of copper this increase is 
30°K, so that assuming a similar figure for the alloy, 
we find from Quimby’s data extrapolated to absolute 
ZeTO 


(-) ~300°K, 


ordered 


which agrees well with the figure obtained here. As 
suming that the © versus T curves for the two states 
of CuyAu are similar, one would also expect a change in 
Debye temperature at the absolute zero equal to that 
found at the critical temperature. This gives A® = 10°K 
in good agreement with our value 


IV. CONCLUSION 


From studies of the electronic heat capacity, it is 
concluded that there must be considerable overlap into 
the third Brillouin zone for CusAu in the ordered state 
As expected, the Debye temperature was found to 


increase on ordering. 
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Ky applying a tensile stress to specially prepared and oriented samples, the piezoresistivity coefficients 
of both n- and p-type indium antimonide have been measured over the temperature range 77°K to 300°K. 
he results for extrinsic p-type material are similar to those for p-type Si and Ge, indicating that the valence 
band structure is similar. Extrinsic n-type InSb results confirm the picture of a conduction band having its 
minimum at the center of the Brillouin zone. The largest effect that was observed in intrinsic material was 
in the volume coefficient and can be attributed to the change in the forbidden gap due to dilatation of the 
lattice. The value of this change of gap per unit strain was estimated td be E,,= —7.0 ev. 


I. INTRODUCTION 


Q' all the compounds with the zincblende lattice, 
indium antimonide has undergone the most 
intensive and extensive study of its electronic transport 
properties. These studies have been made in the period 
from 1952 until the present! and, indeed, are continuing. 
The zincblende or sphalerite-type lattice consists of 
two interpenetrating face-centered-cubic sublattices 
similar to the diamond lattice except that each sub 
lattice is made up with its respective atom. The sym 
metry point group is designated Tp and has cubi 
symmetry 

The present experiment was undertaken in the hope 
that current ideas about the energy band structure for 
InSb would have further experimental confirmation or 
that new concepts would result. The band structures 
for Ge and Si? described theoretically by Herman have 
been established recently, largely by application of the 
“simple many-valley” transport-properties theory to 
several experiments.’ One of the main features of the 
structures is that the conduction band minimum does 
not occur at k 
Ge or Si 
to have a conduction band minimum at the center of 


(0,0,0) in wave-vector space for either 
On the other hand InSb has been considered 


the Brillouin zone* and the results on n-type material 
described below bear this out. 

The valence band structures for Ge and Si are con 
sidered to consist of two bands degenerate at the center 
of the zone. However, one band has a much smaller 
effective mass than the other. Both bands are warped, 
but possess cubic symmetry. The results of the present 
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S. Naval Ordnance 
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measurements on p-type InSb do not show any quali- 
tative differences from the piezoresistivity of p-type Si 
and Ge. The piezoresistive effect is the specific change 
of resistivity with applied stress X ;. 


Di RiiX 3 Di Mi, (1) 


where the piezoresistance coefficients, m;;, and the 
elastoresistance coefficients, m;;, are the elements of 
fourth-rank tensors analogous to the elastic constants, 
and yu; is the strain associated with the applied stress. 
For cubic crystals with the most common symmetries 
one has three independent coefficients, 411, mi2, and ma 
(or my, My, and m4), referred to the cubic axes. As 
discussed by Smith,® who first reported the large coef- 
ficients observed for Ge and Si, three independent 
measurements are needed if one is to determine the 


Api/ po 


tensor elements completely. 


The longitudinal measurement is made with the 


current parallel to the applied stress 


Ap (pyX ) Wi (2) 


where 7 Tih Tie 
is given by 1?m?+1?n?+mn;*, 1, mi, and n, being 
the direction cosines of the specimen axis along which 


a4, and the orientation function I" 


the stress is applied. 
‘The transverse measurement is made with the current 
and applied stress normal to each other. In this case, the 


specific change in resistivity with stress is given by 


Ap (poX ) Ti. Wi2T yr’, (3) 
and 

y= leltt-mem?+nin?’, 
where /,, m,, and n; are the direction cosines for the 
current direction in one set and the applied stress 
direction in the other. 

For isotropic compression one deduces the relation- 
ship — Ap/(poX )=m1:+ 212; measurements of this type 
on InSb have been reported by Keyes® and Long.’ 

Smith® discussed the conversion of the w elements to 


5. S. Smith, Phys. Rev. 94, 42 (1954) 
*R. W. Keyes, Phys. Rev. 99, 490 (1955) 
7D. Long, Phys. Rev. 99, 388 (1955) 
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the m elements and shows for cubic crystals that 


My = Tal 44, 


(M1-> My.) 2 (11 m2) (Cy- C'j2) 4: 


(mit 2mi2)/3= (mit 2m12) (Curt 2C 2) /3, 


where the C,; are the elastic constants. 


II. EXPERIMENTAL 


The procedure used in these experiments is similar to 
that reported by Smith® in that a tensile stress is applied 
along the length of a sample while the current is either 
parallel or normal to the sample axis. As a more detailed 
description of the apparatus is being reported else- 
where,’ only the main features will be outlined here. 

‘The samples used were cut from InSb plates that 
were ground to the desired thickness by standard 
lapping techniques. An ultrasonic cutting tool was used 
to cut the sample with four side arms and two dumbbell- 
shaped ends with a hole through each end. Each end of 
the sample could be placed in a clevis with a pin. The 
lower clevis was held to the frame by a ball and socket 
arrangement while the upper was attached to piano wire 
which transmitted the tensile stress. With this arrange- 
ment, the stress could be applied along the sample axis 
with no further adjustments necessary. Suitable ele 
trodes were applied in a conventional manner, using 
indium as a solder. The four-probe method was used 
for longitudinal measurements while a two probe 
method had to be used for the transverse. In this case, 
the sides between the side arms were plated with copper 
and the potential and current leads soldered onto the 
arms, 

The tensile stress was applied by means of a balance 
beam where increments of 100 grams of load could be 
applied up to 1000 grams. The fulcrum could be 
adjusted in position to compensate for changes due to 
plastic strain or thermal expansion of the load-bearing 
piano wire. The baJance beam, load-bearing wire, and 
sample were in the same enclosure which could be 
evacuated or filled with helium suitable 
pressure. The glass and brass chamber containing the 
balance beam and fulcrum was connected to the sample 
can by a stainless steel tube. Coaxial to this tube was 
another stainless steel tube through which the piano 
wire was placed to keep it from fouling the electrical 
leads. The sample can was equipped with a heater for 


gas of a 


temperature control. 
The results reported here are for 

between 77°K and 300°K. For this range, a Pyrex 
envelope was placed about the can and stainless steel 
tube while liquid nitrogen in turn was placed about the 
envelope. An atmosphere of He gas (room temperature) 
was admitted to the sample can, and by adjusting the 
current through the heater and the pressure in the 


temperatures 


*R. F. Potter and W. J. McKean, J. Research Natl. Bur 


Standards 59 (1957) 


InSb 653 


TABLE I. Hall coefficient and conductivity data for InSb samples 


FH, L,J,O, and P at 77°K 


Ru oRn pon Orientation 


cem*/coul @ef(ohm~™'em m?/ V-sec cm ot axis 


Sample 


1.02 10" 210 
0.87 10! 100 
4.00% 10" 100) 
418&& 10! 10) 
3.7310" (100 
0.74 10" ( 100) 


I +6110 
H +7180 0.61 
I + 13600 $46 
Oo 1970 109 

P 1680 78.1 
/ 8300 $1.7 


0.609 $220 


3000 
0070 
215 000 
131 000 
$48 OOO 


Pyrex envelope, an intermediate range of temperatures 
was available for the measurements. 

The samples were oriented by x-ray back-retlection 
photo technique. The crystals as pulled had their axes 
very nearly oriented along the (O01) direction and slices 
normal to this direction were cut and ground by 
standard lapping procedures until the slices had parallel 
1.0-1.2 mm thick. 
re-examined by x-rays and either the (100) or (210) 


sides and were These slices were 
directions determined. Samples with their axes along 
their axes along the desired directions were then cut on 
the ultrasonic cutting device. The principal error in the 
orientation procedure lies in the (001) determination 
but was still less than 1° 

The electrical measurement technique was quite con 
ventional, a Leeds and Northrup type-A potentiometer 
being used. A breaker-type de amplifier with 10‘-ohm 
input impedance was used in place of a galvanometetr 
The output of the amplifier was fed into a strip recorder 
Before the the 
balanced ; an increment of load was then applied to the 


measurements potentiometer was 
sample and the deflection of the recorder noted. For 
large deflections, the signal change was checked by 
rebalancing the potentiometer. Although the precision 
and accuracy were quite good for p-type samples at 
77°K where the resistance and the effect were relatively 
large, at higher temperatures the resistance decreased 
markedly as the samples became intrinsic and the 


accuracy obtained was lessened, ‘The same considera 


tions hold for n-type samples except the situation was 


worse as far as precision at 77°K was concerned 
because the effect is also relatively small. The precision 
varied from 1%, for the longitudinal measurements at 
77°K to 10% for the others at room temperature, 
Another source of error in the transverse case was 
discussed by Smith.® The current lines are not normal 
to the axes at the ends of the electrodes, and when an 
the 


strain, the transverse measurements must be corrected. 


anisotropii resistivity tensor results because of 
By having the copper plating extend along one edge of 
each sidearm, the need for this correction is minimized 
as the region in which the field lines are distorted is 
highly localized. Nevertheless, as no corrections for this 
transverse measurement were made, there does exist 
the possibility of errors in the transverse measurements 

The quantities that were measured in this experiment 


give the relative change of resistance with applied 
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Tase II. The values of m,; at 77°K and the principal elastoresistance coefficients obtained from them and the elastic 
constants based on data from reference 9. 


ry Lari 
(10™"' em*/dyne) (10™" em*/dyne) 


Sample 


eH 
I 


+46 
, +104 
O,P 1.70 
J 1.69 


(Curt 2C 12) /3 =4.45 XK 10" dynes/cem?*; (Ci 


stress. As discussed in references 5 and 8, these quan- 
tities were converted to give the relative changes in 
resistivity by adding or subtracting the appropriate 


elastic constants. 


III. RESULTS 


Measurements have been made on 6 samples of 
InSb, 3 p-type and 3 n-type specimens. Table I lists 
the conductivity and Hall coefficient data taken at 77°K. 
Irom these data, the Hall mobility and impurity con 
centration have been calculated and are also shown in 


Table I 


A. p-Type Samples 


Samples / and H were cut from adjacent slabs of the 
crystal; they have similar electrical characteristics and 
are considered as a pair. 

Table II contains m;; values determined at 77°K. 
Irom these figures and the elastic constants of InSb ® 
the elastoresistance coefficients have been evaluated. At 
this temperature all samples measured were in the 
exhaustion region; hence we are looking at the proper- 
ties of extrinsic material. It is worthy to note that the 
results of extrinsic p-type InSb are very similar to those 
for p-type extrinsic Si and Ge ® in that 


mas > (my, — My) /2>>(my 1+ 2m 12)/3. 


The values of m4, for all three materials are of the same 
order of magnitude and of the same sign. The coefficient 
(my;—my)/2 for InSb is relatively larger while the 
volume coeflicient (my,+ 2my,2)/3 is quite small. Similar 
results have been reported by ‘Tuzzolino'® except that 
his value for mya, is higher. 

Electrons in InSb*have such a high mobility and 
small effective mass that they show their influence on 
the electrical properties at temperatures considerably 
below the intrinsic range. This is apparent in Fig. 1 
where the temperature variations of m,, and my» are 
shown for sample L. 

m;, changes sign from positive to negative in much 
the same manner that the Hall coefficient does. Although 
mr, values keep the negative sign, the magnitude 
increases sharply and goes through a maximum as the 
intrinsic range is reached. 


103, 47 (1956 
105, 1411 (1957), 


I. Potter, Phys. Rev 
J. Tuzzolino, Phys 
communication 


Rey and private 


7" 

(10~" em*/dyne) 
+ 32.3 
0.4 


4 (m,, +22) 


44 
+-6.2 
16.0 


Ci2)/2= 1.65 10" dynes/cm?*; Cy,= 3.14 10" dynes/cm? 


The very marked effect of temperature on the volume 
effect is shown in Fig. 2. Also shown, for purposes of 
comparison, are values that have been scaled from the 
data published by Keyes® and Long’ who measured the 
resistance as a function of applied hydrostatic pressure. 
The points shown in Fig. 2 were taken from the slopes 
of the published curves but restricted to the linear region 
at very low pressures. The temperatures at which the 
magnitude maximum occurs, as well as the magnitude 
itself, are both extremely sensitive to the sample purity 
as can be seen from Fig. 2. Keyes quotes a figure of 
10'7/ce for his samples which is to be compared with 
less than 10'*/ce for sample 7. The temperature dif- 
ferences between the respective maxima are 300°C, 
Tuzzolino,” also, has seen a similar variation of 2)’ 
with temperature indicating the purity effect. 


Sompie L 
0-0-0 - Long. 


en Trons, 


Fic. 1. The piezoresistive effect observed for p-type sample L 
The longitudinal effect suffers a change in sign over the observed 
temperature range while the transverse remains negative. 
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B. n-Type Samples 


The results for the pair of samples O and P are shown 
in Fig. 3. In the extrinsic region all the piezoresistance 
coefficients are very small in magnitude (see Table I1). 
and remain fairly constant as the temperature rises, 
until the transition region is reached. Sample J had a 
similar behavior for the longitudinal effect except that 
a maximum in magnitude occurred at 250°K. In 
contrast to the p-type samples, all the coefficients for 
n-type samples have the same sign (negative). 

C. Shear Elastoresistance Coefficients 

The shear piezoresistance coefficients have been con- 
verted to the elastoresistance coefficients m4, and 
(mi,— m2)/2 and are shown in Fig. 4 for all samples. 
Both coefficients are relatively small in the case of 
n-type material at all temperatures, The fact that the 
m4, of n-type material undergoes a change of sign and 
apparently has a slight positive maximum in the intrin- 
sic region is probably due to the residue effect that 
holes have on this coefficient. Both n- and p-type 
samples show a slight minimum at about 250°K for 
(my;— mM 2)/2. These coefficients are small in magnitude 
for all samples in the intrinsic range. 


IV. DISCUSSION 
A. Extrinsic p Type 
The character of the valence band structure of InSb 
in particular and zinc blende lattices in general has been 


« 
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Fic. 2. The volume piezoresistive effect for p-type InSb. As the 
transverse measurements on sample H were incomplete, the 
values shown are based on 311). The effect that purity has on the 
maxima is clearly demonstrated. Curves designated by RWK 
and DL are data from references 6 and 7, respectively. Keyes’ 
sample had an excess acceptor concentration of 10!7/cc while 
Long’s sample was listed as having 3X 10!*/cc. 


InSb 
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hic, 3. The piezoresistive effect in n-type InSb samples O and 
P. The effect is very small in the extrinsic 
sharply as the samples become intrinsic 


region but increases 


the subject of recent theoretical studies. Kane! has 
applied the k-p method to InSb and has presented a 
picture where there are large-mass bands for holes with 
maxima on the (111) axes, very close to k= (0,0,0); a 
small-mass band is degenerate with these at the center 
of the Brillouin zone. 

Experimental evidence which can supply information 
concerning critical points in the band structure is 
lacking. Optical absorption measurements showed a 
long-wavelength tail which appeared to be due to 
indirect transitions (nonvertical).” Analyses similar to 
that given by McFarlane and Roberts" for Si and Ge 
were applied to the data. This was a scheme whereby 
nonvertical transitions were allowed by means of 
photon-phonon processes. When the analysis’ was 
made for the optical measurements on InSb using only 
acoustical phonons, the resulting position of the valence 
band Another 


analysis on the same data pointed out that it was 


maximum was at a large value of k 
possible that in InSb optical-mode phonons could also 
play a role in such processes. The resulting value for 
k,, of the valence band maximum was much smaller, 
Kane’s 


acoustical-mode 


although considerably larger than that for 
picture. The use of optical- and 
phonons gives results more in line with those of Kane. 
Another model has been proposed by Dumke,'® assum 
ing parabolic valence bands with their maxima at the 


center of the zone and indirect transitions assisted by 


1E.O Kane, J Phys. Chem Solids | 249 (1957 
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103, 461 (1956 
Phys. Soc. Ser. II, 2, 145 


’ 


195/ 





ROY F. 


100 


me 
att 


500 _ 200 
ry | a | | Se | 
100} | 
2 lc. 4. The shear elas 
Mea FH) toresistivity coefficients 

for both n- and p-type 
InSb. Samples F, H, and 
70 {| L were p-type, while 
samples O and P were 
n-type. The constant m4, 
for p-type is the largest 
constant observed in the 
extrinsic region and is 
similar to p-type Ge in 
this respect. The in 
20, Cache ¢) , crease in may for n-type 
| £ Me (F)_| is likely due to residual 
10 MedlOP) / effect of strain upon the 
é . ' holes. The quantity 
(mi; —mi.)/2 has aslight 
minimum for intrinsic 
oQh 414 } ‘ee i. ie ie L n- and p-type materia] 
,) 10 15 


90 


BO} 





optical-mode phonons only. Thus, it appears that these 
analyses of the indirect transitions, at present, do not 
give an unqualified affirmation or denial of the fine 
details of the valence band structure although they do 
lend support to a picture similar to that of Si and Ge 
with possible modification as indicated by Kane. 

Ge and Si have been pictured as having two valence 
bands degenerate at k= (0,0,0), each having different 
effective masses and being warped in k-space. Adams'® 
discussed in some detail the elastoresistance coefficients 
of p-type Si and Ge on the assumption of such a band 
structure. Although he does not give quantitative 
answers, he shows that m,,+ 2m,» 
metry change is brought about by uniform dilatation 
and concludes that m4, and (m,,;—my.)/2 do not neces 


sarily vanish, i.e., shears can change the warped energy 


0 because no sym 


surfaces such as to modify the mobilities. Smith found 
that ma, was quite large for both Si and Ge while 
(mi,;—my.)/2 was considerably smaller. p-type InSb is 
quite similar to Si and Ge in that m4, is large and has 
approximately five times the magnitude of (#,;— m2) / 2. 
The coefficient my, also has the same sign for all three 
substances and magnitude of the same order. 

It is concluded from these results and from a com 
parison with the theoretical and experimental results 
for Si and Ge that the valence band of InSb is not 
greatly different from that of Ge and Si. Frederikse and 
Hosler"’ similar on. their 
measurements of the magnetoresistance. 


reach a conclusion based 


B. Extrinsic n Type 


That the conduction band of InSb is spherical in 
shape and located at the center of the reduced zone is 
borne out by the present measurements. All of the 
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piezoresistance coefficients have sma]! magnitudes at 
77°K (see Fig. 4). The explanation of the small residual 
effects must wait a refinement of theory and experi- 
ment. The absence of gross effects, however, indicates 
no large anisotropic character of the band. The theo- 
retical discussions‘ of InSb predict a band that should 
have this type of behavior under strain. The existence 
of spherical energy surfaces has been substantiated by 
other experiments, namely, magnetoresistance measure- 
ments’? and cyclotron resonance.!* 


C. Temperature Effects in p-Type InSb 


The shear coefficients of extrinsic p-type InSb exhibit 
behavior similar to that of Si and Ge,!* namely, they are 
linear in 7~'. Referring to Fig. 4, one notes this apparent 
linearity between 77°K and 150°K while at tempera- 
tures above this the coefficients decrease in magnitude 
quite sharply as the semiconductor becomes intrinsic. 
Although the shear coefficients decrease as the intrinsic 
region is approached, the volume effect m1;+ 2712 
increases in magnitude to a maximum and then de- 
creases in a manner faster than 7! (see Fig. 2). This 
effect, which is also present for n-type material, is 
apparently caused by the effect of dilatation of the 
lattice upon the forbidden band gap. ‘The change in the 
width of the energy gap in turn affects the number of 
carriers that can be excited into the conduction band. 
If the change of gap energy per unit dilatation is 
positive, the number decreases, and vice versa. 

Assuming classical statistics, the following relations 
hold for semiconductors : 


o=e(nent pup), 

np 

p-n 

where o is the conductivity, e the electronic charge, n 
and p are the concentrations of negative and positive 
carriers, respectively, wu, and yw, their respective mo- 
bilities, m, and m, their respective effective masses, 
Vp is the excess concentration of acceptors 


4(2rkT/h*)*(m,m,)' exp(—E,/kT), (5) 


Va Vp, 


and Na 
over donors as determined by Hall-effect measurements 
K. From Eq. (5) one finds then: 


at 77° 
(mi,+2my2) 46 \np 


3 6 InV 
Eig fa—1 1+ (p/n) 
4 a \(. 1)/(a+1)+(u, 
where a=[1+4np/(V4—Np)?]', and Fy, 
is the gap change per unit dilatation. 


In this derivation, the values of u, and uw, were con- 
sidered to be unaltered by the strain. At low tempera- 


). (6) 
Mn) 


6E,/6 InV 


18 Dresselhaus, Kip, Kittel, and Wagoner, Phys. Rev. 98, 556 


(1955). 
1% Morin, Geballe, and Herring, Phys. Rev. 105, 525 (1957). 
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tures where a—l, 
6 Inp/é InV->(E,,/kT)[ np/(p—n)* |(un/ up), 


while at high temperatures where a>>1, 6 Inp/é InV-> 
E\,/2kT. The parameters used with Eq. (6) are listed 
in Table III and the results for sample L are shown in 
Fig. 5. Good agreement between the experimental and 
theoretical maxima is obtained for £,,= —7.0 ev. 

The temperature and magnitude of the volume-effect 
extrema are highly dependent on sample purity. In 
Fig. 2 values taken from work by Keyes® and Long’ 
are shown for comparison with the present work; the 
shift with temperature of the maxima for samples of 
varying purity is quite apparent. This effect of purity 
on the volume coefficient is understandable on the basis 
of Eq. (6). The calculated curve and experimental 
curves noticeably fail to agree at higher temperatures. 
This might be attributed to the degeneracy of the 
intrinsic material and the nonapplicability of the rela- 
tionships of Eq. (5). 


ic. 5. The volume 
effect for p-type sample 
L. The volume effect is _j99 
the largest observed for 
InSb. The calculated 
curve is based on a value 
of Ei, of —7.0 ev and an 
acceptor excess of 10!° 


Sine 
SinV 
150 
calculated 
sample | 


ce 


200 


‘ 


600 333 250 200 167 143 125 


D. Temperature Effects in n-Type InSb_ / 


The piezoresistive effect is small for n-type over the 
temperature range 77°K-100°K, but in the intrinsic 
range a behavior similar to the p-type volume effect is 
found. However, the shear coefficients are small in 
magnitude over the entire range as shown in Fig. 4. 
There is an apparent maximum for ma, as the n-type 
samples become intrinsic; this could be due to the 
residual effect of strain on The other shear 
constant (m,,;—m,,)/2 shows a slight minimum at 
approximately 250°K for both n- and p-type intrinsic 
samples. The appearance of this minimum is difficult 
to understand. Because the electron mobility is so much 
greater than that of the holes, it is probably not caused 
by contributions from the valence band. On the other 
hand, there exists no other evidence in favor of anisot 
ropy of the conduction band. 


holes. 
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III, Parameters used for InSb in connection with Eqs. 
(6) and (7) of the text 


TABLE 


E, Eig nped mat 7s 
Myp/Me Mna/Me ev ev cm~* deg“ 


2x10 7 7.0 


p/n 


1/50 018 0.013 0.23 2.95 1088 


Turning to the volume effect in n-type InSb, one 
finds a behavior similar to that observed for p-type. 
The results for sample 7? are shown in Fig. 6 along with 
the data taken from referenc e°6. Sample J had a maxi 
mum in mw; at about 275°K. 

Applying the same analysis for n-type samples, one 
finds: 


myt+2my, dinp hy ( ‘) 
3 dlnV 2kT a 
| t (Mp Mr) Eg ad l 
x( )- ( ) (7) 
1+[(a—1)/(a+1) |(up/pn) 2kT\ a 


which is somewhat different from Eq. (6), especially at 
low temperatures where a—1 and 6Inp/é InV->(42,,/k7T) 
| np/(n—p)* |. The calculated curves of Fig. 6 are for 
different Va but Ey, 7.0 ev. The 
high-temperature agreement Keyes’ data for 
n-type is improved over that for sample L, but again 
the magnitude of the coefficient falls off faster than 
Fy,/2kT. This failure is also most likely due to the 
increasing amount of degeneracy of the samples. 


values of .Vp 
with 


V. SUMMARY 


The results of these studies of piezoresistivity in InSb 
have brought out the following features of the band 
picture. First, the conduction band minimum is located 
at the center of the zone and at low-energy values the 
constant energy surfaces are spherical. This is borne 
out by the low values of the elastoresistivity of extrinsi« 


Kic. 6. The volume 
effect for n-type InSb 
The points designated 
RWK are based on data 
from reference 6, while 
curves A and B were cal 
from Kq (7 
using Np — Ng =10!* and 
0.7 10!°,  respectivel 
Keyes gives a value for 
his sample of Nn—Na 
= 10!*/c« 
calculated using the pa 
rameters corresponding 
to sample P where 
Np —N4a=3.7%108/ cx 


culated 


~calculated 
sample P 


00 RWK 


Curve C was 


560 WT 786 206 
T% 
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n-type InSb. Secondly, the valence band maxima are 
probably very similar to that for Ge and Si; at least, 
any model which will describe the elastoresistivity of 
extrinsic p-type Ge and Si could undoubtedly be applied 
to p-type InSb. In addition, it does not seem unreason- 
able that the valence band picture described by Kane 
would also result in shear-type elastoresistance coeffi- 
cients like those observed. 

The large variation observed for the volume effect 
6 Inp/é6 InV indicates’ the effect of lattice dilatation on 
the forbidden energy gap. By considering that the 
product np changes with strain only as £, varies, the 
deformation potential 4, was determined to be very 
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nearly —7.0 ev which corresponds to the value deter- 
mined by Ehrenreich” from the pressure dependence of 
the Hall constant given by Long.’ 
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Soft X-Ray Absorption by Thin Films of Vanadium* 
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The absorption of soft x-rays by vanadium has been measured in the spectral region between 190 A and 
50 A. The observed absorption band is interpreted as a combination of My and M, bands in the ratio of 
1 and separated by 1.5 ev. The results are compared with previous determinations on chromium and iron. 


2 
2 


HE M,, absorption bands of vanadium have been 

measured. This absorption is produced by tran 
sitions from the 3/44 states to the unfilled portion of 
the conduction band, The apparatus and experimental 
procedure are essentially the same as described pre- 
viously and will not be discussed here. 

lilms were prepared by vacuum evaporation onto 
thin celluloid supports from two parallel tungsten wires 
0.050 inch in diameter. The vanadium was vacuum 
fused at a pressure of 2X10°° mm Hg. During evapo 
ration the pressure was kept below 10-* mm Hg and 
the evaporator was kept cool by intermittent evapo- 
ration, Currents of approximately 12 amp were used 
for 15-second intervals, between which the system was 
allowed to pump down to the original vacuum. In this 
way films of the required thickness were built up. 

The films ranged in thickness from 25 A to 300 A. 
Absorption was determined by comparing the trans- 
mission of two films of different thicknesses but which 
were otherwise identical in preparation. The difference 
of thickness between the two films used for any one 
run was kept between 130 A and 140 A. 

Film thicknesses were determined by measuring the 
optical density in visible light, the optical density vs 


* This research was supported by the National Science Foun 
dation 

t On leave from the Physics Department, University of Alla 
habad, Allahabad, India 

! M. P. Givens and W. P. Siegmund, Phys. Rev. 85, 313 (1952); 
also B. K. Agarwal and M. P. Givens, Phys. Rev. 107, 62 (1957). 


thickness curve having been previously determined 
by using fringes of equal chromatic order? The 
vanadium was obtained from Jarrell-Ash Company 
containing as chief impurities 0.04% iron, 0.044% 
carbon, and 0.085% oxygen. 

Results of the absorption measurements are shown 
in Fig. 1. The solid curve represents the average of 
three independent runs, two runs on one set of samples 
and one on another set prepared in a separate evapo- 

WAVELENGT Im ANGST ROM! 


oo 
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ELECTRON VOLTS 


Fic. 1. The soft x-ray absorption band of vanadium and its 
components. A—experimental curve; B—sum of curves C, D, 
and E; C and D—suggested M, and M, bands; E—background. 


*S. Tolansky, Multiple Beam Interferometry (Oxford University 
Press, New York, 1948), Chap. 8. 





SOFT X-RAY 
ration. Also shown in Fig. 1 is a suggested separation 
of the band into two parts representing the absorption 
due to M; and M; separately. The separation was made 
on the assumption that the two curves would have the 
same shape. Their relative intensities and their sepa- 
ration were adjusted to obtain a fit. The curves shown, 
which represent a good fit, are in the ratio of 2:1 and 
have a separation of 1.5 ev between the two bands. 

Since the M%; states are p-type states, the individual 
curves should represent the combined densities of s- 
and d-type states in the unfilled portion of the con- 
duction band. The conduction band in solid vanadium 
is derived from the 4s and 3d atomic states. In the solid 
d-type wave functions are expected to be prominent 
since the 3d state can accommodate five times as many 
electrons as the 4s state. In vanadium the 3d band is 
expected to be less than half full. This may perhaps 
explain the presence of an extra peak on the low-energy 
side of the resolved band. 

Since both the ratio and the separation of the bands 
may be adjusted (and to a lesser extent the background 


TABLE I. Comparison of the soft x-ray data on iron, 
chromium, and vanadium 


Emission Absorp 
tion Total width 
present emission + 
work absorption 


Skinner 
etal 


M: — Ms separation 1.6 ey 
M, width 98 es 


\ 3 »y 5.0498 
Mi/M; 2 2/1 


14.8 ev 


M: — Ms separation V vy «1S ev 
M, width 2 ev 7.5 ev 
Mi/M: 2 3/2 


M: ~— Mg separation \ 1.5 ev 
Ma, width 8.0 ¢ 
Mi/M: 2 r/1 


7.0 +8,0 15.0 ev 


also may be adjusted), the separation of the band into 
its two components is not necessarily unique. We tried 
ratios of 3:2 and 1:1 but were unable to make a fit 
using any value of the separation. It is possible that 
some other ratio might be found which would give 
another satisfactory decomposition. The ratio 2:1 is 
also attractive because this is the predicted ratio for 
atomic vanadium. The separation of the Mo, levels of 
atomic 


The 


vanadium is predicted® as 0.8 ev. 
metals vanadium, chromium, and iron (with 


3 That is, A. E. Ruark and H. C. Urey, Atoms, Molecules, and 


Quanta (McGraw-Hill Book Company, Inc., New York, 1930), 
p 256. 


ABSORPTION BY 


rmRIn. FILMS 


Fic. 2 
ponents. A 
the background; C 
background; I 


The soft x-ray absorption band of iron and its com 
experimental curve; B--experimental curve minus 
and ID M, and My, bands; EF 


sum of curves C and D 


suggeste d 


numbers 23, 24, and 26, respectively) have 


body-centered cubic crystalline form. ‘The theoretical 


atomi 


work of Slater and Koster‘ is therefore applicable to 
the 3d band of these metals. Also the lattice constant 
is nearly the same for these metals (3.03 A, 2.88 A, 
and 2.86 A), and so it is interesting to observe that the 
total width of the 3d band is the same in these three 
metals. Neglecting the comparatively small contri 
bution by the 4s band, the 3d band may be experi 
mentally determined as the sum of the widths of the 
M; emission and absorption bands. ‘Table | summarizes 
this comparison. The figures on emission were taken 
from Gyorgy and Harvey? and also from Skinner et al.® 
The absorption figures on iron and chromium are from 
work previously reported by the authors.’ The table 
also summarizes some of the pertinent features of the 
emission and absorption spectra of these metals 

In order to make this comparison, the iron data 
previously reported’ have been resolved into two com 
ponents, the M; and M, bands having the intensity 
ratio 2:1 and separation 1.6 ev. The method used was 
the same as has been described for vanadium. The 
results of this decomposition are shown in Fig. 2 

The authors wish to acknowledge the help of Mr 
William L. Goffe in the preparation of the samples 


‘J.C. Slater and G, F. Koster, Ph Rev. 94, 1498 (1954 

5. M. Gyorgy and G. G. Harvey, Phys. Rev. 87, 861 (1952); 
93, 365 (1954) 

® Skinner, Bullen, and Johnston, Phil. Mag 

7D. E. Carter and M. P. Givens, Phys. Rev 


45, 1070 (1954 
101, 1469 (1956) 
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This paper presents new data on the optical absorption spectra of evaporated films of KI, Nal, RbI, 
Nabr, and KBr in the region between 1700 A and 2500 A. The measurements were made at room tem 


perature and 
fundamental-band region of the salts 


I, INTRODUCTION 


ANY measurements of the optical absorption of 
the alkali halides in the ultraviolet have been 
made in the past. Pohl and his co-workers measured the 
absorption of thin films in the region from 1600 A to 
2600 A at room temperature.’ Later, Schneider and 
©’Brien extended these measurements further into the 
vacuum ultraviolet.’ Their work was also done at room 
temperature, Very recently Taft and Philipp, and also 
Martienssen have observed the absorption spectra of the 
iodides at low temperatures in the region between about 
1850 A and 2600 A.* Hartman and his co-workers have 
given data on the optical absorption spectra of KCI and 
NaCl‘ 
The data presented in the present paper overlap the 
results of the aforementioned investigators but also 
show new features not observed in these investigations. 


Nal 
M TEMPERATURE 


AO* 


Fic. 1, The optical absorption spectrum of a thin film of NaI on 
a NaCl substrate at 180°C and room temperature 


* Research supported in part by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research 
and Development Command 

''R. Hilsch and R. W. Pohl, Z. Physik 57, 145 (1929); 59, 812 
(1930) 

?E. G 

1937) 

‘W. Martienssen (to be published); E. A 
Philipp (to be published) 

‘Hartman, Nelson, and Siegfried, Phys. Rev 


Schneider and H. M. O'Bryan, Phys. Rev. 51, 293 


Taft and H. R. 
105, 123 (1956). 


180°C. The absorption spectra of the iodides reveal hitherto unreported structure in the 


The original contribution of the present work consists 
of an examination of structure in the fundamental 
bands of NaI, KI, and RbI at —180°C in the region 
between 1700 A and 1850 A, and observations on the 
first fundamental band of NaBr and KBr at —180°C. 
The experiments on the iodides show some new structure 
in the so-called exciton bands and may be of interest 
in connection with recent theoretical work.’ The work 
on NaBr and KBr was done in an attempt to clarify 
some observations made by the Géttingen school. Bauer 
gives evidence that the first fundamental band of NaBr 
is a doublet which can be resolved at room temperature.° 
His result, however, appears to depend upon a single 
experimental point. It was felt that this very interesting 
doubling should be investigated at low temperature 
where the splitting should be more pronounced. 


II, EXPERIMENTAL 


The measurements of optical absorption were made 
on films of the order of 1000 A thick, evaporated onto a 
LiF or NaCl substrate in vacuum. Both the evaporation 


Fic. 2. The optical absorption spectrum of a thin film of KI on a 
LiF substrate at — 180°C and room temperature. 


* Albert W. Overhauser, Phys. Rev. 101, 1702 (1956); T. Muto 
and S. Oyama, J. Phys. Soc. Japan 12, 101 (1957); T. Muto and 
H. Okuno, J. Phys. Soc. Japan 12, 108 (1957); D. L. Dexter (to be 


published). 
®G. Bauer, Ann. Physik 19, 434 (1934 


660 





EXCITON BANDS 


Positions of the iodide fundamental bands at 
room temperature and — 180° C. 


PABLE I 


Position of bands at room Position of bands at 


rystal temperature in ev 180°C in ev 


Nal 


KI 5.625 5.800 
6.700, 6.875 


5.700 
6.500, ~6.60 
6.650 
~6.85, 6.975 


6.575 
6.950 


and the measurements were carried out in the same 
cryostat so that the films were never removed from the 
vacuum during the experiment. During evaporation the 
substrate was held at room temperature and the films 
were not heated above this temperature. Cooling was 
done with liquid nitrogen. 

A Bausch & Lomb single monochromator equipped 
with Corning fused-silica prisms and aspheric lenses 
was used in the experiment. An RCA end-on photo- 
multiplier with a sodium salycilate phosphor was used 
as detector with a Nester hydrogen lamp as source. It 
was necessary to surround the monochromator, source, 
detector, and cryostat with an atmosphere of dry 
nitrogen since oxygen absorbs strongly in the region 
below 1950 A. 

The cryostat was designed to permit rotation of the 
inner nitrogen container about the vertical axis so that 
the film could be turned in and out of the beam from 
the monochromator between it and the detector. Thus, 
the optical absorption of the crystal was measured in 
terms of the quantity logy(/o//), where J is the inten- 
sity of the light transmitted by the film and Jo is the 
intensity of the incident beam. This quantity is often 
called the optical density of the sample. Such a measure- 
ment cancels out any absorption by the quartz windows 
of the cryostat. Measurements were made before and 
after evaporation to correct for absorption or reflection 


by the substrate but no correction was made for the 
reflectivity of the films themselves. 


III. DISCUSSION 
1. Nal, KI, and RbI 


Figures 1, 2, and 3 show the optical absorption 
spectra of NaI, KI, and RbI respectively. The spectrum 
of Nal shows two peaks in the region studied. At room 
temperature the first fundamental band appears at 
5.375 ev and a second hand at 6.575 ev. A third band, 
observed by Hilsch and Pohl at room temperature, 
occurs at 7.26 ev, outside the range of the present 
measurements. Upon cooling to — 180°C the two bands 
sharpen and shift to shorter wavelengths but no 
splitting is observed. At —180°C the edge which ‘Taft 


OF 


ALKALI HALIDES 








Fic. 3. The optical absorption spectrum of a thin film of RbI on 
a LiF substrate at 180°C and room temperature 


ascribes to band-to-band transition becomes noticeable 
at about 5.75 ev. 

In the spectrum of KI, three distinct bands occur at 
room temperature. The first fundamental band is at 
5.65 ev, a second band at 6.65 ev, and a third at 7.07 ev. 
Cooling to — 180°C produces sharpening and shifting 
of the bands. In 
sharpening reveals that the band is actually a doublet 
with components at 6.700 ev and 6.875 ev. This fact 
has not been reported up to now. The first fundamental 


the case of the second band this 


band, as is well known, remains single with its peak at 
5.8 ev at — 180°C. The edge occurs at about 6.1 ev. 
Three peaks also appear in the absorption spectrum 
of the RbI film at room temperature. They occur at 
5.525 ev, 6.575 ev, and 6.950 ev 
-180°C the band at 6.575 ev splits into two com 
ponents at 6.500 ev and 6.650 ev. This splitting was 
first reported in the recent work of ‘Taft and Philipp 
and Martienssen.’ The present data indicates that there 
might be a third component in this group at about 


{ /pon cooling to 


6.575 ev and also shows that the band which occurs at 
6.950 ev at room temperature probably consists of two 
components. At —180°C this latter band resolves into 
a peak at 6.975 ev and a shoulder at about 6.85 ev. 

The positions of the various bands in the iodide 
absorption spectra are given in Table I. 

The data shown in Fig. 4 are presented as an inter- 
esting corollary to the observations on the optical 
absorption of KI discussed above. The curve gives the 
excitation spectrum of the luminescence of a single 


crystal of KI at 


180°C. This luminescence has been 
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lic. 4, The excitation spectrum of the luminescence 
of KI at —180°C 


described in a previous paper.’ It is sufficient for the 
present work to note that the curve is a plot of the 
total intensity of luminescence against quantum energy 
of the exciting radiation. The intensity of the exciting 
radiation in number of quanta per second was held 
constant. Each of the minima in the excitation spectrum 
corresponds to a maximum in the optical absorption 
spectrum. In fact, the excitation spectrum bears a 
faithful impression of the absorption spectrum even to 
the extent of details like the edge at 6.10 ev. 


Fic. 5. The optical absorption spectrum of a thin film of NaBr on 
a LiF substrate at — 180°C and room temperature 


’K. J. Teegarden, Phys. Rev. 105, 1222 (1957) 


2. NaBr and KBr 


As mentioned above, Bauer presented data in which 
the first fundamental band of NaBr appears to be 
double at room temperature. In an effort to extend his 
observations the data given in Fig. 5 was taken. The 
first and second fundamental bands of NaBr are shown 
at room temperature while only the first lies in the 
spectral range investigated at —180°C. No splitting 
of the first band appears at either temperature. One 
would expect that a splitting observable at room tem- 
perature would be even more easily resolved at — 180°C. 
On the other hand, it is well known that the method 
used to produce thin alkali-halide films has a marked 
effect on their optical absorption spectra. Thus, it is 
possible that the splitting which Bauer observed was 
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Fic. 6. The optical absorption spectrum of a thin film of KBr on 
a LiF substrate at —180°C and room temperature. 


related to the fact that he annealed his films at elevated 
temperatures before measuring their absorption. The 
films used in the present work were not annealed. 

Figure 6 shows the first fundamental band of KBr 
at room temperature and —180°C. No splitting is 
indicated in this case. 
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Physical properties of the two phosphor systems SrS:Ce,Sm, and SrS:Eu,Sm, as well as the base material 
SrS, have been studied. The optical studies concern spectra of transmission, excitation, fluorescence, phos 
phorescence, stimulation, and stimulated emission. Relative storage efficiencies of the major exciting wave 


lengths have been measured 


lime characteristics of the phosphorescence and the infrared exhaustion have 


been determined. The dc photoconductive response as a function of the wavelength of the incident light 


has been studied 


\ simplified band-theory model which correlates all of the experimental data in conjunc 


tion with the electronic structures of the activators is presented 


INTRODUCTION 


HE existence of infrared stimulable phosphors has 

been known for a number of years. The most 
efficient of these storage phosphors have been found 
among the doubly activated alkaline-earth sulfides and 
selenides, zinc sulfides and selenides, and cadmium 
sulfides and selenides. There have been investigations 
of some chemical and physical properties in the past. 
The present work has been undertaken to obtain more 
basic information about these materials and to get a 
better working knowledge of them. The materials we 
investigated were SrS :Ce, Sm, SrS:Eu, Sm, and the base 
material SrS. ‘These phosphors were chosen because 
of their great sensitivity, storageability, and rapid time 
response. ‘The necessitated 
several types of samples and special care had to be 
taken in fabrication. ‘The chemical and sample prepara 
tion will be discussed in the appendix, 

The over-all instrumentation is shown and discussed 
in the appendix. The optical instrumentation has 
equipped us with considerable versatility which has 
allowed us to make diversified measurements including 
studies of transmission, excitation, fluorescence, phos- 


various measurements 


phorescence, stimulation, and stimulated emission. 
Some of our measurements duplicate those that other 
workers have made.'! * We have made them with a great 
amount of thoroughness which our instrumentation has 


provided us. As a result, we were able to study certain 


optical effects that have not been studied before. Such 


effects are various structure features of emissions and 
excitations which we have tried to relate to the con- 
stituency of the phosphors. Further, the instrumenta 


* Now at Brookhaven National Laboratory, Upton, New York 

1 University of Rochester, Report on Phosphors, Institute of 
Optics, 1945 (unpublished) 

2 R. Ward, Brooklyn Polytechnic Institute, “Preparation of IR 
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4B. O’Brien, J. Opt. Soc. Am. 36, 369 (1946) 
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Meyer, J. Opt. Soc. Am. 39, 729 
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tion has allowed us to make measurements that have 
not been made elsewhere to our knowledge. One such 
measurement involves the determination of the phos 
time lapse 


phorescent function of 


following excitation. This has enabled us to draw 


spectrum as a 


certain conclusions about the existence of thermal traps 
and about relative rates of those electron-hole recom 
binations that lead to optical emissions. Another new 
measurement involves the relative storageability as a 
function of the wavelength of exciting light which in 
formation can be correlated with photoconductivity and 
time measurements. The measurement of the wave 
length dependence of photoconductivity has enabled 
us to make statements about possible mechanisms for 
optical processes. We have been able to complement 
each measurement with other different measurements, 
and we have been able to correlate all of the experi 
mental results into one over-all self-consistent picture. 

This report is divided into two parts. Part I describes 
the experimental results. Part 
clusions of the work which include a simplified band 


II presents the con 


theory model of the phosphors. 


I, EXPERIMENTAL RESULTS 
A. Optical Studies 


The instrumentation is depicted in Fig. 15 and the 
operation is outlined in ‘Table II] of the appendix. For 
the sake of notational brevity, SrS:Ce,Sm will be desig 
nated as S-1 and SrS:Eu,Sm as S-2. In the following 
figures, a comparison of the intensities of the different 
spectra is not meaningful except where stated to the 
contrary. 

1. Excitation Spectra 


These spectra were obtained when the Perkin-Elmer 
(PE) 98 monochromator was set at a particular wave 
length (490 and 616 my for S-1; 595 and 645 my for S-2) 
in the fluorescent emission region of the materials, while 
the PE 112U was scanned. The results are presented in 
Fig. 1. It should be noted that the relative peak 
heights for any one phosphor, or base material, are 
meaningful in that they have been corrected for con 


stant number of exciting photons. A comparison of peak 
heights of different samples is not meaningful 
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Excitation spectra 


The emission from the base material is presumably 
due to impurities present, perhaps Cu. We had purified 
SrS to the extent that spectrographic analysis showed 
no trace of Cu. This sets the upper limit of the Cu at 
1 part in 107, It has been reported that Cu in this or 
smaller amounts is effective in causing fluorescent 
emission, The base-material emission might also be 
due to crystal imperfections, such as ion vacancies. 

We propose that the 280-my peak in the SrS curve 
of Fig. 1 is due to an absorption by the base material 
with the emission resulting from a recombination in an 
impurity center. There is evidence that there occurs 
in this process some band-to-band recombination leading 
to edge emission peaked at 380 my. Further, we propose 
that the peak at 315 my is due to an excitation of an 
electron from the impurity center itself into the con 
duction band. We also suggest that the hole thus created 
remains trapped in the ionized impurity center, and that 
recombination takes place within the center giving an 
emission peaked at about 490-520 my. This emission, 
caused by an absorption peaked at 315 my, is found in 
all of our samples, including phosphors, as can be seen 
in big. 1. 

In the case of S-2, 
peak at 364 my, different from those shown in Fig. 1, 
could be obtained if the PE 98 monochromator were set 
at 452 mu. We suggest that this excitation and emission 
are due to an excitation of an unknown impurity center 


it was shown that an excitation 


(perhaps Eut*) with subsequent recombination within 


this center. The intensity of this emission is less than 
one-tenth of the intensity of the 280-my excited emission 
and we shall make no further mention of it. It was also 
shown that the peak positions of the emissions varied 


as the wavelength of exciting light was varied. Hence, 
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the usual method of obtaining excitation spectra, i.e., 
the measurement of the intensity of one narrow band 
of emitted light as a function of the wavelength of 
incident light, is not too meaningful. This means that 
excitation spectra are of only general and qualitative 
use. A more meaningful measurement is one in which 
the total fluorescent emission is determined at different 
but closely spaced exciting wavelengths. This type of 
systematic investigation will be described in the next 
paragraph. 


2. Fluorescence Studies 


It is difficult to put into words descriptions of 
structure features of spectra without tediously repeating 
wavelength locations. Because of this difficulty, we 
shall use the words peak, shoulder, and spike in an 
attempt to describe various structure characteristics 
of the spectra. We shall ascribe the word peak to broad 
maxima in the spectra, whereas shoulder will be used 
to describe a flattening in which the slope decreases 
but does not become negative. The word spike will be 
reserved for a sharp, narrow maximum in the spectrum. 
The distinction between spike and peak lies only in the 
relative widths of the maxima. We shall associate these 
features with wavelengths wherever clarity requires it. 

Emission spectra were determined with the ex- 
citing wavelength spaced at about every 100A. 
Figures 2(a)-(c) present some of the results. It is 
interesting to note the gradual transition of the general 
shape of the uv-excited fluorescence into the general 
shape of the blue-excited fluorescence. There are several 
excitations and emissions which had escaped detection 
in excitation runs, but which were discovered in the 
systematic investigation. 

An example of this is the emission peaked at 380 mu 
for 254-, 265-, and 280-my excitations of SrS. This 
could be edge emission as explained before. This emis- 
sion is not seen at wavelengths between 313 and 354 mu 
because of the very great preponderance of the 500-my 
emission whose peak excitation occurs at about 315 my. 
As westated before, we believe that this emission 
results from an ionization of some impurity center with 
the hole remaining trapped at the center. If we were 
able to amplify the short-wavelength region of the 
emission curve, we would perhaps see some of the 
380-my emission. This has not been attempted. The 
same consideration could be applied to the 400-my 
emission caused by 344- and 354-my excitation of S-1. 
The displacement could result from low-lying trapping 
levels in the case of the phosphor, leading to longer 
wavelength “band to band” transitions. The in- 
clusion of trapping centers, as in the case of S-1 and S-2, 
causes edge emission to become far less probable and it 
could change the spectral regions in which the emission 
is excited. 

There is sometimes a certain small amount of irre- 
producibility between different samples of the same 
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activated samples. 


phosphor, the ratio is about 4:1 


spectra 


phosphor. This irreproducibility is manifested by slight 
shifts in peak positions, inclusions of small humps or 
peaks in certain samples, or changes in relative intensi- 
ties of different parts of the emission spectrum. Perhaps 
slight shifts in emission peaks could be explained by 
the influence of strong base-material emissions. An 
example of this is the strong emission of SrS peaked 
between 490 and 520 my, dependent on the exciting 
wavelength, as shown in Figs. 2(a)-(c). According to 
Fig. 1, this emission is excited more at about 315 my 
than at other wavelengths. As a result, one might expect 
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this emission to be most effective at changing the shape 
of the emission spectra for the phosphors when excited 
by 313-my light. This is seen to be true in Fig. 2(a), 
fluorescence excited by 313 my for S-1 and 
xcited by 280 my 


where the 
S-2 is different from the fluorescence e 
or by 354 my. The difference can be explained by 
adding an emission, about 500 my, to the 
emission curves excited by 2%0-my radiation. The in 
clusion of small peaks might be due to extraneous im 
purities or crystal imperfections and ion vacancies in 
The appendix 
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corporated during the firing of the sample 
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describes the change in relative intensities of different 
parts of the emission spectrum brought about by grind- 
ing the sample. Changes of this nature could be ex- 
plained on the basis of the inclusion of crystal imperfec- 
tions. The imperfections could trap holes or electrons, 


and thus enhance or suppress one particular transition 
relative to another. We have not excessively concerned 


ourselves with these small irreproducibilities since they 


are beyond the scope of this investigation. There have 
always been dominant features common to all sample 
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spectra, and it has been these features which have 
engaged our attention. 

It should be noted that in the case of S-2, some 
samples were fired at 1400°C (to be called high-fired 
samples). The 590-my emission of these samples was 
so strong as to obscure the spikes located at 568, 600, 
and 650 my. As a result, the uv-excited fluorescence 
showed mainly a 590-mp peak [to be contrasted with 
S-2 of Fig. 2(b)] and the visible excited fluorescence 
showed only the 590-my peak [to be contrasted with 
the trace of spikes in S-2 in Fig. 2(c) ]. 

Samples containing only one activator but with the 
same concentration of flux were prepared under condi- 
tions similar to those involved in the preparation of 
S-1 and S-2. The fluorescent spectra of these were 
measured so that validity could be afforded to the 
unique association of certain spectral features to certain 
activators. This association is presented in the con- 
clusion and the spectra are shown in Fig. 2(d). Once 
again those small peaks located at 400 my are perhaps 
due to edge emission. 


3. Phosphorescent Emission 


To obtain these spectra, the sample disk of Fig. 15 
was rotated as listed in Table III. The length of time 
between excitation and observation was dependent on 
the rotational frequency of the disk. In the present 
paragraph, we are describing the emission spectra 
obtained with the use of a fixed-time lapse. The spectra 
as a function of time lapse will be described in a later 
section. The phosphorescent spectra have been deter- 
mined separately for the major exciting wavelengths. 
These spectra have the same general shape as the corre- 
sponding fluorescent spectra and they are shown in 
Fig. 3. 

In the case of S-1, the main peak in Fig. 3 is at 556 my 
which probably represents the shoulder of the normal 
fluorescence curve when not overlapped by the 490-my 
peak. The 490-my peak is apparently faster than the 
shoulder and as a result the shoulder shows up almost 
alone, in Fig. 3, at 556 myqwhereas the 490-my peak is 
apparent in the phosphorescence only as a slight 
structure. Elsewhere in the report the shoulder is 
treated as being located at 533 my. This difference has 
no important bearing on the results of this paper and 
will not be discussed again. 


4. Stimulation Spectra 


To effect this determination we had to overcome the 
difficulty of the exhaustion of the sample which occurred 
continuously during the run. We did this by con- 
tinuously exciting the sample with a second polychro- 
matic uv source at a spot, other than the viewing spot, 
as listed in Table III. In this way, a constant level of 
stored energy was maintained. The results are shown 
in Fig. 4. 
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5. Stimulated Emission 


A constant level of stored energy was again main- 
tained by irradiating the phosphor, with uv light, at a 
spot other than the viewing position. The emission 
spectra obtained are very similar to the visible excited 
fluorescence spectra in Fig. 2(c), and they are presented 
in Fig. 5. 


6. Infrared Quenching of Fluorescence 


These spectra obtained by simultaneously 
irradiating the same area of phosphor with poly- 
chromatic uv exciting light and with polychromatic in- 
frared light passed through a Corning 7-56 filter. The 
results of such simultaneous irradiation were compared 
to the fluorescent emission. These spectra are shown in 
Fig. 6. It is seen that the sharp spikes of the fluorescence 
are quenched, whereas the other regions of the spectra 
are enhanced by the presence of the infrared. 
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7. Transmission Measurements 


It is important to be able to obtain transmission data 
in order to determine unambiguously such features as 
specific absorption peaks and absorption edge. For this 
measurement one would prefer single crystals. We have 
grown single crystals of SrS,® and the transmission 
spectrum is shown in Fig. 7. We have not as yet made 
single crystals of S-1 or S-2. In the absence of such 
crystals, one could make a transmission run on the 
pressed sintered pellets that are used in the photo 
conductive measurements. The technique of making 


%A letter reporting the procedure for growing single crystals 
and the absorption edge is now in print (Cheroff, Okrasinski, and 
Keller, J. Chem. Phys. 27, 330 (1957) ] 
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the pellets is described in the appendix. Since we hope 
to have single crystals of the phosphors in the near 
future, we shall postpone the presentation of the trans 
mission spectra of the phosphors. 


8. Storage Effic 1ency 


Energy was stored in the phosphor by irradiating the 
sample with monochromatic exciting light. A constant 
time of excitation was used for all wavelengths. A 
measure of the stored energy was determined by de- 
tecting the total light output which resulted from the 
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stimulation of the phosphor by infrared light. ‘The 
maximum value of this measure of stored energy was 
determined as a function of the wavelength of exciting 
light. The PE 112U) monochromator was varied to 
allow the irradiation of the sample by a particular 
wavelength of exciting light, and then by the stimulating 
light peaked at 1.035 w. The stimulated light output was 
detected by a 1P21 photomultiplier whose signal was 
amplified and recorded by a Brush Amplifier and 
Oscillograph Recorder. The various exciting wave- 
lengths were detected by a thermocouple and a calibra 
tion of the relative intensities was made. The results 
are shown in Fig. 8 where the stimulated light output 
has been corrected for the intensity and the energy of 
the exciting radiation, so that the exciting radiation 


Fic. 9. Phosphorescent spectra of S-1 measured at various times 
following excitation by 280 my light 
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was constant in number of photons. In this way, a 
comparison of the relative heights of the parts of a curve 
was made meaningful. 


9. Tabulation of Energies 


From the optical studies, one can construct a table 
of energies corresponding to structural features of 
various spectra, such as major peaks and shoulders. 
Such a compilation of data is presented in Table I. 

The data in this table enable us to locate roughly 
energy levels in a simplified band-theory energy-level 
diagram. From absorption data of Fig. 7, a measure of 
the energy gap can be determined. From the fluorescent 
data, the levels of the primary activator (Ce or Eu) can 
be located. From the stimulation and the fluorescent 
spectra, the levels corresponding to the secondary 
activator (Sm) can be positioned. In the general place- 
ment of the various levels, other experimental facts 
must be considered. A few such facts are the quenching 
of certain peaks by infrared radiation, the absence of 
certain structure in the visiblé excited emission, the 
gross similarity between the visible excited emission 
and the stimulated emission, and the relative storage 
efficiencies. ‘These facts, as well as the results of sub- 
sequent sections, will be compiled and utilized in the 
concluding section of this paper. 


B. Time Studies 


‘The instrumentation is described in the appendix. 


1. Phosphorescent Studies 


The apparatus is shown in Fig. 15. The rotational 
frequency of the disk was measured by a stroboscope. 
The angular separation of the two spots was measured 


and hence the time lapse between excitation and view- 
ing could be determined. We examined the phosphores- 
cence, excited by 280-my, 313-my, and 436-my light, 
for the two phosphors. 

In the case of S-1, the phosphorescence excited by 
313-my light was essentially the same as that excited 
by the 280-my radiation. The results for 280 my are 
shown in Fig. 9, and it can be seen that the emission 
is a two-step process, one being relatively fast and re- 
sponsible for the 490-my peak and the 533-my shoulder, 
and the other being slower and responsible for the three 
spikes located at 568, 600, and 650 my. It must be 
borne in mind that the relative intensities of the various 
spectra in Fig. 9 decrease rapidly with increasing time, 
such that the intensity of the spectrum at ‘= 164 msec 
is orders of magnitude less than that at /=0. The 
relative speeds of the two processes can be judged by 
measuring the ratio of the spike height to the peak 
height as a function of time. This variation is presented 
in Fig. 10. The ratio at zero time, namely that during 
fluorescence, is attained after about 160 milliseconds. 
The increase of the ratio up to 1.5 msec is due to the 
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TABLE I. Energies of various optical processes. 


Fluorescence 
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AE, ev A, my A, mp 
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315 2.43 
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3.94 


(4.51) 
3.26 380) 
averages 
490 2.53 
533 
4.39 (3.94) 
2.18 
2.07 
1.91 


568 
600 
650 
(400) 
490 
531 


(3.50) 


2.81 223 


590* 


2.18 
2.07 
1.91 


568 
600 
650 
533 
590 


| 
| 


« (2.33) 
2.10 


(310) 
408 


(4.00) 
2.64 


* Present in high-fired samples only 


rapid decay of the peak and shoulder relative to the 
spikes. After that time the decay of the spikes deter- 
mines the rate of change of the ratio. At 20 msec we see 
a break in the curve due to the fact that the spikes have 
decreased to a low level such that the peak and shoulder 
are again significant. We propose that this is evidence 
of thermal traps. 

At this point we deviate from our avowed procedure 
and present an interpretation of these results, apart 
from the general conclusions at the end of the paper. 
The general conclusion contains the fact that thermal 
traps are hypothesized but does not involve the detailed 
interpretation presented here. When there is a constant 
supply of electrons available in the conduction band, 
an equilibrium distribution of populated excited states, 
leading to transitions that result in the spikes and the 
peak, is obtained and the spike-to-peak ratio is 0.68. 
There are two sources of populated excited states 
during phosphorescence. The first population results 
from electrons excited during fluorescence. The second 
population results from electrons thermally released 
from traps that had been filled during excitation. The 
second population is smaller than the first, and de- 
creases only slowly in time. The first population of those 
excited states responsible for the peak and shoulder 
transitions is rapidly depleted during the first 1.5 msec, 
and it approaches that which is maintained by the 
emptying of thermal traps. Since the spike transitions 
are slower, it takes a longer time to get the correspond 
ing decrease of the first population of these states. It 
is only after 20 msec that the population of these excited 
levels has nearly reached that which can be maintained 
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by the slowly decreasing emptying of thermal traps, 
and it has reached it by 60 msec. 

In the case of S-2, the uv-excited phosphorescence 
shows only the spikes and they simply decrease mono 
tonically in time. We note at this point that the 590 
my emission in S-2 is the slowest of all the transitions of 
both phosphors. ‘The relative speeds of the various proc 
esses are significant to the conclusions we present at 
the end of the paper. 


2. Infrared Exhaustion Studies 


The term exhaustion curve refers to the time change 
of the stimulated light output which takes place while 
the sample is irradiated by a constant infrared radiation 
after it had been excited by a 2537 A Hg lamp. ‘These 
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curves were obtained with the use of apparatus de- 
scribed in the Appendix. Two types of exhaustion runs 
were made; one made use of pulsed infrared radiation 
and the other made use of an uninterrupted beam, The 
results of a continuous exhaustion and an intermittent 
exhaustion are shown on semilog plots in Fig. 11. The 
straight lines indicate exponential decays and the breaks 
can be interpreted with the assumption that two 
processes are occurring, each of which is exponential 
in character, At the break, there is a change in domi- 
nance of one of the two processes, One difference between 
the two processes could be that the first process in- 
volves the release of electrons from storage and thermal 
traps, and the second involves only storage traps. 
Another difference could be that retrapping is important 
in the one process and not in the other, and the break 
in the curve could represent that point where retrapping 
becomes important, 

There are tabulated in Table II the times necessary 
for the different runs for the intensity of emitted light 
to decay to half the initial value. Note that the half- 
times for S-1 appear to be independent of the duty cycle, 
while they do not for S-2. The half-times appear to be 
correlated to the breaks in the curves of Fig. 11. It is 
worth mentioning that the half-times and the breaks 
in the exhaustion curves are functions of the infrared 
intensity in that the smaller the intensity the longer 
will be the time necessary to empty a fixed number of 
filled traps and hence the longer will be the half-time. 


C. Photoconductive Studies 


A study of the photoconductive response gives infor- 
mation complementing that information obtained from 
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spectral and time studies. If the wavelength dependence 
of photocurrents is found to be coincident with a 
particular absorption or emission, it indicates that the 
optical process involves the raising of electrons into a 
conduction band or the dropping of holes into a valence 
band, or both. As a result, dc photoconductive measure- 
ments were made. Ideally, single crystals of the phos- 
phors should be used for such measurements in order to 
eliminate spurious effects introduced by grains and 
grain boundaries and to increase sensitivity. However, 
workable crystals of phosphors have not yet been 
obtained, and so powdered samples had to be used. The 
phosphors were pressed into pellets, sintered, and 
electroded. The pellets’ preparation and characteristics 
are described in the Appendix. The apparatus for 
measuring the wavelength dependence of photocon- 
ductive response is described in the Appendix. The 
results are shown in Figs. 12(a) and 12(b). The depicted 
curves are representations of typical responses of a 
large number of samples. The spectra coincide very 
closely with the optical excitations and stimulations 
shown in Figs. 1 and 4. Hence, one concludes that the 
excitations in the uv and visible regions, and the 
stimulations in the infrared region, are accompanied 
by the motion of either electrons in the conduction 
band, or holes in the valence band, or both. 


II, CONCLUSION 


There are certain general observations and con- 
clusions that one can make. As is known, the activators 
can be classified as either one of two types; the primary 
such as Eu or Ce, or the secondary such as Sm. It has 
been thought by workers in the field that the primary 
activator determines the spectra of the excitation in 
the visible and the emission, while the secondary 
activator increases the sensitivity of the phosphor, 
reduces the phosphorescent afterglow, increases the 
storageability, and determines the stimulation spectrum. 
As a result of our investigation, we will conclude that 
both activators help determine the emission, just as the 
interplay of both activators determines the region of 
storage, as well as the storageability. Further, we will 


TABLE II. The times necessary for the intensity of emitted 
light to decay to half the initial value. 


Time 
Pulse between Half- 
width pulses times 
Phosphor Type of run sex sei sec 
Continuous infrared 7.2 
Pulsed infrared 0.48 7.1 
Pulsed infrared 0.36 6.8 


Pulsed infrared 3.3 7.0 


S-1 


Continuous infrared § 
Pulsed infrared 0 
Pulsed infrared a 
Pulsed infrared 5. 


S-2 
2 
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conclude that the primary activator largely deter- 
mines the afterglow and its rate of decay. 

In order to predict further properties and to correlate 
known properties of the two phosphors at this point, 
we propose a physical model based upon some simple 
band-theory considerations for each phosphor. The 
criteria that we use in evolving these models are (1) con- 
sistency with the experimental results described in the 
preceding sections, and (2) consistency with the known 
chemical properties of the various constituents in those 
cases where the chemical properties could be reasonably 
applied. The activators that are used are rare-earth ions. 
We do not know whether these ions are maintained 
in the lattice in substitutional or interstitial sites. The 
electrons involved in any transition are 4f electrons 
which can be considered to be part of the inner core of 
the ions. Regardless of whether they are interstitial or 
substitutional, the inner core of the ions remains 
relatively undisturbed by the electrostatic field of the 
lattice. Because of this effective shielding from lattice 
interactions, one should be able to talk about the 
activators as if they were isolated ions and to describe 
them in atomistic language, using such terms as valence 
state, ionization potential, ground-state term signatures, 
etc. We assume that the charged ion is sitting at some 
site. The +m charge on the ion may be due to the fact 
that electrons have been distributed to its neighbors 
for bond formation. Alternatively, the ion could be 
sitting at some site, polarizing its neighbors, with its 
electrons contained by an anion located elsewhere in 
the lattice. It is not within the scope of this paper what 
the exact nature of the activator site is, nor what the 
condition of binding is. 

In the case of S-1 the activators are Sm and Ce. It is 
most likely that each is present in the +3 state, and 
using the Heitler-London approach, the former has a 
4/° configuration, while the latter has a 4/' configura- 
tion. The probable valence states of gaseous Ce are the 
+3 state and the +4 state, the latter with a 4/° con- 
figuration. The stability of the unfilled orbital in the 
latter makes this configuration a likely one as evidenced 
by the fact that this state is readily found in nature 
(differing from most of the other rare earths). As a 
result, it is natural to assume that Cet* in the lattice 
would have a low ionization potential and would also 
be a good hole trap, a property that can shed light on 
such diverse phenomena as decay rates of phosphor- 
escence and storageability as a function of wavelength. 
In the case of Sm, possible valence states would be +2, 
+3, and +4 with 4/*, 4/°, and 4/* configurations,” 
respectively. There is no one configuration of great 
stability that would make one stable with respect to 
another. Hence, Sm** would be a possible hole trap 
but not as good a trap as Cet*, It could also be a possible 
electron trap since Sm** is possible. The phosphor S-2 


1 We omit from consideration the possibility of 6s, 6p, and 5d 
orbitals being occupied in place of one of the 4f orbitals. This 
possibility is not important to the results of the work. 
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has Sm and Eu as activators. Sm again is in the +3 
state. We propose that the Eu is in the +2 state, which 
is consistent with the reports of Przibram" and others,” 
and that it has a configuration of 4/7. The probable 
valence states of gaseous Eu are +2 and +-3, the latter 
with a configuration of 4/*. Eu is added in the form of 
Eu,O;; however, the material is fired in a reducing 
atmosphere, and it is the stability of the half-filled 
orbital that causes the Eu to exist in the +2 state. Since 
Eut* does readily exist, this valence state is available 
to Eu and hence we would expect Eut? to have some 
ability to trap holes, although not as much as the Cet* 
in the case of S-1. From this consideration, one can 
remark on differences between the two phosphors with 
respect to phenomena such as decay rates of phos 
phorescence and storageability as a function of 
wavelength. 

In the case of Cet*, the ground state, according to 
Hund’s rules, is */’5;2. The next state is 77/2 which, 
according to Kréger and Bakker" is separated from 
the ground state by about 0.22 ev. This doublet leads 
to the appearance of the shoulder and peak in the 
various emissions. ‘These facts and conclusions will be 
utilized in the discussion of the model, presented in 
Fig. 13, in which only those levels are presented that 
lead to the salient optical characteristics. Levels due 
to accidental impurities are omitted. In the case of Eut® 
the ground state is 457)». Since the *S7,2 lies alone, the 
emission contains only one peak. The model for S-2 is 
depicted in Fig. 14. (As implied earlier, we do not 
consider the crystal field splitting of these levels. The 
effect of the crystalline field will be discussed in a future 
paper.) 

"K. Przibram, Acta Phys. Austriaca 3, 126 (1949-1950) 

2 W. Low, Phys. Rev. 98, 2, 426 (1955) 

4 F, A. Kréger and J. Bakker, Physica 8, 628 (1941) 
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Fic. 13. Model for S-1. 





The uv excitation in both phosphors corresponds to 
the SrS base absorption and it results in electrons being 
excited from 1 to 2 with holes being left in the valence 
band. In this process, any of the following three proc- 
esses can and do occur: 

(1) For S-1, a hole is trapped by levels 4 and 5 of 
Cet* which becomes Ce** whose levels are shown dotted 
in Fig. 13. The Cet* can then trap an electron and 
become Cet* with the proper rearrangement of levels, 
the electron populating level 3. In this manner we have 
started with a Ce** in a ground state with the electron 
in question occupying level 5 and we have ended with 
Cet** in an excited state with the electron in level 3. 
This is followed by transitions 3-4 and 3—+5 which 
are responsible for the shoulder and peak in the fluores 
cence, In the process, Ce has gone from +3 to +4 
and thence back to +3. The efficiency of Cet as a hole 
trap coupled with the ability of Ce* to trap electrons 
necessitates the recombination transitions to be rapid. 
For S-2, a hole is trapped by level 4 of Eut? which 
becomes Eut*, Because of the stability of Eut*, this 
occurs with less probability than did the hole trapping 
by Cet*. In the low-fired samples, there is little or none 
of this since the transition 3—4 is not observed. In the 
high-fired samples, one does observe this transition, 
hence some hole trapping by Eut* does occur. This is 
probably due to the inclusion of more Eu** centers in 
the high-fired samples. Where the 590-my peak does 
occur (i.e., high-fired samples), the Eu has gone from 
a +2toa +3 toa +2 excited state and then back toa 
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+2 normal state, during which a hole and then an 
electron is trapped with subsequent recombination. 
Because the holes are not trapped efficiently, the holes 
and electrons can remain free in the vicinity of the 
site for a longer time than in the case of the Ce site, 
thus accounting for the slower rate of decay of phos- 
phorescence of the 590-my peak. 

(2) A hole is trapped by levels 7 of Fig. 13 or levels 
6 of Fig. 14 of Sm** which becomes Sm*, This is followed 
by an electron dropping from the conduction band to 
an excited state of Sm** which becomes Sm** with a 
readjustment of levels so that the electron in level 8 
of Fig. 13 or level 7 of Fig. 14 recombines with the 
hole in levels 7 of Fig. 13 or 6 of Fig. 14, representing a 
transition from an excited state of Sm** to the ground 
state. The net result is the appearance of the three 
spikes during the fluorescence. Of course, a change in 
the order of events equally well explains the emission, 
i.e., an electron could be trapped by an Sm*# leading to 
an occupied Sm* level 6 (or level 5 of Fig. 14). A hole 
could then be trapped by this center resulting in a Sm** 
in an excited state which in turn results in a transition 
to the ground state with the emission of the three 
spikes. The Sm** level must lie beneath the Sm*?* to 
satisfy the fact that the former has a higher ionization 
potential. How much beneath it lies would be dependent 
on how big an effect the dielectric constant of SrS has 
on the ionization potentials of Sm. They are certainly 
reduced from the values in the gaseous state. The size 
of the reduction depends on the ineffectiveness of the 
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shielding of the dielectric base material from the rare- 
earth impurity. The Sm* ionization potential in SrS is 
given by the distance of level 6 of Fig. 13 or 5 of Fig. 14 
from the conduction band, or about 1 ev. In the 
gaseous state, the third ionization potential of Sm is 
about 20 ev and the fourth is about 35 ev. If one assumes 
the same effective dielectric constant for the case of 
Sm* as for Sm**, the Sm** level might be expected to 
lie about 0.8 ev below that of Sm**. This is undoubtedly 
too small a difference but, on the other hand, a very 
large difference need not be expected. 

(3) An electron in the conduction band becomes 
trapped in a Sm** site. The site then becomes Sm* 
and is shown as level 6 of Fig. 13 or 5 of Fig. 14. 

The net effect in the uv excitation is that an electron 
has been stored by Sm and the corresponding hole has 
become trapped by Ce or Eu (Cet* and Eu** are more 
effective at trapping holes than Sm**), During the 
infrared quenching described in Sec. I-6, electrons are 
excited in S-1 from 1 to 7 and in S-2 from 1 to 6 which 
action can neutralize a hole that had been trapped 
there, and hence the spikes caused by transitions 
8-7 of S-1 or 7-6 of S-2 are quenched, and in the case 
of S-1 the peak and shoulder produced by transitions 
3-4 and 3-5 are correspondingly enhanced. According 
to this picture, the uv excitation should be efficient at 
storing energy in both phosphors and it is indeed, as 
shown in Fig. 8. One might wonder why a phosphor 
with Sm alone, as an activator, does not store energy 
and why Ce or Eu must be included. From the above, 
it is seen that the role of the Ce or Eu, is to trap holes 
and thus to cut down the probability of band-to-band 
and other recombinations, which does occur in SrS, as 
shown earlier in the fluorescence spectra of Fig. 2(a). 
With holes trapped by Ce or Eu, the probability of 
electrons being stored in Sm sites is greatly enhanced. 
In the case of S-1 the rapid rates of decay of the 3-4 
and 3-5 transitions are due to the readiness of Cet* 
to trap a hole and the effectiveness of Cet to trap an 
electron with the recombination process being within 
the Cet* site and being very rapid. On the other hand, 
in S-2, the relative slowness of the rate of decay, during 
phosphorescence of 3—4 is due to the fact that the hole- 
trapping ability of Eu*? is less than that of Cet*. Smt? 
is less effective at trapping holes and hence holes can 
remain in the environs of Sm** without being effectively 
trapped resulting in a slower rate of decay in the 
resultant 8—>7 transitions. The uv photoconduction 
observed presumably would be due to motion of elec- 
trons in the conduction band with but a small con- 
tribution from hole motion. The fact that the uv photo- 
conduction of S-1 is small compared to S-2 is due to the 
rapid hole-electron recombination via the Cet site 
whereas holes and electrons have longer lifetimes in 
S-2. The existence of thermal traps produces the ob- 
served uv-excited phosphorescence. 

For S-1, the blue excitation involves the excitation 
of an electron from 5 to 2. This automatically leaves 
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a hole trapped on the site resulting in Ce. Since this 
eliminates the trapping of holes by Sm**, there are no 
spikes present. In time there could be a redistribution 
of hole population so that some would be trapped by 
Sm**, as manifested by the appearance of weak spikes 
in the blue-excited phosphorescence. Since the hole is 
created on the Ce site, the electron can very easily be 
trapped in level 3 with a rapid recombination leading 
to the rapid 3->4 and 3-5 transitions. Because of the 
effectiveness of the Ce as a hole trap, the excited 
electron has little chance to get widely separated from 
the center and hence there is little probability of the 
electron being trapped by a Sm site. And so one 
measures only slight storageability in the blue region 
of the spectrum. Similarly, the photoconductivity in 
this region is not too great (when compared to S-2 
in this region). For S-2, the blue excitation involves the 
excitation of an electron from 4 to the conduction band, 
This leaves a hole trapped on the site resulting in a 
Eut*. This trapped hole perhaps can be thermally 
released into the valence band and so the electron- 
capture cross section for the center on a time average 
will be smaller than that for the Cet‘ in S-1, in which 
there was little probability for the trapped hole to be 
thermally released into the valence band. Hence, the 
lifetime of excited conduction electrons is long resulting 
in their capture by an Sm site and in the occupation of 
level 5 with concomitant storage of energy. Owing to 
the low capture cross section for holes of Eut*, some of 
the Eut*® might become converted to Kut’, with the hole 
being trapped by levels 6 followed by the capture of an 
electron and subsequent recombination resulting in the 
spikes of 7-6. This explains the appearance of weak 
spikes during the fluorescence excited by 436 my, which 
differs from the observations for S-1. This also explains 
the appearance of spikes in the blue-excited phos- 
phorescence. As a result of these considerations, the 
slow decay times of the 590-my emission, caused by 
3-4, during phosphorescence can be understood, The 
long lifetime of the electrons, as well as the presence of 
some holes in the valence band, explains why the 
photoconduction during blue excitation is so large 
(compared to that of S-1), The long lifetime of the 
conduction electrons leads to the prediction that the 
blue region of the spectrum should be efficient at 
storing, and this is found to be the case, which again 
differs from that of S-1. The existence of the thermal 
traps explains the occurrence of blue-excited phos- 
phorescence which is quite weak, as expected from the 
above considerations, and is much weaker than that 
excited by uv. The blue-excited phosphorescence of S-2 
is stronger than that of S-1, as one would expect from 
the above considerations. 

The infrared stimulation is that process in which the 
electron leaves level 6 of Fig. 13 or level 5 of Fig. 14 
and the Sm** becomes an Smt*, In the case of S-1, the 
freed electron will move through the conduction band 
until it is attracted to a trapped hole in an Cet site. 
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At this point, the electron drops into a level which then 
becomes level 3 of the Cet* and both 3-4 and 3-5 
transitions result. Most of the holes that had been 
formed in excitation would have finally been trapped 
by Cet* and hence essentially only the typical peak 
and shoulder arise upon stimulation.* In the case of 
S-2, the freed electron will be attracted to a trapped 
hole in a Eut* site. At this point, the electron drops into 
the excited state of Eut*, and there is a rearrangement 
of levels to that of Eut* with the transition 3-4 re- 
sulting. We have not observed spikes in the stimulated 
emission in spite of the fact that one expects holes to be 
redistributed such that some become trapped by 6. 
(This could be due to the conditions of the experiment 
in which we measure this emission. We simultaneously 
irradiate a rotating wheel with ultraviolet and infrared 
light when we measure the stimulated emission. Hence, 
only a small period of time is allowed to elapse between 
excitation and stimulation in which time there has been 
little opportunity for hole redistribution.) During the 
stimulation of both phosphors, one observes a photo- 
current due to electron motion which decays in time. 

It is worth noting that the difference in energy of the 
two transitions 3—+4 and 3-+5 is 0.20 ev, to be com- 
pared with the average value of 0.22 ev given by 
Kréger and Bakker." 

The Sm*? level is closer to the conduction band in 
S-2 than in S-1, This is perhaps due to perturbations 
on the energy gap by Eu differing from those of Ce. 

From the above considerations one can make pre- 
dictions about possible optical transitions, quenchings, 
stimulations, etc, As an example, we plan to look for the 
emission corresponding to either 7-1 in Fig. 13 or 6-1 
in Fig. 14 which occurs during hole trapping by Sm**. 
One might observe a similar emission corresponding to 
transitions 4, 5—>1 in Fig. 13 or 8-1 in Fig. 14 during 
the hole trapping of Cet* or Eu‘, respectively. As for 
the quenching experiments, we plan to look carefully 
for the transitions 1—+4, 5 and 1—7 in Fig. 13 and 1-4 
and 1-6 in Fig. 14, as well as for their affects on uv- 
excited and blue-excited fluorescence. 

One can further make predictions about different 
phosphors based upon the atomic structure of the acti- 
vators. Thus, one would expect a phosphor containing 
Sm and Tb as activators to be similar to S-1. Tbt® with 
a 4/* configuration’® and a ground state of 7/6 would 
be a good hole trap since Tb** has a stable configuration 
of 4/’ with a ground state of *S7/2. As a result, one 
would predict that the decay rate of phosphorescence 
would be rapid and that this phosphor would store 
mainly in the uv. Similarly, one would expect a phosphor 
with Sm and Yb to be similar to S-2. Yb** with a 4/™ 
configuration’ and a ground state of .S9 would not be 


In the case of blue phosphorescence, we stated spikes were 
present due to small redistribution of holes to Sm levels. In the 
stimulated emission there also may be the same redistribution, 
but the effect of the large excess of holes in Ce centers completely 
masks any possible spikes 
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a good hole trap, and so the rate of decay of phos- 
phorescence would be slow and the phosphor would 
store in the blue as well as in the uv. These phosphors 
have been made and the spectra and properties are 
under investigation. 


APPENDIX 
I. Chemical and Materials Preparation 


The materials were prepared in this laboratory with 
the use of procedures that, to a large extent, have been 
worked out elsewhere.!:? 1*!7 

SrS was obtained by firing purified SrSO, in Hy, at 
1000°C for an hour. Purified SrSO, was obtained with 
a procedure outlined elsewhere."® The SrSO, was 
analyzed for impurities on a Jarrell-Ash spectrograph. 
Small traces of Ba, Ca, and Na but no traces of Cu 
and other common contaminators were found. When 
the SrSO, was reduced in a quartz or an alundum 
boat, the resultant SrS contained Cu and/or Al im- 
purities. However, when the quartz boat was lined 
with Pt foil, the resultant SrS was free from such 
detectable contamination. 

The phosphors investigated in this study were pre- 
pared with the SrS which had no detectable trace im- 
purities of anything except Na and Ba. S-1 consisted of 
SrS, 6% SrSOu, 6% CaFs, 0.02% Ce, and 0.02% Sm. 
S-2 consisted of SrS, 6% SrSO4, 6% CaF, or 6% NaCl, 
0.02% Eu, and 0.02% Sm. The percentages are ex- 
pressed in terms of molar percent. The CaF, and NaCl 
acted as flux. The materials were intimately mixed and 
dried, and were ready for subsequent firing. 

For the optical and the time studies, the dried 
materials were heated in HS for two hours at 1100°C 
in quartz boats. The fired materials were then ground, 
sieved, and sprinkled on a surface that had been wetted 
with a 0.1% solution of Duco cement in amy] acetate. 
(It was determined that this amount of Duco cement 
did not alter any of the measurements.) 

In order to measure the dc photoconductive response, 
the resistivity of the samples had to be kept as low as 
possible. Since single crystals were not available at 
that time, measurements were attempted unsuccess- 
fully on the normal phosphor powders described in the 
previous paragraph. As a result, the unfired mixtures 
were pressed into pellets and then fired in order to 
encourage grain growth. Metal dies and nylon-capped 
metal dies were first tried but metal impurity con- 
tamination proved to be quite high. An all-quartz die 
was used which eliminated the contamination. Various 
pressures, atmospheres, lengths of time of firing, tem- 
peratures (between 1000°C and 1600°C), and boats 


16 Primak, Osterheld, and Ward, J. Am. Chem. Soc. 69, 1283 
(1947). 

1®© Smith, Rosenstein, and Ward, J. Am. Chem. Soc. 69, 1725 
(1947). 

17K. F. Stripp and R. Ward, J. Am. Chem. Soc. 70, 401 (1948). 
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were tried. The procedure that was finally settled upon 
involved a total pressure of about 7000 psi, a Hy» 
atmosphere, one-half hour firing time, 1400°C firing 
temperature, and dense alundum boats. In the case of 
phosphor S-2, CaF, was used as the flux since this 
proved to be more efficient at stimulating grain growth 
than NaCl. This procedure produced grains whose 
average size was about 100 microns. The pellets were 
then electroded with cold-setting silver paste. 

A question that we faced quite early was whether or 
not the different methods of sample preparation, on the 
one hand the method of pellet preparation and on the 
other hand the method of powder sample preparation, 
resulted in like phosphors. If so, the optical and the 
time measurements could be correlated with the photo- 
conductive measurements. We had to answer such 
questions as what was the effect of grinding the phos- 
phor, what was the effect of the difference in tempera- 
tures and atmospheres of the firings, and what influence 
did possible contamination from the boat have on the 
optical properties of the phosphors. To answer these 
questions, we prepared many different samples and 
determined the spectra of the emissions at principle 
exciting wavelengths. To check the influence of grinding, 
spectra were measured after successive grindings. The 
grinding changed the height of some sharp spikes, on the 
emission curve, relative to the remainder of the emission 
curve, but not seriously. The high temperature of the 
pellet firing increased the chances of accidental contami- 
nation but also produced more sensitive phosphors. The 
optical properties of an uncontaminated high-fired pellet 
were very similar to those of a low-fired powdered sample. 
Firing in H; orin H,S gave very similar samples. To check 
the effect of contamination from boats, the spectra of sam- 
ples fired on Mo, alundum, quartz, boron nitride, and 
MgO were correlated with spectrographic analyses for 
specific impurities of Al, Mo, B, Mg. They werealso com- 
pared to spectra of phosphors made with purposely added 
amounts of materials as contaminants. The 
results showed that phosphors fired on quartz at low 
temperatures were essentially the same optically as those 
fired on alundum at high temperatures. The other boats 
were undesirable in that they introduced impurities 
that changed the optical properties of the phosphors. 
We also looked for changes in optical properties as we 
changed the flux from CaF, to NaCl, but no changes 
were found. As a result of these comparisons and 
correlations, we concluded that the powdered samples 
prepared for optical and time studies were essentially 
the same as those pellets prepared for photoconductive 
measurements and hence correlation of results can be 
made justifiably. 


these 


II. Instrumentation 


A. Optical Studies 


During the early work many variations in the arrange- 
ment of the source, the monochromator, and the sample 
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were tried. The chief problem was to obtain an arrange- 
ment whereby a sufficiently intense monochromatic 
beam of light was incident on the sample, the attendant 
stray light was held to a minimum, and a sufficient 
fraction of the phosphor emission was analyzed and 
received by the detector. There were other measure- 
ment problems which were solved by the optical system 
developed. One such problem was the maintenance of 
the sample at a constant level of excitation while 
stimulation and stimulated-emission spectra were being 
determined. Without this constant level of excitation, 
the exhaustion of the stored energy, in the phosphor, 
during the runs, would lead to spurious results and false 
conclusions. This system was a versatile two-mono 
chromator apparatus in which the phosphor powder 
was mounted as a peripheral ring on a disk that could 
be rotated. The setup is shown in Fig. 15. The probable 
errors in wavelength due to reproducibility, calibration, 
slit widths, etc., amounted to +1 to +2 my over the 
spectrum covered. 

Chopped monochromatic radiation from the PE 112U 
monochromator is focused onto the phosphor film. 
The phosphor emission is focused into the PE 98 mono- 
chromator. The pulsed signal from the detector is ampli- 
fied and recorded by the PE 112U system. B, in Fig. 15, 
is a relay operated by a battery and the PE 112U 
signal breaker. The relay breaks the circuit to the 
amplifier during the time that the 112U beam chopper 
interrupts the light beam. B is required for phosphores 
cence measurements and for excitation and fluorescence 
measurements where the phosphorescent decay is slow. 
In this way, we discard the phosphorescence which 
would otherwise reach the amplifier out of phase with 
the fluorescent signal and hence subtract from it. 

The way in which this system was used to determine 
and record the various types of spectral data is sum 
marized in Table III. In the excitation-spectra measure 
ments, the hydrogen and tungsten lamps were used as 
sources, whereas in the fluorescent-spectra measure 
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Tasie III. Procedure for recording spectral data. 


Disk 
Still 


PE 98 setting 


Type of spectrum PE 112U setting 


Fixed at peak 
emission \ 
Scanned 
Scanned 
Fixed at 
emission A 
Scanned 


Excitation Scanned 


Still 
Rotated* 
Rotated» 


Fixed at exciting 
Fixed at exciting d 
Scanned 


Fluorescence 
Phosphorescence 
Stimulation 
Fixed at Rotated” 
stimulating A 


Stimulated 
emission 


* The exciting beam is incident upon the sample in advance of the 
Viewing position 

» An additional exciting radiation is incident upon a spot away from the 
viewing position. 


ments a Hg arc lamp was used. In the phosphorescence 
investigations, the PE 112U beam chopper was re- 
moved and the exciting radiation was focused on a 
point in advance of the viewing position. As the disk 
rotated, the sample was moved from the exciting beam 
to the viewing point where the phosphorescence was 
recorded, the relay B being used to interrupt the de 
signal. 

For the infrared stimulation and stimulated-emission 
spectra measurements, the phosphor was held at a 
constant level of excitation during the measurement 
by rotating the disk while an additional source of 
exciting radiation was incident at a point away from 
the viewing point. Infrared stimulating radiation from 
the PE 112U with tungsten source was focused onto 
the viewing position. 


B. Time Characteristics 


In the measurement of change in phosphorescent 
spectrum as a function of time, the experimental setup 
was the same as that shown in Fig. 15. The exciting 
light from the PE 112U struck the phosphor at a spot 
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in advance of the spot viewed by the PE 98. The 
rotational frequency of the disk was variable and was 
measured with a stroboscope. From the measured 
frequency and the known angular separation of the two 
spots, the time lapse between excitation and viewing 
was calculated. The speed of the disk could be varied 
between 10 rpm and 13000 rpm. The angular separa- 
tion between the exciting and the viewing spots was 
10°. The time delays between excitation and view- 
ing phosphorescence varied between 0.13 and 165 
milliseconds. 

A second type of time measurement involved the 
exhaustion of the stored energy of the phosphor. This 
was effected by irradiating the sample with chopped 
or steady infrared radiation. This method utilized a 
light chopper which presented a trapezoidal light 
pulse of a variable width and of a variable frequency 
with a 100-microsecond rise and decay time. Infrared 
light, from a Nernst glower, was passed through a 
Corning 7-56 infrared-transmitting filter and through 
the chopper and was incident on the phosphor slide. 
The total light emitted was detected by a 1P21 photo- 
multiplier tube whose signal was amplified by a Brush 
amplifier (dc to 120 cps response) and was recorded 
on a Brush oscillograph recorder. 


C. Photoconductive Studies 


The apparatus contained a Beckman Model DU 
monochromator whose light source was a high-pressure 
Xe arc lamp, which supplied continuous radiation in 
the region under investigation. The phosphor pellet was 
situated so that the electrodes were on the irradiated 
surface, perpendicular to the cylindrical axis of the 
pellet. The interelectrode spacing was between 1 and 
3 mm. The photocurrents were measured with a Beck- 
man vibrating reed micromicroammeter. 
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The residual resitivity of copper per atomic percent of interstitial atoms is computed in several different 
models. It is found that the contributions from the defect itself and from the associated lattice strain are of 
comparable magnitude and that the interference between them tends to reduce the resistivity. A shielded 
Coulomb potential, Blatt’s computed phase shifts, and an electron-lattice interaction constant are variously 
used to calculate the scattering amplitudes. The necessary parameters are determined from high-temperature 
resistivity data. Values of about 2 wohm cm per atomic percent are obtained. 


INTRODUCTION 


HE excess resistivity in a metal introduced by 

the presence of point defects, i.e., interstitial 
atoms and vacancies, is of fundamental concern for 
several reasons. First, the defects are interesting per se, 
being basic imperfections in all crystals. Secondly, 
knowledge of the resistivity due to the point defects 
would be helpful in interpreting the phenomena of 
cold-work, radiation damage, and the annealing of the 
damage produced. Thirdly, accurate values for these 
resistivities would furnish a good test of calculations 
on the probability of the creation of point defects by 
fast-particle bombardment, and would allow the cali- 
bration of radiation damage experiments.! 

Several calculations have appeared in recent years 
on the resistivity introduced by interstitials and va- 
cancies; all treatments, including the present one, are 
approximate, an exact theory appearing unfeasible at 
the present time. All of the calculations have been 
applied to copper, and all values below refer explicitly 
to this metal. The earliest estimates’ were based largely 
on work on the resistivity of substitutional alloys.’ The 
scattering by the defect itself was estimated by analogy 
with work on dilute alloys. The scattering from the 
surrounding lattice strains was considered small and 
was correspondingly treated only in a crude approxi- 
mation. Further, this calculation utilized calculated 
displacements of the neighbors which have subsequently 
been supplanted by more accurate (and larger) values. 
Estimates for the resistivity of vacancies and inter- 
stitials, 0.4 and 0.6 wohm cm per atomic percent, 
respectively, were presented, these values being esti- 
mated accurate to a factor of two. Subsequent calcu- 
lations have given rise to estimates appreciably larger 
than these. For vacancies, phase-shift analysis neg- 
lecting lattice strains has given values about 1.3-1.5 


* Research supported in part by the U. S. Air Force through the 
Air Force Office of Scientific Research of the Air Research and 
Development Command. 

1F. Seitz and J. S. Koehler, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 2. 

21. L. Dexter, Phys. Rev. 87, 768 (1952). 

3See N. F. Mott and H. Jones, Properties of Metals and Alloys 
(Oxford University Press, New York, 1936), Chap. VII, and 
references contained therein. 


pohm cm per atomic percent.* For interstitials, 
similar computations neglecting lattice strains have 
given approximately the same values.*’ It has been 
argued that since similar calculations for dilute alloys 
give values more than a factor of two larger than those 
experimentally determined, these figures should be 
reduced by a factor of two or so.®* 

The influence of lattice strains has been treated in 
some of this work, resulting in total estimates of 5.0 
pwohm cm per atomic percent’ and 10.5 wohm cm per 
atomic percent® for interstitials and 1.5 wohm cm per 
atomic percent’ for vacancies. The lower value for 
interstitials resulted from assuming the scattering from 
the static displacements around the interstitial to be 
equivalent to the scattering from lattice vibrations of 
the same mean-square amplitude.’ With large strains 
this procedure results in a great deal of backward 
scattering, and hence high resistivity. ‘This procedure 
neglects the interference in the scattering by the various 
distorted neighbors, both among themselves and be- 
tween themselves and the interstitial. Without a more 
accurate treatment, it is impossible to assess the error 
associated with these approximations, though it may 
be expected to be appreciable. The larger value for 
interstitials and the figure for vacancies are based on 
more detailed calculations® of the effects of strain, and 
will be discussed further below. 

In private conversations, we have heard of additional 
work in progress on the interstitial problem; we under- 
stand that this work will be published soon. We are 
informed that calculated resistivities are obtained which 
are appreciably smaller than those quoted in the last 
10,11 


paragraph. 


*P. Jongenburger, Appl. Sci. Research B3, 237 (1953). 

®F. Abeles, Compt. rend. 237, 796 (1953) 

‘fF, J. Blatt, Phys. Rev. 99, 1708 (1955) 

7P. Jongenburger, Nature 175, 545 (1955) 

®A. W. Overhauser and R. L. Gorman, Phys. Rev 
(1956) 

91}. L. Dexter, Phys. Rev. 103, 107 (1956) 

“Laura M, Roth, Ph.D. thesis, Radcliffe College, ( ambridge, 
Massachusetts, 1956 (unpublished) ; Bull. Am. Phys. Soc. Ser ad 
2, 214 (1957). We are indebted to Dr. Roth for sending us a copy 
of her thesis and for informative discussions. 

" Walter Harrison (private conversation). We are grateful to 
Dr. Harrison for telling us of his results before their publication, 
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APPLICATION OF SCATTERING THEORY TO 
RESISTIVITY CALCULATIONS 


In the present work we wish to present further 
calculations on the resistivity from interstitials in 
copper. In some respects they represent extensions of 
the work in reference 2. 

A number of common simplifying assumptions will 
immediately be made. We assume the validity of 
Mathiessen’s rule and, further, that each interstitial 
scatters independently. We treat only elastic collisions 
and assume spherical energy surfaces. We employ the 
usual one-electron Bloch wave functions y,(r) 
=xx(re''. With these conditions the resistivity per 
atomic percent of interstitials is given by 


2rhko ol 
po=— f (| fa(0)+-F,(0,£,n) |?)m(1—cos8) sinédé, (1) 
100e? / 5 


where ky is the magnitude of the propagation vector at 
the Fermi surface, and e is the magnitude of the 
electronic charge. Here fa and F, are respectively the 
scattering amplitudes from the defect and the lattice 
strains around the defect. Note that fa is a function of 
the scattering angle only, whereas F, depends also on 
the orientation of the scattering event with respect to 
the crystallographic axes. The averaging process indi- 
cated is with respect to crystal orientation. In the 
following we shall variously use a scattering amplitude 
fa”(@) computed by phase-shift analysis,* 


1 
fa? (0) =— & (2l+1)e sind, P1(cosd), (2) 


o ! 


or by the Born approximation, 


m*e 


fa? (6) . 
2rh* 


foro Val\r| )Wu(r)dr. (3) 


Va(\r|) is the spherically symmetric scattering po- 
tential, which will be computed in two ways. The other 
scattering amplitude, /’,(6,¢,n), is computed with the 
Born approximation, 


m*e 


F."(0,69) = —— 
2rh’ 


T 


frero V,(r)yy(r)dr, (4) 


where V,(r) has cubic, rather than spherical symmetry. 
In the rigid-ion model the strain scattering potential 
is given by a sum over all the atoms in the crystal, 
V(r) = Ls vs(t—-Ry—uy)—v5(r—-Ry), (S) 
where Ry is the position of the Jth atom in the un- 
strained crystal and uy is its displacement under the 
lattice strain. Each function vy is an atomic potential 
It is common to expand Eq. (5) in a Taylor expansion 
about uy=0, keeping only the linear term, obtaining 


V(r) =—Ly uy: Vos(r—R,). (6) 








rUtZoR AND’ DL. 


DEXTER 


Inserting Eq. (6) in Eq. (4) and interchanging the 
order of summation and integration, we obtain 


* 


m*e 
FF (6,¢n)=—— wy-exp(—i«- Ry) fre" 
2xh? J 


Xexpl—ix-(r—Ry) }voy(r—Ry)dr, (7) 


where x=k’—k, |«| =2ko sin(6/2), and @ is the scat- 
tering angle. If we assume that xx(r) is independent of 
k, and treat 1/« as large with respect to the spatial 
extent of an atomic potential, the integral in Eq. (7) is 
independent of the scattering angle and may be ex- 
pressed in terms of the electron-lattice interaction 
constant C. Thus we obtain 
im*C 
FP (0,¢,n)=——— 1 w-uy exp(—in-Ry), — (8) 
2nh?N J 


T 


where N is the atomic density. This is the procedure 
followed in reference 8, where the interaction constant 
was related to experimental results through arguments 
based on the thermal scattering at high temperatures. 
The connection as made was not straightforward, 
because of umklappprozesse (UP), and an inconsistency 
has been pointed out.” 

Partly in order to avoid the difficulty connected with 
UP, and partly (because of the large displacements of 
the atoms nearest the interstitial) to avoid the Taylor 
expansion, we select a specific model with which calcu- 
lations can be carried through unambiguously. We 
choose an atomic potential for the electrons in the 
conduction band of the form 


o(r—Ry)=—e|r—R,|“ exp[—g|r—Ry|], (9) 


and prescribe the shielding constant g from an analysis 
on an Einstein model of the high-temperature resistivity 
of copper. At high temperatures, where all lattice modes 
are excited, we expect the atoms to scatter independ- 
ently, with a mean square displacement (u*),,=3#?T/ 
Mk,.” Here kg is Boltzmann’s constant, © is the 
characteristic temperature, and M is the atomic mass. 
The mean square scattering amplitude for each atom, 
when one uses Eq. (9) and plane wave functions [i.e., 
xx(r) =~! where @ is the volume ], is given by 


4m *e4(142) yx? 


————, (10) 
3h (x?-+-g2)? 


| {(@)|? 


and the intrinsic resistivity by 
2m” eT ko? sin (40) 


a 2 
p= - f ( ) (1—cos@) sinéd@ 
3a NAVE M ky, \a?+sin*(40) 


9 


Sm? eTk,? a 
=—___——- (14 — 2a? In— ), 
3a NAY M kp? a+ a’ 
® Reference 3, p. 253. 


(11) 
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where a=q/2ko. Inserting m*=1.47 electron masses, 
N=0.85X10" cm, ko= (39°N)'=1.36108 cm, 
M =10.55X10-* g, Q=1 cm*, O=315°K, and at 20°C 
p=1.673X10~* ohm cm, we solve for a and g, and find 
a=0).954, g=2.59X10* cm." Although there is no 
reason to believe that the potential given in Eq. (9) 
with the shielding constant so derived is an accurately 
correct potential, nevertheless the similarity in the 
electrical behavior of all the noble metals suggests that 
the details of the potential are unimportant. In any 
event, the interstitial problem utilizes the same matrix 
elements as occur in the high-temperature resistivity, 
and any inaccuracies in the potential will tend to cancel 
out in the final result. 

It should be noted that no consideration need be 
given here to UP inasmuch as we utilize an Einstein 
model. [It will be recalled that the designation UP is 
merely a bookkeeping device required in the use of the 
Debye model to take account of large-angle scatterings. 
We may note that the contribution to the total re- 
sistivity of scattering through angles corresponding to 
UP (i.e., sin}0> 2-4) is here computed equal to 0.895. | 

Instead of using the specific potential in Eq. (9), we 
might make the same approximations as are inherent 
in Eq. (8), and express the resistivity in terms of an 
electron-lattice interaction constant, Cg, consistent 
with the Einstein model, 


8C ym? rT 
; (12) 
ANMkpVe 


we thus obtain Cg=—1.28 ev. This parameter so 
derived is independent of the specific potential, and of 
course UP are not involved. (The relative contribution 
to the total resistivity of scattering through angles such 
that sin}@> 2-4 is equal to }2.) 


COMPUTATION OF RESISTIVITY FROM 
SCATTERING BY LATTICE STRAINS 


Procedure A 


We now return to a discussion of the interstitial] 
problem. We use Eq. (5), without the Taylor expansion, 
for the six nearest neighbors of the interstitial, and Eq. 
(6) for all other neighbors. Using the atomic potential 
given by Eq. (9) with g=2.59X10* cm™, and plane 
waves for electronic wave functions, we find 


48 Strictly speaking, the characteristic temperature used in this 
analysis is the Einstein ©; the value used in the determination of 
a above was 315°K which is the experimental value often given to 
the Debye characteristic temperature. At high temperatures, both 
characteristic temperatures should be almost equal. 315°K is the 
result of low-temperature experiments; measurements made at 
higher temperatures yield values somewhat higher, up to 342°K 
The Einstein characteristic temperature must be equal to or less 
than the Debye temperature; hence our selection of the lowest 
value for the characteristic temperature. 


INTERSTITIALS IN Cu 


2m*é* 6 
F?(0,§,n)=——~} © fexp[ ix: (Ry +uy) ] 
he +-g?) \ Jt 


4 
—exp(—ix-Ry)}+ > [—ix-uy exp(—ix- Ry) ] 
J=T 


+ ¥ [—ix-uy exp(—ix-R,) | 


J=15 


(13) 


In the first term, subsequently referred to as /,,", we 
take explicitly into account the dependence of orien- 
tation of the scattering event with respect to the 
crystallographic axes. In the relatively unimportant 
second term, F',.%, we replace the cubic symmetry by 
spherical symmetry, as in reference 8. That is, we 
replace the eight atoms by a spherical shell of scattering 
material. The summation in the third term, /’,,", is 
replaced by an integration, as if the medium were 
continuous, as in references 2 and 8. 

In F,,7(0,£,n), x can occur in a solid angle of 4%. Ina 
cubic crystal, however, the total can be broken up into 
48 equivalent regions. In one of these regions of solid 
angle 44/48, we compute F’,,"(0,é,n) for 10 orientations 
of the scattering event with respect to the crystal axes 
and for 11 magnitudes of x. [The direction cosines 
selected were (1,0,0), 10~4(3,0,1), 1374(3,0,2), 2-4(1,0,1), 
11-4(3,1,1),  14°4(3,1,2),  19°-4(3,1,3),  1774(3,2,2), 
22-4(3,2,3), 3°4(1,1,1). The magnitudes of « were 
2kon/10, where n=O, 1, 2, 10.| The scattering 
amplitudes for various directions but the same magni- 
tude of «x are appreciably different. The average value 
of F,,9(0,&,n), i.e., 


2m* e 


6 
( > {expl—ix:(Ry+uy) | 
h(x?-+-") \ J= 


exp( ix: Ry) ) : 


is shown in Fig. 1, marked a, For comparison there is 
also shown 5b, the average value of the expression when 
the ‘Taylor expansion is made, i.e., 


2m*e 


6 
— ( > [ix-uy exp(—ix-R,) !) ; 
h?(x°+-q*) \ y= Av 


There is likewise plotted c, the value which would be 
obtained from the use of Eq. (8), with the Taylor 
expansion and in addition with the use of the interaction 
constant as derived above from Eq. (12). 

We have used in all cases, and shall use below, the 
most accurately computed values for the radially 
outwards displacements of the nearest neighbors, 
uy =0.21R,(J =1,2,---6).4 The two curves a and b 
are appreciably different, but perhaps not as dissimilar 
as might be expected, considering that for the largest 
4H. B. Huntington, Phys. Rev. 91, 1092 (1953); Acta Met. 2, 
554 (1954). 
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Fic. 1. The scattering amplitude from scattering by nearest 


neighbor strains is averaged over crystal orientations and plotted 
as a function of the cosine of the scattering angle for three cases: 
a~—Shielded Coulomb scattering potential computed exactly; 
b-shielded Coulomb scattering potential computed with Taylor 
expansion; c-—electron-lattice interaction constant (Taylor ex 
pansion is implicit in this case), Comparison of b and ¢ shows the 
difference in angular dependence with and without the detailed 
scattering potential. Comparison of a and 6 shows the failure of 
the Taylor expansion for large scattering angles; use of the Taylor 
expansion would thus lead to erroneous values for the interference 
terms in the squared scattering matrix elements 


scattering angles the quantity «-uy, treated in the 
expansion for 6 as much less than unity, is in fact equal 
to 1.03 for large-angle scattering. 

F .8(0) and F,,"(0) are easily found to be 


2m*e* 
Fo" (0) 


‘2.56 sin(V3xd/2) 
x| cos(V3Kd\/2) , (14) 
3! V3KvA/2 
2m*é’ sin[ (21/8) 'xa | 
F,8(0) 0.640 —. || 


h? (x? +-q°) (21/8) xd 


which are readily evaluated. Here \ is the lattice 
constant (3.608A), and we have substituted uy =0.04(\ 


R,)*R, for J>6, following reference 14. (In one 
possible configuration, according to reference 14, the 
second-nearest neighbors do not move; we shall not 
treat explicitly this case as we have found that only a 
small change would occur in our final result.) - 

We compute the resistivity due to strain scattering 
alone by evaluating F,*(6,,n) from Eq. (13) and 


DD. Li: DEATER 

subsequent paragraphs, squaring, averaging over orien- 
tations, multiplying by the weighting factor (1—cos6), 
and numerically integrating. The result is found to be 
1.66 ohm cm. We have further computed the contri- 
butions from F,,*, F,., and F,," separately and also 
from the interference terms between them. These 
results are given in Table I, in the column headed 
Procedure A. 

It is clear from Table I that the nearest-neighbor 
strain scattering is the most important. We have ac- 
cordingly plotted in Fig. 2 as a function of cos@ the 
quantity (| F’,;7(6,£,n) \*)»(1—cos#) as determined from 
Eq. (13), with a view to comparing with the analogous 
integrands found by other means. This function is 
marked a in Fig. 2, the area under the curve being 
proportional to the resistivity associated with nearest- 
neighbor strains alone, as is clear from Eq. (1). For 
comparison there is also shown, marked b, the same 
quantity when the Taylor expansion is made. Curves 
aand 6 of Fig. 2 correspond to the scattering amplitudes 
a and b of Fig. 1. The resistivity computed from a is 
2.13 wohm cm while the resistivity computed from 5 is 
2.25 wohm cm. 

Although the Taylor expansion leads to an appre- 
ciable difference at large angles in the angular de- 
pendence of the scattering amplitude for nearest neigh- 
bors (see Figs. 1 and 2), we have used this approxi- 
mation for P28 and F,;%. It has been pointed out above 
that the condition for the Taylor expansion to be a 
good approximation is that the quantity x: uy be smaller 
than unity, which is not satisfied for the nearest 
neighbors. However, for the second-nearest neighbors 
at maximum scattering angle (the most severe test 
where we use the Taylor expansion), x-uy =0.523. This 
quantity is smaller for all other atoms and for smaller 
scattering angles. Furthermore, contributions to the 
resistivity from F,,% and F,;% are small compared to 
the contribution from F,,8 so that small errors in these 
terms would not be significant. 


Procedure B 


We may alternatively compute /’,"(0,£,n) with the 
use of the Taylor expansion for all neighbors as in Eq. 


TABLE I. Contributions to resistivity from scattering by lattice 
distortions (uohm cm per atomic percent interstitial), The data 
under Procedure A were calculated using a shielded Coulomb 
potential, while the data under Procedure B resulted from a 
Taylor expansion for the scattering potential and an electron 
lattice interaction constant. The small discrepancy between (7) 
and (8) is a result of the numerical computations. 


Procedure A Procedure B 


(1) Nearest neighbors 2.13 1.84 
(2) Next-nearest neighbors 0.18 0.15 
(3) All other atoms 0.12 0.08 
(4) Interference between (1) and (2) 0.37 0.50 
(5) Interference between (2) and (3) 0.08 0.07 
(6) Interference between (1) and (3) 0.29 0.06 
(7) Sum of (1)-(6) 1.69 1.44 
(8) Direct calculation 1.63 1.45 
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(8), and with the interaction constant as found from 
Eq. (12). In this case we obtain 
im*C 6 


F ,,7(0,£,n) ie > x-uy exp( 
2mn*iN J=1 


ix-R,), 


m*C 12.56 


F 8 (0) = — cos(V3KA/2) 
2rh’N\ 3! 
(16) 


sin (V3KA/2) | 


V3xrx/2 J)’ 


sin{ (21/82) kd | 
0.649 


m*C 
F 38 (0): 

2rh?N (21/8) *kr 
We perform the necessary averages over crystal 
orientation in a manner similar to that in reference 8. 
The various contributions to the resistivity are likewise 
shown in Table I, in the column headed Procedure B."® 
The quantity (| F,,:%(0,é,n)|*)«(1—cosé) determined 
from Eq. (16) is plotted in Fig. 2 and denoted c. The 
resistivity associated with this term is found to be 
1.84 pwohm cm. 


RESULTS 
oo (1) 


We add the scattering amplitude, /4?(@), as deter- 
mined in reference 6 to the contribution from the strain 
scattering, /,2(0,£,n), from Procedure A, i.e., Eq. (13), 
compute the absolute square, average over crystal 
orientations, and numerically integrate Eq. (1). This 
procedure will subsequently be referred to as a “direct” 
calculation. The result is found to be po= 2.33 wohm cm 


Summary of contributions to resistivity from defect 
and lattice strains in copper (uohm cm per atomic percent inter 
stitial). The total resistivity was found in each of the eight cases 
in two ways: (1) The three contributions, strains, defects, and 
interference terms were computed separately and then summed; 
and (2) the total averaged squared scattering amplitude was 
integrated in one step (direct). A small error (less than 5%) seems 
to be associated with the numerical calculations,”as evidenced by 
the differences between the last two columns. 


TABLE II 


Defect 
only 


Strains 
Interference 


0.77 
0.55 
0.03 
0.02 
1.21 
1.63 
0.65 
0.99 
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1® One would expect to be able to compute the data listed under 
Procedure B from the results of reference 8, merely by modifying 
the interaction constant. This would lead to the value of 1.69 yu 
ohm cm for the total resistivity associated with strains. We believe 
the discrepancy between this value and that quoted in Table I to 
be a result of a sign error in two of the interference terms, i.e., 
Eqs. (15) and (16) of reference 8. 
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Fic, 2 
squared 
weighting factor (1 
of the scattering angle for three cases: a 
tering potential computed exactly; b—shielded Coulomb scatter 
ing potential computed with Taylor expansion; ¢—electron-lattice 
interaction constant (Taylor expansion is implicit in this case) 
The resistivity associated with nearest-neighbor scattering is 
directly proportional to the area under each of the curves. The 
relatively smooth angular dependence of ¢ arises from the lack 
of a detailed scattering potential, Surprisingly, a and 6 give about 
the same resistivity, though the angular dependence is clearly 
different. This difference implies that erroneous interference terms 
would result from the use of the Taylor expansion for the potential 
associated with nearest-neighbor strains 


rhe scattering amplitude from nearest neighbors is 
averaged over crystal orientations, multiplied by the 
cos@), and plotted as a function of the cosine 
shielded Coulomb scat 


per atomic percent. This quantity will be referred to as 
po(1) in Table Il. We have also taken algebraically the 
absolute square in Eq. (1), and have integrated the 
strain and defect contributions and their interference 
term separately. The results are shown in Table IT. 


(2 } 


As observed earlier, phase-shift calculations similar 
to those of reference 6 seem to overestimate consider- 
ably, by a factor of two or more, the resistivity of 
substitutional impurities where the effects of lattice 
strain would be expected to be negligible. We have 
consequently reduced by a factor of 2~* the scattering 
amplitude f7”(6) of reference 6, keeping the angular 
dependence fixed, and recomputed the _ resistivity 
associated with interstitials. The total result is found 
to be po(2)=1.83 wohm cm per atomic percent; the 
various squared terms and interference terms can 
easily be deduced from the comparable values in po(1) 


and are shown in ‘Table IT. 
00 (3) 


We now with the defect scattering 
amplitude determined by reference 6 and the strain 


compute po 
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scattering amplitude obtained with Procedure B, using 
Eqs. (16) and the interaction constant Cy=—1.28 ev. 
This value for the resistivity, po(3), is found to be 2.88 
pohm cm per atomic percent. The various contributions 
are listed in Table IT. 


00 (4) 


Treating the strain scattering in the same way as for 
po(3), that is, with Procedure B, but reducing the mag- 
nitude of f4? by 2~! as for po(2), we find the resistivity 
to be po(4)=2.17 wohm cm per atomic percent. The 
results are shown in Table II. 


oo (5) 


To test the influence of the angular dependence of 
the defect scattering amplitude on the final result, we 
compute f7’(@) in the Born approximation, Eq. (3), 
with Va(r) given by Eq. (9) and with g=2.59X10* 
cm as found from evaluating Eq. (11). Using Pro- 
cedure A for the strain scattering, we find for the re- 
sistivity a value of po(5)=2.21 wohm cm per atomic 
percent. The various contributions are shown in Table 


Il. 
00 (6) 


With f7°(@) obtained as in the last paragraph, but 
with the strain scattering computed with Procedure B, 
po is found to be po(6)=1.57 wohm cm per atomic 
percent. See Table II for the results. 


00 (7) 


A shielding constant to be used for the atomic 
potential in Eq. (9) may also be obtained in principle 
from an analysis of the resistivity of dilute substitu- 
tional alloys of multivalent impurities in copper. For 
this purpose we choose somewhat arbitrarily a resistivity 
of 0.7 wohm cm per atomic percent of divalent impuri- 
ties, and, making use of the Born approximation as 
in references 2 and 3, we find a shielding constant 
q = 3.00 10° cm, Using this value of g for the deter- 
mination of the defect potential and the defect scatter- 
ing amplitude, f7*(4), and computing the strain scatter- 


AND D. 


DEXTER 


ing with Procedure A, we find po(7) =1.75 wohm cm per 
atomic percent. Note that this procedure is not a 
completely consistent one, since we use one potential 
for the interstitial atom and a different one for all other 
atoms. The results are shown in Table IT. 


00 (8) 


Finally we use the function f7(@) as determined in 
the above paragraph, with the strain scattering deter- 
mined from Procedure B. In this case we find a resis- 
tivity po(8)=1.16 zohm cm per atomic percent. The 
detailed results are shown in Table II. 


DISCUSSION 


From inspection of Table II we see that most of the 
calculated values for po lie in the range 1.5 to 2.3 wohm 
cm. It is also evident that the interference term between 
defect and strain scattering reduces the computed 
resistivity. Such a result is dependent upon the details 
of the scattering potential, of course, but the occurrence 
of the negative interference term in all eight cases 
treated suggests that this result may indeed be correct. 
We feel that when strain and defect scattering are of 
comparable magnitude, as seems to be the case here, 
an accurate computation of the total depends so 
strongly upon the details of the calculation that an 
extremely careful treatment is required. It is our un- 
proven belief that the present calculations tend to 
overestimate rather than underestimate the resistivity ; 
this impression is partly based on the intuitive feeling 
that electrons would tend to stay away from regions 
where they would be strongly scattered. 

At the present time there appears to be no un- 
ambiguous way of comparing these results with experi- 
ment. One possibility would be to make use of experi- 
mental resistivities from radiation damage work, com- 
puting also the resistivity from vacancies and the 
cross section for production of interstitial-vacancy pairs 
by energetic particles. The present results on interstitials 
seem to be reasonably consistent with these other com- 


putations in interpreting most of the recent radiation- 


damage experiments. 
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Magnetic Susceptibility of Germanium 
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The magnetic susceptibility of highly doped germanium has been measured between 300°K and 1.3°K. 
The contribution of the carriers to the susceptibility has been derived from the data. Most of the measure 
ments concern electrons occupying unbound states in the conduction band. The observed conduction 
electron susceptibility has been compared with theoretical estimates based on the effective-mass values given 
by cyclotron-resonance experiments. Our results support a 4-ellipsoid model of n-Ge. No appreciable change 
in the effective masses is observed between room temperature and 1.3°K. We find no evidence for any 
substantial change in the curvature of the conduction band for energies up to 0.08 ev above the band 
minimum. This finding contradicts certain conclusions of Stevens ef al. An explanation for the disagreement 


is proposed. 


Measurements have been made of the spin susceptibility of quasi-bound states of electrons and holes in 
gernianium at a carrier density near 6X 10!*/cc. In each case, the spin susceptibility was found to be almost 
inddpendent of temperature. We conclude that there is strong exchange coupling between neighboring 


impurity centers at this concentration. 


The susceptibility of high-purity germanium has been measured. It is found to be independent of tempera- 


ture below 60°K. 


INTRODUCTION 


HIS paper describes a study of the contribution of 
extrinsic charge carriers to the magnetic suscep- 
tibility of germanium. The purpose of the work was to 
examine the validity of the simple theories of carrier 
susceptibility and also to obtain information concerning 
the band structure of germanium. Of special interest is 
the resulting information about effective masses above 
the bottom of the conduction band. Most of our meas- 
urements have been made on n-Ge under conditions 
such that all of the electrons occupy unbound states in 
the conduction band. We have also obtained some 
information on the susceptibility of electrons and holes 
in bound states. 

In recent years, several experimental studies of the 
magnetic susceptibility of germanium have been 
made.'~ At the time we began our work, most of the 
published measurements of the extrinsic carrier con- 
tribution to the susceptibility had been made in the 
temperature range 300°K to 77°K, and the principal 
features observed were due to nonlocalized carriers 
obeying classical statistics. We wished to extend these 
studies to lower temperatures and also cover a some- 
what larger range of electron densities. Since the com- 
pletion of our work, Hedgcock’ has published a study 
of extrinsic carriers down to 4.2°K but the range of 
carriers studied is not as extensive as in the present 
work. 

There are several! reasons why it is desirable to extend 
the measurements into the low-temperature region. 
Firstly, for free carriers, any physical quantity derived 

1 Stevens, Cleland, Crawford, and Schweinler, Phys. Rev. 100, 
1084 (1955). 

*F. T. Hedgcock, Can. J. Phys. 34, 43 (1956) ; J. Electronics 2, 
513 (1957). 

4A. van Itterbeck and W. Duchateau, Physica 22, 649 (1956). 

4G. Busch, Proceedings of International Conference on Semi 
conductors, Garmisch, 1956 (to be published). 


from the measured susceptibility is always obtained as 
an average over a range of energy levels of the order of 
kT in the band; it is possible to keep this range very 
narrow by working at liquid-helium temperatures. 
Secondly, the degenerate carrier susceptibility observed 
at low temperatures is proportional to the cube root of 
the carrier density, whereas in the nondegenerate case 
it is proportional to the first power of the carrier density. 
Hence the results of measurements in the degenerate 
range are less sensitive to uncertainties in the knowledge 
of the carrier density. Thirdly, we are able to study the 
contribution to the susceptibility from electrons and 
holes in bound impurity states. 

The usefulness of susceptibility measurements as a 
means of studying the electronic structure of semi 
conductors was first established by Busch and Mooser® 
with their work on grey tin. These authors and also 
Stevens ef al.' have given a detailed account of the 
theoretical analysis of susceptibility measurements. We 
shall restrict ourselves here to a few comments on the 
interpretation of susceptibility measurements. 

The total susceptibility of a semiconductor is the sum 
of the lattice susceptibility X, and the susceptibility of 
the charge carriers X,. The lattice susceptibility may be 
determined from measurements on a high-purity crystal. 
The presence of substitutional impurities affects X, in 
two ways, directly because of the change of atomic 
orbitals and indirectly because of the deformation of 
the lattice. Both of these effects may be neglected in 
our work. Hence the carrier contribution in a doped 
crystal may be obtained by subtracting off the measured 
susceptibility of the pure crystal. 

The carrier contribution to the susceptibility consists 
of two parts, a paramagnetic contribution X, resulting 
from the spin of the carrier and a diamagnetic contribu- 
tion Xo resulting from the carriers’ orbital motion. In 


5G. Busch and E. Mooser, Helv. Phys. Acta 26, 611 (1953) 
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the case of nonlocalized states, the former can be 
interpreted with the Pauli theory® and the latter by 
using the Landau-Peierls theory.’ * For carriers localized 
at donor or acceptor sites, the spin and orbital suscep- 
tibilities are given by the Langevin relations.’ 

The electronic diamagnetism is of special interest for 
theoretical purposes. It is instructive to contrast the 
ease with which we can study conduction-electron dia- 
magnetism in certain semiconductors with the difficulty 
of making a similar study in simple metals.”° In a metal, 
one cannot determine the lattice (“ionic core’’) suscep- 
tibility in the direct manner described above. Further- 
more, in most metals, the spin susceptibility and the 
orbital susceptibility of the carriers are approximately 
the same size, so it is difficult to separate the two con- 
tributions with precision. Further, in a metal the 
electron gas is always degenerate, so susceptibility 
measurements at various temperatures yield essentially 
the same information. On the other hand, in a semi- 
conductor, the Fermi temperature is readily attainable 
and the susceptibility can be studied in both degenerate 
and classical conditions. Another advantageous feature 
of semiconductors is that the number of carriers can 
be varied over several orders of magnitude. 

We shall first discuss the specific case of electrons 
moving in the conduction band of germanium, i.e., ele 
trons in nonlocalized states. Because the appropriate 
effective masses in germanium are small, the spin con 
tribution x, to the carrier susceptibility is only 6% of the 
orbital contribution Xo. Hence in our work on the con- 
duction band susceptibility, we shall be concerned 
mainly with Xo. In the interpretation of the data, the 
Landau-Peierls formula will be used. While it should be 
remembered that this is not an exact formula for Xo," 
it is expected to be adequate for our purposes because 
of the relatively low density of electrons involved in our 
work.!# 

We have made measurements of the degenerate 
conduction-electron susceptibility over a carrier-density 
range from 1X10" to 3X10" per cc. The concentration 
1X 10'7/cc is approximately that at which the ionization 
energy falls to zero so that the carriers remain in the 
conduction band to the lowest temperatures. 

We have studied the degenerate susceptibility as a 
function of carrier density because we wished to observe 
the manner of growth of the diamagnetism as the Fermi 
level moves up in conduction band. There are two 
things that we may hope to study by means of such 
experiments. One is the applicability of the simple 
theory of carrier diamagnetism to a solid of known 

*W. Pauli, Z. Physik 41, 81 (1927). 

7L. Landau, Z. Physik 64, 629 (1930 

*R. Peierls, Z. Physik 80, 763 (1933) 

*L. F. Bates, Modern Magnetism (Cambridge University Press, 
New York, 1951), pp. 41 and 10. 

” R. Bowers, Phys. Rev. 100, 1141 (1955) 

1 FE, N. Adams, Phys. Rev. 89, 633 (1953). 

2 A. H. Wilson, Proc. Cambridge Phil. Soc. 49, 293 (1953) 


8 T, Kjeldaas and W. Kohn, Phys. Rev. 105, 806 (1957). 
4 P, Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 
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simple band structure. The other is the change of curva- 
ture of the energy surfaces as the Fermi level is moved 
up into the conduction band. Existing measurements by 
cyclotron resonance experiments give the curvatures 
only at the bottom of the band. Our measurements give 
information about the curvature for values of the 
Fermi energy as much as 0.08 ev above the energy-band 
minimum. Up to this value of the Fermi energy, we 
find no evidence for any substantial departure of the 
energy band from a simple parabolic form. 

In some of the samples, the temperature dependence 
of the susceptibility exhibits the effects of the transition 
from degenerate to classical statistics. We could observe 
this effect with useful precision only for samples with a 
carrier density in excess of 10!*/cc. 

The above discussion concerned electrons moving in 
the conduction band. We have attempted to study 
electrons and holes under conditions where they are 
localized at their respective donor and acceptor sites. 
For this work, samples of both n- and p-Ge with carrier 
concentration of 610!*/cc were used. At this con- 
centration, we expect the carriers to be ‘“frozen-out”’ 
of the conduction and valence bands, although the 
carriers cannot be completely localized since impurity- 
band conduction is observed at this concentration.’ 

Our principal interest in these quasi-localized states 
concerned the magnitude of the spin susceptibility. In 
the n-Ge, we wished to observe in the spin susceptibility 
the effects of wave-function overlap between neighbor- 
ing donors. In the p-Ge, we hoped to study a more 
complicated phenomenon involving an orbital contribu- 
tion to the paramagnetism.’® 

Our experiments show that the interaction between 
neighboring impurities is quite strong at the concentra- 
tions used, However, they give no information about 
the magnetic moment of independent impurities. We 
could not repeat the experiment at lower impurity 
concentrations because of the sensitivity of the 
apparatus. 

EXPERIMENTAL METHODS 


The magnetic susceptibility has been measured by 
using the Gouy method.” The specimens used had a 
cross section of 2.5 2.5 mm and were between 5 and 6 
cm long. The temperature dependence of the suscep- 
tibility from room temperature to 1.3°K was measured 
on one system, while the magnitude of the susceptibility 
at room temperature was determined on a second 
system which was specially designed for this purpose; 
we have found the low-temperature balance somewhat 
clumsy for measuring susceptibility values at room 
temperature. The room-temperature system uses a 
Stanton microbalance MC1A. The low-temperature 
measurements were made with magnetic fields up to 

16H. Fritzsche, Phys. Rev. 99, 406 (1955) 

1©W. Kohn, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 5 (to be 


published). 
17 L. F. Bates, reference 9, p. 115. 
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4500 gauss and the room-temperature measurements up 
to 8300 gauss. Relative susceptibilities can be measured 
with a precision of 1%; the absolute calibration is 
accurate to 3%. 

The Gouy method is somewhat simpler than the 
Faraday (‘Field Gradient’’)'” method because one does 
not have to keep the specimen at a critical position in a 
field gradient and because absolute calibration is easier. 
However, with the Gouy method long specimens are 
required. This is a disadvantage because it is often 
difficult to get heavily doped specimens whose doping 
density is sufficiently uniform. 

We had no difficulty in getting sufficiently uniform 
specimens of single-crystal germanium with impurity 
concentration less than 5X10!"/cc. In preparing the 
material for these specimens (‘Table I), standard pulling 
or zone-leveling techniques were used and we estimate 
that the specimens are uniform to better than 10%. 

Specimens containing 2 10'* and 1X 10'* donors/c« 
were made with the Bridgman technique,'* phosphorus 
or arsenic being used as a doping agent. In this tech- 
nique the germanium and dope are sealed in a quartz 
tube, melted, and then dropped through a temperature 
gradient. The resulting ingots were not single crystals 
but contained a few grains. Polycrystalline material is 
entirely satisfactory for our work because the suscep- 
tibility is isotropic. (Nevertheless, we have used material! 
which is as nearly single-crystal as possible so the 
amount of grain-boundary material is small.) 

Our most highly doped material, phosphorus-doped 
germanium containing 3X 10'* donors/cc, was prepared 
by rapid cooling of a molten alloy. This material was 
highly polycrystalline with an average grain size of a 
few mm. 

Allowing for any lack of uniformity, the doping 
densities in the three most highly doped specimens 
(Table I) are estimated to be known to within 20%. An 
accuracy of 20% is adequate for the degenerate-carrier 
studies since the susceptibility depends only on the 
cube root of the carrier density. 

Two methods have been used to probe the doping 
density along the length of the specimens. In one, the 
local resistivity was measured along the length of the 


TABLE I. Some electrical properties of the specimens 


Hall coeff. at Resistivity at 
room temp room temp Carrier density 


Specimen Impurity em*/coul (ohm em) (cm 


~10° 40 <10" 
0.040 5.5 10° 
0.028 1.1 10}? 
0.014 3.0% 10!" 
0.0036 2.0% 10"* 
0.0013 1.0% 10" 
0.0006 3.2 10" 
0.07 6.8 10'° 
0.17 6x 10'* 


n-Ge - 
n-Ge As 105 
" n-Ge As 52 
n Ge As 
e n-Ge As 
n-Ge Pp 
; n-Ge P 
p Ge Al 
n-Si As 


%W. Crawford Dunlap, An Introduction to Semiconductors 
(John Wiley and Sons, Inc., New York, 1957), p. 215 
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Fic. 1. The magnetic susceptibility of n-Ge for various carrier 
densities plotted against 1/7 


specimen by the well-known potential-probe methods.'* 
In the second, three Hall plates have been cut along the 
length of the specimen from a slice of the ingot adjacent 
to that from which the specimens were cut. The number 
of carriers in each plate was determined from measure 
ments of the Hall coefficient. 

We have made several attempts to make specimens 
with 10° donors/cc and above without success. 


EXPERIMENTAL RESULTS 


In Fig. 1, we show measurements of the total suscep 
tibility of various specimens of n-Ge plotted against 
1/7. ‘The number of carriers quoted were derived from 
Hall measurements. The susceptibility was found to be 
independent of field. ‘The 
(n<10") represents the lattice susceptibility because 


magnetic lowest curve 
the number of carriers in this case is below the limit of 
detection in the susceptibility. 

Some care is necessary in deriving n, the number of 
carriers, from the measured Hall coefficients. The 
measured Hall coefficients as a function of 1/7 are 
shown in Fig. 2. The Hall constant Ry and n are 
related in the following way: 


Ry K,K2(1/ne). 


K, is a coefficient which depends only on the geometry 
of the energy surfaces and for n-Ge is” 0.79. Ky is a 
factor, which, in the nondegenerate case(assuming 
moderate magnetic fields) depends on the mechanism of 
scattering. K», becomes equal to 1 for the degenerate 
case, irrespective of the scattering mechanism. The 


See reference 1%, p. 179 
*”(C. Herring, Bell System Tech. J. 34, 237 (1955) 
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Fic. 2. The Hall coefficient plotted against 1/7. The letters refer 
to the list of specimens given in Table I. 


magnitude of Ky for the nondegenerate case is the 
principal uncertainty in the interpretation of Hall data. 


We have interpreted our Hall data for n-Ge on the 
following basis: 

(1) For concentrations less than 5X10!"/cc, where 
lattice scattering is the predominant scattering mecha- 
nism at room temperature, and where the electron gas 
is not degenerate, we have set®* K2= 31/8. 

(2) For concentrations of more than 5X 10’, impurity 
scattering is important at room temperature. In this 
case there is considerable uncertainty concerning the 
value of Ky at room temperature. We have attempted 
to determine the appropriate value of K», from a 
measurement of the temperature dependence of the 
Hall coefficient. The Hall coefficient was measured at 
room temperature and at liquid-helium temperatures. 
Since the electron gas is completely degenerate in the 
liquid helium range, the low-temperature Hall coefficient 

jas interpreted on the assumption that K2=1. We 
found that for all three specimens, the low-temperature 
Hall coefficient was equal to the room-temperature 
value within a few percent. Hence we have found no 
evidence of a departure of Ky from the value 1. (This 
was expected for the most highly doped specimen which 
has a degeneracy temperature of about 800°K.) 

In Fig. 3, we present a plot of our experimental low- 
temperature conduction-electron susceptibility against 
n'. The points on this curve were obtained by‘ sub- 
tracting the low-temperature lattice susceptibility from 
the low-temperature susceptibility of the doped crystals. 


“FJ. Morin, Phys. Rev. 93, 62 (1954). 


BOWERS 


In Fig. 3, we have also given a plot of the theoretical 
conduction-electron susceptibility based on the Landau- 
Peierls and Pauli formulas for the completely degenerate 
case. In making these plots, we have used the effective 
masses given by cyclotron resonance.” The two 
theoretical curves correspond to the two possible 
numbers of conduction-band energy minima. One line 
is for 4 ellipsoids and the other assumes 8 ellipsoids. 

The curve X,(n), in Fig. 3, gives the diamagnelism to 
be expected!® if the electrons had remained in atomic 
states. This susceptibility is proportional to n. The 
calculated curve assumes no overlap of the wave 
functions. Overlap is certainly large at concentration 
in excess of 10!7. Accordingly, in discussing our data on 
degenerate samples, this curve will only be used for the 
purpose of qualitative discussion. 

Figure 4 shows the carrier susceptibility as a function 
of 1/T in the temperature range 300°K to 77°K. The 
susceptibility exhibits the transition from degenerate to 
classical statistics. For each specimen, the upper curve 
is a theoretical plot assuming the cyclotron-resonance 
masses and 4 ellipsoids, while the lower curve is a 
theoretical plot with effective masses chosen so as to 
get the best fit with the experimental values for x,. It 
should be noted that in fitting the data we have adjusted 
the transverse mass, leaving the longitudinal mass un- 
altered. The quantity /? is equal to (2m,+-m,)/(3m/?m)) ; 
it is the combination of effective masses determining 
the orbital magnetic moment.! 

In Fig. 5, we present some data referring to quasi- 
localized states of electrons and holes. In this curve, we 
give the temperature dependence of the susceptibility 
se Ho” 
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Fic. 3. The degenerate conduction-electron susceptibility plotted 
against the cube root of the carrier density. 

” Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955); 

Lax, Zeiger, Dexter, and Rosenblum, Phys. Rev. 93, 1418 (1954). 
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for n-Ge, p-Ge, and n-Si near the concentration density 
6X 10'*/cc. The broken lines in this figure give, for each 
specimen, the slope which would occur if all the spins 
were independent, with a g value of 2 (X/,= my?/kT; 
uw is the Bohr magneton). The number of carriers in the 
n-Si and p-Ge were derived from the measured Hall 
coefficient on the assumption that Ryne was equal to 
unity. For the p-Ge, the resulting value for the carrier 
density might be too low by as much at 50%, 


DISCUSSION 


The lowest curve of Fig. 1, shows the temperature 
dependence of the host-crystal susceptibility. Near 
room temperature, the lattice susceptibility has an 
appreciable temperature dependence. We find that this 
temperature dependence disappears below about 60°K. 
Our data for the high-purity material do not exhibit the 
anomalous temperature dependence found by Hedgcock 
below 100°K. Hence, we conclude that this behavior is a 
property of particular specimens and is not a general 
property of the germanium lattice. 

Krumhans! and Brooks” have suggested that the 
explanation for the temperature dependence observed 
near room temperature is to be sought in a contribution 
to the filled-band susceptibility arising from a magnetic- 
field induced admixture of states from the conduction 
band. The temperature dependence, they suggest, 
arises from the variation of the energy gap with tem- 
perature. Since the temperature dependence of the gap 
vanishes at low temperatures,* our observation is 
consistent with the explanation of Krumhans! and 
Brooks. 
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Fic. 4. The conduction-electron susceptibility plotted against 1/7, 
exhibiting the transition from classical to degenerate statistics. 


% J. A. Krumhans! and H. Brooks, Bull. Am. Phys. Soc. Ser. II, 
1, 117 (1956). 

*(. G. MacFarlane and V. Roberts, Phys. Rev. 97, 1714 
(1955) ; 98, 1865 (1955). 
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Fic. 5. The susceptibility of n-Ge, p-Ge and n-Si, with carrier 
densities near 6X 10!*/cc, plotted against 1/7. 


The curves in Fig. 1 give the temperature dependence 
of the susceptibility for variously doped crystals. In all 
cases the susceptibility is temperature independent at 
helium temperatures. This is as expected since the 
electron gas is degenerate in this range for all the speci 
mens shown in this figure. 

It is difficult to compare our low-temperature data on 
doped crystals with those of Hedgcock* because our 
measurements were made in a somewhat different 
temperature range. However, it appears that there is no 
major discrepancy in our respective values at 4.2°K, 
although the data of Hedgcock exhibit a temperature 
dependence just above 4.2°K which appears to be 
inconsistent with our liquid helium data. 

Figure 3, shows the observed conduction-electron 
susceptibility, as deduced from the curves of Fig. 1, 
when plotted against n'. It is seen to parallel the 
4-ellipsoid line except at small carrier densities, That the 
curve does not follow an n! dependence at the low- 
concentration end is to be expected, because in this 
range the electron donor wave functions do not overlap 
very much, and the free-electron model for the donor 
electrons is no longer appropriate. Under these condi- 
tions we expect an ‘“‘atomic-like” susceptibility, pro- 
portional to the number of carriers. The theoretical 
curve X,(m) gives a qualitative indication of this 
atomic-like term. The spin contributions are expected 
to be very small near 10'7 cm™ because of overlap. 

For concentrations above about 5X10!7, an nt 
dependence predominates. ‘The observed susceptibility 
runs approximately parallel to the theoretical w=4 
curve. However, it does not merge with the w=4 line 
in the range of measurement but stays consistently 
below it. The observed susceptibility values lie much 
closer to the theoretical four-ellipsoid line than the 
theoretical eight-ellipsoid line.’* Because of this, we 
shall assume henceforth that in the conduction band of 
Ge, there are 4 energy minima located at the [111 } 
faces of the Brillouin zone. 

Our experimental carrier susceptibility for the higher 
carrier densities are well fitted by the form 


—X P= ani —b. 
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The first term is of the form of the Landau-Peierls 
susceptibility with a constant effective mass and b is a 
constant, independent of the carrier density. The part 
of our measured susceptibility which is proportional to 
n' is accurately given by Landau-Peierls and Pauli 
formulas with the cyclotron-resonance masses for all 
carrier densities. The constant b represents a disparity 
between the experimental curve and the 4-ellipsoid line. 
This disparity, though small, seems to be real since it 
exceeds our estimates of possible errors. 

We have no explanation for the disparity represented 
by the constant term. The observed parallelism of the 
experimental and theoretical curves suggests that we 
should look to the theory of the susceptibility for the 
cause rather than to details of the band structure. It is 
entirely possible that the discrepancy is due to a neglect 
of the higher order contributions to the orbital suscep- 
tibility or even to impurity contributions. 

Since the discrepancy between theory and experiment 
is not large, we shall use the Landau-Peierls and Pauli 
formulas to compute effective masses from the observed 
carrier susceptibility of the three most highly doped 
specimens. This will be done only to get some measure 
of the discrepancy 6 in terms of effective masses. The 
values obtained should not be taken literally as giving 
the local band curvature. In order to compute the 
effective masses, we draw a straight line between the 
origin and each experimental point in Fig. 3, and 
derive the effective mass for each point from the slope 
of this line. We find that if we hold the longitudinal mass 
constant™ at the value 1.6, the values obtained for the 
transverse mass m, are 0.101, 0.094, and 0.090 for the 
three points in increasing order of carrier density. These 
values are to be compared with the value 0.082 obtained 
from cyclotron resonance. 

Any reasonable analysis of the data will show that the 


departure of the computed values from the cyclotron- 
resonance value of 0.082 is small. Hence, we find no 
evidence for any substantial change in effective mass 
with carrier density such as found by Stevens et al. in 


the nondegenerate range. 

We have estimated the Fermi level in our degenerate 
samples by assuming that the density of states in the 
conduction band is not very much affected by the 
presence of impurities. We found for the Fermi levels in 
the three specimens the values 0.01, 0.04, and 0.08 ev, 
respectively. Thus, it would appear that the parabolic 
part of the conduction band extends to at least an 
energy of 0.08 ev. 

It would be of interest to extend our measurements to 


* The susceptibility data yield only a combination of the 
effective masses and not the individual values. The combination 
for the degenerate case is a product of (m2@m;)! from the density 
of states and [ (2m,+-m,)/9mé@m;, |—1 from the magnetic moments 
We have chosen to reduce the data by keeping m;, constant; this 
choice is somewhat arbitrary. In making this choice we have been 
guided by the fact that the susceptibility is less sensitive to a small 
change in m, than it is to the same relative change in m;. Further 
more, if any deviation of the bands from parabolic form did occur, 
we expect m; to change less rapidly than m, 
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higher carrier densities for it is reasonable to expect that 
effects of band curvature will be seen at somewhat 
higher levels. Unfortunately we have not been able to 
prepare suitable specimens for this work. 

We have not attempted to analyze the susceptibility 
data near an impurity concentration of 10'7/cc in terms 
of effective masses. For such concentrations, the overlap 
between neighboring centers is not very great, so it is 
probable that the simple band theory of carrier dia- 
magnetism fails. 

We now wish to discuss Fig. 4, which shows the carrier 
susceptibility in 3 specimens exhibiting the transition 
from degenerate to classical statistics. The experimental 
points fall below the curve computed for cyclotron- 
resonance masses and four ellipsoids. ‘The effective mass 
associated with the lower curve for each specimen has 
been chosen to get the best fit with the experimental 
data.”® As is the case for the degenerate data, we find 
that these computed masses differ only slightly from 
the cyclotron-resonance values. We disagree on this 
point with Stevens et al. who concluded that in a 
similar concentration and temperature range, their 
susceptibility data required effective masses which 
increase drastically with increasing concentration of 
carriers. At lower carrier concentrations Stevens et al.! 
and also Hedgcock,’ find a susceptibility whose mag- 
nitude is close to that calculated from cyclotron- 
resonance masses. 

We believe that the apparent substantial dependence 
of effective mass on carrier density is spurious and results 
from the use of an interpretation of the Hall coefficient 
which is no longer thought to be correct. There is no 
major disparity in our respective experimental data. 

Stevens et al. have not allowed for the anisotropy of 
the energy surfaces in computing m from the Hall 
coefficient because the importance of this factor was not 
realized at the time of their work. An application of the 
anisotropy correction would reduce” all their calculated 
carrier densities (for n type) by 20%. Furthermore, they 
have applied, in some cases, large corrections to the 
measured room-temperature Hall coefficient to allow 
for ionized-impurity scattering using the theory of 
Johnson and Lark-Horovitz.”’ Our measurements of the 
Hall coefficient as a function of temperature indicate 
that Stevens ef al. have used too large a correction. 

If these factors are taken into account, and their 
data are interpreted in the same way as ours, the 
effective masses computed from their measurements fall 
very close to the cyclotron-resonance values for all of 
the specimens except one, their most highly doped 
specimen. A disparity still exists for this specimen. 
Since Stevens ef al. chose to compute their effective 


2° The values derived for m; are more sensitive to the values 
assumed for m than was the case in the degenerate range. Since n 
is uncertain to 20% in these samples, no significance should be 
attributed to the differences between the computed m, in different 
samples. 

27,V. A. Johnson and K. Lark-Horovitz, Phys. Rev. 82, 977 
(1951) 
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masses from the slope of the x, versus 1/T plot at high 
temperatures, this disparity may be due to errors in 
estimating this slope because there are significant 
departures from the 1/T dependence in this highly 
doped specimen. The reinterpretation of the Hall data 
of Stevens ef al. implies that their most heavily doped 
material contained about 6X 10" carriers per cc, which 
is a factor 5 smaller than the highest density we have 
studied. 

From a comparison of the data in Figs. 3 and 4, we 
conclude that the effective masses do not change 
appreciably between room temperature and_ liquid 
helium temperatures. 

We now discuss Fig. 5, which gives the results of our 
work on the spin susceptibility of quasi-bound states. 
First, we consider the situation in n-Ge. At the donor 
density 5.5 10!*/cc, we expect the electrons to become 
mainly localized at the donor site on cooling to liquid 
helium temperatures." If the electron spins were not 
coupled to each other, we would expect a free-spin 
susceptibility x;,= mu?/kT, where we assume a g factor 
of 2 for the electronic S state. This would produce a 
slope at low temperatures in Fig. 5, shown by the 
broken line. We actually find that the observed suscep- 
tibility is almost independent of temperature in the 
helium range. We have repeated the measurements in 
the liquid helium range several times and we con- 
sistently find that the observed temperature dependence 
is smaller than that expected for free spins by at least a 
factor 3. This implies there is spin coupling, tending to 
pair the spins antiparallel. Such a coupling of the spins 
is expected from direct exchange through the overlap of 
the wave functions of neighboring donor electrons at 
concentrations of 5.5 10!®/cc because of the very large 
radius of the donor electron wave function. Estimates 
of the exchange energy, using a hydrogenic model of the 
donor states, indicates that one would expect to see 
coupled spin susceptibility in m-Ge at concentrations in 
excess of 10!*/cc. 

This explanation for the absence of slope is supported 
by measurements on n-Si at a similar density. The 
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donor electron wave functions in n-Si have radii about 
one third of those in n-Ge, and crude estimates of 
exchange in n-Si indicate that overlap should not be 
important in the spin susceptibility below 10" donors /cc. 
We find for n-Si, with 610! donors/cc, a 1/7° de- 
pendence in the susceptibility which is in reasonable 
agreement with the free-spin value. 

It would be of interest to examine the overlap of 
donor wave functions by measuring the spin suscep- 
tibility as a function of concentration, starting from a 
concentration low enough for free spins and then 
reaching concentrations where the spins are coupled. 
This would be easy in Si because of the relatively high 
concentrations involved, but it would be very difficult 
in Ge since one must begin such a study well below 10" 
carriers/cc. At such low concentrations, the carrier 
contribution to the susceptibility becomes -very small 
compared to that of the host crystal. 

The case of the spin susceptibility of localized holes is 
more complicated than that of electrons. Since the 
localized hole states are formed from atomic p states, 
we have to orbital contributions to the 
paramagnetism. This has been done by Kohn'® who 
shows that it is quite possible to have a paramagnetic 
susceptibility different from the mu?/kT characteristic of 
simple spins. It can be seen from the slopes in Fig. 5, 
that, just as for n-Ge, we find the paramagnetic 
contribution of localized holes is much less than that of 


consider 


free spins. Just as with the n-type material, the possi- 
bility of strong exchange between impurity centers 
prevents us from drawing any conclusion about orbital 
contributions to the paramagnetic term. 
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Measurements of the complex shear compliance (J* = J’—iJ”) 
of pure, polycrystalline lead, indium, and aluminum at closely 
spaced frequencies in the audio-frequency range have resulted in 
the discovery of multiple frequency dispersions of the resonance 
type. Values of the loss compliance (J) are found to have sharply 
defined maxima in the range from 100 to 5000 cps; values of the 
storage compliance (J’) rise to a maximum and then drop to pass 
through a minimum as a narrow (50 to 100 cps wide) dispersion 
region is traversed in the direction of increasing frequency. The 
shapes of the complex compliance vs frequency curves are thus 
similar to those found for the variation of the complex index of 
refraction with frequency (in absorption bands) at infrared and 
optical frequencies. The results indicate the presence of a dis 
persion mechanism different from those leading to the relaxation 


I, INTRODUCTION 


[' a material such as a polycrystalline metal or 
crystalline polymer is subjected to a dynamic 
shearing stress of the form s=5osin(2mr/ft), a periodic 
strain of the same frequency, /, results. In general this 
strain is out of phase with the stress as described by 
a=adysin(2rfi—6) where 6 is the phase difference 
between the applied stress and the resulting strain. The 
ratio between the strain amplitude, ao, and the stress 
amplitude, so, is called the absolute dynamic compliance 
J. Thus J and 6 are quantities which describe the 
dynamic mechanical behavior of a material in shear. 
Two alternate quantities, J’, and J” can be used in 
place of J and 6 by considering the strain to be divided 
into two parts, one of which is in phase with the applied 
stress, and the other of which is 90° out of phase. 


a=So J’ sinw!—J” coswt |, 
where 
J=[(J’2+(J")*}) and J”/J'=tané. 

This is equivalent to considering the compliance to be 
a complex quantity J*=J’—iJ” where the storage com- 
pliance, J’, is a measure of the elastic energy stored and 
recovered during each cycle of deformation and the loss 
compliance, J”, is proportional to the energy dissipated 
during each cycle. 

In considering the variation of compliance with fre- 
quency it is convenient to distinguish between two 
types of dispersion; (1) relaxation or retardation dis 
persion, and (2) resonance dispersion. In the first case 
the frequency dependence of the compliance is similar 
to that of the mechanical model of Fig. 1(a) in which 
an ideal spring of modulus Go, and a dashpot of vis- 
cosity no are in series with a retarded spring of modulus 
G and viscosity . The spring of modulus Go represents 
an instantaneous elastic response, while the spring of 
modulus G is retarded by the dashpot of viscosity 7; 


dispersions previously observed in connection with the mechanica] 
properties of metals. Results on lead indicate that some of the 
resonances can be eliminated by high-temperature annealing of the 
sample materia!. The possibility that dislocation vibrations are re 

sponsible for the observed phenomena is considered, but no specific 
mechanism is found to explain the results. A number of dislocation 
theories are examined but these fail to predict any mechanical 
resonance dispersion at audio-frequencies. In addition to their 
theoretical implications, the results are believed to be of consider- 
able practical importance since they indicate that certain materials 
when subject to mechanical vibrations of relatively low frequen 

cies may undergo large changes in modulus at a particular fre- 
quency or frequencies. 


the ratio n/G is called the retardation time 7. The 
dashpot of viscosity no corresponds to permanent defor- 
mation which may result from plastic flow. The storage 
compliance and loss compliance of this mechanical 
model, when subjected to a sinusoidal stress of fre- 
quency w/2m, are 


; 1 
ret) 
Go G \1+e°7? 


1 1 WT 
a am 
any G \1+??? 


The dependence of J’ and J” on w as calculated from 
Eq. (1) is shown in Fig. 1(b). This type of frequency 
variation of mechanical properties has been found for 
polycrystalline metals and alloys by various inves- 
tigators'~® but in most cases the variation of mechanical 
properties has been studied as a function of temperature 


Fic. 1. (a) Mechan 
ical model for relaxa- 
tion dispersion. (b) Fre 
quency dependence of 
shear compliance for re 
laxation dispersion. 


(b) 
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at a constant (or slightly varying) frequency.” There 
are very few data reported giving the complex com- 
pliance (or modulus) as a function of closely spaced 
frequencies in the audio-frequency range. Various 
mechanisms*:7:"!!? have been advanced to account for 
relaxation (or retardation) dispersion in metals includ- 
ing (a) thermoelastic damping, (b) stress-induced dif- 
fusion, (c) grain-boundary slip, (d) plastic flow and 
(e) lattice-wave scattering. A much broader relaxation 
dispersion has been observed in the case of plastic 
materials such as linear amorphous polymers'*~'* where 
the model of Fig. 1(a) must be replaced by a series of 
retarded spring elements having a distribution of retar- 
dation times in order to represent the experimental 
data,!7-# 

In the case of resonance dispersion the frequency 
dependence of the complex compliance is similar to 
that of the mechanical model of Fig. 2(a). The quantity 
m/| represents the effective mass per unit length of the 
retarded spring and all other elements have the same 
significance as in the previous model of Fig. 1(a). In 
this case the dependence of the storage compliance and 
the loss compliance on the frequency, w/2m, of an 
applied sinusoidal stress are 


(1—w?/w,’) 


1 1 
J'= 


Bae eerie 
Go G \(1—w?/w/*)?+w*?? 


1 1 WT 
Pe! Se 
wo G \(1—a /,?)? +- wy? 7? 


Fic. 2(a). Mechanica] 
model for resonance dis- 
persion. (b) Frequency 
dependence of shear 
compliance for reso- 
nance dispersion. 
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where w,=[G/(m/l) }! is the resonant frequency. The 
dependence of J’ and J” on w as predicted from Eq. (2) 
is shown in Fig. 2(b). In this case a maximum followed 
by a minimum occurs in the J’ vs w curve while J”’ rises 
to a maximum in the vicinity of w=w,. There are no 
previous data published showing this type of frequency 
variation of compliance at audio-frequencies for either 
metals or polymers although a dislocation theory of 
Granato and Liicke” predicts resonances in metals at 
frequencies of the order of 50 to 500 Mc/sec. 

In this investigation the variations of J’ and J” with 
frequency for pure polycrystalline metals are determined 
for sinusoidal shearing stresses at frequencies from 100 
to 5000 cps and at strains sufficiently small so that the 
results are amplitude independent. Experimental results 
for aluminum, lead, and indium demonstrate the 
existence of multiple dispersion regions of the resonance 


type. 


II. DETERMINATION OF COMPLEX 
SHEAR COMPLIANCE 


Measurements of complex shear compliance were 
made by the electromagnetic transducer method of 
Fitzgerald and Ferry.'* While this method has been 
extensively used for determining dynamic mechanical 
properties of plastic and rubber-like materials, the 
present work is the first instance of its use for metals. 
A brief description of the method is presented with 
particular emphasis on its adaptation to metals and 
with some details of the construction of an improved 
version of the original apparatus. 


1. General Method 


The transducer method used measures mechanical 
impedance in terms of electrical resistance and capaci- 
tance. A rigid metal tube with coils wound around the 
ends is suspended by eight long phosphor bronze wires 
(0.010-in. diam) so that it is free to move axially but so 
that the coils are firmly centered in annular gaps in 
which radial magnetic fields are produced by a per- 
manent magnet. Alternating currents are passed through 
the coils and the consequent vibration is modified by 
pressing two disks of the material to be tested against 
the tube from a supended inner core of large mass. From 
determinations of the mechanical impedance of the 
system with and without the samples the impedance 
of the samples alone is found, The equivalent mechanical 
circuit diagram of the apparatus is shown in Fig. 3. 
In order to determine that part of the total impedance 
(or admittance) due to the samples alone two subtrac 
tions must be made: the mechanical impedance due to 
the driving tube, Zy, (including its mass, the effects of 
the support wires, air resistance, etc.), is subtracted 
from the total measured impedance Zy to give an 
impedance Zag; then from the admittance Ys 
(=1/Z4,) there must be subtracted a small background 


” A. Granato and K. Liicke, J. Appl. Phys. 27, 583 (1956) 
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Fic. 3. (a) Mechanical 
circuit diagram for trans 
ducer with samples. Za; is 
the mechanical] impedance 
of the suspended driving 
tube, Zy, is the mechan- 
ical impedance of the 
sample disks, and Zum 
that of the large sus 
pended mass against which 
the samples are sheared. 
(b) Mechanical circuit dia- 
gram for transducer with 
out samples, driving tube 
not clamped to mass. 


admittance Yy resulting from the effective admittance 
of the large suspended mass against which the sample 
is sheared. ‘The mechanical admittance of the samples 
is given by 


Yue Y, B Yur Yas 


and the complex compliance J* is then found from the 


1/(Zu—Zaui), 


where 


relation 

i " TY yo ‘/@, (3) 
where C is a coefficient depending on the shape and 
dimension of the sample disks, and w is the circular 


frequency. In order to obtain maximum precision, an 
optimum sample size is chosen so that 


Zurc<Lm, 


and Y4p>Yum; 


for precise results over a wide frequency and tem- 
perature range several sample sizes may be necessary. 


2. Electrical Measuring Circuit 


The mechanical impedance, Zy, of the transducer 
is measured by means of the electrical circuit shown in 
Fig. 4. One of the driving-tube coils (2A) is placed in 
the arm of a bridge where it acts as a dynamic im- 
pedance Z», while the other driving coil (1A) in series 
with a resistance, Ry, parallels the bridge circuit. For a 
particular setting of C, and R, the bridge is balanced 
by adjusting R, and C,; at balance Z,=Z;Z,/Z,. The 
impedance Z, equals the (vector) sum of the intrinsic 
impedance Z,° of coil 2A and an effective impedance 
E./I,, where E, is the back emf generated as a result 
of the motion of coil 2A in the magnetic field. Thus 


Z, Z! a BolN, L,, (4) 


where 7, is the length of wire of coil 2A in the radial 
magnetic field of flux density By, V is the velocity of 
the driving tube, and I, is the current in coil 24. Now 
V=F/Zy, where F is the total applied force and Z,y is 
the total mechanical impedance presented by the 
moving system. F is the (vector) sum of the forces on 
coil 1A and coil 2A given by F = B,l,1,+ Boll,; or if we 
let Byly=K,, Bolo=Kzy and K,/K,=a, the force is 
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F=K,(al,+1,) so that the electrical impedance [Eq. 
(4) ] becomes 


Z,=2—[K?(al,/I,+1)/Zul, (5) 


and, if we replace the complex ratio I,/I, by r, the final 
form of the expression becomes 


Z,=1$—([K?(1+ar)/Zw]. (6) 


In order to eliminate the necessity of determining Z,° 
from “clamped” measurements, the electrical imped- 
ance Z, is found for two values of the ratio r and the 
mechanical impedance or admittance is found from 
the difference between the electrical impedances: 


Z.= [ (Z2)i— (Z2)2)/(t2— r,) = K’*, Zu, 


Yu=1/Zy=Z2/K’, (7) 


where aK,’= K’, In practice R; and R, are made very 
large compared to the dynamic impedances of coils 2A 
and 1A so that the approximation r=R;/R, is valid. 

The current ratio can be varied by changing either 
R; or Ry, or both, but keeping them large compared to 
the dynamic electrical impedances of coils 2A and 1A. 
For the case where the current ratio is changed by 
varying R, only, the determination is independent of 
the value of R;. For maximum precision the differences 
in dynamic electrical impedances should be large and 
this can be accomplished by making the differences in 
r large. 

The emf in coil 2A resulting from the mutual in- 
ductance of coils 1A and 2A is eliminated by a shielding 
coil 1B wound on the inside of a coil form placed around 
coil 1A but not touching it. The shielding coil is fixed 
to the pole piece of the magnet and placed in electrical 
parallel with coil 1A; the shielding coil current is 
adjusted by means of the components Rg, Cz, and Lz 
until the induced emf in coil 2A due to coil 1A is 
exactly canceled by the induced emf of coil 1B. In 
order to determine the null condition a fourth stationary 
test coil, 2B, is placed inside a coil form just surrounding 
coil 2A and placed across the detector while the bridge 
circuit is open. Because of the nearly identical locations 
of coils 2B and 2A it is assumed that when the induced 
emf in 2B is zero the emf in coil 2A is zero also. This 
adjustment is made at each frequency before deter- 
mining Z, and assures that only motional emf is present 
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Fic. 4. Electrical circuit for measuring mechanical impedance. 
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Fic. 5. Frequency de- 
pendence of mechanical ad- 
mittance of transducer I 
with driving tube and sus- 
pended mass clamped di 
rectly together (no sample). 





in coil 2A as was tacitly assumed in the previous 


discussion. 


3. Calibration of the Apparatus 


The transducer constant K? is from 
measurements of the mechanical impedance of the 
driving-tube system without samples [ Fig. 3(b) |. In 
this case the electrical admittance (1/Z,.) is 


Y,.! =G12°+1B,° Zui/K’. 


determined 


The mechanical impedance, in turn, is Zui=Rue 
+i(wm—Sy./w) where Ry; is a small residual mechan- 
ical resistance due to stretching of the support wires, 
air resistance, or other effects; m is the mass of the coils 
and tube; Sy; is a small elastance associated with the 
eight support wires. Then 


Gi = Ryi/ KR’; 


and a plot of wB,," vs w* should give a straight line of 
slope m/K* and intercept Sy./K*. Experimental data 
taken at 60 frequencies from 25 to 5000 cps on trans- 
ducer I yield a value of K?=2.13X10* ohms dyne-sec/ 
cm, constant to within +4%; data taken at 30 fre- 
quencies from 25 to 8000 cps on transducer II give a 
value of K?=1.7510° ohms dyne-sec/cm, constant 
to within +2%.”! 

The mechanical admittance Yy,, associated with the 
large suspended mass is determined from measurements 
made with the sample holders of this part of the 


B,,° = (wm— Swe w)/K?, 


*1 The instrument has two separate shearing units, designated 
transducers I and IT, in a common housing as is explained in Sec. 4 
and shown in Fig. 7. 
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apparatus clamped against the flat portions of the 
driving tube. Under such conditions the driving tube 
and suspended mass should move as a single rigid unit 
[in Fig. 3(a) equivalent to Zy,= % | with the mechan 
ical admittance of the clamped system essentially going 
to zero as the frequency is increased, This clamped 
condition or ‘floating mass” calibration is the most 
severe test to which the apparatus can be subjected; 
any nonrigidity of the sample holders, driving-tube 
resonances, slipping, stray resonances, or other spurious 
effects are most likely to appear under these conditions. 
The results of these tests are shown in Figs. 5 and 6 for 
transducers I and II where the measured mechanical 
admittance Y ym iBy» is plotted vs frequency. 
The ordinate scale is the same as that used later is 


G Mm 


giving the experimental results obtained with samples 
of polycrystalline metals; it is apparent that no irregular 
effects of appreciable magnitude are observed. Values 
of By» rise from large negative values to values close 
to zero as the frequency increases. If the floating mass 
driving tube unit is an ideally rigid mass, then Baym 
—1/wM and should rise from a large negative value to 
approach zero as the frequency increases. Actually 
values of By» become slightly positive above about 
1200 cps, indicating a small residual compliance in the 
driving tube floating mass clamped system. For trans- 
ducer I values of By» reach 0.35%10°® cm/dyne-sec 
at 5000 cps, while for transducer II values of By rise 
to 0.22K10~* cm/dyne-sec at 5000 cps. These values 
are, however, less than 10°, (less than 5%, for trans- 
ducer IT) of the values of By, obtained with the metal 





EDWIN R. 


G 


-—)-7-7 


Am 


++-4 





/2 200 
FREQUENCY 


AO0O 1000 


ae T T 


9-9-4-4-¢-8* 


"ad on 
f 9 q ? 
Se ae 


5000 


samples so that the floating-mass calibration is not 
critical, From the standpoint of the data to be pre- 
sented here, the most important feature of these 
clamped measurements is the complete absence of any 
resonances or large deviations from the predicted 
behavior of the system is either transducer. 


4. Description of Transducer 


The electromagnetic transducer used in these meas- 
urements is shown in a cross-section drawing in Fig, 7. 
‘Two sample disks are pressed outward by stainless steel 
slabs against the inside flat sections of the driving tube; 
enough pressure is applied to prevent slipping and then 
the jaws of the sample slabs (holders) are clamped 
against V ways in the floating-mass housing by means 
of two }-in. diam machine screws. The dynamic shear 
measurements are thus carried out while the sample is 
under a constant static compressive strain (and hence 
some stress) at right angles to the direction of shear. 
The distance between the driving-tube flats and the 
sample slabs is measured by using two stainless steel 
micrometer heads reading to 0.0001 in. to give the 
sample thicknesses. 

As can be seen from Fig. 7, the transducer has two 
separate shearing units to which the electrical measur- 
ing system can be alternately switched. This is con- 
venient in measurements carried out as a function of 
time or temperature, as it allows two different samples 
to reach equilibrium conditions simultaneously. At the 
present time, transducer I has a driving tube made from 
61ST6 aluminum, while transducer II has a driving 
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tube of 75ST aluminum (a higher modulus alloy) and 
has thicker walls, additional reinforcing ribs, and a 
shorter nonconducting extension for coil 2A. The cali- 
bration data previously cited indicate that driving 
tube II is more rigid than driving tube I, giving a more 
ideal behavior, particularly at high frequencies. 


5. Temperature Control and Measurement 


The entire transducer is enclosed in a fluid-tight 
stainless steel housing so that it can be lowered into a 
constant temperature bath for measurements from — 50 
to +150°C. The bath temperature is controlled to 
within +0.2°C by means of a thermoswitch, but 
because of the large mass of the instrument the tem- 
perature variation within the instrument is generally 
less than +0.05°C, 

The temperature of the driving tube measured by a 
two-junction constantan-copper thermocouple is taken 
as the sample temperature after enough time for 
thermal equilibrium has elapsed. The thermocouple 
junctions are located in the flat section of the driving 
tube less than 0.025 in. from the sample faces. In the 
present measurements, which were taken with the 
transducer out of the bath, variations in temperature 
during any series of measurements were less than 
+0.20°C. 


III. EXPERIMENTAL RESULTS 


Samples of pure polycrystalline metals were used to 
obtain the data reported in this section. The samples of 
lead and aluminum were machined to size from cast 
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Fic. 7. Cross-section drawing (side view) of transducter 


bars, while the indium samples were formed by pouring 
the molten metal into a stainless-steel mold. A summary 
of the sample dimensions and analyses is given in 


Table I. 


Lead 


Samples of polycrystalline lead of 99.9995%% purity 
(No. 22 see Table I) were compressed less than $% in 
II) 


started at 100 cps 16.5 hours later. 


the apparatus (transducer and measurements 


These were con- 


tinued up to 2500 cps at 31.0 hours after the initial 
static compression. The frequency variation of complex 
shear compliance at 23.6°C is adduced Fig. 8 for 
200 to 2000 cps. Three dispersion regions are observed 
in this frequency range with resonant frequencies of 
975, 1630, and 1870 cps. Values of J” below 200 cps 
are too small to be measured accurately ( <0.005 107° 
values of J’ from 200 to 100 cps remain 
cm*/dyne, J” 
‘dyne near 


cm*/dyne) 
constant at approximately 0.19X10~* 
rises to a maximum value of 0.74 10~% 
the resonant frequency of 975 cps; other features of 


TABLE I, Sample dimensions and compositions 


Material 
Purity % 
Bi 
Cu 
Fe 


Analysis 


22 


0.250 
0.1995 


22a* 


0.250 
0.199, 


Sample No. 


diam. (in.) 
thickness (in.) 


Dimensions: 


<0.50 
1.25 


<0.50 
1.25 


Percent comp. in apparatus 
Sample coeff. C (cm) at 24°C> 
1.8105 


Weight (grams) 1.810, 


* Sample 22 annealed in an air oven for 15 hours at 140-150°C 
bC @Ai/hi +Aia/hr @2A/h, where 


Lead 
99.9995 


<0.0001% 
0.0001 
0.0002% 


A; and A: are the cross-sectional areas and 


Indium Aluminum 


99 984 99 998% 


ke, Si, Cu 
<0,002% 


Cu 0.006" 
Zn O.O1% 
Sn 0.01% 
Pb trace 


23 


(),384 
0.2085 


24 


0.250 
O.198, 


27 
0.250 
0.201, 


25 
0.376 
0.1505 


4.0 
3.00 


1.9 
1.30 


<0.50 
3.74 


3.101 2.815 0.429, 


hy and hy the thicknesses of the sample disks 
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the dispersion are similar to the resonance type of 
dispersion shown in Fig. 2. 

Another series of measurements started at 100 cps 
116.0 hours after initial compression continued to 2100 
cps at 129.2 hours; then was resumed at 2100 cps at 
140.8 hours and continued to 4000 cps at 146.0 hours. 
Subsequently, measurements were taken from 4000 cps 
at 330.5 hours to 5000 cps at 356.5 hours. The variations 
of complex shear compliance with frequency at 23.5°C 
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LEAD 
999995 % 
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Fic. 8. Variation of the 
complex shear compliance 
(J*=J'—iJ”) with fre 

quency for polycrystalline 
1 lead at the time (~22 hr) 
and temperature indicated. 
Soiid circles, J’; open cir- 
Analysis of lead 
t sample: Cu, 0,0001%; Fe, 
0.0002%; Bi, <0,0001%; 
no other elements detected 
by chemical or  spectro- 
graphic methods. 


observed during this series of observations are shown 
in Figs. 9 and 10. The resonance originally found at 
975 cps at approximately 22 hours shifts to 1030 cps at 
118 hours with a decrease in the maximum value of J” 
to 0.58X10~" cm?/dyne (Fig. 9). Small resonances are 
again evident at 1630 cps and 1880 cps. Resonances are 
also observed (Fig. 10) at 2640 and 2890 cps; no dis- 
persion is found from 3100 to 5000 eps. 

A third set of measurements started at 100 cps 642.2 
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| 
lic. 9. Variation of the 
complex shear compliance 
| (J*=J'—iJ") with fre- 
- quency for the polycrys 
e-e-° o0*\.» ——— .* am talline lead of Fig. 8 at the 
' | time (~118 hr) and tem 
perature indicated. Solid 


circles, J’; open circles, J”. 
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Fic. 10. Variation of the com 
plex shear compliance (J*=J’ 
iJ’) with frequency for the 
polycrystalline lead of Fig. 8 at 
the time and temperature indi 
cated. Solid circles, J’; open circles, 


yu . 


hours after compression continued to 2000 cps at 671.0 
hours; this series was resumed at 2000 cps at 691.5 
hours and concluded at 4000 cps at 722.8 hours. The 
results are given in Figs. 11 and 12. The resonance 


originally observed at 975 cps (at 22 hours) has shifted 
to 1150 cps with a decrease in maximum value of the 
loss compliance, J”, to 0.29%10~* cm*/dyne. Small 


Fic. 11. Variation of the 
complex shear compliance 
(J*=J'—iJ”) with fre 
quency for the polycrys 
talline lead of Fig. 8 at the 
time (~644 hr) and tem 
perature indicated. Solid 
circles, J’; open circles, J’’ 
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resonances are again found at 1630 cps and 1890 eps. 
The resonances at 2640 and 2890 cps are still present. 

A fourth set of measurements from 200 to 2000 cps 
at 1359.0 to 1369.2 hours after insertion in the apparatus 
gave the results shown in Fig. 13. Resonances are evi 
dent at 1185, 1630, and 1890 eps. The maximum value 
of J” at 1185 is 0.30% 10~* dyne/cm’ or essentially the 
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¥-CPS 
Fic. 12. Variation of the complex shear compliance (J* = J’—iJ’’) with frequency for the polycrystalline lead of Fig. 8 
at the time and temperature indciated. Solid circles, J’; open cirlces, J”. 


same as that observed 600 hours earlier, although the At 1200 grams of force the samples began to slip. Since 
resonant frequency has continued to shift to higher the maximum amplitude of the alternating shear force 


frequencies with time. during measurements was 3.0 grams, it can be concluded 
At the conclusion of this series of measurements the _ that slipping did not contribute to the results. 

samples were tested for slipping by pulling them with The samples were removed and annealed in an air 

a spring balance (in the line of the dynamic shearing oven for 15 hours at 140-150°C and reinserted in the 

forces) while they were still in position in the apparatus. apparatus after three days at room temperature 


Fic. 13. Variation of 
the complex shear com 
pliance at =J’—iJ") with 
frequency for the poly 
crystalline lead of Fig. 8 
at the time (~1350 hr) and 
temperature indicated. Solid 
circles, J’; open circles, J”’. 
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Fic. 14. Variation of the 
complex shear compliance 
(J*=J’'—iJ”) with fre 
quency for the polycrys 
talline lead of Fig. 8 after 
annealing. Solid circles, J’; 
open circles, J’. The data 
of Fig. 13 taken before an 
nealing is indicated by the 
dashed lines, 





(~ 24°C). The results on the annealed samples (No. 
22a) are shown in Figs. 14 and 15. The only resonance 
now observed is that at 2900 cps. The general level of 
the compliance at other frequencies has decreased. The 
samples were again tested for slipping which began at 
1300 grams of force. This is an indirect indication that 


the static compressive force on the samples was the 
same as that during the previous measurements, as 


well as demonstrating that the samples were not 


Fic. 15. Variation of the 
complex shear compliance 
(jJ*=J'=iJ") with fre 
quency for the polycrys 
talline lead of Fig. 8 after 
annealing. Solid circles, J’; 
open circles, J’. The data 
of Fig. 12 taken before an 
nealing is indicated by the 
dashed lines 


DISPERSION IN METALS 699 


slipping during the dynamic measurements (in which 
the maximum amplitude of the shearing force was again 
3.0 grams). 

Samples of lead machined from the same cast bar 
but of different dimensions (No. 25, see ‘Table I) were 
measured from 500 to 4000 cps, showing a very small 
resonance at 2825 cps and a large resonance (of the 
same order of magnitude as that previously found at 
2900 cps) in the neighborhood of 3500 cps. The general 
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level of compliance was the same as that for the 
previous annealed samples (No. 22a). When annealed 
for 24 hours at 150°C in an air oven and remeasured, 
these samples still exhibited a large resonance near 
3550 cps but no other appreciable dispersion in the 500 
to 4000 cps region. The general level of the compliance 
remained the same. 

A third set of lead samples machined from the 
opposite end of the cast bar, and of dimensions identical 
to the first set, exhibited a large, very sharp resonance 
at 2815 cps and a small resonance at 3650 cps but no 
other dispersion in the range 200 to 4200 « ps. 
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Fic. 16. Variation of the 
complex shear compliance 
(J*=J'—iJ") with fre 
quency for polycrystalline 
indium. Solid circles, J’; 
open circles, J’. Analysis of 
indium; Zn, 0.01%; Sn, 
0.01%; Cu, 0.006%; Pb, 
trace 


2. Indium 


Samples of polycrystalline indium of 99.9849, purity 
(No. 23, see Table 1) were compressed 4% in transducer 
1; measurements at 23.7°C began at 100 cps 5.2 hours 
later and continued to 1350 cps at 9.0 hours after com- 
pression. From 23.0 to 31.5 hours, measurements were 
made in the frequency range of 1350 to 3200 cps. The 
results are shown in Fig. 16. From Fig. 16 it is evident 
that only one very small dispersion region exists in the 
region 200 to 2000 cps, i.e., at 1540 cps. Experimental 


points are missing at 600 to 650 cps because the total 


Fic. 17. Variation of the 
complex shear compliance 
(j*=J'—iJ"”) with fre 
quency for polycrystalline 
aluminum. Solid circles, J’; 
open circles, J’. Probable 
impurities in aluminum: Fe, 
Si, Cu; total impurities 
known to be less than 
0.002 
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Fic. 18. Variation of the 
complex shear compliance 
(J*=J'—iJ”) with fre 
quency for the polycrys 
talline aluminum of Fig. 17 
Solid circles, J’; open cir 
ces, J’. 





mechanical admittance of the system (Yy) was almost 
zero in this region, making an accurate determination 
of the complex shear compliance of the sample impos 
sible. It is certain that the values of J’ and J” are 
small in this region however. Values of J’ from 100 to 
200 cps (not shown in Fig. 16) remained at approxi- 


mately 0.05 10~* cm*/dyne. Values of J” below 1200 
cps were too small to be determined exactly but are 
known to be less than 0.005X10~* cm*/dyne. 


Fic. 19. Variation of 
the complex shear com 
pliance (J* = J’ — iJ”) 
with frequency for the 
polycrystalline alumi 
num of Fig. 17. Solid 
circles, J’; open circles, 
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A large, very sharp, resonance is observed at 2830 cps 
which is similar to that found for lead at 2890 cps. 

At the conclusion of measurements, the samples were 
tested for slipping by inserting a double hook to engage 
the samples and pulling with a spring balance (in the 
direction of the dynamic shearing forces) while the 
samples were in position in the apparatus. A force of 
2000 grams was not sufficient to pull the samples loose 
while the maximum amplitude of the alternating shear 
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during force measurements was 3.0 grams; hence slip- 
ping was not a factor in the results. In fact, the samples 
had to be knocked loose from the floating-mass sample 
holders to which they had become firmly attached. 
After removal the samples were found to have a 
permanent deformation of 2% in the direction of static 


compression. 


3. Aluminum 


Samples of polycrystalline aluminum of 99,998°; 
purity (No. 24 of Table I) were compressed 1.99, in 
transducer I and the first set of measurements taken 
from 100 to 2000 cps 0.20 to 7.8 hours after compression. 
The results are shown in Fig, 17, A double resonance at 
1315 and 1395 cps and a small resonance at 1915, cps 
are evident. ‘The results of subsequent measurements 
from 300 to 2000 « ps at 94.5 to 102.5 hours, from 2000 
to 3600 at 106.5 to 109.5 hours, and from 3600 to 5000 
cps at 240.5 to 247.0 hours are shown in Figs. 18 and 
19. In addition to resonances at 1315, 1435, and 1940 
cps a large resonance is observed at 2890 cps as was 
the case for lead (No. 22, 

The doublet in the vicinity of 1400 cps is of particular 
interest because of the manner in which the high 


22a). 


frequency resonance increases as the low-frequency 
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Fic, 20. Variation of the complex shear 
compliance (J*=J’—iJ’’) with frequency 
for the aluminum of Fig. 17 at different 
times after initial static compression 
(1.9%) in the apparatus. (A) 5.5 to 7.5 hr, 
(B) 25.8 to 26.5 hr, (C) 97.90 to 100.8 hr, 
(D) 267.8 to 270.0 hr, (2) 475.5 to 462.0 
hr, (F) 647.0 to 652.2 hr. Solid circles, J’; 
open circles, J”. 


peak decreases. The region from 100 to 1700 eps is 
shown during six different time intervals in Fig. 20. 

Measurements from 2000 to 4000 cps taken about 
500 hours after compression were almost identical to 
those shown in Fig. 19. 

The aluminum samples were tested for slipping at 
the conclusion of the measurements with the result 
that no slipping occurred with a force of 2000 grams. 
After removal from the apparatus the samples were 
found to have no permanent deformation. 


4. Experimental Error 


The values of electrical impedance from which the 
mechanical admittance is calculated [Eq. (7)] are 
determined to within 4 to 1% using the calibrated 
bridge circuit of Fig. 4. At each frequency four inde- 
pendent bridge balances are made by varying R; and 
R, from which two independent values of Z. are 
obtained. These generally agree to within 1% or less. 
This does not mean that the sample admittance can be 
determined with the same precision, however, Two 
subtractions are involved in arriving at the value of the 


sample admittance as previously described in Sec. II, 1. 
When either of these differences is small the results are 
correspondingly uncertain even though each of the 
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quantities involved in the subtraction is itself precisely 
known. In the present case at low frequencies (<100 
cps) the driving tube and suspended mass oscillate 
essentially as a single rigid unit whose motion is inde- 
pendent of sample the frequency 
increases, however, the admittance of the suspended 
mass decreases so that the difference (Y¥4n—Yyym) 
becomes large. Over most of the range Yy,,, is less than 
10% of ¥4% and the values of compliance are estimated 
to be accurate to within +3%. At the highest fre 
quencies the impedance of the driving tube itself pre 
dominates and the results again become increasingly 
uncertain. The estimated uncertainty in the data is 


properties. As 


+ 3°, unless otherwise indicated. 

The frequency of each measurement was set by com 
parison with standard frequencies of 10, 100, 1000, or 
10.000 cps obtained from a Hewlett Packard Model 
100D Low-Frequency Standard or, in later measure 
ments, by means of a Hewlett Packard Model 523B 
Electronic Counter. The estimated uncertainty in any 
frequency reported is less than +2 cps. 


IV. DISCUSSION 


1. Apparatus as a Possible Source 
of the Resonances 


Because of the unusual and unpredicted resonances 
observed, it is natural to suspect that the results are 
somehow due to the apparatus or method of measure 
ment rather than to any intrinsic properties of the 
materials. In this connection the following comments 


are relevant: 
(1) The behavior of the transducer system without 


Fic. 21. Comparison 
of calculated values of 
compliance based on the 
model of Fig. 2 (solid 
lines) and experimental 
results for the first (low 
frequency) resonance in 
lead. Solid points, meas 
ured values of J’; open 
points, measured values 
of J’. (A) results at 22 
hr, (B) results at 118 hr 
The calculated curves 
are based on the em 
pirical constants listed 


in Table IT 
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samples is regular and agrees closely with that predicted 
from the mechanical model alleged to represent the 
system (Fig. 3). In particular, when the shearing faces 
of the apparatus are clamped directly together, and the 
mechanical admittance of the clamped system measured 
at closely spaced frequencies, no resonances in the 
mechanical admittance are observed and the deviation 
from ideal clamped behavior is very small (Figs. 5-6). 

(2) Measurements on many amorphous polymers 
made on this and similar apparatuses®~'® have not 
resulted in the discovery of resonances of this type. The 


previous measurements have been made at fairly small 


frequency intervals although not as small as in the 
present work. While the materials previously measured 
have been essentially noncrystalline, they have included 
hard, glassy materials in the same general compliance 
range (10° cm*/dyne) as the pure metals of this study, 
Measurements at 25°C from 100 to 2000 eps on poly 
isobutylene in this apparatus at very closely spaced 
frequencies have shown no resonances in the compliance. 

(3) The position and magnitude of some of the reso 
nances observed in lead and aluminum change with 
time. It is difficult to see how this time dependence can 
be attributed to the apparatus 

(4) Four of the five resonances observed in lead were 
removed by annealing the samples for 15 hours at 
140°C. Since the samples were annealed while removed 
from the apparatus, it is most probable that these 
resonances, at least, resulted from some preannealed 
condition of the sample material rather than from the 
apparatus 

(5) Samples of lead3of different dimensions did not 


exhibit resonances at the same frequencies. This leads 
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to speculation that the resonances may be due to 
coupling between the shear vibration and other modes 
of oscillation of the sample. Additional tests on the effect 
of sample size are needed, however, before any definite 
conclusions can be drawn since it is not certain that the 
samples of lead were, in fact, structurally identical (e.g., 
they could have different dislocation densities) though 
machined from the same cast bar. In fact, samples of 
nearly identical dimensions machined from opposite 
ends of the cast bar did not give identical results. 

In consequence of the above facts and a number of 
other tests on the apparatus, it has been concluded that 
the apparatus, as such, is not responsible for the 
observed phenomena. 


2. Analysis of Dispersion Data for Lead 


The observed dispersions have been noted to be very 
similar to the type of resonance dispersion to be 
expected from the mechanical model of Fig. 2. Ac- 
cordingly, values of the constants of Fig. 2 and Eq. (2) 
were chosen to give the best fit to the experimental data 
for the first (lowest frequency) peak observed in lead. 
The values of J’ and J” calculated according to Eq. 2 
are compared with the observed values in Figs. 21 and 
22 and the values of the constants empirically selected 
are presented in Table II, The fit to the experimental 
data using the simple resonance equations is seen to be 


Taste II. Analysis of dispersion data for lead* based on the mechanical model of Fig. 2 [Eq. (2)]. 


Time after compression (hr) 

Resonant frequency, /, (cps) 

Retardation time, r (sec) 

Retarded modulus, G (dynes/cm*) 

1/G (cm*/dyne) 

Instantaneous modulus, Gp (dynes/cm*) 

1/Ge (em*®/dyne) 

Effective mass per unit length, m/i (grams/cm) 
Viscosity, » (dyne-sec/cm) 


* 1/wee ie assumed to be negligible in this analysis 


. Tr 


— 


—_ 
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22 
975 
1.45 10~* 
1.7 10" 
0,060 10~* 
8.3 10° 
1.20x 10°" 
453 
2.5X10° 
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Fic. 22. Comparison 
of calculated values of 
compen based on the 
model of Fig. 2 (solid 
lines) and experimental 
as results for the first reso- 
nance in lead. Solid 
points, measured values 
of J’; open points, meas- 
ured values of J’. (A) 
results at 644 hr, (B) 
results at 1350 hr. The 
calculated curves are 
based on the empirical 
constants listed in Table 
II. 
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good although not exact. Values of J’ just below and just 
above the resonant frequency are higher than the 
observed values and the observed values of J” just 
below the resonant frequency are higher than those 
predicted. From Table II it can be seen that the values 
of r, G, Go, and are of the order of magnitude to be 
expected but that the values of m/I/ are extremely large. 
The retardation time r decreases with time while values 
of G, Go, and m/I increase. 

Although detailed analyses were not made of the 
resonances at 1630, 1880, and 2640 cps (Figs. 9 and 10), 
they appear to be of the same general type as the first 
(lowest frequency) resonance. These resonances also 
change in position and magnitude with time. 

The resonance first observed at 2890 cps (Fig. 10) 
did not shift with time (Fig. 12) and was not noticeably 
affected by the annealing treatment (Fig. 15). The 
asymmetry of the J” vs frequency peak is pronounced 
in this resonance and values of J” become slightly nega- 
tive in passing through a shallow minimum at fre- 
quencies just above the large maximum (Figs. 10, 12, 
and 15). A similar resonance was obtained with alu- 
minum samples of the same dimensions (} in. diam 
+ in. thick) as shown in Fig. 18. The resonance at 
2830 cps in indium samples of different dimensions 
(i in. diam } in. thick) is of the same type. Negative 
values of J” found in these three instances indicate that 


1350 
1185 
0.00% 10"* 
7.1 10" 
0.014 10°* 

11 10° 

0.090 10°* 
1280 

4.3XK10° 


OF 
1150 
0.80 10~* 
5.5 10” 
0,018 10°* 

10 10° 
0.095 10~* 
1050 

4.4 10° 


118 
1030 
1,15 10~* 

2.5 10" 

0,040x10~* 

9.5K 10° 

0.105 10~* 
597 

2.9 10° 
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energy is being given up by the vibrating system. The 
resonance observed near 3500 cps in the second set of 
lead samples ({ in. diam 0.15 in. thick) is of this type 
also. These particular resonances are tentatively 
ascribed to coupling between the shear vibration and 
another mode or modes of oscillation of the samples. 
They appear to depend on the sample shape and 
material™ but to be independent of time and annealing 
treatment. 


3. Dislocations as a Possible Source 
of the Resonances 


The changes with time and the effect of annealing 
(observed for the lead samples) suggest that the 
resonances observed below 2800 cps in lead and alu- 
minum may result from dislocation vibrations, Mott 
and Nabarro” calculate the frequency with which a 
straight dislocation in a hard metal vibrates about its 
mean position to be of the order of 10* to 10° cps. They 
consider a precipitation-hardened metal with line dis- 
locations arrested at the sites of precipitate atoms which 
are about 200 Angstrom apart. Smith™ points out that 
this value of frequency will decrease with increasing 
distance between the points at which the dislocation is 
temporarily arrested, but estimates that even with 
metals of very high purity this frequency would not be 
less than 10* to 10° cps. However, Lomnitz**** reports 
that creep tests in igneous rocks indicate a value close 
to 1000 cps for this vibration frequency. Various 
theories” *7-* of the effect of dislocations on dynamic 
mechanical properties have been advanced but these 
fail to predict any resonances or appreciable dispersion 
of any sort of audio-frequencies. 

The time variation of the resonances observed in lead 
(i.e., those below 2800 cps) is consistent with the idea 
that dislocations are responsible for the dispersion. 
Dislocations originally present in the cast lead or 
introduced as a result of machining, or of the static 
stress applied in the apparatus would gradually anneal 
out with time even at room temperature since recrys- 
tallization is known to take place in lead anywhere 
above 0°C. Thus, the gradual decrease in the amplitude 
of the first (lowest frequency) resonance may result 
from a decrease in the number of dislocations or from a 
change in dislocation vibration frequency as a result of 
a decrease in the size of a particular type of dislocation, 


*™ Measurements on polyethylene samples (72% crystallinity) 
(} in. diam. X } in. thick) show this type of resonance at 2725 cps 
but values of J” at the minimum remain positive 

™N. F., Mott and F. R. N. Nabarro, Report of the Conference on 
Strength of Solids (Physical Society, London, 1948), Vol. 1. 

*C. L. Smith, Proc. Phys. Soc. (London) 61, 201 (1948) 

* C. Lomnitz, J. Geol. 64, 473 (1956). 

* C. Lomnitz, J. Appl. Phys. 28, 201 (1957). 

#7 A. S. Nowick, J. Appl. Phys. 25, 1129 (1954). 

™ J. Weertman, } Appl. Phys. 26, 202 (1955). 

"FE. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955). 
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From Figs. 8, 9, 11, and 13 it is apparent that not only 
does the magnitude of the resonance decrease, but the 
general levels of J” and J’ at frequencies below the first 
resonance decrease with time as well. This may be 
related to what Nowick” has called the ‘Koster effect” 
in which a decrease in internal friction (~J’’/J’) of 
cold-worked metals is observed as a result of low- 
temperature annealing. From the data shown, however, 
it is obvious that. observations at a single or widely 
spaced frequencies such as those previously reported are 
inadequate for the description of the effect of cold 
working on dynamic mechanical properties such as the 
loss compliance (or internal friction), 

The time variation of the observed resonance in the 
region of 1400 cps in aluminum (Fig, 19) is not as great 
as that for lead. This again is reasonable since the 
recrystallization rate for aluminum is negligible at 
temperatures below 150°C. An interesting feature of the 
aluminum data is the manner in which the peak in J” 
originally found near 1400 cps increases as the maximum 
at 1300 cps decreases. A third peak at 1590 cps is evident 
in data taken at later times but may have actually been 
present at the outset. (Experimental points in this 
region were not as closely spaced in the earlier measure- 
ments.) A more detailed treatment of the aluminum 
data will be presented in a subsequent paper. 

While it is easy enough to explain the variation of the 
observed phenomena with time, high-temperature 
annealing, and cold work in terms of some dislocation 
mechanism, the occurrence of the resonances themselves 
is difficult to explain. If we consider the theory of 
Granato and Liicke,” for example, as applying to a 
polycrystalline metal in which there exists a network 
of dislocations, a resonant frequency, fo, is predicted 
such that fo (1/2L)(C/A)', where C is the effective 
tension in a dislocation loop of length L, and A is the 
effective mass per unit length. For a loop length of 10~¢ 
cm this theory (which is equivalent to considering the 
dislocation lines as vibrating strings) predicts a reso- 
nance in lead at 2.0 10* cps. 

The analyses of the experimental data for lead based 
on the model of Fig. 2 demonstrate that the low-fre- 


quency resonances are due to large values of m/l 


rather than small values of shear modulus and hence C. 
In order to obtain resonant frequencies of 10° cps on the 
basis of the Granato-Liicke theory, values of L of the 
order of 20 cm would be needed, or much larger values 
of A would have to be postulated ; i.e., A would have to 
be increased from 3.16K10~" to 1.44K10™ gram/cm. 
Since A=xpa*, where p is the density and a is the 
Burgers vector, this could be accomplished only by 
increasing a, This however would result in a corre 
sponding increase in C = 2Ga*/w(1—v) (where G equals 
the shear modulus and v is Poisson’s ratio) and therefore 
no decrease in fo. 
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4. Mechanical Resonance Dispersion 
in Crystalline Polymers 


Measurements of the shear compliance of crystalline 
polymers” made on the apparatus have resulted in the 
discovery of similar resonance dispersions for polytetra- 
fluorethylene (Teflon), polyvinyl! stearate, and crystal- 
line polyethylene. In the case of Teflon, nearly identical 
results have been obtained for samples of different 
dimensions which were subjected to similar cold-working 
and thermal treatments. The effect of pressure and 
temperature have also been studied. While a detailed 
treatment of these data will be given elsewhere, it is 
interesting to note, in connection with the results on 
metals, that a time dependence and effect of annealing 
are found for crystalline polymers as well as for metals, 


Vv. CONCLUSIONS 


Measurements of the complex shear compliance of 
pure polycrystalline metals have resulted in the dis- 
covery of multiple resonance dispersions in the audio- 
frequency range. 

Since previous experimental work has not included 
the measurement of the shear compliance of pure poly- 
crystalline metals at closely spaced frequencies in this 
range, the results are not in contradiction with any 
previous experimental evidence, 

Results on indicate that all but 
resonances may be eliminated by high-temperature 
annealing; some of the resonances are time dependent 
indicating that annealing is taking place at room tem 


lead one of the 


perature 


»” Edwin R. Fitzgerald, Bull. Am. Phys. Soc. Ser. II, 2, 126 


(1957); J. Chem. Phys, 27, 1180 (1957) 
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Analysis of the data on the basis of a simple mechan- 
ical model, consisting of an instantaneous or ideal spring 
in series with a retarded (viscoelastic) spring, gives a 
remarkably close fit. On this basis, the low-frequency 
dispersions seem to result from unusually large values 
of effective mass per unit length rather than from small 
values of shear modulus. 

The possibility that dislocation vibrations are re- 
sponsible for the observed phenomena is considered but 
no specific mechanism is found to explain the results. 
A number of the present theories concerning dislocation 
vibrations are examined but these uniformly fail to 
predict any mechanical dispersion at audio-frequencies. 
It is suggested that present dislocation theories be 
re-examined in view of the experimental results pre- 
sented here. 

In addition to their theoretical implications the 
results are of the utmost practical significance since they 
indicate that certain materials subject to mechanical 
vibrations of relatively low frequencies may undergo 
tremendous changes in modulus at a particular fre- 
quency or frequencies. 
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The common models for excitons in the alkali halides are criticized as to their goodness as zero-order 
models. Some new calculations on energies, oscillator strengths, and charge distributions are made with the 
models as they are commonly used, It is shown that the customary use of an LCAO (linear combination of 
atomic orbitals) method with the electron-transfer model gives qualitatively incorrect results, particularly 
for the wave functions and charge distributions, results which are not even internally consistent with the 
model, It is argued that the other model, an excitation model, gives at least semiquantitatively correct 
results, and is a satisfactory zero-order approximation. Finally, it is shown that in the alkali halides the 
LCAO method must inevitably be an inconvenient one for finding accurate charge distributions and wave 


functions for localized centers. 


( anes work has been done in recent 
years on the theory of excitons in the alkali-halide 
crystals. This work has been based implicitly or, 
usually, explicitly on either of two general models, 
which may be labeled the electron-transfer model and 
the excitation model. It should perhaps be emphasized 
that both models are really “zero-order” approxi- 
mations. Suitable modifications of either one could in 
principle lead to accuracy as great as one would wish. 
It is the purpose of this note to investigate some of the 
implications of these models as they are commonly 
(and can be easily) used, not to discuss the rapidity of 
the convergence of each to an exact treatment. 


DESCRIPTION OF THE MODELS 

The excitation states of interest are the excited, 
nonconducting states of the whole system. Because of 
the equivalence of the many unit cells, these states are 
described by momentum eigenfunctions, and the term 
“exciton” originally! emphasized the free-particle-like 
aspect of the excitation and the coherence of the wave; 
i.e., the true exciton is a quantum of electronic ex- 
citation energy characterized by a single propagation 
vector. Hence an (unnormalized, zero-order) exciton 
wave function may be written in the form 


©,*(r)= Dy Wn! (r—Rye*™, (1) 


where the summation is over all the unit cells of the 
crystal characterized by the fiducial vectors Ry, where 
hk is the momentum of the exciton, and where V,” is 
the nth excited state localized about the /th cell.* Thus 
the wave function is a perfectly coherent sum of 
localized states, with a phase factor given by the 
propagation vector k. Momentum selection rules forbid 
optical transitions to most of the exciton states in a 
mathematically perfect crystal, but of course deviations 
from perfect periodicity break down these selection 

* Research supported in part by the U.S. Air Force through the 
Air Force Office of Scientific Research of the Air Research and 
Development Command. 

1 J. Frenkel, Phys. Rev. 37, 17, 1276 (1931); Physik Z. Sowjet 
union 9, 158 (1936); R. Peierls, Ann. Physik 13, 905 (1932) 

21. L. Dexter and W. R. Heller, Phys. Rev. 91, 273 (1953), and 
references to earlier work contained therein. 


rules, and allow absorption bands rather than discrete 
lines. 

Theoretical work on the properties of excitons has 
largely been based on a very much oversimplified 
model, in which surface effects, internal deviations from 
periodicity, and the attenuation of the incident light 
beam have not been adequately considered: In order 
that the excited state approximate a true exciton state, 
the region of coherence must be large with respect to 
the wavelength of the exciton. Thus it seems extremely 
improbable that in the alkali halides such an object as 
the exciton ever exists in its traditional form, since 
(a) the electric dipole associated with it is readily 
scattered by the charged lattice vibrations and static 
imperfections, giving a scattering length (hence a 
coherent region) no greater than a few lattice constants, 
and (b) the reciprocal absorption coefficient is less than 
one hundred lattice constants, again reducing the 
possible coherent region. It is possible, in fact, that a 
better approximation to the excited states in alkali 
halides is to neglect the coherence essential to the 
exciton concept, and to consider the excitation energy 
as jumping almost randomly from one halide ion to a 
neighbor. In any event, one must in practice consider 
exciton wave packets of greater or lesser extent. The 
term exciton is sometimes loosely applied to any 
quantum of electronic excitation energy, regardless of 
the degree of coherence or of the nearness to being in a 
momentum state. This confusion in the meaning of the 
term seems to the writer an unfortunate one, since 
important aspects depend on the coherence of the true 
exciton. 

This problem, however, need not concern us here in 
great detail. The two models with which we have to 
deal are connected with the choice of the localized 
eigenfunctions ¥,7 in Eq, (1), of which excitons, or 
exciton packets, are constructed, 


(a) Electron-Transfer Model 


The most commonly used model in the alkali halides, 
emphasized in the work of von Hippel,’ involves the 


* A. von Hippel, Z. Physik 101, 680 (1936) 
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transfer of an electron from a halide ion to the nearest 
alkali ions. The lowest energy excited state would then 
consist of a halogen atom surrounded by six alkali ions 
sharing symmetrically one electron.‘ This model has 
been used to compute the energy of the excited state,’ 
as discussed below, and gives fair agreement with 
experiment. It has also been used in a group-theoretical 
analysis by Overhauser to compute qualitatively the 
fine structure which might occur in the absorption 
bands associated with transitions to the exciton states.° 
Bassani and Inchauspé have likewise used the model 
recently in a computation of the energies of the a and 8 
bands in the alkali halides.® 


(b) Excitation Model 


In the alternative model, emphasis is given to the 
interaction between the excited electron and the 
Madelung potential at the halide-ion site.’ Thus the 
lowest excited state in this model consists of an electron 
in a partie!ly s-tike state bound to the Madelung well, 
such that within the well the electron’s wave function 
looks similar to that of an excited halogen atom, and 
outside the well like a conduction-band wave function 
modified by an envelope function arising from the 
attraction by the Madelung well. A more precise*de- 
scription appears in the next section. 


ENERGY 


Several measurable quantities can be computed on 
the basis of these models, The energy of the transition 
corresponding to the first fundamental absorption band 
is perhaps the first which one would attempt. 


(a) Electron-Transfer Model 


Following von Hippel,’* we may compute a zero- 
order value for the energy by a simple cycle, This pro- 
cedure results in an energy which is too high by between 
} and 4 ev, eg., in NaCl 11.3 ev rather than the ob- 
served 7.7 ev. By making a number of corrections, some 
of which are questionable, it has been possible to bring 
the computed value to within about one-half ev of the 


observed value. 


(b) Excitation Model 


With this model the energy of the first fundamental! 
absorption band can easily be computed by (1) calcu- 


‘FP. Seitz, Modern Theory of Solids (McGraw-Hill Book Com 
pany, Inc., New York, 1940), p, 411 

* A. Overhauser, Phys. Rev. 101, 1702 (1956). 

*F. Bassani and N. Inchauspé, Phys. Rev. 105, 819 (1957) 

'D. L. Dexter, Phys. Rev. 83, 435 (1951). This model, based on 
work by Tibbs (reference 10), is similar to the Wannier treatment 
[G. H, Wannier, Phys. Rev 52, 191 (1937) }, and should be com 
parable in accuracy in the alkali halides, both models being based 
on the slowness of the variation of the perturbing potential. 

* A description of part of the calculation is given by N. F. Mott 
and R. W oom Electronic Processes in lonic Crystals (Oxford 
University Press, New York, 1948), p. 98 
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lating the energy of the exciton state with respect to 
the bottom of the conduction band, (2) calculating the 
photoconductive threshold, and (3) subtracting. Mott 
and Littleton’ have computed the position of the valence 
band (assumed narrow) with respect to the vacuum 
levels with the use of another cycle and a calculated 
polarization energy. For NaC! this value was 10.2 ev. 
Tibbs” has attempted to compute the electron affinity 
of NaCl, but was able to conclude only that it is small, 
An experiment by Gyulai," comparing the photoelectric 
thresholds of Na in vacuum and in NaCl, indicates an 
electron affinity of about 0.5 ev. Thus, we may take 9.7 
ev as the energy gap between valence and conduction 
bands. 

The energy of the lowest exciton state with respect 
to the conduction band may be estimated crudely on 
the basis of the model of reference 7 to be — e*/18ap, or 
~1.5 ev, giving a first fundamental absorption-band 
position of 8.2 ev for NaCl. A more detailed calcu- 
lation,” based on essentially the same model, replaces 
the figure —1.5 by —1.8 ev, predicting a band position 
of 7.9 ev. This figure is to be compared with a measured 
value of 7.7 ev at room temperature. Thus, this model 
affords a good zero-order calculation, with fewer and 
much smailer corrections than the other. 


OSCILLATOR STRENGTHS 


With these models it is also possible to predict 
absorption cross sections, usually @ much more sensitive 
test of a wave function than is an energy. In order to 
call on earlier work we shall deal with NaCl explicitly 
though the results should be valid for most of the alkali 
halides. 


(a) Electron Transfer Model 


For the ground state of the localized function centered 
on a given Cl ion we may use the analytical approxi- 
mation’ to the Hartree 3p Cl- function” 


Wor(r) = 1.02(1.15/9)'v cosd(e 4" —23.2e°*"), (2) 


where r is expressed in units of ao=h*/me*. Thus, after 
the transition, this state will be unoccupied, i.e., oc- 
cupied by a positive hole; in a treatment of fine struc- 
ture in absorption we would have to treat more care- 
fully the wave function of the hole in conjunction with 
that for the excited electron. 


*N. F. Mott and M. J. Littleton, Trans. Faraday Soc, 34, 485 
(1938). See also reference 8, p. 80. 

”S. R. Tibbs, Trans. Faraday Soc. 35, 1471 (1939). 

" Z, Gyulai, Z. Physik 35, 411 (1926). A photoemission experi- 
ment by M. A. Gilleo [Phys. Rev. 91, 534 (1954) ] with Ag Fims 


on NaC! indicates an electron affinity of 0.4 ev. A recent experi- 
ment by W. J. Turner [Phys. Rev. 101, 1653 (1956) ] failed to 
confirm this result. 
" T, Muto and H. Okuno, J. Phys. Soc. Japan 11, 633 (1956). 
Professor Muto has kindly made available a copy of his 
read at the International Congress on Theoretical Physics at 
Seattle, September, 1956, in which additional results are presented. 
"1D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A156, 45 (1936). 
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In the zero order, the excited states in this model are 
linear combinations of 3s functions centered on the six 
nearest Nat ion sites. Each Hartree function for Na 
may be approximated analytically by the function 


0.993 
¢(7) =—— (4.34677 2" — 1.776? 9" +-0.243r%e" "), (3) 
(4m)* 


If we denote by the subscripts 1 and 2 the Na ion sites 
on the positive and negative x axis, 3 and 4 those on the 
y axis, and 5 and 6 on the z axis, with the Cl ion at the 
origin, we may write the 6 orthogonal linear combi- 
nations of the g’s as 


6 
Vv =C; ys Pty 


‘nt 
Vir =Ca(¢i- $2). 

Vir =Cal ¢a— 4), 

Viv=C2(¢s— ¢a), 

Vv=Cal git ¢a— os ¥4), 

Wvi= (Cs/V3) (git vat ost vs 25-240). 


The normalization constants C, C2, Cs, in the neglect 
of overlapping of g; and g,, are 14/6, 1/v2, and 3, 
respectively. It is found that such a neglect is unjusti- 
fied, however, and the proper values are 1/(14.50)!, 
1/(1.784)!, and 1/(1.814)', respectively as found from 
the overlap integrals / gigsdr=0.3273 and JS gigodr 
=(),1082. In Fig. 1 we have plotted the value of the 
(unnormalized) function W; of Eqs. (4) along the 
(1,0,0) direction. The function should be multiplied by 
C,/(4)'=0.0741 in order to normalize it. Near each 
of the six Na ions ¥; looks very much like an Na 3s 
function, and behaves fairly smoothly elsewhere. 

It is apparent that if Wy, Wu, --- or Wyr in Eqs. (4) 
were used as a localized function VY,” in Eq. (1), some 
refinements would be necessary to account for the 
circumstance that a given Na atom’s wave function 
appears both in ¥,’ and in ¥,’*'. That is, ¥,’ and 
v,7*' not only are nonorthogonal, but they are partly 
made up of the same functions. Thus, certain problems 
arise in connection with forming a coherent sum of these 
localized functions; however, as will be seen, more 
serious problems, though related ones, exist with the 
localized functions themselves. In the following we 
shall consequently be concerned only with the localized 
functions, bearing in mind that in this model, and to a 
much smaller extent in the excitation model, the over- 
lapping of the localized functions must still be con- 
sidered. 

The oscillator strengths for the various transitions 
can be expressed in terms of the two-center matrix 

“TD. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A193, 299 (1948). 
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Fic, 1, Excitation model. This is a plot of the lowest energy 
localized excited state, Vex in Eq. (7) in the text, as a function of 
position along the (1,0,0) direction. The Cl ion at r=0 is the 
center of excitation, This function should be multiplied by 0,604 
for normalization. 


elements, 


M,; = fvextnyr 0086 ¢3(r—R,)dr, 


which are found to be 0.87249 and 0.59849, respectively. 
The oscillator strength per Cl ion for all of the possible 
transitions to the states in Eqs, (4) of energy approxi- 
mately Eo is equal to 


f= (4m/W) Bol AC 2(M y+-2M )*+ (16/3)C#(M \— My)*] 
1.585. (6) 


If we had neglected the overlapping of the Na functions, 
we would have obtained a total value 


f= (4m/h*) Eo(2M ? +4M #) 
a= 3,34, 


so that it is clear that the overlap among the Na 
functions is considerable. We shall return to this aspect 
presently. 

If absolute absorption coefficient measurements were 
available for the first fundamental! absorption band of 
NaCl, we could compute the oscillator strength from 
the area under the absorption coefficient versus energy 
curve. This information does not seem to be available, 
however, and we shall have to resort to indirect methods 
to obtain an experimental value for /, 

Mayer"’ has correlated measured relative absorption'* 


* J. Mayer, J. Chem, Phys, 1, 270 (1933). See also reference 4, 
p. 658 

 R. Hilsch and R. W. Pohl, Z. Physik 57, 145 (1929); 59, 812 
(1930). R. Hilsch, Z. Physik 77, 427 (1932) 
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and index of refraction data” for NaCl, KCl, and KI, 
and has obtained total oscillator strengths for the halide 
ion in each case of 3.25, 3.24, and 4.00, respectively. It 
should be amphasized that these values include tran- 
sitions to all excited bound and ionized states, not 
merely the ones in Eqs. (4). It is difficult to estimate 
accurately what fraction of the total value of 3.25 
correaponds to the first fundamental band in NaCl, 
particularly as recent data by Hartman and co-workers'* 
is not consistent with earlier work.” A fraction 
between | and yy appears reasonable, however. Thus 
a value in the range 0.3 to 0.6 may be estimated in this 
way for the oscillator strength per ion for the first 
fundamental! absorption band. 

Another, probably better, method is based on an 
analogy with the KI system, in which absolute values 
have been measured for the absorption coefficient in 
the first fundamental absorption band.” From these 
data we obtain an integrated absorption cross section 
of 0,8810~'" cm* ev for the lowest energy transition, 
corresponding to leaving the five valence electrons in a 
j=4 state. No really satisfactory theory exists for 
relating the cross section to the oscillator strength in a 
strongly absorbing medium,” but we can estimate the 
oscillator strength, neglecting the presence of the 
medium, with Eq. (27) of reference 21. With n=1 in 


Eq. (27), we find an oscillator strength of 0.093, With 
n equal to 1.64, the square root of the high-frequency 


dielectric constant, we find an oscillator strength of 
(0,074 for this transition. Thus we find that this tran 
sition represents a fraction (0,093/4,00) to (0.074/4), 
or 0.023 to 0,019 of the total oscillator strength per 
I~ ion. From the similarity of the relative absorption 
spectra among the alkali halides, we may assume that 
roughly the same fractional oscillator strength is 
associated with the same transition in NaCl, arriving 
at a value of 0.076 to 0,000, 

In NaCl, however, the j= 4 and j 
close together, and the computations we have made in 
Eq. (6) with Eqs. (2) and (4) include them both. 
Hartman ef al.* have resolved two components of 
which the higher energy one, presumably corresponding 
to the j=4 transition, is somewhat larger than the 
other, perhaps by a factor of two. (KI seems to behave 
similarly.) Thus the total value may be a factor of 
three greater than that for the j= 4 level alone, and 
we obtain a value of about 0.23 to 0.18 for the total. 
This value of about 0.2, and the range 0.3 to 0.6 ob- 
tained from the work of Mayer and inspection of the 
relative absorption curves, are to be compared with 
the computed value in Eq. (6) of 1.585. The agreement 
is seen to be poor. 


} transitions are 


1 F. F. Martens, Ann, Physik 6, 603 (1901); 8, 459 (1902); Z 
Gyulai, Z. Physik 46, 80 (1928) 

Hartman, Nelson, and Siegfried, Phys. Rev. 105, 123 (1957) 

“ F. G. Schneider and H, M. O'Bryan, Phys. Rev. 51, 293 
(1937) 

» G, Bauer, Ann, Physik 19, 434 (1934) 

"1D. L. Dexter, Phys. Rev. 101, 48 (1956) 
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(b) Excitation Model 


Here we may call on calculations from reference 7, 
in which the ground-state wave function was that of 
Kq. (2), and the excited-state wave function was given 
by 

Voxe (1) = (wat) 4e~"/*¢(r), (7) 


with a=3, This is a function centered about the Cl ion 
site, with an envelope function dropping off with a 
damping length of 3a, and containing a periodic 
function g(r), the lowest energy wave function in the 
conduction band. The function g(r) has been deter- 
mined for the (100) direction in NaCl by Tibbs.” 
Vexe(r) will be discussed further in the next section. 
Equation (7) is plotted in Fig. 2. For normalization it 
should be multiplied by 0.604. 

With these functions we compute’ an oscillator 
strength per atom for the first fundamental absorption 
band, 


f=04 (8) 


a value apparently in reasonable agreement with 
experiment, 


CHARGE DISTRIBUTION 


It is particularly informative in the present case to 
compute charge distributions with these zero-order 
models, As will be seen, the electron-transfer model as 
commonly described predicts obviously, qualitatively, 
incorrect results, which are not even internally con- 
sistent with the model, The excitation model, on the 
other hand, satisfies the intuitive conditions one would 
impose upon a wave function. 
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Fig, 2. Electron-transfer model. This is a plot of the lowest 
energy localized excited state, ¥; in Eqs. (4) in the text, as a 
function of position along the (1,0,0) direction. The Cl ion at 
r= is the center of the excitation, so that the function has cubic 
symmetry about r=0. This function should be multiplied by 
0.0741 for normalization 
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(a) Electron-Transfer Model 


The great spatial expanse of an alkali atom’s wave 
function is a circumstance not generally appreciated 
by users of the linear combination of atomic orbitals 
(LCAO) method in the alkali halides. Using the wave 
function ¥; in Eqs. (4), we have computed the total 
charge on various ion sites, with the results described 
below. Specifically, we compute the charge contained 
within an “equivalent sphere” centered about the given 
lattice site, the equivalent sphere having a radius 
larger than the ionic radius by a factor 1.157 to account 
for the regions not contained within the ionic spheres. 
Thus, the equivalent sphere radii are taken to be 2.1449 
and 3.9649 for Na and Cl, respectively. 

Squaring ¥; in Eqs. (4) and integrating over the 
equivalent sphere, we find that 0.0108 of the charge is 
on each of the six Na ions whose wave function is used 
in the LCAO method. That is, we started by saying 
the electron was shared by the six Na ions, but a com- 
putation based on the model results in a conclusion 


that less than 7% of the electron’s charge is on the six 


Na ions, The model clearly is far from being internally 
consistent when used in this way. 

The charge on the central Cl ion, computed as above, 
is found to be 0,21 of the electron’s charge. Thus, a 
substantial fraction of the charge is in the central 
sphere ; indeed, almost 20 times as much is in the central 


Cl sphere as is in any of the six Na spheres. In this 
respect the model is probably qualitatively correct, 
but it is grossly in error in neglecting the oscillations 
in the wave function and charge distribution near the 
Cl nucleus (see Fig. 1). Since the model predicts the 
central Cl ion to be the most heavily populated, it 
should certainly take explicit account of the Pauli 
exclusion principle in computing the behavior of the 
wave function in the sphere which it predicts to be the_ 
most important. The only places where the wave func- 
tion behaves qualitatively correctly are near the centers 
of the six nearest Na ions where there is less than 7% 
of the charge; the other 93% of the charge distribution 
is incorrectly described. 

As we have seen, only 28% of the charge is on the 
central Cl ion and its six nearest neighbors. A large 
part of the remainder of the charge is predicted to be 
on the twelve second-nearest, the eight third-nearest, 
and the six fourth-nearest neighbors. In fact, there is 
more charge on each fourth-nearest neighbor than on 
each nearest neighbor. 

Thus, there are two serious errors made in the 
predictions of this zero-order model. In the first place 
it predicts an extremely diffuse wave function, extending 
very appreciably beyond the fourth-nearest neighbors. 
Secondly, even if the distribution should extend out as 
far as predicted, which seems most unlikely, the be- 
havior of the wave function where it is most important 
is completely incorrect. It is the faulty behavior on the 
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central Cl ion which is responsible for the large oscil- 


lator strength predicted. 


(b) Excitation Model 


As we see in Fig. 2, the wave function based on the 
excitation model drops off fairly rapidly. The charge 
on the central Cl ion’s equivalent sphere is approxi- 
mately 0.75, roughly § of this value coming from the 
lobe between 0.949 and 2.140, and most of the rest from 
2.1ao to 3.96a9. About 0.14 is contained on the six 
nearest Na ions, 0.09 on the twelve next-nearest 
neighbors, and 0,01 on the eight third-nearest neighbors, 
Roughly 4 of the charge is contained within 3a» and 
5.32ay of the central Cl ion, where 5.32ap is the distance 
to the nearest Na ions. It is necessary to be approximate 
with these figures, since g(r) has been worked out in 
detail only for the (1,0,0) direction; the relative errors 
in these figures are estimated to be less than 10%, 

At least qualitatively, the wave function behaves 
correctly near each ion’s nucleus, appearing something 
like a 4s Cl function near each Cl ion and like a 3s Na 
function near each Na ion. The wave function is not 
exactly correct, of course, the error being associated 
with the rapidly damped envelope function, but as a 
zero-order model it appears quite satisfactory. 


FINE STRUCTURE IN ABSORPTION 


A group-theoretical analysis of the fine structure to 
be expected with these models has been carried out 
recently by Overhauser.’ He showed that with the 
electron-transfer model the wave functions in 
Eqs. (4), combined with correct combinations of spin 
functions and the wave function of the positive hole 
left behind on the central Cl ion, could lead to five 
absorption lines in the first fundamental absorption 
band in the NaCl structure. He has further shown that 
the lowest energy wave function of the form Eq, (7), 
combined with spin functions and the wave function 
of the hole on the central Cl ion, can lead to two 
absorption lines in the first fundamental! band, He 
concludes that fine structure in this absorption band 
can best be explained on the electron-transfer model, 
and cites data by Hartman indicating the presence of 
fine structure. In NaCl and KCl, Hartman and co- 
workers have found that “The reflectivity clearly shows 
the absorption to have a doubled peak at low tempera- 
tures and with a suggestion still of further possible 
structure on the long-wavelength side of the peak,’’* 

It is possible that the LCAO method, when an 
adequate number of orbitals is included, may prove 
to be the best way of interpreting fine structure in these 
absorption bands, the LCAO method appearing par- 
ticularly suited to the computation of symmetry 
properties of wave functions. As will be shown in the 
next section, the number of orbitals required will be 
inconveniently large for a self-consistent wave function, 
but perhaps still feasible to handle. 


Six 
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On the other hand, it may not be necessary to seek a 
difficult solution. First, the lowest energy absorption 
bands of the alkali iodides, where the spin-orbit inter- 
action is large (0.94 ev), have been investigated by 
several groups, and seem to be simple bands. Secondly, 
the two lines in NaCl and KCI resolved by Hartman 
et al, have a separation of 0.12 ev and can be interpreted 
by the explanation of Mott and Gurney,” namely, the 
splitting of the doublet 3p* configuration of the Cl atom 
(0.11 ev) independently of the wave function chosen 
for the excited electron, Thirdly, in the discussion by 
Overhauser of possible fine structure in absorption, no 
account was taken of the higher excited space states in 
the excitation model, whereas all six states of Eqs. (4) 
were considered, (In a hydrogenic approximation for 
the excitation model in NaCl, one would not expect 
higher energy absorption bands, measured from the 
first, for perhaps 1.3 ev. However, it is not likely that 
the hydrogenic approximation is a good one.) Finally, 
lattice vibrations can remove selection rules prohibiting 
some transitions in the static crystal. Thus we conclude 
that a simple explanation is now possible on the ex 
citation model and may continue to be so even if 
additional fine structure should be discovered.” 


LCAO METHOD IN ALKALI HALIDES 


We conclude with a brief discussion of the LCAO 
method in the alkali halides. 

This method is particularly useful, for a well-localized 
wave function, when the atomic orbitals are themselves 
small in spatial extent. If the binding of each atomic 
orbital to its nucleus is weak, on the other hand, a 
great deal of charge may be inadvertently placed in 
regions where it is not wanted. It is then necessary to 
include further orbitals with a negative coefficient, in 
order to remove the unwanted charge. Thus one is led 
to an awkward and artificial combination of atomic 
wave functions to achieve what is really a simple 
result.” 

The alkali atomic wave functions are outstanding 
examples of spatially diffuse functions. Within the 
ionic radius of Na, 1.85 ao, there is contained only 4.27% 
of the charge of a 3s Na electron. In the equivalent 
sphere, 2.14do, there is only 7.457%. Thus, it is inevitable 
that any LCAO containing alkali atomic functions 
must put a great deal of charge far from the center, 


* See reference 8, p. 95. 

* Muto (reference 12) discusses briefly in his Seattle paper the 
fine structure to be expected in absorption in the alkali halides. 
He has shown that several components are possible on the basis 
of a model similar to the excitation model treated here; further 
results by Professor Muto and co-workers will be forthcoming 

* Another technique has been utilized by Gourary and Adrian 
to avoid some of the difficulties associated with the use of the 
LCAO method for color centers in the alkali halides. [B. S 
Gourary and F. J. Adrian, Phys. Rev. 105, 1180 (1957); F. J 
Adrian (to be published). } 
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necessitating the inclusion of many otherwise un-needed 
functions to remove most of the charge and to give 
oscillations to the remainder near the distant nuclei in 
accordance with the Pauli exclusion principle. 

In the case of a center whose wave function is not 
well localized, one would expect to have to use many 
terms in the LCAO anyway, and the fact that each 
orbital is extensive would not necessarily be a further 
inconvenience (except for the number of overlap terms 
one would have to compute in orthogonalization and 
normalization). Such a case may be, for example, the 
excited states of an F-center in the alkali halides, or the 
impurity states in crystals of high dielectric constant 
(where one would probably not be tempted to use the 
LCAO method for other reasons). For the lowest 
exciton states and the ground states of the simple color 
and impurity centers in the alkali halides, on the other 
hand, the strong interaction between the electron and 
the Madelung potential well keeps the electron well 
localized, where, as we have seen, the expansion in terms 
of diffuse functions is inconvenient.” 

Finally it should perhaps be stated explicity that our 
principal criticisms of the electron-transfer model 
relate not primarily to the physical picture, but to the 
existing mathematical implementation of the model; in 
the theoretical work based on this model the principal 
error seems to be related to taking too literally phrases 
such as “transferring an electron from a halide ion to 
an alkali-ion,” used in a qualitative description. On 
the excitation model, which appears to be semiquanti- 
tatively correct, almost all of the charge lies within a 
sphere passing through the centers of the six Na ions, 
a good share of it being closer to the Na nucleus than 
to the central Cl nucleus. Thus a qualitatively correct 
viewpoint is to consider the creation of the localized 
excited state of the Cl ion as involving the motion of an 
electron’s charge from the Cl ion towards the Na ions. 
Indeed, quite a good wave function could probably be 
constructed from a combination of an excited Cl (4s) 
wave function and a sum of damped and highly po- 
larized Na 3s functions, (The writer is not aware of the 
previous use of such a function, but it might prove to 
be quite useful, particularly for symmetry properties.) 
Wave functions constructed of linear combinations of 
six Na (3s) functions, as in Eqs. (4), however, cannot 
be considered as physically realistic. 

The assistance of N. N. Axelrod, R. S. Knox, and 
M. P. Rimmer in programming and carrying out 
numerical computations is gratefully acknowledged. 


* It has been pape that for some computations involving 


the ground states of color centers in the alkali halides, a model 
equivalent to the excitation model described here is insufficient. 
Krumhansl and the writer have shown that in these cases also this 
model, when used correctly, is in reasonable accord with experi- 
ment. [J. A. Krumhansl, Phys. Rev. 93, 245 (1954); D. L. Dexter, 
Phys. Rev. 93, 244 (1954). also reference 24. } 
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The angular correlation of the 2-quantum decay of positrons annihilating in a Teflon absorber has been 
measured at room temperature and at 490°K, in each case with a magnetic field of 10 kilogauss and in the 
absence of the field. The results are consistent with prediction based on the assumption of conversion between 


triplet and singlet states of positronium, 


INTRODUCTION 


HE work of Page ef al.’ and of Stewart e al.’ 
has shown that the angular correlation of the 
2-quantum radiation from the annihilation of positrons 
in certain materials is both magnetic-field-dependent 
and temperature-dependent. It has also been pointed 
out * that this dependence can be related quantitatively 
to the values of the conversion coefficients between the 
singlet and the triplet states of positronium that were 
obtained by Telegdi e¢ al. in a measurement on 
3-quantum decay. (‘Conversion coefficient” is used 
here with the same reservation on its interpretation as 
given in that article.) The inference from this could 
then be that positronium is formed in these materials, 
a remark which has, indeed, been made in the articles 
already cited, The present measurement was made with 
the hope that support for this inference would be 
furnished. One particular material, Teflon, was selected 
since even at room temperature the fraction of 2-quan- 
tum decays in the “narrow” component is quite large 
Moderate temperature (490°K) and field (10 kilogauss) 
were used since the works mentioned'?* have already 
separately presented measurements at higher field (16 
kilogauss) and temperature (525°K). 


EXPERIMENTAL 


With minor modifications, the method used was the 
original one of Green and Stewart. About 0.2 mC of 
Na”Cl was enclosed in a small (5-mm diameter, 
cylindrical) cavity in a Teflon disk. After deposition of 
the radioactive material (the emitter), the cavity was 
closed with a threaded Teflon plug and the assembly 
was sealed with a thin layer of heat-resistant Formvar 
enamel. The*two Nal counters were 340 cm apart and 
each crystal was covered with a lead collimator, with a 
horizontal slit 2 mm high and 3 cm long. The Teflon 
disk (the source) was placed precisely in the center 
between the two counters, with its plane parallel to the 
plane of the slits, and moved in one-millimeter steps in 
a vertical direction by an automatic mechanism which 
printed out the counts accumulated after the end of a 

* Present address: Enrico Fermi Institute for Nuclear Studies, 
University of Chicago, Chicago 37, Illinois 

1L. A. Page and M. Heinberg, Phys. Rev. 102, 1545 (1956). 

*R. E. Green and A. T. Stewart, Phys. Rev. 98, 486 (1955); 
A. T. Stewart, Phys. Rev. 99, 594 (1955). 


*S, D. Warshaw, Phys. Rev. 104, 21 (1956). 
‘V. L. Telegdi ef al., Phys. Rev. 104, 867 (1956). 


predetermined time interval and advanced the source 
one step. To eliminate the chance of instrumental drift 
affecting the data, at least ten sets of observations were 
made through the complete angular-correlation curve 
and the results averaged; a typical run required about 
3-4 days counting time to obtain the area under the 
curve to better than 1%. Each final curve is the result 
of averaging three separately measured curves, and the 
estimated errors (of moments) are based on the devia- 
tion from the mean of these three. The counting 
circuitry was conventional; a 0.25-ysec coincidence 
circuit with pulse-height analysis to eliminate unwanted 
chance coincidences. For measurements in a magnetic 
field, and at the higher temperature, a magnet was 
placed around the source. The magnetic field was 
measured to be uniform for a distance about twice the 
maximum traverse of the source. At the same time a 
small hot oil bath was installed between the pole pieces. 
Measurements at room temperature with oil and with- 
out oil showed that this had no significant effect on 
the shape of the normalized angular-correlation curve. 

The resolution can be estimated approximately. Since 
the resolution curve is a fold of the source intensity 
distribution into the slit distribution, i.e., a convolution 
integral, the second moment of the resolution function 
(p(@)) is the sum of the second moments of the source 
(S) and slit (s) functions: m,=m +m, [expressed in 
(milliradians)*}, As usual, we take the slit function to 
be triangular with a base width given by the slit height. 
Green and Stewart’ originally tilted their source about 
10° to make the resolution independent of positron 
range; however, unless the projected height of the 
tilted source is greater than the extrapolated range, 
the resolution is still not independent of range and this 
was not the case here; therefore no tilt was built into 
the assembly. By assuming two extreme range distribu- 
tions, first an exponential with an absorption length 
of about 0.2 mm (aluminum) for the 600-kev positron 
spectrum, and second a uniform distribution with a cut- 
off at the extrapolated range (about 0.8 mm of Al) we 
find that 0.36<m,<0.57 or, if o®=m,, then 0.6<¢ 
<0.75 (milliradian). An intermediate triangular distri- 
bution gives o= 0.63; therefore the resolution is slightly 
poorer than that used by DeBenedetti et al." ; from their 


*Lang, DeBenedetti, and Smoluchowski, Phys. Rev, 99, 596 
(1956). 
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Fie. 1. Angular cor- 
relation with aluminum 
absorber. The dashed 
curve is from reference 5 
normalized to unit area 
and corrected for back 
ground, 





© mir adions 


published work m,*0.25 or o*0.5 milliradian. If the 
source is rotated into the vertical plane, we estimate 
m,(vert) = 3 (milliradian)* from the (slightly increased) 
radius of the emitter. Angular-correlation curves with 
Al absorber in the horizontal (good resolution) and 
vertical (poor resolution) positions were run in order to 
check on the internal consistency of these estimates. 
The difference between the second moments of these 
curves should be just the difference in the resolution 
second moments for each case. It was found that 
M (vert) = 15,84-0,1 (milliradian)*, M (hor) = 13.24-0.1, 
and the difference therefore was 2.6+4-0.15. (Errors are 
approximately the standard errors of estimate from 
three trials.) This agrees with the triangular source 
distribution, The good agreement is, of course, fortuitous 
since the two extreme values also lie within the error 
interval, but at least consistency has been demon 
strated, The curve for Al with good resolution is shown 
in Fig. 1, superimposed on the published curve from 
Lang ef al.® There is a remaining discrepancy (corre- 
sponding to a second moment of 12.5 for DeBenedetti’s 
curve) which can be ascribed to self-absorption in the 
emitter. In DeBenedetti’s work the emitter was shielded 
from the counters, Although the shielded-emitter 
method is clearly superior, the present method was 
used because of the easier mechanical arrangement 
possible and the requirement of less radioactivity, 
Green and Stewart estimated the fraction of annihila- 
tions in the emitter by making a blank run and applying 
a back-scattering correction to the result. Since this 
procedure possibly overestimates this fraction and 
since we were interested mainly in differences which 


Fic. 2. Experimental 
angular correlation in 
Teflon, at room tem- 
perature with a mag 
netic field of 10 kilo 
gauss, The solid circles 
were taken on the left 
hand side of the curve 
and reflected through 
the axis of symmetry. 





appear when a field (or temperature) is introduced, 
only a crude estimate of self-absorption was made by 
using the expression for the angular distribution in 
NaCl given by Ferrell. The second moment of that 
distribution is 14.0 (milliradian)? so that if f= (1—8)f, 
+Bfsuci, where 6 is the fraction annihilating in the 
NaCl emitter, f, is the true angular distribution (taken 
to be the resolution-corrected curve of reference 5), 
and / the distribution with self-absorption, then B=0.32 
+0.1. Although the error on this is necessarily large 
(since f is essentially a smal! difference of large num- 
bers), it will be used as a first-order correction. 


RESULTS 


Four separate curves with Teflon absorber were taken 
corresponding to A (room temperature, zero field), 
B (room temperature, 10 kilogauss), C (490°K, zero 
field), and D (490°K, 10 kilogauss). All curves were 
separately normalized to unit area; to save confusion 
in presentation only the experimental curve at B 
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Fic. 3. Smooth normalized curves for the four conditions 
given in Table I. Experimental points not shown for the sake 
of clarity. 


(room temperature, 10 kgauss) is shown with the experi- 
mental points; this is given in Fig. 2, and is normalized 
but with no correction applied for either resolution or 
self-absorption. The errors indicated are those from 
statistics of counting only. The background (~4% of 
peak) was obtained by plotting the tails of the curves 
on semilog paper and extrapolating the result to large 
angles. At the same time this gave an exponential fit to 
the tail which was used in the integrations. (Although 
an exponential appeared to be a rather good fit, this is 
not meant to imply that the exponential form neces- 
sarily has any physical significance.) Figure 3 gives the 
set of four smooth fitted curves (with the experimental 
points not shown), again with no correction for self- 
absorption or resolution. Table I gives the second 
moments for these curves, and also the corrected values. 
In the case of room temperature and zero field, the 
corrected second moment agrees well with the value 


*R. A. Ferrell, Revs. Modern Phys. 28, 308 (1956). 
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calculated from the publication of Page ef al. The two 
curves at the higher temperature have been drawn, 
following the example of Stewart,” with some structure 
to emphasize their assumed two-component form, even 
though the statistics in the wings barely warrants this. 
In the case of a magnetic field, the fraction of “wide” 
component which is transferred by the field into the 
“narrow” component can be estimated from the area 
between the field-on and field-off curves taken from 
6=0 to the point where the curves cross. This is really 
a lower limit to the fraction transferred; if the two 
components, whatever their form, are characterized by 
single cutoff parameters (e.g., the base length in a 
triangular distribution), then the fraction determined 
in this way should be multiplied, very approximately, 
by the factor 1+6 (to first order in 6) where 4 is the 
ratio of narrow to wide cutoff parameters. From these 
curves, the area transferred has also, of course, to be 
divided by 1—8, where @ is the fraction of positrons 
annihilating in the emitter. (1—§=0.68.) From the 
present set of data the (lower limit of the) fraction 
transferred is (3.02-0.3)% at room temperature and 
(3.640.3)% at 490°K. The estimated error, given 


Tas e I. Second moments for the measured distributions. 


(@*) corr*® 


() Kurtosis* 
(milliradian)* (milliradian)* k 


Curve 


: room temp., zero field R 28.3 


*; 490°K, zero field 
: 490°K, zero kilogauss 
Aluminum 


A 
B: room temp., 10 kilogauss 
c 
D 


® Corrected for self-absorption and resolution, 
> From reference 5 


approximately, is based on an average of three separate 
trials. The difference at the peak position (field-on) 
— (field-off) was, in each case, obtained to a statistical 
accuracy of 10% of the difference—i.e., about 5X 10* 
counts, at about 10 counts per minute at peak. The 
foregoing error does not include the uncertainty in 1—8; 
if this is included then the error should be increased to 
about 0.5. 

The increase in peak height at high temperature 
relative to the peak height at room temperature is 
consistent with the results of Stewart for a much wider 
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range in temperature. However, although the normal- 
ized corrected curves here agree rather well with the 
corresponding data of Page,' Stewart’s’ curve at 77°K, 
normalized, has a significantly higher peak (about 0.11) 
than our own room temperature curve (0,103-0.002). 

For possible later analysis, included with the second 
moments in Table I is the kurtosis’ for each curve, 
corrected for resolution and self-absorption. Note the 
increase in kurtosis, &, in passing from (zero field, room 
temp.) to (10 kgauss, 490°) and the large difference 
between ka; and krerion. The exact figures for kurtosis 
should not be taken literally since they are very sensi- 
tive to small changes in the fit of the curves in the 
wing region. 


CONCLUSIONS 


The ratio of area transferred at room temperature to 
area transferred at 490°K is 1,240.15. This value agrees 
with expectation’ based on the assumption that a bound 
system is formed with conversion possible between its 
triplet and its singlet states and with “conversion” 
having the same meaning given in reference 4. It is 
clear from the large errors assigned to the fractions (and 
to their ratio, which eliminates the uncertainty in self- 
absorption and cutoff ratio) that the method of angular 
correlation is not the most suitable for the investigation 
of bound positron states in solids; a very long counting 
time is required to gain a rather small amount of 
information. The difference between the transferred 
fractions is about the same as the error in their values. 
These measurements have therefore actually only 
demonstrated consistency with the expectation rather 
than quantitative agreement. As Ferrell* has pointed 
out, a much more efficient way to gain information 
(once it is granted that the effect in angular correlation 
is based on the same phenomena) is the method of 
delayed coincidence. 

’ The kurtosis, k, is defined as the ratio of the fourth moment 
to the (second moment)*. For a Gaussian, 4 3. The coefficient of 
the leading polynomial in a Hermite function expansion of 
symmetric distributions like these is proportional to (4-3), 
[See H. Margenau and G. M. Murphy, Mathematics of Physics 
and Chemisiry (D, Van Nostrand Company, Inc., New York, 
1943), p. 421. ] Therefore & measures the pointedness of the distri 
bution relative to that of a Gaussian. For a parabolic distribution 


ke 15/7213, for a triangle kw 12/5=2.4, and for an expo- 
nential k= 6, 
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The cross section for the scattering of electrons by hydrogen atoms at zero energy has been calculated 
by using a variational principle of the Hulthén-Kohn type. For singlet scattering we have used a three- 
parameter trial function which reduces to an H™ wave function at small electron separations and which 
has the correct asymptotic form. To calculate triplet scattering we use an antisymmetrized version of the 
same trial function. The effective range for singlet scattering is determined from the scattering length 
already calculated and the known value of the electron attachment energy for H~. For triplet scattering 
we use an energy-dependent trial function to determine the effective range. Using the calculated values 
of the above parameters, we find the cross section as a function of energy for the range 0~0.02 volt. 


1, INTRODUCTION 


HE problem of the scattering of electrons by 

hydrogen atoms has a certain intrinsic interest 
because of the high hydrogen concentration in stellar 
atmospheres, Just as important is the fact that this 
problem serves as a sort of model for the general 
problem of the scattering of electrons by atomic 
systems. Any approximation methods one devises for 
the more difficult problems of the scattering by heavier 
atoms can be tried out with hydrogen, and the results 
can be compared either with experimental data or with 
more accurate calculations that can be made for this 
three-body system. 

Some experiments have been done on the elastic scat- 
tering of electrons by atomic hydrogen,’ and numerous 
calculations have also been tried.’ Unhappily, the exper- 
iments do not go down to energies below 1.5 electron 
volts, and none of the calculations attempted has been 
specifically designed to take advantage of the known 
properties of the proton plus two-electron system where 
the total energy of the system is approximately equal 
to the binding energy of the hydrogen atom. 

The difficulty in dealing with the low-energy scat- 
tering of electrons by hydrogen atoms is that none of 
the interactions can be considered small; thus, no per- 
turbation procedure is possible. In addition, it is dif- 
ficult to take into account the polarization of the 
hydrogen atom by the incoming electron, The central 
idea of this paper is to take advantage of the fact that 


* The research reported in this document has been sponsored 
in part by the Geophysics Research Directorate of the Air Force 
Cambridge Research Center, Air Research and Development 
Command, and in part by the Office of Naval Research 

t Present address: City College of New York, New York, New 
York 

'H, S. W. Massey and E. H. S, Burhop, Electronic and Jonic 
Impact Phenomena (Oxford University Press, London, 1952), p 


* Bederson, Hammer and Malamud (to be published) 

*H. S. W. Massey and B, Moiseiwitsch, Proc, Roy. Soc 
(London) A205, 483 (1951); W. P. Allis and P. M. Morse, Phys. 
Rev, 44, 269 Use): Z McDougall, Proc. Roy, Soc, (London) 
A136, 549 (1932); S. Chandrasekhar and F. H. Breen, Astrophys 
J. 103, 41 (1946). T. Kato, Progr. Theoret. Phys. Japan 6, 394 
(1951); S. S. Huang, Phys. Rev, 76, 477 (1950) 


we know something about the polarization of the atom 
by the incoming electron, namely, that a negative 
hydrogen ion exists with an attachment energy of } of 
an electron volt. This experimental fact has two con- 
sequences, The first is that this bound state so close to 
zero energy will dominate the zero-energy scattering 
cross section. The second conclusion is that the wave 
function of H~ should be a good description of the 
system of two electrons plus a proton when all three 
particles are close together, Such a wave function should 
be particularly useful in a variational! principle. 

In Sec. 2 we discuss the problem we are going to 
solve and the variational principle we sha!) use. In Sec. 
3 we shall give the results for singlet and triplet scat- 
tering at zero energy using two different trial functions. 
In Sec. 4 we discuss the way in which the known results 
of the singlet and triplet scattering lengths and the 
attachment energy of H~ enable us to extend our results 
to higher energies. In the final section we compare our 
work with the previous literature. 


2. VARIATIONAL PRINCIPLE 


In order to solve the problem of the scattering of 
electrons by hydrogen atoms, we must solve the differ- 
ential! equation, 


LY (1;,12) =9, (1) 


subject to the boundary condition that as r,; or ry goes 
to infinity, the solution should consist of an incident 
plane wave in one particle times a bound state function 
of the other, plus an outgoing spherical wave in the 
coordinates of one of the electrons times a bound state 
wave function in the coordinates of the other. The 
operator L is 


where we have set h=m=e=1. In this system of units, 
the unit of length is the Bohr radius and the unit of 
energy is twice the ionization energy of hydrogen, The 
quantity & is the kinetic energy of the incident electron ; 
r, and r, are the coordinates of the electrons, and fy. 
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is equal to r;—r». The mass of the proton is taken to 
be infinite. 

Since we shall be interested in the scattering at zero 
energy, we need concern ourselves only with the s phase 
shift. However, the potential in (1) is not spherically 
symmetric hence there is some difficulty about intro- 
ducing a phase shift. The method for doing this has 
been discussed by Kohn‘ and we shall repeat the 
relevant portions of his paper as applied to the problem 
at hand. 

The asymptotic form of the wave function can be 
written as 


C ikirg ethers 
uy NPa( ae —BY- ) (3) 
i r; Tr; 


In (3), where P; represents the normalized angular wave 
function of relative motion, N, is a normalization 
constant so chosen that |a,“|* represents the prob- 
ability flux of the incoming electron, and ¢; is a bound 
state hydrogenic wave function. The superscript yu 
represents a possible mode of collision. In our case, 
there are two possible modes of collision, one in which 
electron 1 is incident, and the other in which electron 
2 is incident. 

In the particular problem we are considering, namely, 
the scattering of electrons by hydrogen atoms near 
zero energy, the index i runs over 1 and 2. Only the 
zero angular momentum wave function need be con- 
sidered. The coefficients a,’ and a,' are equal to zero; 
the coefficient B,' is connected with the amplitude for 
direct scattering and 8,' is connected with the amplitude 
for exchange scattering. The S matrix is defined as the 
matrix connecting a“ and 6“, as follows: 


BY => S,ja;"". (4) 


In the representation we have used, the S matrix is not 
diagonal. From the symmetry of our problem, we know 
that S\;= Sx. and that S;.=S2;. In order to diagonalize 
S, we must transform it with the matrix 


1 sl 1 
U- ( ). (5) 
vz\1 —1 


This means that the basis for the diagonal repre- 
sentation of S is 
1 yo++yp® 
Be a am 
v2\¥0 —y® 


These are the same linear combinations which are 
required to satisfy the Pauli principle. We now intro- 
duce the proper phases as the diagonal elements of S, 
such that 

Sy", Sa’ =e, (7) 
These considerations are relevant to our problem in the 
following way: in order to introduce phases for the 


*W. Kohn, Phys. Rev. 74, 1763 (1948). 
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scattering problem, two s phases are required, one 
representing the phase shift for singlet scattering, and 
the other for triplet scattering. The former is charac- 
terized by a symmetric wave function in coordinate 
space, the latter by an antisymmetric one. 

The variational principle used here is one that has 
previously been derived by Kohn‘ or can be derived by 
a simple generalization of the method used by Kato. 
It states that if we define 


X@k coté=k coté' - f viwdrdr, (8) 


where 6‘ is the trial phase shift, then X is stationary 
with respect to the variations of trial functions ¥‘ 
subject to the condition that their asymptotic form is 


1 
Vv! — —— —[coskr, +k cotd' sinkr, \po(re), (9) 
rym (8m)! r 


¢o(r) being the ground state wave function for hydro- 
gen. Its asymptotic form, where rz goes to infinity, is 


4 
y! t [ coskry+-k coté! sinkrs kbo(r,); (10) 
(8m)! 4) 


the plus or minus sign obtains, depending on whether 
we are considering singlet or triplet scattering. There 
are two separate stationary expressions of the form of 
Eq. (8) which have to be separately calculated with 
symmetric and antisymmetric trial functions, respec- 
tively. 


3. RESULTS FOR ZERO-ENERGY SCATTERING 


As we have explained in the introduction, the trial 
function used in the stationary expression (8) for 
singlet scattering should reduce to an H~ wave function 
when the electrons are close to one another, and to the 
correct asymptotic form (9) and (10) when they are 
separated. We first concentrated on zero-energy singlet 
scattering and used a wave function of the form 


Yi=Ale*'i¢ Bre) 
1 


+ | Ba~« 119) 
(Sar)! 


co" 


(1 ok 


rs wh 
1 

t [aa ETN) of 

(Bar)! 


(11) 


ce", 


(l-e oar 


r mn 

The a and @ that we chose are the best ones for H~ and 
have been determined by Chandrasekhar’ to be 
a=1,03925 and §=0.28309, It probably would have 
been better to have left the a and 6 as free parameters, 
but this would have made the calculation very cumber- 
some. By taking the limit of (9) as k-»0, we can see 


*S, Chandrasekhar, Astrophys. J. 100, 176 (1944), 
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TABLe I, Results for singlet and triplet scattering 


Xe 7 A B 


~0,1282 
~0 A256 


0.0414 
0.00557 


0.12 
046 


0.1226 
0A251 


Singlet 
Triplet 


that B represents lim,.o(k coté‘). A, B, and y were the 
parameters which were varied, The actual procedure 
we used was to substitute (11) into (8), and then to 
carry out the integrations, When this was done, k coté 
was expressed as a function of A, B, and y. We then 
eliminated A and B by the relations 


O(k cots) /0A =O 8X 6/dA, 


(12) 
O(k cots) /OB=O=dXo/dB, 

where Xo is the stationary value of lim,.o(& cotd), 
Having eliminated two of the parameters algebraically 
we plotted X» as a function of y and determined the 
stationary point from the plot. The numerical calcu- 
lations are quite involved and were carried out with the 
aid of Burroughs E-101 computer. 

For triplet scattering we have no guide, as we do in 
the singlet case, as to what would be an intelligent 
choice of trial function, but since we do not expect that 
the triplet scattering will contribute much, we have 
merely taken the antisymmetric combination of the 
same one-electron wave functions that has been used 
in (11). The results of the calculation are summarized 
in Table I, 

Our next attempt was to improve the singlet cross 
section calculation by taking a more complicated H 
wave function, one that depends explicitly on ry». Our 
trial function to be used in the stationary expression (8) 
is 


y' sA(l + cry) Le arg Bra } c rig art] 


| (1—e-7"8)? 71 
+ [mc *o1"8) 4 fF « " 
(Sr)! a} ’ 


og", 


1 (l—e77")* 71 
t [a E71") + 
(8)! Lal 


1.07478, £6 


a! 


c=0,31214, a 0.47758. 
The results obtained for singlet scattering by using this 
trial function are summarized in Table II. 

We did not attempt to complicate the calculation 
for triplet scattering since we have no reason to believe 
that the more complicated trial function would improve 


Taste II. Results obtained for singlet scattering by 
using rie-dependent trial functions. 


Xe Y A B 
0.1291 0.07 0.0308 0.1472 


Singlet 
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the results. Besides, the triplet cross section seemed to 
be quite’small at zero energy. 

The limit as k-»0 of k coté equals —1/a, where a is 
the scattering length. The singlet and triplet cross 
sections in terms of the scattering lengths are 


0,=46 4,2, Q=4e af. (14) 


The total cross section is given by 


0=410,+10.. (15) 


The results for the total cross section are given in 
Table ITI. 

Thus it is seen that the triplet cross section contri- 
butes only about 20% of the total at zero energy, and 
that the inclusion of an explicit 7. dependence in 
singlet trial function lowers of the cross section by 
about 10%. 


4. RESULTS NEAR ZERO ENERGY 


By a slight generalization of the argument used in 
potential scattering,® it is easy to show that in the 
three-body problem which we are considering, the 


TABLe III. Total cross sections at zero energy. 


10, 101 a) 


66.54 ra? 16.61 ra? 83.15 rad 


Using trial function Eq. (11) 
.00 rae? 16.61 rae 76.61 ra? 


Using trial function Eq, (13) 
effective range formula holds for each of the phase shifts, 


k cotb: » =— + bro: ok’, 
ai, a 
(16) 
triplet 
To1,0e™ te tive range. 
singlet 


Again, by arguments similar to those used in the one- 
body problem, it is possible to show that in the event 
that a negative ion exists, there is a relation between 
the attachment energy, the scattering length and the 
effective range given by 


qa (1/a)+4roe’, 


Having now calculated the scattering length, we 
could calculate the effective range if we knew the 
attachment energy for H~. The best value is one which 
Hylleraas and Midtdal’ have found, as corrected by 
Branscomb,* to give 0.756 electron volts. In our units 
this is «=0.236. Substituting this and the previously 
calculated value of a, into (17), we find the values for 
ro, a8 given in Table IV. 


(17) 


¢=attachment energy. 


‘J. Blatt and V. W. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), pp. 57 ff. 

’E. A. Hylleraas and J. Midtdal, Phys. Rev. 103, 829 (1956). 

* L. Branscomb (private communication) 
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Tase IV. Singlet effective ranges. 


Trial function Eq. (11) 


4 Od» 


Trial function Eq, (13) 


3.8549 


Since the only bound state of H™~ is a singlet state, 
we have no similar argument which would enable us to 
determine the triplet scattering length. What we have 
done in this paper is to use an energy-dependent trail 
function of the form 


Ww =Ale arig- brat. e-Brig va] 


ay 
— —[ coskr;(1—e~7")? 
(8m)! Lal 


| 
e vi) | » ed 
wr 


+-k coté' sinkr, (1 


ae 
{ coskr(1—e~7")? 
(Sar)! tT. 
1 
+k coté' sinkr,(1—e~-7") }-er", 


wr 


(18) 


We then expand the result in powers of &’, and obtain 


X =k cotd= f(A,Byy)+¢(A,B,y)R’. (19) 


From (16), we note that 
OX /ak® 


+470. (20) 


If we now take the derivative of (19) with respect to # 
and take the limit as #® approaches zero, we have 


(- -) ( of ) OA ) af OB 
) CCA) 
Ok? 0 OA ( Ok? 0 OB 0 Ok 0 
of oy 
+( ) ( ~) +g(A,B,y)o, 
Oy] o\ dR F 9 


where the subscript 0 indicates that the value of the 
functions is to be taken when k?=0. But the extremal 
nature of X» means that we have evaluated it at the 
points where 


(Of/ 0A )o* (0f/AB)o = (df, Oy)o=9. 


(21) 


(22) 
Comparing (20), (21), and (22), we see that 
(OX /dk*) (23) 


Ary. 


6(A,B,y)o 
Thus, using an energy-dependent trial function we 


Taste V. Singlet and triplet effective ranges 


Singlet Triplet 


3.11 0.808 


OF ELECTRONS OF 


NEARLY ZERO ENERGY 


@ in units of 
: 





— 


0.03 


0,01 0.02 


Fic. 1. Total cross section os wave number, 

obtain the results for ro as given in Table V. We see 
that this gives a value of the effective range in the 
case of singlet scattering which is about 30% smaller 
than the more accurate calculation using the known 
attachment energy. It is to be expected that the latter 
method of calculating the effective range is not quite 
as accurate since the trial function we use becomes 
worse as we proceed away from zero energy. As we 
have said before, since the triplet scattering is rela 
tively unimportant, we feel that the error incurred is 

} 
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Fic. 2. Comparison of calculated and experimental results for the 
scattering of electrons by hydrogen atoms 





720 s. 


small. We have used the value of ro,3.85 and ro, 
~ 0,808, The results are plotted in Fig. 1. 

We have plotted the results only up to k=0.04, 
since we feel that the validity of the effective-range 
formula can be guaranteed only in regions where 
VaA/ré. 


5. COMPARISON WITH OTHER RESULTS 
AND CONCLUSIONS 

There are no experimental results for the scattering 
of electrons by hydrogen atoms in the vicinity of zero 
energy; Bederson, Hammer, and Malamud’ have 
obtained a cross section of 65m at 1.5 electron volts. The 
relationship of their results to ours is shown in Fig. 2. 

Of the calculations that have been made, the one by 
Massey and Moiseiwitsch’ is closest to the one reported 
here. However, the authors do not emphasize the scat- 
tering at zero energy, nor do they report any results in 
the neighborhood of zero energy. It is difficult to 
estimate how to extrapolate their results. However, the 
values of k coté calculated by them fall on a straight 
line both for the singlet and for the triplet case, If one 
extends this straight line to zero energy, one obtains a 
value of 64.6, in contrast to our value of 76.69. The 
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higher value that we have obtained seems more in 
accord with the experimental results. 

One other observation should be made. The results 
of McDougall,’ Chandrasekhar and Breen* and Kato’ 
for the scattering of an electron by the Hartree field of 
the hydrogen atom give a value of the zero-energy cross 
section of about 3507, which has always seemed too 
large. Since these authors do not include an exchange 
interaction in the Hartree-Fock sense, it is reasonable 
to suppose that their calculation is an approximation 
to the singlet cross section. This means that their 
value must be weighted with the statistical weight of }. 
The triplet cross section, as we have seen, is very small 
at zero energy and therefore the value obtained by 
considering the scattering by the Hartree field at the 
atom seems surprisingly good. 
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hy using the statistical methods originally due to Bethe, the predictions for the densities of nuclear 
energy levels at excitation energies around 8 Mev are examined for two different versions of the shell model. 
A crude method is used to take into account the effects of shell structure. The assumed form of the theoretical 
expression for the density of nuclear energy levels is employed to analyze the data from slow-neutron 
resonance experiments and from fast (n,y) cross sections. In contrast to earlier results, for the necessary 
potential radius, it is found that either the static diffuse potential with a radius of ~1.2K10™X A?! cm, 
or the diffuse velocity-dependent potential based on the Johnson-Teller model with a radius of ~1410" 
XA! om, leads to fair agreement with the above experiments. In each case the values of the thickness of the 
surface layer on the nuclear potential and the magnitude of the spin-orbit coupling are taken to be those 
previously found to give close agreement with the experimental shell-model level sequences. 

The level-density expressions used here lead to an energy dependence which is in even stronger disagree 
ment with those derived from various excitation function and inelastic scattering experiments than the 
empirical formula of Blatt and Weisskopf. It is argued that this anomaly may cast more light on the use of the 
statistical theory of nuclear reactions than on the validity of the expression for nuclear level densities. 


lL. INTRODUCTION 


GO and Wegner,' and others,’ have pointed out that 
there exists an anomaly in the various measure- 
ments of nuclear level densities: different nuclear- 


reaction experiments give evidence about the energy 
dependence and the dependence on mass number A 
which seems contradictory. However, the statistical 
theory of nuclear reactions’ is employed to analyze 


_. these experiments so that it is far from certain which 
* Supported in part by the Office of Ordnance Research U. S. 


Army. 

+ Whiting Fellow in Physics. Submitted in partial fulfillment 
of the requirement for the Ph.D. degree, University of California, 
Berkeley, California. 

t Now a Pressed Steel Fellow at the Clarendon Laboratory, 
Oxford, England. 

1G, Igo and H, E. Wegner, Phys. Rev. 100, 1309 (1955), 

* See, ¢.g., Brookhaven Conference on the Statistical Aspects 
of the teasioen, January, 1955, BNL-331 (C-21) (unpublished). 


of the many assumptions involved is breaking down. 
Besides the steadily increasing evidence for “direct 
interactions’? or noncompound-nucleus processes, 


*J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 

‘ Austen, Butler, and McManus, Phys. Rev. 92, 350 (1953); 
R. M., Ei and G. Igo, Phys. Rev. 93, 1039 (1954); R. M. 
Eisberg, Phys. Rev. 94, 739 (1954). 
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there is some question® from the measurement of angu- 
lar distributions at different energies as to whether the 
statistical assumption may not also be invalid. As a 
separate complication, the more direct measurements 
of level densities’ provide stronger evidence for shell 
effects than can be ascribed purely to differences in 
binding energies of the compound nucleus. 

In view of these discrepancies it seems worthwhile to 
re-examine the more direct measurements in order to 
determine whether they can be reasonably well fitted 
by the simplest theoretical expression based on inde- 
pendent-particle shell models and more recent radial 
measurements** than those considered desirable in 
earlier work,."°" This is of particular interest because of 
the now quite accurate measurements of nuclear level 
densities which come from a count of the slow-neutron 
resonances at excitation energies roughly equal to E,, 
the separation energy of the last neutron in the com- 
pound nucleus. For with the advent of improved ve- 
locity selectors, such as the Brookhaven fast chopper,” 
resolution is now sufficiently high often to validate the 
assumption that no appreciable number of levels re- 
main undetected in a given energy region.” Somewhat 
less direct values are derived from cross-section meas- 
urements of Hughes ef al.’ for fast radiative capture of 
unmoderated fission neutrons of an effective energy of 
one Mev. These give a measure of level densities at an 
excitation energy of (£,+1) which is still direct com- 
pared, for example, to excitation-function measure- 
ments largely because the radiation widths, unlike the 
particle widths, vary little from one level to another.” 
The advantage of considering both types of experiment 
is that whereas one alone will test the prediction of the 
theory for the absolute number of levels, both combined 
provide some sort of check of the energy dependence. 

In Sec, 2 we shal! summarize briefly the assumptions 
that have usually been made, and are made in this 
paper. Little attempt is made to justify them. Since 
Bethe’s original work" a considerable amount has been 
done on these lines; but we shall be concerned in 
investigating the present empirical justification for this 
general approach. In Sec. 3 we outline the methods 
used to analyze the experimental data, and the special 


+R. M. Eisberg and N. M. Hintz, Phys. Rev. 103, 645 (1956), 

* Summaries, and references, for all data on level spacings found 
from slow-neutron resonances which are used in this article can 
be found in references 13, 28, and RK. S. Carter and J. A. Harvey, 
Phys. Rev. 95, 645 (1954); Carter, Harvey, Hughes, and Pilcher, 
Phys. Rev. 96, 113 (1954). 

? Hughes, Garth, and Levin, Phys. Rev. 91, 1423 (1953). 

*Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956). 

* D. L. Hill and K. W. Ford, Phys. Rev. 94, 1617 (1954); V. L. 
Fitch and J. R. Rainwater, Phys. Rev. 92, 789 (1953) 

“ H. A. Bethe, Phys. Rev. 50, 332 (1936); Revs. Modern Phys. 
9, 53 (1937). 

" J, Bardeen, Phys. Rev. 51, 799 (1937). 

# Seidl, Hughes, Palevsky, Levin, Kato, and Sjéstrand, Phys. 
Rev. 95, 476 (1954), 

Harvey, Hughes, Carter, and Pilcher, Phys 99, 10 
(1955). 

4 J. S. Levin and D. S. Hughes, Phys. Rev. 101, 1328 (1956), 
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methods employed in the theory to make use of two 
particular models'*"* which, since they give a good 
description of shell-model assignments"’ for the ground 
state, might be expected to provide a reasonable start- 
ing point for a calculation in which we wish to retain 
shell effects. In Sec. 4 we discuss the results and their 
possible implications. 


Il, ASSUMPTIONS 


The basic assumption made is that the number of 
excited nuclear levels in a given energy region is ob- 
tained, to a good approximation, by the number of ways 
in which nucleons can be excited to independent- 
particle levels such that the sum of the single-particle 
excitation energies is equal to the total excitation energy 
of the nucleus.'* Although it is not necessary that the 
nuclear wave functions resemble those of the inde- 
pendent-particle configurations, it must be assumed 
that the configuration interactions do not spread over 
too wide an energy band. It should also be emphasized 
that even though this type of calculation is based on 
independent-particle models the true independent- 
particle or ‘‘single-particle” levels excited by an in- 
coming nucleon form only a minute fraction of the 
total number of nuclear levels calculated. 

The major computational assumption” is that the 
methods of statistical mechanics” can be used to evalu- 
ate the combinational problem, It is secondarily as 
sumed that this is a case of strong Fermi degeneracy” 
which enables one to simplify the calculation by use of 
an asymptotic expansion.” Thirdly, it is assumed that, 
at least for heavy nuclei, it is justifiable to replace the 
discrete independent-particle energy levels by an energy 
density distribution of such levels.” Of these assump- 
tions, the last is the most obviously unsatisfactory : 
given any specific model it is difficult to define such a 
continuous distribution. Shell effects will, indeed, only 
be taken into account in a crude manner in this work. 
We do, however, avoid the difficulty’ encountered in 


‘® Ross, Mark, and Lawson, Phys. Rev. 102, 1613 (1956), 

'6 Ross, Lawson, and Mark, Phys. Rev. 104, 401 (1956) 

? See, for example, M. G. Mayer conf, H. D. Jensen, Hle 
mentary Theory of Nuclear Shell Structure (John Wiley and Sons, 
Inc., New York, 1955) 

* Modified, for example, in the articles of J, Bardeen and 
E. Feenberg, Phys. Rev. 53, 938 (1938), L. Motz and E. Peenberg, 
Phys. Rev. 54, 1055 (1938), and references 20, 24 

“R. H. Fowler, Statistical Mechanics (Macmillan Company, 
New York, 1936) 

*” Not employed, for example, by G. Critchfield and S. Oleksa, 
Phys. Rev. 82, 243 (1951) 

" Investigated, for example, by C, Van Lier and G. E. Uhlen 
beck, Physica 4, 531 (1937) and N. Rosenzweig, Phys. Rev. 105, 
950 (1957), 

# A. Sommerfeld, Z. Physik 67, 1 (1928) 

® Suppose the nucleons move in a mean potential V(r). If the 
energy eigenvalues are «, with statistical weight g; (i.¢., maximum 
number of nucleons allowed to fill the level « in accordance with 
the exclusion principle), then it is necessary to choose a p(«) such 
that sums over the suffix i, weighted by g;, can be replaced by 
integrals over de weighted by p(«). The continuous function p(«) 
will be called the average single-nucleon level density 
“CC, Bloch, Phys. Rev. 93, 1094 (1954), 
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the case of discrete levels where the degeneracy of a 
model level (of given j say) leads in the case of an in- 
completely filled level to a large number of rearrange- 
ments for no change in nuclear energy. This can, of 
course, be removed by the introduction of two-body 
interactions, For A = 20, Bloch” does this very elegantly 
for iong-range Majorana forces, But for heavy nuclei 
and short-range interactions this would involve a 
calculation not only tedious but far from straight- 
forward. In this region, also, the approximation should 
be more applicable; and the introduction of the con- 
tinuous approximation corresponds, in an inexact 
manner, to an artificial removal of these degeneracies. 
Nonetheless, it must be pointed out that the results we 
shall quote are very strongly influenced by the method 
devised to define the continuous distribution, and 
should be understood only in terms of this method. 


Ill, ANALYSIS 


For practical purposes we require not the total den- 
sity of levels at an excitation energy U but those of 
only a given angular momentum J and a single parity, 
for a nucleus consisting of V neutrons and P protons 
(mass number A= V+ /). On the basis of the given 
assumptions one derives in a standard manner the 
following expression for the density of nuclear levels 

1 (2J+1) 
ps(U)= 


(j-j coupling) : 
(J +4) | 
exp] — 
2 2(29)'an,* 2am? 


1/ 5,%,? \! , 
x (.. . ) exn|r( — ) | (1) 
4\2168L* 36 


where 


ha 
=—t+—= pal) +09(¢) =X 
“Bee 


= Oe ml+L Ppm(e’), 


(2) 
Om? = (1/m) (GU /6)'m*)m, 


y= (Ln mm "+2, mm *)6, 


and pa»(€), Ppm(€) are, respectively, the average neu- 
tron and proton single-particle densities of levels with 
the s component of total angular momentum equal to 
m, The quantity @ is the nucleon energy of the last 
filled level when the nucleus is in its ground state, Le., 
the maximum Fermi energy. 

In (1) the determination of nuclear level densities of 
a given spin and parity is essentially reduced to the 
calculation of two quantities, the average neutron and 
proton spacings at the top of the Fermi distribution 
and the magnitude of the most probable angular mo- 
mentum J, (=o,—4). Shortly it will be seen that the 
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latter is relatively insensitive to the model chosen. Thus, 
although far from a negligible quantity (the reduction 
in number of levels from angular-momentum restric- 
tions is ~ 500 for heavy nuclei) it will not be of primary 
importance in determining which model is in closer 
accord with experiment. However, the average nucleon 
level spacing 6 is very sensitive to both the model and 
the model radius chosen. Moreover in (1) this quantity 
occurs in the exponent. Concomitantly, the excitation 
energy U also occurs in the exponent. In both sets of 
experiments U depends on E,, (the separation energy 
of the last neutron in the compound nucleus). Since 
uncertainties of the order of 10% often exist in our 
knowledge of EZ, we shall, for this reason, investigate 
the experimental level densities on the assumption that 
the form of (1) is correct. Where #, has not been 
measured experimentally it is calculated from the semi- 
empirical formula” with corrections from the papers 
of Harvey” and of Wall,”’ so that in general it will be 
in agreement with those used in the last summarized 
article. 

Since our assumptions hold better for heavy nuclei, 
we shall concern ourselves largely with data for A > 100, 
Greatest weight will be placed on the comprehensive 
investigation of some twenty nuclides by Harvey et al." 
Although we do not make an exhaustive survey of all 
existing measurements we shall include various other® 
estimates from data on slow-neutron resonances. Where 
this errs it is most likely to be on the side of over- 
estimating the level spacing through omission of un- 
detected levels. 

The nuclear level density is derived from ‘he fast 
(n,y) cross sections by putting 


(my) 
nollie — 
ext, 


(<;) 


Hughes ef al.’ took the radiation widths I’, from the 
estimated smooth A dependence of Heidmann and 
Bethe.” Since then many more radiation widths have 
been measured and it has been shown that they 
exhibit a gradual increase before closed shells (most 
conclusively in the case of V = 126 and P= 82 shell) and 
a fairly abrupt decrease thereafter. Where new experi- 
mental values are available,"“”” we have made fresh 
estimates of Do. Further, we have occasionally inter- 
polated between known values. When Pb is the target 
nucleus we have an outstanding example. The quoted 
Do changes from 61 ev to 1.6X10 ev owing to our 
choice of I’, = 800 Mev. 


** N. Metropolis and G. Reitwiesner, U. S. Atomic Energy Com- 
mission R NP-1980, 1950 (unpubliehed). 
* J. A. Harvey, Phys. ‘Rev. 81 3 (1951) 
. §. Wall, Phys. Rev. %6, 664 (1954). 
* J. Heidmann and H. A. Bethe, fs _ - 84, 274 (1951). 
. H. Landon, Phys. Rev. 100, 1414. G. Igo, Phys. Rev. 100, 
1338 (1955). 
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To deduce 6 from experiment, we rewrite (1) as follows: 


2U 


3 |18.478—In{ Do(2J-+1)(N-+P)/U%(N P)*}+1.5 In(m)w+[ (J +4)*/2o0?}—Ins) 


The right-hand side of (4) originally depended weakly 
on 6, and 6,. For this purpose we have taken the 
Fermi-Thomas dependence and written 


N/by* P/6,=NP/(N+P)8. 


A value of 6 can then be assumed for the right-hand 
side, which is then evaluated. If necessary the process 
is repeated, 

For the value of (m*),, we also made the assumption 


(mn?) w= (N(m*) me wt Pim) p}/(N+P), 


To evaluate (m*)» ~ [Eq. (2) ] the contribution of all 
neutron levels in a given neutron shell is taken, and this 
is assumed to be the value of (m*)» at the center of 
the shell. This yields a smooth curve except at V = 24 
(20—28 shell). A similar technique is employed for 
protons. Values of (m*), for V and P can then be read 
off a plotted curve and must now be automatically the 
same for any model which yields a Mayer-Jensen type 
of shell structure. 

It remains to define 4 in terms of our models, These 
models are the diffuse static’ and diffuse velocity- 
dependent'® potentials considered by Ross et al., where 
in each case we shall take those values of the surface 
thickness and the spin-orbit coupling which yielded the 
level sequence in closest agreement with ground-state 
experimental assignments for spins and parities. The 
value of ro (where the nuclear potential radius r=r9A! 
x 10~ cm) will be considered variable. From Eqs. (5) 
of reference 15 and equations of reference 16 it follows 
that if we change fo to ro’ in such a way that the level 
sequence is unchanged, then we have to a good approx- 
imation 

br? = 5'79. 


Thus, the final nuclear level density is indeed very 
sensitive to ro. The quantity 6 is also quite sensitive 
to the velocity dependence, which is of interest from 
the viewpoint of either the Johnson-Teller” or the 
Brueckner model.” Roughly, for that velocity depend- 
ence which is equivalent to a reduced nucleon mass of 
one-half in the center of the nucleus, we would expect 
5 to be correspondingly increased by a factor of two.” 
Actually the increase is not so great, because of the very 
large surface thickness required for the potential. 

As in the case of the usual square-well limit for 
potentials of either kind, and with or without spin- 
orbit coupling, it is difficult to improve in a consistent 
manner on the original Fermi-Thomas approximation 


* M. H. Johnson and E. Teller, Phys. Rev. 98, 783 (1955). 

*K. A, Brueckner, Phys. Rev. 97, 1353 (1955). 

* Similarly shown by Bardeen" on the basis of the article by 
J. H. Van Vieck, Phys. Rev. 48, 367 (1935). 
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(4) 


for 6. The structure of the levels is such that the type 
of graphical construction employed by Bloch™ for light 
nuclei breaks down when applied for larger values of A. 
Yet it can be seen that the Fermi-Thomas approxima- 
tion leads to a value roughly between that for a finite 
square well and that for aa infinite square well, It can 
also be seen that as the nuclear potential is made diffuse 
the neutron levels tend to cluster at the top of the 
Fermi distribution, At the same time it becomes neces- 
sary to distinguish more carefully between neutrons and 
protons, for the former effect is counterbalanced in the 
proton case by an increase in the spacings due to the 
decreased radius of the net potential™ (nuclear plus 
Coulomb). A Fermi-Thomas estimate for trapezoida! 
wells indicates that the effects on 6, and 4, are of 
similar magnitude and opposite sign. 

Thus far there appears to be no great change, But 
the big difference is that we can now apply a rather 
different type of averaging, which has, we hope, some 
sort of physical justification, Both the models have 
very definite shell structures for both neutrons and 
protons throughout the periodic table; We shall now 
average over levels within a shell, and thus take into 
account the far-reaching effects of shell structure within 
the shells themselves,” despite the inadequacy of the 
continuous approximation for the treatment of the 
actual closed-shell nuclei. The average single-neutron 
level spacing 4, has been evaluated as follows”: A 
closed-shell nucleus is taken. The sum of the spacing 
between the first and the last level in the (last) closed 
shell, plus one-quarter of the shell spacing above and 
one-quarter of the shell spacing below this shell, is 
divided by the number of neutrons allowed in the shell, 
We choose one-quarter instead of one-half because the 
spacing is at least doubled at the shell edge and here 
we are attempting to calculate the spacing inside the 
shell. This gives an average single-neutron level spacing 
some one-half of a shell thickness below the top of the 
Fermi distribution. To adjust this to the top of the 
Fermi distribution, we first calculated the difference in 
the classical turning points of the motion when the 
binding energy is changed from the middle to the top 
of the shell. The change in 4, is then calculated for a 
trapezoidal well in WKB approximation, using this 

*M. H. Johnson and E. Teller, Phys, Rev. 93, 357 (1954), 

* Seen as a marked clustering of the levels in these regions, in 
the nucleon level diagrams of references 15 and 16, 

“Some apparently unnecessary complications are introduced 
here. This is because rather lengthy machine calculations are 
required to obtain eigenvalues for these poate Thus, we 
prefer to make use of solutions already obtained. Even so the 
position of the highest level in the shell below the one under con- 
sideration was, in most cases, estimated by the methods outlined 


in the articles.* * It is not felt that the accuracy of this calculation 
is such as to be impaired by these methods. 
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Fic, 1. The curve gives the theoretical value of the average 
single-nucleon level spacing 4 for the static-potential model with 
rom 12X10" cm and the veindiy-dapentont-otential model 
with roe 14X10" cm, The points are the values derived for 4 
from experimental data. (4 is defined in the text, and should not 
be confused with the spacing of independent-nucleon levels of a 
given j.) 


radial change. It is assumed that this estimated change 
can be applied to 4, for the diffuse well. We are now in 
possession of an estimate for 5, at the top of the closed 
neutron shells, were the shell spacing not present. 
Further, all such points can be connected by assuming 
(as in Fermi-Thomas approximation) a direct depend- 
ence on neutron number, These points should then give 
a fairly good average value for nuclei whose top neu- 
tron levels are within a shell, At the shell closure itself 
this spacing is also shown doubled in the figure, and 
decreasing again to its normal value within the addition 
or subtraction of approximately 5 nucleons. The same 
method is applied to 6,. In Fig. 1, 6 is plotted for the 
static and velocity-dependent cases with roughly the 
value of ro which gave, in our opinion, the best fit. 
This was ro= 1.2 10~" cm for the static potential and 
ro 1.4 10~" cm for the velocity-dependent potential. 


IV, RESULTS 


In view of the nature of the errors involved, it 
appears that the experimental points, at least for heavy 
nuclei, show a fair degree of consistency when analyzed 
by these methods, The shell effects at A~120, A~208 
are quite evident even though, probably, they have 
been somewhat underestimated by keeping the most 
probable angular momentum unchanged in these re- 
gions. It is also noticeable that the points derived from 
(n,y) cross sections, where shell effects were first noticed, 
show far less of these effects than do the points from 
slow-neutron resonances, despite the new and larger 
values of I’, around A~208, But in the shell regions 
(particularly in the region A~140) the calculated 6 may 
become larger when more measurements of I’, become 
available. 

It is to be noted that for 140< A < 200 the two sets of 
experiments give similar values for 5. To put it more 
strongly, 6 could have been deduced directly from the 
change in level densities of the isotopes in the region 
A = 180 where measurements have been made by both 
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methods on the same isotope. In this way a similar 
value would have been obtained for 6 without assump- 
tions about (m)». But in the shell region, values of 6 
obtained from the fast (n,y) cross sections lie lower 
than do those from the slow-neutron resonances and 
also diverge steadily to lower values for light nuclei. 
There is no case where 6 for the same isotope lies sig- 
nificantly higher in the former than the latter case. 
Even considering that the former are likely to be 
raised and the latter lowered by further experiments, 
it seems probable that the disagreement will persist. 
It is quite interesting that the direction of this dis- 
agreement is such that if we had deduced 6 everywhere 
from the change in level density for an energy change of 
one Mev (as mentioned above) its value would be de- 
creased, i.e., the change with energy is even faster than 
otherwise predicted. This will be even more strongly in 
disagreement with the results from the nuclear-reaction 
experiments, or with the empirical formula of Blatt 
and Weisskopf. It seems more probable that the dis- 
crepancy should be connected with one, or all, of the 
following reasons: averaging over widely spaced reso- 
nances (the disagreement exists only in these regions), 
insufficient information on I’, or its variation from one 
resonance to another, or inadequacy of the assumption 
that only S-wave neutrons are absorbed. It is, however, 
possible that in the shell regions the apparent average 
single nuclear spacing really decreases as shell effects 
are gradually overcome at higher excitation energies. 
But, for light nuclei, there does not appear to be evi- 
dence of this effect where resonance levels are measured 
over wider energy ranges. The suggestion™ of a false 
ground state in the shell regions also runs into difficulty, 
in that it predicts a slower energy dependence rather 
than a more rapid one in these regions. 

There remains a certain amount of arbitrariness in 
our approximate choice of radii. In our considerations, 
greatest weight was placed on the data from slow- 
neutron resonances. But if the figure is examined closely 
it might still be asked why slightly larger radii were not 
chosen, which would have the effect of lowering the 
curve, Several points lie notably below it: Eu, Tb, Ho, 
Tm, and several isotopes just below A=110, The 
choice was made mainly because other methods of 
averaging inside the shell produce sinaller values of 4, 
thus lowering the curve. Or if we take the method even 
more literally, and crudely associate a width of (27+ 1)6, 
or (2j+1)4, with each filled 7 level we find the greatest 
overlaps in those regions where the experimental points 
lie lowest. 

Insofar as the values of the radii are applicable to the 
ground-state properties, neither radius is unreasonable 
from the view point of other experiments. The value of 
ro 1.2X10~" cm for the static potential is in better 
agreement with the Stanford results’ though a trifle 
too small. On the other hand, ro=1.4K10~" cm for 


“ H. Hurwitz and H. A. Bethe, Phys. Rev. 81, 898 (1951). 
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the velocity-dependent potential is probably more con- 
sistent with values derived from reaction experiments.” 
Were a surface oscillation term also introduced, as sug- 
gested empirically by Lang and LeCouteur,™ the neces- 
sary radii would be decreased. The static potential 
would then have an exceptionally small radius. 

There have been some comments in the literature to 
the effect that the factor (2/-+-1) in the theoretical ex- 
pression is not demonstrated in the experimental re- 
sults. We do not feel that the evidence is conclusive in 
either direction, Agreement seems slightly better with 
this factor since many of the nuclei with small values 
of 6 have high J and would show greater discrepancies 
without this factor. But experimental uncertainties 
seem too great for a decision on this point at present. 
Moreover the fairly marked even-odd effect makes a 
detailed comparison between neighboring isotopes, such 
as Lu'”* and Lu'’* impossible. This even-odd effect is 
shown clearly by the tin isotopes, molybdenum isotopes, 
and, more generally, by the fact that far from closed 
shells the compound nucleus is odd-odd for almost all 
nuclei with unusually small values of 5, These effects 
are not, of course, predicted in this statistical theory,” 
though hardly surprising when one considers the pairing 
energies needed in the shell model. They are also a 
good argument for the suggestion of Hurwitz and 
Bethe.” 

To return briefly to the nuclear-reaction measure- 
ments, where the results are quoted in terms of a 
nuclear level density: the variability of the values 
found is exemplified by the experiments on Ag’ (where 
however the level density does not refer to the same 
nucleus in all experiments). Eisberg ef al.” find a= 1.17 
Mev™ for (a,p) reactions with 40-Mev a particles. In 


ad See e, ibis “an Birnbaum, Crandall, and Schecter, Phys. 


Rev. 95, 1268 (1954 
pens ‘and K. T, LeCouteur, Proc. Phys. Soc 
(Lomion) a6, 586 (1954). The further additional term in the 
expression for Z found by these authors arises in the case p’=0 
(i.e., uniform average single-nucleon spacing) when the integra- 
tions are performed first over A and T 
*® Two points might be noted. First, should we carry our theo- 
retical calculations for 4(¢) to a “logical” conclusion, 8 will also 
depend on E, in more detail. The direction of this effect is correct, 
but zero in Fermi-Thomas approximation. Second, the two ex 
tionally large experimenta] values of 6 near A = 208 are for 
d-odd nuclei. 
“ Fisberg, Igo, and Wegner, Phys. Rev. 100, 1309 (1955). 
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excitation-function experiments Bleuler e a/.” find 
a=2.4 Mev™ from (a,n) and (a,2n) cross sections with 
incident @ energies up to 19.5 Mev and Porges® finds 
a~2 Mev™ from (a,pn) cross sections. Gugelot ob- 
tains a= 8-10 Mev™ from inelastic scattering. These 
values can be contrasted with each other, and to our 
value of a (= 2"/65)= 18.6 Mev™ for Ag'” from slow- 
neutron resonance experiments and a= 20 Mev™ from 
fast (m,y) cross sections, the value of a=13.8 Mev” 
from the theoretical curve where A~110, and the value 
used by Blatt and Weisskopf* of a~7.6 Mev”. We 
believe that these discrepancies are likely to shed more 
light on the other assumptions involved in the experi- 
ments than on the nuclear level densities. For example, 
suppose we retain the picture of an intermediate com- 
pound state; it is well known that the particle widths 
are very far from being constant from one level to 
another® (and, in fact, appear to follow an exponential 
distribution). But if the particle widths vary too much, 
then the intermediate system will be most likely formed 
in the states which have large widths and which pre- 
sumably therefore have a higher probability of decaying 
into those levels of the residual system corresponding 
most closely to the levels of the intermediate system, 
Thus, from each experiment we could obtain only a 
particularly weighted measure of level densities, This 
type of argument combined with the general trend and 
reasonable success of our analysis indicates that a 
wider analysis of level densities might perhaps only be 
fruitfully pursued in combination with a correlation to 
the widths of the levels. 
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Nonelastic neutron cross sections for 23 elements have been measured at 14.2 Mev by means of the 
sphere transmission technique. Corrections have been applied to the data, principally for elastic energy 
loss, multiple scattering, and finite detector size. The results are compared with predictions of the optical 


model, 


I, INTRODUCTION 


HE concept of the nonelastic (inelastic collision) 
cross section is well-illustrated by a diagram due 
to Weisskopf (Fig. 1). A nucleon incident on a nucleus 
is either scattered elastically or absorbed to form a 
compound system, This interaction can be represented 
by a complex potential term V in the Hamiltonian, 
and it leads to the usual optical model calculation of 
the scattering problem. A particle which is absorbed 
into the compound system stage will then follow one 
of the channels shown schematically in Fig. 1. The 
only channel that results in a particle emerging with 
the full bombarding energy is the compound-elastic 
scattering channel, The nonelastic scattering cross 
section is a measure of the probability that a particle 
will not emerge from the collision with the bombarding 
energy ; hence it is equal to the total cross section minus 
the shape-plus-compound-elastic-scattering cross sec- 
tion. At a bombarding energy of 14 Mev, so many 
exit channels are competitively available that decay 
through the compound-elastic scattering channel be- 
comes unimportant, In this case, the experimentally 
measured nonelastic cross sections can be compared 
directly with the predictions of the optical model. 
Nonelastic cross sections are measured conven- 
tionally by means of the sphere-transmission technique. 
This paper presents the first part of a program of 
nonelastic cross section measurements at University 
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Fig. 1, A schematic representation of a nucleon-nucleus 
scattering experiment. 


* This work was performed under the auspices of the U, S. 
Atomic Energy Commission. 

t Now at Ramo-Wooldridge Corporation, Los Angeles, 
California, 


of California Radiation Laboratory, Livermore. This 
work was done at a neutron bombarding energy of 
14.2 Mev, with the use of a Cockcroft-Walton ac- 
celerator. Further measurements are planned with a 
variable-energy cyclotron in the energy range from 
possibly 8 to 25 Mev. Beyster and co-workers’ have 
measured nonelastic cross sections in the region from 
1 to 7 Mev, Bonner‘ has made a series of measurements 
from 3.5 to 14 Mev, and Graves and Davis,® and 
Flerov and Talyzin® have worked at 14 Mev. 

The neutron energy range from 1 to 25 Mev is of 
particular interest in the study of nuclear models. 
In most of this region the wavelength of the neutron 
is small compared to the nuclear diameter, but large 
compared to a nucleon diameter. Hence the neutron 
“sees” at least some of the gross structure of the 
nucleons, and the scattering will be sensitive to detailed 
features of the model. At much higher energies (100 
Mev) the neutron wavelength becomes comparable 
with nucleon dimensions, and direct nucleon-nucleon 
collisions tend to dominate the reaction. In addition, so 


‘many phase shifts enter into the scattering that an 


exact phase shift calculation becomes very cumbersome. 


Il, METHOD OF ANALYSIS 


The theoretical treatment of sphere transmission 
experiments has been worked out in considerable 
detail by Bethe and Beyster.*.’.* Since the present work 
is very similar, the same terminology will be used here 
as in reference 2, 

If a spherical shell of a theoretically perfect scattering 
material (no absorption) were placed around a neutron 
source and an ideal neutron detector were placed 
infinitely far away, the detector counting rate would 
be the same as with the sphere removed. Hence the 
scattering out of neutrons from the direct beam by 
the sphere must be exactly compensated for by the 


! Beyster, Henkel, and Nobles, Phys. Rev. 97, 563 (1955). 
* Beyster, Henkel, Nobles, and Kister, Phys. Rev. 98, 1216 


(1955). 

* Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 

* Taylor, Lénsjé, and Bonner, Phys. Rev. 100, 174 (1955). 

* FE. R. Graves and R. W. Davis, Phys. Rev. 97, 1205 (1955). 

*N. N. Flerov and V. M. Talyzin, Atomic Energy (U.S.S.R.) 
(English Translation). No, 4, 617 (1986). 

? Bethe, Beyster, and Carter, Los Alamos Report LA-1429, 
1955 (unpublished). 

* H. A, Bethe, Los Alamos Report LA-1428, 1952 (unpublished). 
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scattering in of neutrons from other regions of the 
sphere. When a real scattering material is used, a 
decrease in transmission is attributed to nonelastic 
events occurring in the shell, and the observed trans- 
mission is related to the nonelastic cross section. 
Furthermore, it has been shown by the reciprocity 
theorem® that an interchange of source and detector 
does not affect the results, (The proof of the reciprocity 
theorem depends on the assumption that the total 
cross section is constant as the neutrons elastically 
scatter through the shell. This assumption is not 
correct, strictly speaking, but calculations have 
established that at 14 Mev the correction would 
amount to only 0.2 of 1% in cross section in the worst 
case, and hence can be neglected.) In the present paper 
the experimental work was done with the sphere 
around the detector, while the theoretical calculations 
assumed the sphere to be around the source. 

In an actual experiment several correction factors 
must be taken into account: (a) Elastic energy loss. 
The neutron detector is operated at a high bias so that 
neutrons from inelastic scattering events will not be 
detected. The response curves for such a detector as a 
function of neutron energy are very steep; hence 
even the slight energy loss suffered by neutrons in 
making elastic collisions is sufficient to appreciably 
lower their detection efficiency, especially for light 
elements. (b) Multiple scattering. Some of the elastically 
scattered-in neutrons are lost because of subsequent 
inelastic collisions before they reach the detector. 
(c) The apparent increase in source strength due to 
the noninfinite distance between the source and 
detector.’ (d) The fact that the neutrons striking the 
sphere are not monoenergetic (which affects the 
detection efficiency) and not isotropic, The correction 
factor for this effect is denoted by W(a) in reference 2. 
(e) Finite detector size. This causes several small 
effects, the most important of which is the lengthening 
of the average path of the direct beam through the 
shell. 

The elastic energy loss correction was made by 
running a Monte Carlo problem to determine the 
energy distribution of elastically scattered neutrons as 
they reached the detector, and then multiplying this 
spectrum by the experimentally determined detector 
efficiencies at each of the detector biases used. From 
this, an efficiency Ey, was obtained, for eacn bias B, 
which represented the average detection efficiency of the 
direct plus elastically scattered-in neutrons reaching 
the detector. The observed transmission T', at a 
particular bias was then corrected by means of the 
equation 

Ty’ =T p/Ep. (1) 


In order to run the Monte Carlo problem, a value of 
the nonelastic cross section, nx, had to be put into the 
code, This was obtained by using the approximate 
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expression 
T mg No(Re-Rveos, (2) 


where Ny=the number of nuclei per cm’, Ry and R, 
are the spherical shell radii in cm, and 7 is an experi- 
mentally measured transmission. The Monte Carlo 
results were quite insensitive to the exact value of o,,. 
used in the calculation. 

The four correction factors, (b)-(¢), were incorporated 
into the transmission equation® 


’ , " 7. Tnx 
T p= eNO X 4 (1 — eno X) 
or 


Tote 


P.j, (3) 


x| Prt (1—P,)— 


Tnx + orl’ n 


where o:, Onx, and oy, are the total, nonelastic, and 
elastic transport cross sections, respectively; T'y’ is 
the corrected transmission from Eq, (1); P; is the 
probability of escaping from the shell after the ith 
collision, and P, is the probability of escaping and 
being detected, The multiple-scattering correction is 
contained implicitly in the transmission equation, 
The correction factor for finite source-detector distance 
and the factor W (a) are incorporated into the integrals 
for P; (see reference 2). The finite-detector-size correc- 
tion is contained in the factor X. Instead of putting 
X=R,—R,, X is put equal to an expression that 
represents the average path length through the shell, 
as determined by an integration over the volume of 
the detector, with edge effects included. (Several 
other effects of finite detector size were disregarded, 
The effects of detector absorption and changes in the 
collision distribution, and an effect due to noninfinite 
detector-target distance’ were shown to be negligible. 
The effect of a slight shift in the angular distribution 
of the scattered neutrons was investigated both by a 
Monte Carlo problem with the neutrons introduced 
off the axis and by analytical methods, These showed 
that a correction of 0.2% in cross section could result 
for a transmission of 0.9 and of 0.4% for a transmission 
of 0.8. Since most of the spheres have transmissions of 
0.9, it was not thought worthwhile to put this correction 
into Eq. (3).) 

The Monte Carlo problem and the transmission 
equation (3) were both coded for the Livermore 
UNIVAC. The output of the Monte Carlo problem 
was fed directly into the transmission calculation. 


Ill. EXPERIMENTAL ARRANGEMENT 
A. Neutron Sources 


The neutron source for the cross section measure- 
ments was a 500-kev Cockcroft-Walton accelerator 
using the 7(D,n)He‘ reaction. The detector was placed 
at an angle of 98° to the beam axis in order to reduce 
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FG, 2, The detector assembly with the sphere around the detector. 
The neutron beam is incident from the left. 


the energy spread in the beam.’ The mean beam energy 
was 14.2 Mev, with an energy spread of about 300 kev. 
The distance from the source to the detector was 20 in. 

Calibration of the detector response curves for 
neutrons of different energies and of the detector 
proton response curve were carried out at the Livermore 
variable-energy cyclotron. The D(d,n)He’ reaction, 
with a gas target, was used to produce neutrons over 
a range from 9.7 to 14.5 Mev, The neutron energies 
were determined by making range measurements on 
the deuterons and then using the kinematics of the 
reaction, The neutron beam was monitored by a 
“ranger”-type proton-recoil proportional counter tele- 
scope whose efficiency as a function of neutron energy 
had been carefully determined.” Measurements in- 
dicated that the energy spread in the cyclotron beam 
was not significantly different from that in the Cock- 
croft-Walton beam. 


B. Detector Considerations 


The detector consisted of a 4-in. diam plastic spherical 
scintillator cemented onto a tapered plastic light pipe 
(Fig. 2). The spherical detector shape minimized 
gamma response, and the tapered light pipe placed a 
minimum of hydrogenous material near the detector. 
As a check, the plastic light pipe was replaced by a 
glass light pipe, and no measurable change in cross 
section resulted, The small-area contact between the 
tapered light pipe and the scintillator, together with a 
Tygon coating sprayed on the scintillator, also served 
te insure uniform light collection from all regions on 
the sphere, as evidenced by the absence of a long tail 
in the proton-recoil pulse-height distribution. The 
isotropic character of the detector response was found 
to be better than 1% in pulse height by taking counting 
rates relative to a monitor for several incident neutron 
angles, with a high bias on the detector. The gamma 
response of the detector was determined by comparing 
the ratio of Na™ gamma ray to 14-Mev recoil-proton 
pulse heights for both a }-in. diam and a 4-in. diam 
detector. This showed that the }-in. diam detector 


* J. Benveniste and J. , University of California Radiation 
Laboratory Report UCRL-4266, 1954 (unpublished). 
vy, by vate communication). 
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limits gamma rays to a maximum pulse height corre- 
sponding to 6.5-Mev protons. The light pipe, which 
was 3 in. long, was in contact with an RCA 6199 
photomultiplier tube. An iron cylinder was used for 
magnetic shielding. Observation of the peak produced 
by Ba”’™ conversion electrons showed that the gain of 
the system was not affected by the proximity of an 
iron sphere, 

The detector efficiency as a function of neutron energy 
was measured at the cyclotron. A family of curves 
corresponding to various detector biases (see Sec. III, 
D) is shown in Fig. 3. The proton response curve of 
the plastic, which permits an identification of the 
neutron energy corresponding to each detector bias, 
was also measured at the cyclotron and is shown in 
Fig. 4. 

C. Spherical Scattering Shells 


The spheres were placed around the detector rather 
than the source for the following reasons: (1) the 
neutron beam striking the sphere was more nearly 
monoenergetic and isotropic; (2) since the detector 
was smaller than the source, the spheres could be made 
smaller, reducing the cost of materials; (3) the experi- 
ment could be readily transferred from Cockcroft- 
Walton to cyclotron operation; and (4) automation 
techniques were made easier. The shell thicknesses 
were generally chosen to be } of a nonelastic mean free 


path for 14-Mev neutrons. The spheres were radio- 
graphed to insure that no cavities were present, and 
the density and shell thickness were determined by 
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weighing and measuring operations. Most of the spher- 
ical shells were machined, the exceptions being boron 
(B” powder) and mercury (liquid), which were con- 
tained in hollow spherical shells of thin aluminum and 
sulfur which was cast in a mold. Fluorine was obtained 
in the form of a machined block of Teflon. 

As shown in Fig. 2, each sphere had a hole to admit 
the light pipe. The detector was placed so that the 
neutron beam was incident on the side opposite the 
hole. Analytical calculations showed that the loss of 
spherical symmetry caused by the hole had a negligible 
effect on the transmission measurement. This was 
verified experimentally by running a transmission 
measurement with the hole axis at angles of 90° and 
180° to the incident beam. 


D. Electronics and Automation 


The signal from the plastic scintillator-phototube 
assembly passed through a preamplifier into an ampli- 
fier (Fig. 5). Both of these units were especially designed 
for stable operation. The output of the amplifier was 
fed into four integral discriminators, enabling data to 
be taken simultaneously at four detector biases. Both 
a scintillation monitor and an alpha monitor were used, 
and the three-way check enabled any drift in gain to be 
quickly pinpointed. The alpha monitor counted the 
recoil alpha particles from the 7(d,n)He* reaction. 
In order to obtain maximum stability, it was found 
necessary to control the temperature of all parts of 
the system, Measurements showed that the RCA 6199 
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phototube and the plastic scintillator both had consider- 
able temperature gain coefficients." Temperature 
stability was maintained on these units by circulating 
water at a constant temperature through copper coils 
located around the detector housing (see Fig. 2), By 
this means, gain stability of about 0.1% could be 
maintained over a period of several hours. An experi- 
mental check was made of pile-up effects from too-high 
counting rates, and a maximum counting rate limit was 
set, corresponding to a correction of less than 1% in 
cross section for the lowest bias used, Corrections at 
the higher biases were negligible. 

The procedure for setting the discriminator biases 
was as follows: A pulse-height spectrum of the proton 
recoils (Fig. 6) was obtained on a 50-channel pulse- 
height analyzer. The 14-Mev inflection point was 
obtained and was used to calibrate a precision pulser 
(see Fig. 5). The pulser signal then was used to set the 
discriminators at the proper bias levels, taking into 
account the nonlinear response of the scintillator, and 
subsequently to check for any drifts in the settings. 

In view of the large amount of data-taking required 
for a survey cross section experiment of this type, 
automation was utilized. A mechanism was built 
which alternately placed a sphere over the detector and 
removed it to a distance of about 2 ft. The arm holding 
the sphere was designed to be as light as possible and 
was placed on the side of the sphere away from the 
incident neutron beam, Careful measurements showed 
that the scattering off the arm and off the sphere itself 
in the “removed” position was negligible. As a further 
check, a cross-section measurement was made while 
the detector was shielded from the direct beam by a 
copper shadow bar, With the shadow bar in place, 
the counting rate was less than 1% of the unshielded 
counting rate, and the cross section measured with 
these scattered neutrons was roughly the same as with 
the direct beam. Hence the effect of scattered neutrons 


" Ball, Booth, and MacGregor, Nuclear Instr. 1, 71 (1957) 
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Fic. 6. Pulse height spectrum of the recoil protons from 14-Mev 
neutrons as observed on a 50-channel pulse-height analyzer. 
Zero pulse height is suppressed. 


on the measurement was negligible. A check was also 
made on the importance of having the sphere centered 
properly. This showed that the changing mechanism 
and centering procedures were sufficiently accurate. 
The “sphere changer” was controlled by a master 
timer, which also controlled the six Ametron automatic 
recorders (see Fig. 5). In operation, the sphere was 
alternately raised and lowered every few minutes, 
and the scaler outputs were recorded on paper tape. 

One “run” with an element consisted of taking 
measurements for a time long enough to have several 
“on-off” readings and also a sufficient number of 
counts for good statistics. Each element had at least 
three “runs” on different days, and the uncertainty 
in the transmission measurement was calculated from 
the reproducibility. 


IV, EVALUATION OF THE EXPERIMENT 
A. Experimental Measurements 


The statistical uncertainty in the transmission meas- 
urements amounted to about 1% in cross section at the 
12.6-Mev bias for most cases and was less at the lower 
biases. The uncertainty in the measurement of the 
shell constants is estimated to correspond to less than 
1% in cross section in most cases. The boron shell 
thickness was difficult to determine accurately due 
to the construction of the hollow aluminum container, 
and the uncertainty here is estimated to be about 2%. 
An uncertainty of 3% was placed on the sulfur sphere 
due to the possibility of slight flaws in the casting. 
Two sizes of liquid mercury containers gave cross- 
section results in good agreement, indicating that the 
sphere constants were accuractely determined. 


B. Monte Carlo Correction 


In order to perform the Monte Carlo calculation, a 
value of on, had to be estimated with the aid of Eq. (2). 
A study of the effect of changing a1. by small amounts 
was made, and the result showed that the estimate in 
every case led to negligible error in the final Monte 


Carlo result. Angular distributions were obtained from 
optical model calculations” normalized to the existing 
experimental data.” A study revealed that the Monte 
Carlo results were quite insensitive to changes in the 
angular distribution. It was also determined that 1000 
neutrons were sufficient to supply the accuracy needed 
except for very light elements. Total cross sections were 
taken from the paper by Coon.'* Uncertainties due to 
the detector efficiency measurement were estimated by 
Monte Carlo calculations, using cyclotron detector 
efficiency data from several separate measurements. 
From the results it was concluded that errors arising 
from this source amount generally to less than 1% in 
cross section. 


C. Transmission Equation 


Equation (3) was taken directly from the work of 
Bethe and Beyster.*’ In the derivation, all collisions 
after the first were treated by using (1) transport 
cross sections, (2) a “normal mode” collision distribu- 
tion, and (3) isotropic angular distributions. A check 
on the validity of the equation in this experiment was 
made by performing a Monte Carlo calcuiation. When 
12 000 neutrons were taken, the Monte Carlo calcula- 
tion agreed with Eq. (3) to within 0.1% in cross section. 
Since such a calculation required three hours of 
UNIVAC time while Eq. (3) can be calculated in a 
few minutes on the UNIVAC, the advantage of the 
analytical method is apparent. As a separate check 
on the use of “normal mode’’ collision distributions, 
an exact second collision distribution was calculated 
on an IBM 650 and used in an expanded form of Eq. (3). 
The two methods agreed. A study showed that Eq. (3) 
was not very sensitive to changes in the angular 
distribution and to constants such ag the total cross 
section. Experimental and theoretical checks showed 
that for a source-detector spacing of 20 in., effects due 
to this spacing being noninfinite were negligible. The 
effect due to the beam not being isotropic and mono- 
energetic was measured by moving the detector over 


Taste I. Cross sections (barns) vs shell thickness for aluminum. 


Transmission 


Corrections applied 
0.87 


to cross section 
None [Eq. (2)] 
Energy loss 


ali A) and 
‘AIS. ) anc 
J 


0.76 0.94 


1,1684-0.005" 1.164-40.010" 1.159-4-0.006* 


1.024 1.023 1.015 


( 0.986 0.993 


* The errors listed are statistical. 
"™ We are indebted to F. Bjorklund and S. Fernbach for these 
calculations. Calculations by H R. Beyster were also helpful. 
“J, H. Coon and R. W. Davis, Phys. Rev. 94, 785 (1954); 
W. G. Cross and R. G. Jarvis, Phys. Rev. 99, 621 (1955); J. O. 
Elliot, Phys. Rev. 101, 684 (1956). 
“ Nakada, Wong, Gardner, Anderson, and Benveniste (unpub- 
lished data). 
* Coon, Graves, and Barschall, Phys. Rev. 88, 562 (1952). 
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the angles subtended by the sphere. Owing to the 
symmetry of the 98° position, this effect was found to 
be negligible for the Cockcroft-Walton cross-section 
measurements. 

The effect of multiple scattering was checked experi- 
mentally by measuring aluminum shells of various 
thicknesses. As shown in Table I, the corrections to be 
applied are practically independent of shell thickness 
for thin shells. Data were also taken for carbon, copper, 
mercury, and lead shells of two different thicknesses. 
(See Table III for the corrected results.) 

The effect of finite detector size was also subjected 
to an experimental check. Detectors of }-in. and 4-in. 
diam were used to measure cross sections for a small 
copper sphere (an extreme case) and a large aluminum 
sphere. Theoretical calculations, including the shift 
in angular distribution effect, predicted cross-section 
differences of 1.6% and 0.9%, respectively, for copper 
and aluminum. The experimental differences were 
2.4+1.0% and 0.5+0.6%. While this agreement is 
largely qualitative it does indicate that the theoretical 
corrections are of the right magnitude. 


D. Conclusions 


The over-all accuracy of the corrections can be 
ascertained by studying the results for beryllium, car- 
bon, and bismuth. In all of these cases the angular 
distribution for elastic scattering is well known"* and 
there is some information about the inelastically- 
scattered neutrons.’*’* The elastic energy loss correc- 
tion is large for beryllium and carbon and small for 
bismuth. The first excited state of C” is at 4.43 Mev'’; 
hence the upper biases should be unaffected by in- 
elastically-scattered neutrons. The first excited states 
of beryllium and bismuth are 2.43 Mev"? and 0.9 Mev,"* 
respectively ; hence the inelastic effect is expected to be 
larger. 

Tasie IL. Experimental and corrected cross sections (barns) 
for beryllium, carbon, and bismuth, indicating the effect of in- 
elastically-scattered neutrons.* 


Energy thresholds (Mev) 
Element Cross section 12.6 11.0 9A 78 


044 40.01 
0.385 


0.79 +0.02 
0.494 


Exp.» 

Corr." 

Inelastic4 
effect 


Exp. 0.78 40,02 
Corr. 0.57 
Inelastic 

effect 0 


2.65 +003 
2.56 


Beryllium 


0664001 0584001 
0,486 0.460 


0.05 O11 
OAT +001 
O43 


0,003 0.016 


Carbon 004001 0.594001 
0,54 0.51 


0.09 


746 +001 
2,39 


0.001 
2.61 40,02 
2,53 


0.02 
Bismuth Exp. 
orr, 
Inelastic 
effect 


2.55 40.01 
2.48 


0,004 0,02 0.06 0M” 


* The errors listed are statistical. 
>» From Ea. (2), 
* From Eqs, " and (3), 

4 Calculated from inelastic scattertig data. 


LL. Rosen and L. Stewart, Phys. Rev. 107, 824 (1957), 

oan Ajzenberg and T. Laurituen, Revs. Modern Phys. 24, 321 
(1952). 

R. M. Kiehn and C, Goodman, Phys. Rev. 95, 989 (1954). 
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Now consider the results shown in Table LI, The 
inelastic scattering to the first excited states of beryllium 
and carbon has been investigated experimentally,'* and 
the effect of these inelastic neutrons on the cross-section 
measurement is readily calculable. The data on the 
high-energy part of the bismuth inelastic spectrum is 
very meager,"* but it can be used as a basis for estima- 
tion. The rows marked “Inelastic Effect” in Table II 
give the expected drop in cross section because of in- 
elastically-scattered neutrons being detected, The re- 
sults show that the inelastic effect is just about the right 
size to account for the observed decrease in cross sec- 
tion, after corrections have been made, with decreasing 
detector bias. Hence the effect of gamma rays and of 
pile-up from too-high counting rates must be almost 
negligible at the lowest biases and will surely be neg- 
ligible at the highest biases. The results of Table IT 
indicate only qualitative agreement, but considering 
the necessary extrapolations needed for these calcula- 
tions together with the uncertainties in the data (see C 
in Table IIT), this is all that should be expected. 

Table III shows data taken at ten different biases 
for a number of elements. In each case a cross-section 
plateau results for biases higher than 11 Mev, This 
illustrates the accuracy of the corrections, even for very 
light elements, and shows that no inelastic neutrons or 
spurious experimental factors are affecting the high- 
bias cross sections. 

On the basis of the results shown in Tables IT and II, 
it is concluded that the correction to the 12.6-Mev bias 
is accurate to within 1% in cross section for elements 
with Z>10, that the 12.6-Mev bias is unaffected by 
inelastic neutrons, and that the residual slope after 
corrections have been made is due primarily to the 
effect of inelastic neutrons. 


V. NONELASTIC CROSS-SECTION DATA 


The corrected 14-Mev nonelastic neutron cross 
sections for 23 elements are given in Table III. Error 
limits are quoted for the extrapolated cross sections. 
These error estimates are compounded from statistical 
errors in the transmission measurements, uncertainties 
in the shell constants, and inaccuracies in the correction 
calculations. Biases at 11 Mev and below showed 
definite inelastic neutron effects and were disregarded 
in the extrapolation. For the elements where ten biases 
were taken, the top two biases were also generally 
disregarded in the extrapolation due to the larger 
correction factors involved and to greater difficulties 
in obtaining accurate transmissions. 

A few of the cross-section results require some ex- 
planation. The major uncertainty in the beryllium 
cross-section calculation is in the exact shape of the 
detector efficiency curves used in the Monte Carlo prob- 
lem. A parameter study was made, and it is believed 
that the error limits quoted for beryllium in Table III 
are realistic, Similar remarks also apply to the carbon 
cross section. 
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Tare IIL. Nonelastic cross sections (barns) for 14.2-Mev neutrons. 





Cos 13.16 


12.75 


Energy thresholds (Mev) 
12.35¢ 12.0 1146 


+ 
ca 


11,0 





0.48 


0494002 0.49 
0,564-0.06 
0.56-40.02 0.56 


0.57 


0.56 
0.3494 0.57 
0), 20514 
0,1281 
0.1208 
0,1052 
0.1006 
0.0812 
0.0910 
0.0904 
0.0848 
0.1679 
0.0812 
0.0749 
0.0715 
0.0922 
0.0652 
0.0659 
0.063 
0.0467 
0.0594 
O.1141 
0.0492 
0.0987 
0.0567 


0.834-0.05 
0,994-0,02 
0.97 40.02 
1.1440.04 
1.3340.03 
1.364-0.03 
1.3740.03 
1.384-0.03 
149+4-0.02 


Mg 
Al 

5 
Ti 
Fe 
Co 
Ni 
Cu 


1,02 
0.97 


1.00 
0.96 


1,39 1.37 


Zn 
Zr 

Ag 
Cd 
Sn 
Sb 
WwW 

Au 


1,584-0.03 
1.724003 
1,.904+-0.04 
1,9140.03 
1.90+0.03 
1.964-0,03 
2.40 40.05 
24240.04 
2.4340.04 


Ph 2,564-0.03 


2.5640.04 


* j-in, diameter detector. © 88% BY, 12% B, 


* §-in. diameter detector 


Boron in powder form was contained in a hollow 
spherical aluminum shell, The observed transmission 
was corrected for the effect of the aluminum, The 
boron angular distribution was estimated by interpolat- 
ing between the carbon and beryllium angular distribu- 
tions, Since the boron powder contained 84% B”, 
11% B" and 5% O"*, the correction problem was run 
using a sort of “average” atom. The final results were 
then corrected for the effect of the oxygen. The quoted 
uncertainty is a guess as to the accuracy of this 
procedure. 

Fluorine was in the form of a machined sphere of 
Teflon (CF;), The elastic energy loss correction was 
performed by running two Monte Carlo problems, one 
for a “carbon” and one for a “fluorine” sphere, in each 
case using an “average” atom (with the correct mean 
free path for CF,), and then averaging the results. 
The fluorine angular distribution was obtained from 
an optical model calculation.” Since the sphere had a 
transmission of 85%, multiple collisions were not too 
important, and the averaging process was fairly 
accurate. The transmission equation was evaluated by 
using “average” atoms with an “average” angular 
distribution. The smallness of the corrections kept 
absolute errors in the cross section down to small 
values. Since all of the quantities needed in these 
calculations are reasonably well known, the final result 
can be fairly accurate in spite of the indirectness of the 
method, 

Mercury was also contained in a hollow spherical 
aluminum shell, and the observed transmission was 


999.00 00 29 0 00 Fe 0 ot et ee 
SVSSRESSSSESE 


049 
0,52 
0,53 


049 OAD OAD 


0.54 0.53 
0.56 0.56 


0.98 
0,96 


0.55 
0.56 


1.00 
0.97 


0.78 
0,92 
0.95 
1.13 


0,97 
0.95 


& 


1.36 136 §=6: 1.36 


2.53 
2,52 


2.55 
2.55 


SSSSSRsesRssssaaceee 
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*95% W (corrected for Ni and Cu), 


: 





4 CFs (corrected for C). 


corrected accordingly. The mercury density based on 
volume measurements agreed well with the density to 
be expected at the room temperature used during the 
experiment. 

Tungsten was in the form of a Heavimet sphere, 
containing 95% tungsten and 5% copper and nickel. 
Corrections were made in the Monte Carlo problem 
and in the final cross-section calculation to remove the 
effect of the 5% impurities, 


VI. COMPARISON WITH OTHER MEASUREMENTS 


A summary of recent nonelastic cross-section meas- 
urements at 14 Mev is given in Table IV. Older meas- 
urements were generally based on the use of threshold 
detectors and lacked the precision of present-day 
techniques. For high-A elements, elastic energy-loss 
corrections are very small, and the largest correction 
(2-3%) is for multiple scattering (see Table 1). The 
experimental measurements made by Graves and 
Davis’ and Flerov and Talyzin* had no corrections 
applied; hence they might be expected to be a few per- 
cent higher than the present results. However, the bias 
used in the Los Alamos work, 10.9 Mev, was low 
enough to be in the region where inelastically-scattered 
neutrons start to appear, causing an effect in the op- 
posite direction. The Russian experimenters*® used many 
biases between 9 and 12 Mev, and then chose one bias 
in a “flat” region as being the correct one. Unless they 
consistently chose a bias at the very top end of their 
range, they were also bothered by inelastically-scattered 
neutrons. Taylor et al.‘ applied an approximate correc- 
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tion, which is valid for heavy elements, and used a 
slightly higher bias than the Los Alamos group. The 
fact that, for A>27, all groups are in substantial 
agreement, with no appreciable systematic variations, 
shows that if a reasonably high bias is used, the correc- 
tion factors are indeed small, and to a certain extent 
compensatory. 

For light elements, the situation is considerably 
different. Here the correction for elastic energy loss 
becomes dominant, and the correction factor can be 
as large as 50% of the final cross section in extreme 
cases (see Table III). Analytical approximations were 
found to lead to inaccurate results, and only an exact 
Monte Carlo calculation gave reliable correction 
factors. Of the cross sections listed in Table IV, only 
the present results have been corrected by means of a 
Monte Carlo calculation. In the case of the Russian 
data,® the high cross sections for beryllium and carbon 
clearly reflect the lack of corrections. The Rice Insti- 
tute‘ cross sections for beryllium, carbon, and aluminum 
are low, due to the fact that the approximation used‘ to 
correct for elastic energy loss tends to over-correct for 
very light elements. The Los Alamos value® for carbon 
was not corrected, Present results indicate (Table I) 


Tasie IV. Comparison of 14-Mev neutron nonelastic 
cross section measurements (Mev). 


Ele- 
ment 


Optical 
model# 


Bonner 
et al. 


Graves 
et al.» 


Flerov 
et al.” 


Present 
work 


0.494+0.02 0.644-0,02 0.3740,08 0.64 
0.644-0.04 

0.66 
0.71 


0.76 
0,86 


0,560.06 


0.56+0.02 0.5140.08 


0.7340.02 0.6014-0.006 
0.82 40.02 
0.854-0.03 
0.83 4-0,05 
0.99 -+-0,02 


0.97 +-0.02 


0.95+0.04 
1,024-0.02 
1,02+0.06 
1,1340.03 
1.154-0.03 
1,20+0.03 
1.364-0.02 


1.00+-0.01 0.9140.05 


1,140.04 


1,170.04 
1.3340.04 
1.38+4-0.03 


1,330.03 


1.364+0.03 
1.37+0.03 
1.38+0.03 
1.49-4-0,02 
1,58+0,03 


1.384-0.02 1.2740.04 
1.45-4-0.05 
1.424-0.04 1.44+0.04 


1.46+0.03 


1,48+-0,02 
1.58+-0.02 
1.774-0.06 
1,7240.03 
1.90+-0.04 
1,91+0.03 
1,904-0.03 
1,.964-0.03 


2.40-+0.05 
2.42+0.04 
2.4340.04 
2.564-0.03 
2.564-0.04 


1.82-4-0.02 1.78+0.05 
1.954-0.05 


1.96+0.05 


1.924-0.03 
1,.8540.02 
2.06-4-0.04 
2.114-0.06 
2.48 4-0.03 

2.44+40.02 


2.654-0.04 
2.49-+0.02 


2.54+0.05 
2.5940.03 2.534-0.02 


1.824-0.06 


2.524-0.09 
2,500.07 





* Reference 6; no corrections applied, bias between 9-12 Mev, neutron 
energy 14.5 Mev. 
erence 5; no corrections applied, bias at 10.9 Mev. 
* Reference 4; some corrections applied, bias at 11.3 Mev. 
4F, Bjorklund and 8. Fernbach (to be published); see Sec. VII. 
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Fic. 7. Total and nonelastic cross sections at 14 Mev divided 
by w(R+))*, where R= (1.26A'+-0.75) X10" cm. The dotted 
line, which represents the total elastic scattering cross section, 
was obtained by subtraction. 


that even for an element as heavy as aluminum, the 
total correction to be applied is 10% or more; hence the 
agreement on the aluminum cross section seems to be 
due to the inelastic neutron effect partially offsetting 
the lack of corrections in the cases where corrections 
were not applied. 


VII. COMPARISON WITH OPTICAL-~-MODEL 
CALCULATIONS 

The optica! meel of the nucleus has been widely 
used in recent yeers in the analysis of nucleon-nucleus 
scattering experiments.” The form of the optical model 
currently used by Fernbach and Bjorklund™ is of par- 
ticular interest in connection with the present experi- 
mental program, They use a potential, 


h ) 1 dp(r) 


V = Vorp(r)+ iVerg(r) t Von( 


ues ¢v dr 


where 
l 
p(r)= 
1 +e" Reo)ia 


and 


q(r) =exp{ ne [(r ae Ro)/b Py. 


The parameters are constant over the range of A and 
over a fairly wide range of energies. Hence the model 
can be used not only to obtain agreement with existing 
experiments but also to predict cross sections that have 
not yet been measured, The last column in Table IV 
shows the 14-Mev nonelastic cross sections predicted 


” Bjorklund, Fernbach, and Sherman, Phys, Rev. 101, 1832 
(1956); J. O. Elliot, Phys. Rev. 101, 684 (1956); Melkanoff, 
Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 507 (1956); 
R. D. Woods and D. S, Saxon, Phys. Rev. 95, 577 (1954); M, 
Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955); Feshbach, 
Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

”F, Bjorklund and S, Fernbach (to be published), 
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by the following set of parameters”: 


Ven=44 Mev, Vo;=9.5 Mev, Ro=1.25A}, 
V se=8.3 Mev, a=0,65X10~™ cm, 
b=0,98 10" cm. 


The agreement is within 5% in most cases and is very 
good even for the light elements, which indicates that 
compound-elastic scattering is unimportant. The dis- 
crepancy for carbon is a reflection of the small nuclear 
radius for such a tightly bound configuration. 

Figure 7 shows 14-Mev total" and nonelastic cross 
sections, divided by 


®(R+ Kem)’, 


where Ree (1.26A'+-0.75)X10-" cm,” and plotted 
against A‘. The dotted line gives the total elastic 
scattering cross sections and was obtained by subtrac- 
tion. The nonelastic cross sections are close to the 


"5S. D, Drell, Phys. Rev. 100, 97 (1955), 
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geometric values, while the total elastic cross sections 
oscillate about the same horizontal line. The fact that 
the nonelastic cross sections are geometric indicates 
that the nucleus is quite opaque at this cnergy. 
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States in O'° between 12.67 and 13.80 Mev* 
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A study of the elastic scattering of protons from N™ is reported for proton energivs between 600 and 1800 
kev and for scattering angles from 75° to 160°. The technique for the preparation of the N™ targets is 
discussed. Anomalies in the scattering cross section are observed near incident proton energies of 710, 898, 
1028, 1210, and 1640 kev, corresponding to states in O" from 12.78 to 13.65 Mev. Analysis of these scat- 
tering data leads to the assignments J=0~, J#2~, J=1~, J«3>, and J=1* for the 710, 898, 1028, 1210, 
and 1640-kev states respectively. These assignments agree with earlier work except for the 710-kev resonance, 
which is reported here for the first time, and the 1210-kev level, which was previously reported to be J =4*. 
The angular distribution of the a-particles resonant at 1210 kev from the reaction N"(p,ayy)C™ has been 
remeasured and requires J =4* as was found previously. However, a measurement of the ay angular 
correlation function at 1210 kev is found to be consistent with J =3~ but not J =4*. This discrepancy has 
not been resolved, but the evidence favoring the assignment J =3> is quite strong. Suggestions for the 


isotopic spin quantum numbers for these five states in O"* are made. 


I, INTRODUCTION 


; region of excitation in the O" nucleus above 
12.11 Mev has been studied in some considerable 
detail’ by means of reactions induced by bombarding 
N" with protons. These reactions, for incident protons 
with energies less than about 2.9 Mev, are: 


N4+p(0")+C#+4+a9 QO= 4,96Mev, I 
—+C™%+a, O= 053 Mev, II 
Oy QOmi211 Mev. II 


Resonances have been reported for reaction I, for 
incident protons with energies less than 1800 kev, near 
340 kev (J =0* or 17), 1050 kev (J =17), and 1210 kev 
(J =4*) and for reaction II near 429 kev (J =27), 898 
kev (J =2>), 1050 kev (J =17~), 1210 kev (J =4*), and 
1640 kev (J =1* or 2-). A single resonance, near 1050 
kev, has been reported for capture radiation to the 
ground state of O"* (reaction I11). Schematic excitation 
functions for these three reactions may be seen in Fig. 1. 

Since there has been some ambiguity in the assign- 
ments for certain of these states in O', it has seemed 
useful to study the same region of excitation through a 
different process, proton elastic scattering. In addition 
to permitting a clear assignment of spin and parity in 
many otherwise obscure cases, this technique often 
permits the determination of important nuclear 


* Supported in part by the joint program of the Office of Naval 
Research and the U. 8, Atomic Energy Commission. 

t Now at Bell Telephone Laboratories, Murray Hill, New 
Jersey. 
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parameters not obtainable by other methods. Some- 
times, as was the case in the present work, elastic 
scattering reveals resonances not detected by other 
means, 

A preliminary report of this work has been presented 
at a meeting of the American Physical Society," and a 
similar study has been reported under way by the lowa 
group.” 


Il. EXPERIMENTAL PROCEDURE 


The apparatus used in this investigation has been 
described in earlier publications from this laboratory. 
A well-defined proton beam is produced in a 2-Mv 
electrostatic accelerator and deflected through 80 
degrees in an electrostatic analyzer. The stability and 
control of the system is such that the beam is homo- 
geneous in energy to 0.05—0.1%. Protons elastically 
scattered from a suitably placed target are analyzed 
in a 180-degree double-focusing magnetic spectrome- 
ter,” so mounted as to permit continuously variable 
angular settings from 0° to 160° in the laboratory 
system, The scattered protons are detected with a 
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Fic. 1. Schematic excitation functions for N“+-~ reactions. The 
widths of the narrow resonances are not drawn to scale. 
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cesium iodide crystal 0.005 in. thick, placed at the exit 
slit of the spectrometer. For the angular correlation 
experiment, a low-resolution, alternating-gradient mag- 
spectrometer selected the a particles, and a 
1} in.X1} in. sodium iodide crystal detected the 4.43- 
Mev gamma radiation. 

Preparation of a suitable target is often the most 
difficult technical problem in work of this kind. Since 
the momentum of an elastically scattered proton 
depends on the mass of the scattering nucleus, selecting 
an interval of momenta with the magnetic spectrometer 
allows one in principle to discriminate against protons 
scattered from nuclei of mass different from the one 
under observation. Two important restrictions on the 
target composition are necessary in order to make this 
discrimination practical, however. Because the magnetic 
spectrometer does not have ideal resolving character- 
istics, nuclei of mass numbers adjacent to the proposed 
target nucleus should preferably not be present in the 
target. In addition, all nuclei heavier than the proposed 
target nucleus are objectionable in a thick target. Since 
protons which penetrate beneath the surface of a thick 
target or thick backing lose varying amounts of energy 
in the process, a proton scattered from a heavy nucleus 
somewhere beneath the surface can emerge from the 
target with the same momentum and direction as does 
target 


neti 


a proton scattered from a light nucleus in th 
surface. The background so produced is ordinarily at 
least as large as the effect under observation and makes 
precise measurements quite impracticable. The com- 
bination of requirements of low contamination, light 
element backing, and target stability poses an excep- 
tionally difficult problem in the case of N'. 

Most of the targets used in the present work were 
prepared in a small isotope separator constructed for 
the purpose. A radio-frequency ion source was supplied 
with nitrogen gas produced from NH NO, in which 
65% of the NH, radicals contained N'*. The resulting 
ions were accelerated to about 20 kev, focused, and 
magnetically analyzed. It was found that about 90% 
of the nitrogen beam consisted of the molecular ions 
NN NNIS N!®*N!5. the  last-mentioned 
amounted to about 6 microamperes in a spot { in. by 
} in. Dilution with 20 parts of purified helium to one 
part of the nitrogen supplied to the ion source reduced 
the nitrogen ion output by less than 30% and con 
siderably reduced the consumption of enriched gas. 
Separation of the mass 29 and mass 30 beams in the 
analyzing magnet was sufficiently great so that neg- 
ligible N' contamination resulted from the mass 29 
beam. Such contamination as did occur is attributed to 
the presence in small quantities of the ion (N™)2(H")2 
and to the absorption of residual N“ and O'* from the 
vacuum system. 

Graphite was found to be the most satisfactory 
material in which to collect the N'®. Such targets proved 


and 
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to be quite stable under proton bombardment up to 
0.5 wa per square millimeter and could safely be heated 
to 400°C. Saturation was found to occur at an areal 
density of about 1.5X10"" nitrogen atoms per square 
centimeter, corresponding approximately to one nitro- 
gen atom per four carbon atoms. It is presumed that 
chemical binding of the nitrogen to the carbon occurs. 
Momentum profiles of protons elastically scattered 
through three different angles from an N’® target in 
graphite are shown in Fig. 2. N'® atoms are about 8 
times more numerous than O'* atoms and about 15 
times more numerous than N" atoms in this target. 

In principle, momentum profiles such as those of 
Fig. 2 are obtained for each angle and each bombarding 
energy. The elastic scattering cross section is then 
calculated from the area under the N'® peak, the spec- 
trometer resolution and solid angle, the number of 
protons incident on the target, and the number of N'® 
atoms per unit area in the target. For scattering angles 
smaller than 120°, the N' and O' peaks are incom- 
pletely resolved in the present work, and it is necessary 
to subtract their contributions from the total area. 
Measuring the areas at 160°, where the peaks are well 
separated, permitted calculation of the contributions 
at other angles, using the known'*"’ scattering cross 
sections for N“ and O', 

The number of N'® atoms per unit area in the elastic 
scattering targets prepared in the isotope separator 
was determined by comparing the thin-target yield of 
the 4.43-Mev gamma rays (reaction II) integrated 
over the 898-kev resonance, with the yield from a 
semithick N'® target of known composition. For a thin 
target and an isolated narrow resonance, the integrated 
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Fic. 2. Momentum profiles of protons elastically scattered from 
N'® embedded in graphite. The scattering angles were 160°4’, 
125°16’, and 90°, and the incident proton energy was 1300 kev. 
The dashed lines on the 90°-profile indicate approximately the 
contributions from O'*, N¥, N, and C¥®. 
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Rutherford cross sections ¥ & 
for scattering angles of “~”° 
160°4’, 125°16’, and 90° 
and for incident proton 
energies between 600 and 
1800 kev. 
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yield per incident proton is given by 


f Vtnin(L)dE= rorl'ny/2, 


0 


where opr is the resonant cross section, I’ is the full 
width of the resonance at half-maximum, and m7 is the 
number of N'® atoms per unit area in the target. For 
an infinitely thick target, the maximum yield per 
incident proton is given by 


a ’ 
V thick = Wo Rl'/2e, 


where ¢ is the stopping cross section for protons per 
N® atom in the thick target material. A comparison 
of the two above expressions results in 


D 


nr ff Youn d2/ (Va) 


0 


The thick-target yield was obtained with a 50-kev 
evaporated layer of KNO, enriched to 61% in N?®; 
since the resonance has an intrinsic width of only 2.2 
kev, extrapolation to infinite thickness introduced a 
negligible uncertainty. The stopping cross section ¢ for 
protons in KNO,; was obtained by adding the atomic 
stopping cross sections of potassium, nitrogen, and 
oxygen. Values for nitrogen and oxygen were taken from 
the compilation of Fuchs and Whaling,'* and the po- 
tassium value was obtained by interpolation of a plot 


46 R. Fuchs and W. Whaling (unpublished). 
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of measured stopping cross sections against atomic 
number, The resulting value for e(K NOs) is 5.57107" 
ev cm* per N!® nucleus, with an uncertainty of about 
6%. An additional uncertainty of 5 or 6% is involved 
in the experimental measurement of the ratio of yields 
from the thick and thin targets, resulting in an over-all 
probable error of about 8% in nr. 

The normalization of the scattering cross section was 
carried out at an incident proton energy of 1100 kev 
and at a center-of-mass scattering angle of 160°4’. At 
this energy and angle, the differential cross section was 
found to be 219+24 millibarns per steradian, The 
probable error for the absolute value of the elastic 
scattering cross section is about 11%, the major source 
of which is in the evaluation of my. Other contributing 
factors are uncertainties in measuring the areas under 
the N'® peaks, and in the calibrations of the current 
integrator, electrostatic analyzer, and magnetic spec- 
trometer. Relative cross sections have been assigned 
probable errors dependent on the difference in energy 
and angle between the two points under consideration, 
A 2% error is estimated for relative values at the same 
angle and for energy differences not greater than 50 
kev. This estimate rises to 12% for large differences in 
energy and angle. 

The proton energy range for which measurements 
have been made extends from 600 to 1800 kev, The 
upper limit is that of the available proton beam, while 
the lower limit is imposed by the nature of the targets. 
Near 600 kev, at a scattering angle of 90°, almost half 
of the N'® peak is masked by the thick-target C” step 
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hic. 4. Angular distributions at incident proton energies cor 
responding to nonresonant regions of the excitation functions 


Ihe curves have been calculated by using the nonresonant phase 
shifts given in the text 


‘The data of Fig. 2 indicate the beginning of this masking 
at 90° even at 1300-kev incident proton energy 


Ill. EXPERIMENTAL RESULTS AND ANALYSIS 


The elastic scattering data are presented as ratios 
of the measured differential 
Rutherford The observed 
pendence of these ratios for three scattering angles is 


cross sections to the 


cross sections, energy de 
shown in Fig. 3 for the entire range of incident proton 
work. Pronounced 
anomalies are 710, 898, 1028, 1210, 
and 1640 kev. All of these anomalies except the first 


energies used in the present 


observed near 
correspond to previously reported states in O'*. In 
addition to the data of Fig. 3, detailed angular distri 
butions were obtained at selected energies both near 
to and between the anomalies 

The general expression for the scattering cross section 
and the detailed techniques of analysis have been 
Mozer.” ‘The 


parameters of interest here are the orbital angular 


discussed fully by Christy" and by 


momentum of the incident proton /, the total angular 
momentum J, the channel spin ratio a, the ratio of the 
partial proton width to the total width [,/T, and the 
resonant and nonresonant nuclear phase shifts. With 
scattering data of limited accuracy, it is not possible 
to evaluate each of these parameters uniquely. How- 


Physica 22, 1009 (1956 
Phys. Rev. 104, 1386 (1956 


“YR. EF. Christy 
*F.S. Mozer 


ever, considerable information is available from the 
reaction data, and full use of this information has been 
made in the present analysis. 

As a first step, the nonresonant phase shifts (po- 
tential phase shifts) were evaluated from a series of 
angular distributions taken at energies away from 
resonances. A selection of these angular distributions is 
shown in Fig. 4, where the ratios of the observed to 
Rutherford cross sections are plotted as a function of 
scattering angle. It was found that these distributions 
could be fitted well within the accuracy of the obser- 
vations by the assumption of only s-wave nonresonant 
scattering, the resulting two phase shifts being about 
equal and varying nearly linearly with energy from 

4° at 650 kev to —22° at 1800 kev. The solid lines 
in Fig. 4 have been calculated using these assumptions, 
taking into account small contributions due to the 
the 
analysis of the regions containing the anomalies, a 


resonant scattering from the broad levels. In 
smooth interpolation of the nonresonant phase shifts 
was assumed. This analysis will be treated in detail 
for each state in the following paragraphs. 

E,=710 kev.—The state near 710 kev did not appear 


in earlier studies of reactions I, II, or III. After it was 
observed in the present work, a search was made for 
possible cascading capture radiation. A weak radiation 


was found, exhibiting resonance near 710 kev. An 
excitation function of this radiation is shown in Fig. 5, 
together with a calculated curve based on the Breit- 
Wigner single level formula with the parameters 
Er=710+7 kev and I'(Er)=40+4 kev. The target 
thickness (35-kev layer of enriched KNQOs) and the 
energy variation of the penetration factor have been 
taken into account in this calculation. A pulse-height 
analysis of this resonant gamma radiation indicates 
quantum energies near 7.0 and 5.5 Mev, consistent with 
a cascade through the 6.9- or 7.1-Mev states in O'°, 
The absence of a-particle groups associated with this 
resonance indicates that [',/I'=1. The observed width 
then corresponds to 0.1, 0.5, or 8.0 for the ratio of the 
reduced width to the single-particle limit, 34?/2M R’, 
for s-, p-, or d-wave protons respectively. Interference 
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Fic. 5. Excitation function of capture radiation cascading from 


the £,=710-kev resonance. The solid curve has been calculated 
for Ey =710 kev and (Er) =40 kev 
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minima near 710 kev are observed in the elastic scat 
tering data of Pig. 3 at roots of the first, second, and 
third Legendre polynomials and hence exclude p-, d-, or 
f-wave formation. It may be concluded that this state 
is formed by s-wave protons and therefore has J =0 
or 1~. For s-wave formation, the calculated magnitude 
of the anomaly, (do/dor) max— (do/dor) min, is 0.99 for 
the assignment J=0~ and 2.97 for J/=1~-, at the 160° 
scattering angle. The observed anomaly size, 0.94+0.10, 
learly excludes the latter assignment. With the as 
sumption J=0~, angular distributions have been cal 
culated for five energies near the resonance, and these 
distributions are compared with the experimental 
results in Fig. 6. The assignment J/=0~ is also con 
sistent with the nonappearance of this state in the 
studies of reactions I, II, and III. 

E,=898 kev.—Considerable information concerning 
the 898-kev state has been obtained previously from 
studies!” of reaction II. This state has been shown 
to be formed by d-wave protons, and the assignment 
J=2° has been deduced. Values of the resonant phase 
shift as a function of energy and of the channel spin 
ratio have also been determined. As may be seen in 
Fig. 3 and in more detail in Fig. 7, the anomaly in the 
scattering cross section associated with the 898-kev 
state is symmetric around the resonance energy at a 


scattering angle of 125°16’. This vanishing of anti 


symmetric terms at a root of the second Legendre 


polynomial independently establishes d-wave formation 
of the state. A state in O' formed by d-wave protons 
plus N'!®may have J/=1°, 2°, or 3-. Excitation functions 
have been calculated for these three choices, using 
reaction data to evaluate all of the parameters in the 
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Fic. 6. Angular distributions at incident proton energies near 
the 710-kev resonance. The curves have been calculated for 
Er=710 kev, I (En) =40 kev, P,/T'=1, and J =0-. 
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Fic. 7. Excitation functions of the elastic scattering near the 
898-kev resonance. The solid curves have been calculated for 
Erx=898 kev, '=2.2 kev, [,/"'=0.56 and J=2-. The dashed 
lines indicate corrections for the finite resolution of the experiment 
cross-section expressions except [',/T, Only the assign 
ment J =2> was found to be consistent with the present 
results, and I',/l=0.56 was obtained. The solid curves 
in Fig. 7 have been calculated using these assumptions, 
and the dashed lines take resolution effects into account 

With J and LT, 
section be calculated from the 
4nrwoNT' > (1—-T,/T) 
yields 1.02 barns, in satisfactory agreement with the 
measured value of 0.83+-0.20 barn reported by Kraus 
et al,® 

E,= 1028 kev. 
scattering near 1000 kev (see Fig. 


I’ known, the total reaction cross 
Breit-Wigner 
I’. This calculation 


may 


expression > OR 


The strong anomaly in the elastic 
3) is presumably 
associated with the resonance for reactions 1, II, and 
III reported earlier at H,=1050 kev. ‘To locate the 
resonance more precisely and to determine its width, 
the thin target excitation function for capture radiation 
was measured, with the results shown in Fig. 8. A 
satisfactory fit to the data is obtained with a Breit 
Wigner function with the parameters Hy= 1028+ 10 
kev, I'(Ep) =140+7 kev. As is the case for the 710-kev 
resonance, s-wave formation is indicated both by the 
great width of the resonance and by the elastic scat 
tering, and the magnitude of the anomaly requires 
J=1~, with l',/f'=0.80. Calculated elastic scattering 
angular distributions based on these parameters are 


in Fig, 9, 


compared with the measured cross section 
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Fic, 8. Excitation functions of the capture radiation from the 
1028-kev resonance. The solid curve has calculated for 
En=1028 kev and '(£x) = 140 kev 
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‘The agreement obtained is quite satisfactory and would 
appear to exclude the possibility of two states in this 
neighborhood. From the fact that both @ particles and 
electric dipole y radiation are emitted, it may be con- 
cluded that the O"* state contains a mixture of T=0 
and T=1 reaction 
section is 0.35 barn, in good agreement with the meas 
ured value of 0.4 barn.?™ The assignment J=1~ has 
been suggested previously to account for the relatively 


character.” The calculated cross 


large radiative width.’ 

ty= 1640 kev.—The analysis of the 1640-kev data, 
shown in detail in Fig. 10, is similar to that at 898 kev. 
Formation by p-wave protons is suggested by the 
absence of antisymmetric terms at 90°, allowing J=0*, 
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Fic. 9. Angular distributions at incident proton energies near 
the 1028-kev resonance. The curves have been calculated for 
FEp=1028 kev, (Ex) = 140 kev, T,/f! =0.80, and J =1-. 
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1*, or 2+. Choosing a unique value of J on the basis of 
the scattering data alone is not possible in this case, 
however. Assuming p-wave formation, one can show 
that the anomaly size at 90° depends on J and I, /T 
only in the factor (2/+1)(T',/T)*. The data indicate 
that this factor is much less than unity for this state. 
At other angles, the dependence on J and I’,/T lies in 
a term proportional to (2/+1)I,/T, in addition to the 
term proportional to (2/+1)(I',/I)*. Since the latter 
term is negligible at all angles, according to the present 
results, only the product (2/+1)I',/T may be obtained 
from these scattering data. 

Fortunately, the angular distribution of the 4.43- 
Mev gamma radiation from reaction II at this resonance 
is consistent only’* with J=1+ or J=2-; the latter is 
excluded by the present work. The solid curves of Fig. 
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Fic. 10. Excitation functions of the elastic scattering near the 
1640-kev resonance. The curves have been calculated for Lp = 1640 
kev, '=68 kev, ',/"=0.15, and J=1*. 


10 have been calculated for J=1+*, using the known 
channel spin ratio a=1/14. The product (2/+1)P,/T 

0.45 was found to give the best agreement between 
the calculated and observed cross sections, implying 
that [,/!'=0.15.,The reaction cross section calculated 
from these values is 0.17 barn, to be compared with the 
measured 0.34 barn.’ An explanation of this difference 
has not been found. 

E,= 1210 kev.—The scattering data near 1210 kev 
are shown in detail in Fig. 11. The existence of an 
interference minimum at 90° is inconsistent with forma- 
tion of this state by any odd value of the incident 
proton orbital angular momentum and hence excludes 
an even parity assignment. That reaction I is resonant 
at 1210 kev implies that the assignment must be even- 
even or odd-odd. Formation by s-, d-, and perhaps 
g-wave protons would be possible, but higher values of 





STATES IN QO!8 
the orbital proton momentum would require order-of- 
magnitude violations of the single-particle limit. The 
complexity of the observed reaction angular distri- 
butions excludes s-wave formation,?®* and g-wave 
formation would require the interference minimum in 
the scattering cross section at 90° to occur at an energy 
greater than the resonance energy. Therefore, only 
formation by d-waves is consistent with the scattering 
data, allowing the assignments J/=1~-, 2~, or 3-. The 
complexity of the reaction data excludes J=1~, and 
J=2- is even-odd. The assignment J =3- is consistent 
with the scattering data, as shown by the solid curves 
in Fig. 11, which were calculated for J=3-,T,/T!=0.18. 
The reaction cross section calculated from these values 
is 0.63 barn, which is in good agreement with the 
measured 0.68 barn.” 
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Fic. 11. Excitation functions of the elastic scattering near the 
1210-kev resonance. The curves have been calculated for Lr = 1210 
kev, '=22.5 kev, ',/f!' =0.18, and J =3~. 


A serious discrepancy arises, however, in that the 
angular distribution of the a particles from reaction II, 
measured by Kraus ef al.,° seems to show that the 1210- 
kev resonance is formed by f-wave protons and has 
J=4+, Since the N' targets used in the present work 
permitted a measurement of this a-particle angular 
distribution over a much larger angular range than was 
reported previously, the distribution was remeasured. 
These results are presented in Fig. 12. In this figure, 
the solid line is a calculated curve for d-wave proton 
formation and p-wave a-particle decay of a /=3° state, 
while the dashed line is calculated for f-wave proton 
formation and d-wave a-particle decay of a J =4* state. 
These data are in good agreement with the previous 
work and are inconsistent with the assignment J =3 
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Fic. 12. Angular distribution of the a particles from reaction II 
at the 1210-kev resonance. The solid curve has been calculated for 
J =3~,1,=2, andla=1. The dashed curve has been calculated for 


J =4*, l,=3, and /,=2. 


Two other kinds of measurements at the 1210-kev 
resonance have also been reported. An angular distri- 
bution of the a particles from reaction I favors J =3 
but cannot exclude J=4+ conclusively,” and angular 
distributions':*8 of the 4.43-Mev gamma radiation from 
reaction IT have been shown to be consistent with either 
J=3 or 4. 

In an effort to clarify the nature of this state, the 
angular correlation between the a@ particles and the 
gamma radiation from reaction II] was measured. ‘The 
a particles were detected at a fixed angle with respect 
to the incident proton beam (90° in the center-of-mass 
system), and the angular position of the gamma de 
tector was varied in the plane containing the incident 
proton beam and the a-particle detector, The resulting 
angular correlations are shown in Fig. 13, where the 
solid curve has been calculated for the J=3 
the dashed curve for J/=4*. Both curves have been 
modified to take into account the finite solid angles of 
the detectors. These results are clearly inconsistent 
with J = 4+ but are in reasonable agreement with J = 3 

An attempt has been made to obtain agreement 
among these various measurements by calculating 
angular distributions for a J =3~ state which is formed 
by a mixture of d- and g-wave protons and which decays 
(reaction II) by a mixture of p- and f-wave a particles. 
No single set of mixtures was found which gave satis 


case and 


Fic. 13. Angular cor 
relation of the a@ parti 
cles and 4.43-Mev ¥ rays 
from reaction II at the 
1210-kev resonance. The 
solid curve has been cal 
culated for J =3~,1,=2 
and 1,=1. The dashed 
curve has been calcu 
lated for J=4*, 1, =3, 
and J,=2. Both curves 
include the effects of the 
finite solid angles of the 
detectors. 
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factory agreement with the present results and with 
the 4.43-Mev gamma angular distributions. In this 
calculation, only the ratios of d-wave to g-wave and 
p-wave to f-wave amplitudes were used as fitting 
parameters; the relevant phase differences were calcu 
lated. ‘The g-wave proton amplitude was shown to be 
negligible, and the 4.43-Mev gamma distribution and 
the a-y correlation were both shown to be consistent 
with the supposition that the f-wave partial a-particle 
width was about 2.5% of the p-wave a-particle width. 
However, no ratio of these partial widths provides a 
calculated curve based on the J=3~ assignment which 
is consistent with the data of Fig. 12. Moreover, if one 
arbitrarily allows the phase difference between the 
p-wave and f-wave a particles to be a fitting parameter 
in addition to the ratio of the partial widths, satis- 
factory agreement among the a-particle angular dis- 
tributions, the 4.43-Mev gamma angular distribution, 
and the a-y angular correlation is still not obtained. 
The source of this discrepancy remains obscure. 
However, while the assignment for the 1210-kev state 
has not been conclusively established as J=3-, there 
is very strong evidence from both the elastic scattering 
and the a y angular correlation requiring this assign- 


ment. 


IV. DISCUSSION 


A comparison of the states in O'* under discussion 
here with the low-lying states in N'* is of some interest. 
The first 7 =1 state in O'* is expected to be near 12.9 
Mev.” Since this is the region which was investigated 
in the present work, one might hope that some of these 
©" states are the analogs of the first four states in N'®. 
Warburton and McGruer™ and Wilkinson®® have 
recently shown these N'* states most likely to be J =2-, 
O-, 3>, and 1 respectively. Four states in O"* near 12.9 


Mev are indeed observed for which these spin and 


parity assignments have been reasonably well estab- 
lished. Wilkinson** has previously concluded that the 


state near 1028 
1 states 


J=2- state near 898 kev and the J=1 
kev are very likely the predominantly 7 
corresponding to the first and fourth states of N'*®. By 
further comparing spins and parities, one is lead to 
suggest that the 710-kev and 1210-kev states are also 
predominantly 7=1 and correspond to the second and 
third states in N'*. 

It is also of interest to compare the reduced neutron 
widths of the N'® states with the reduced proton widths 
of the suggested analog states in O'. Warburton and 
McGruer™ have obtained neutron reduced widths by 
fitting Butler-theory cross section expressions to their 
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measured N'°(d,p)N"® cross sections. However, Toboc- 
man and Kalos” have found that the Butler theory is 
much less reliable for determining reduced widths than 
for determining the orbital angular momentum of the 
captured particle. It has been suggested** that the 
extraneous factors responsible for this unreliability are 
largely eliminated in taking a ratio of two reduced 
widths if the corresponding two states are formed by 
the same orbital angular momentum. In N"* the first 
and third states are formed by /=2 neutrons while the 
second and fourth states result from the capture of 
/=( neutrons. The ratios of the reduced neutron widths 
are 1.14 and 1.05 for first/third and second/fourth 
respectively. Corresponding ratios of the proton reduced 
widths for the O'* analog states obtained from the 
present work are 1.19 and 1.10. The good agreement 
between the neutron and proton reduced width ratios 
lends support to the supposition that the first four 
predominantly T=1 states in O' are those near 
E,=710, 898, 1028, and 1210 kev. Since the fifth state 
in N'® is reported to be more than 3 Mev above the 
first four,” all other states in O'* in this region should be 
predominantly T7=0. 

However, it should not be overlooked that the state in 
Q'* which is resonant for 429-kev protons on N'° is also 
J=2° and that the state near 340 kev may be J/=1 
Appreciable mixing may occur between T=0 and T=1 
states of the same spin and parity if the difference in 
excitation energies is only a few hundred kev, so it may 
be expected that two of these T7=1 states could have 
significant admixtures of 7=0 character. It can more- 
over be shown that, aside from the fact that the ex- 
citation energy is slightly closer to the predicted value, 
the 898-kev state is not much more likely to be pre- 
dominantly T=1 than is the 429-kev The 
N'*(p,avy)C™ reaction cross section at 429 kev may be 
obtained from the literature? ® and the ratio of the 
partial proton width to the total width may be ex- 
pressed as a double-valued function of this reaction 
cross section. Application of the single-particle limit 


State. 


TABLE I. Properties* of five excited states of O! 
reached by N!°-+- p. 


Er r 
(kev) (kev) 


71047 40 +4 1.0 
898+ 1> 2.2+0.2> 0.56 
1028+-10 140 +10 0.8 
1210+3» 22.54+1> 0.18 
1640+43° 68 +3° 0.15 


r,/v 05? 


0.11 

0.088 

0.10 

0.074 
0.008 0 


*In this table, the spin and parity are denoted by Jr, the orbital mo 
mentum of the captured proton is represented by lp, I'p/I' is the ratio of 
the partial proton width to the total width, 6»? is the fraction of 342/2MR? 
which equals the observed partial proton reduced width, and T is the 
probable predominant value of the isotopic spin quantum number, An 
interaction radius of 4.88 10-4 cm has been assumed in the calculation of 
Oy. 

» Reference 2. 

* Reference 22. 


27 W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955) 
**'T. Auerbach and J. B. French, Phys. Rev. 98, 1276 (1955) 
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eliminates one choice, leaving ',/!'=0.03. A reduced 
width approximately 0.04 of the single-particle limit 
is implied, and this reduced width compares as favorably 
with the stripping reduced width as does that for the 
898-kev state, in view of the uncertainty of the value 
of I’, for the 429-kev state. Fortunately, the situation 
is more clearly resolved with respect to the 340-kev 
state. Since the N!°(p,7)O"* cross section is so small near 
340 kev,’ it appears that if the correct assignment is 
J=1~ then this gamma transition is inhibited by 
isotopic spin selection rules, making the 340-kev state 
predominantly 7=0 and the 1028-key state predomi- 
nantly T7=1. 


PHYSICAL REVIEW VOLUME 108, 


ie iy 


67 AND 13.80 MEV 743 

Table I is a summary of the available information 
for the five excited states in O'® studied in the present 
work. References are given for the values of resonance 
energies and total widths which were used in the 
analysis of the scattering data but which were obtained 


from other work. 


ACKNOWLEDGMENTS 


The author wishes to express his gratitude to Pro 
fessor 'T. Lauritsen, Professor W. A. Fowler, Professor 
C. C. Lauritsen, Professor R. F. Christy, and Dr. 
F. S. Mozer for assistance, advice, and helpful dis- 
cussions during the course of this work. 


NUMBER 3 NOVEMBI 


Study of the B''-+p Reactions 


G. DEARNALEY, G. A. DISSANAIKE,* A 


Cavendish Laboratory, 


P. FrReNcu,t 
Cambridge, E-ngland 


AND G. LINDSAY 


Jonrst 


(Received July 15, 1957) 


his paper describes a detailed study of the B"(p,co) 
region of proton energies spanning the resonances at 
excitation functions and angular distributions, togethe 


inferred from the alpha-particle energy spectrum in fixed geometr 


Be*, B'(p,a)) Be** (2a) 
0.67 Mev and 1.4 Mey 
r with the angular correlation between a; and ae a 


The analyzed theoretically 


and BY p,p) processes for the 


rhe measurements incluce 


results are 


_ and are discussed in relation to the findings of other investigators. It is concluded that the complete body of 

data can be accounted for if the 0.67-Mev resonance (16.57-Mevy state of C™) is (2 1.4.Mey 
17.22-Mev state of C®) is (1 s-wave protons; this would corroborate 
the preferred assignments previously suggested. The proton elastic scattering data imply that the ratio 
r,/T is 0.5 for the 0.67-Mev resonance and 0.05 for the 1.4-Mev resonance 


) and the 


resonance ), both formed mainly by 


’ 


I. INTRODUCTION 


HE bombardment of boron-11 with protons, one 

of the first studied of all nuclear reactions, has 
presented a curiously intractable problem in the matter 
of its detailed analysis. The main difficulty is the 
occurrence of several very broad resonances with an 
extensive overlap, so that the compound state of C!” 
formed at any given proton energy must normally be 
thought of as a superposition of states. As a result of 
this it has been almost impossible to arrive at a clear 
cut interpretation of the reaction through studies of 
only one or two of the possible reaction products. ‘The 
present paper is the outcome of several investigations 
(beginning in 1952) carried out with the aim of making 
our picture of the reaction as complete as possible. 
None of this work has been previously reported by us, 
although some of it has been alluded to in papers by 
other authors.’ 


*Now at the Physical Laboratories, University of Ceylon 
Colombo, Ceylon 

t Now at the Physics Department, University of South Caro 
lina, Columbia, South Carolina 

t Now at Clifton College, Bristol, England 

1 Beckman, Huus, and Zupancié, Phys. Rev. 91, 606 (1953) 

2H. E. Gove and E. B. Paul, Phys. Rev. 97, 104 (1955) 

3 Geer, Nelson, and Wolicki, Phys. Rev. 100, 215 (1955) 


The main concern of this paper is the analysis of the 
two levels in C'? formed at 0.67 and 1.4 Mev in the 
proton bombardment of B!!. The present work had its 


origin in the discovery,‘ at this laboratory, of the now 
familiar fact that the resonance formed by protons of 
0.163 Mev 


opposite parity. The earlier measurements were made 


is able to interfere with another level of 


solely on the long-range alpha particles (ao) leading to 
the ground state of Be’; 
we 


to facilitate later discussion 


shall enumerate this and all other reactions of 


interest 


»f3i! { p 
It 


energy dependence of the yield of alpha particles! 


was soon discovered, from the 


yand 


measurements on 


Cohen, French 
A65, 745 (1952 
Dissanaike 


‘ Thomson and Hutchinson, Proc, Phy 


(London) 


''G.A and A. P. French (unpublished) 
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gamma rays®’ up to about 2 Mev that a simple and 
self-consistent picture was forthcoming. Of the two 
resonances found above 0.163 Mev, that at 0.67 Mev 
gave little or no yield of reactions (a) and (c), but was 
a prolific source of (b) and (d), whereas that at 1.4 Mev 
exhibited yields of reactions (a) to (d) inclusive. Since 
the 0.163-Mev resonance was known‘ to be (2+-), the 
interference effects in reaction (a) and the appearance 
or absence of reactions (a) and (c) could be explained 
by assuming!*’ that the 0.67-Mev resonance is (2—) 
and the 1.4-Mev resonance is (1—). This is the con- 
clusion that we ourselves have come to favor, but 
since this interpretation was first put forward there 
have been some observations that seemed to call for 
different assignments of spins and parities. The evidence 
has been summarized in recent papers’ so we shall not 
discuss it in detail. The weight of evidence strongly 
supports the assignment (1—) for the 1.4-Mev reso 
nance, but the status of the 0.67-Mev level has been 
thrown in doubt in consequence of some measurements 
on the angular distribution in reaction (d),* and to a 
lesser extent by studies of the aj—az angular correlation 
in reaction (b).* A further complication has been the 
discovery of some higher resonances for alpha’ and 
gamma?’ emission, of sufficient strength and width to 
have an appreciable influence in the region of 1 Mev or 
even lower. 

Qur own measurements have been in the following 
categories: 

(i) The excitation functions for reactions (a) and (b). 
(ii) The angular distributions of ao and a, in reactions 

(a) and (b) 
(iii) ‘The angular correlation between a; and a» in 
reaction (b). 

(iv) The energy and angle dependence of the elastic 


scattering reaction (e). 


There is little need to discuss (i), as the essential 
features of our results duplicate those of Beckman et al.! 
which were obtained independently at the same time. 
‘The most important feature is the apparently complete 
absence of any resonance for reaction (a) at 0.67 Mev, 
this must belong to the 


implying that resonance 


sequence (O—), (1+), (2—), etc. The yield of ao rises 
smoothly through this region of energy, but the exist- 
ence of a peak yield at about 1.3-1.4 Mev'” 


demand a resonance of the character (0+-), (1—), (2+), 


seems to 


etc., at this energy. We shall proceed to discuss our 
more specific observations (ii), (ii), (iv) in the light 


of these limitations on the nature of the levels in C™. 


*T, Hiuus and R. B. Day, Phys. Rev. 85, 781 (1952); 91, 
599 (1953) 

7 Cochran, Ryan, Givin, Kern, and Hahn, Phys. Rev. 87, 672 
(1952) 

*Grant, Flack, Rutherglen, and Deuchars, Proc 
(London) A67, 751 (1954) 

°F. B. Paul and R. L. Clarke, Phys. Rev. 91, 463 (1953) 

1 H. E. Gove and E. B. Paul, Phys. Rev. 91, 463 (1953 
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II, ANGULAR DISTRIBUTIONS OF 
ALPHA PARTICLES 


(a) Basis of the Experiments 


A study of the angular distribution of ao in the re- 
action B"'(p,ao), leading to Be* in its spinless ground 
state, offers an obvious hope of an easily interpreted 
result, because the orbital angular momentum of the 
outgoing alpha particle can take on only one value for 
a given compound state in C!*. Moreover, the absence 
of the 0.67-Mev resonance with respect to this reaction 
suggests that in the region between about 0.5 and 
1.5 Mev it is mainly the 1.3-1.4 Mev resonance that is 
concerned, Once definite information has been obtained 
through this reaction one can hope to learn something 
of the properties of the 0.67-Mev resonance by studying 
the angular distribution for B!'(p,a,), in which inter- 
ference between the two states can take place. 

The experiments were conducted by separating out 
the alpha particles with a magnetic analyzer mounted 
on a turntable. The particles were detected with a ZnS 
screen and photomultiplier, and the target was a thin 
(20 wg/cm*) layer of separated B''. All the measure- 
ments were made on the Cavendish Laboratory electro- 
static generator. 


(b) Angular Distributions for a 


Measurements on ao were made for proton energies 
of 0.64, 0.93, 1.40, and 2.00 Mey, and the results are 
shown in Fig. 1. Also shown on the figure are the points 
obtained by Paul and Clarke!! at 1.39 Mev, with a 
suitable normalization for comparison with our 1.4-Mev 
measurements. The most obvious features of these 
angular distributions are that the intensity falls nearly 
to zero at O° and 180°, and that the curves are strongly 
skewed about 90°, showing interference between states 
of opposite parity. 

At first sight the very large variation of intensity 
with angle seems to be evidence against taking the 
1.4-Mev resonance to be (1—), since one might expect 
the dominant formation of the state by s-wave protons 
to lead to a nearly isotropic angular distribution. The 
detailed analysis shows, however, that an admixture of 
d-wave changes the theoretical curve drastically. If we 
assume first of all that a pure (1—) compound state is 


TABLE I. Amplitudes of the 2.0-Mev resonance (b) and the 
2.6-Mev resonance (c) relative to the 1.4-Mev resonance (a) at 
various proton energies 


Ey (Mev b/a c/a 


0.25 
().22 
0.20 
0.19 
0.20 
0.61 


0.3 0.13 
0.7 0.12 
0.9 0.11 
1 0.11 
4 0.15 
0 1.85 


4 E. B, Paul and R. L. Clarke (private communication of results 
mentioned in reference 9) 
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Fic. 1 
observed for proton energies Ey equal to 0.64, 0.93, 1.4, and 2.0 
Mev, respectively. The results of Paul and Clarke at E,= 1.39 
Mev are also included (after suitable normalization) in the third 
graph. The smooth curves drawn in the first three graphs repre 


The angular distribution of the long-range ao particles 


sent a theoretical distribution assuming the interference between 
a (1—) state at 1.4 Mev and a (2+) state at 2.6 Mev. The experi 
mental points for Ep,=2.0 Mev are fitted empirically by a broker 
curve 
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involved, and that the d-wave contribution to formation 
of the state is given in amplitude and phase by (A,q), 
the angular distribution is 
1(0)=[1+ 2A cosa+ (4+ $/)A?] 
—cos*6[3V2A cosa— (}— 4 f)A*], 

where f is ratio of probabilities of having the reaction 
take place from the spin channels 2 and 1, respectively, 
in the initial state. Since the final state consists of two 
spinless particles, there is no ambiguity about the mode 
of decay. 

If we suppose that the intensity for #=0 or m is exactly 
zero, we obtain the condition 


A*—V2A cosa+4=0, independent of /. 


The angular distribution then automatically has the 
form sin*@ for all f, and for all A allowed by the above 
condition. It will emerge that this simple particular 
form comes very close to describing the experimental 
results, but first we must consider the important modifi 
cations caused by interference with a compound state 
(or states) of even parity. The measurements of Paul 
and Clarke’ suggest that two such states may exist, 
v1z., a resonance at 2.0 Mev of width about 0.15 Mev 
and character (0+), and a resonance at 2.6 Mev of 
width about 0.3 Mev and character (2+-). Taking the 
peak yield of the 1.4-Mev resonance as 1.0, the relative 
yields of the other resonances become about 1.4 and 
2.6 respectively. Let us label the 1.4, 2.0 and 2.6-Mev 
resonances as a, b, and ¢ respectively. Then ‘Table I 
shows the amplitudes of 6 and ¢ relative to a at various 
proton energies, assuming the relative variations of 
intensity to be given simply by the Breit-Wigner 
resonance denominators. 

It is interesting to observe that below 1.4 Mev the 
relative amplitudes are almost constant, and that the 
2.6-Mev state has an amplitude about twice as great 
(and hence an intensity about four times as great) as 
the 2.0-Mev state. Since the character of the inter 
ference effects will be governed largely by the parity, 
and since the 2.6-Mev resonance is clearly more im 
portant than the 2.0-Mev resonance in the greater part 
of the energy region studied by us, we consider the inter 
ference effects due to a single state of character (2+-), 

If one assumes the (2+-) state to be formed by p-wave 
protons only (for simplicity) and the contribution to its 
formation relative to that of the (1—) state at some 
energy to be given in amplitude and phase by (C,y), the 
angular distribution becomes: 


1(0)~1.54+2.12A cosa+0.75A?(14+3f1)+1.25C7(1+- 3/2) 


+-cos6{ 9.76(1 —0.6 fi fot) AC cos(a 
-cos*6[ 6.36A cosa—2.25A*(1 


1) +5.48C cosy | 
3.75C?7(1— f2) | 


fi) 


-cos*6[ 17.42(1—0.33f14f24) AC cos(a—v) |, 


where (A,q) is as before, and the / values again refer to 
the relative contributions from channel spins 2 and 1 in 
formation of the compound states, /, corresponding 


here to the (1—) state and f, to the (2+-) state. We 
have used this expression to find a theoretical curve to 
fit the distribution at 1.4 Mev, since at higher proton 
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Tassie Il. Angular distributions for a; 
Ey (Mev (0) 


0.64 +-0.1 cosd 
0.93 +-0.08 cos6 


1.4 +-0.1 cos#—0.35 cos¥ 


energies the ratio b/a (see Table I) tends to increase 
and would require the consideration of interference due 
to the resonant state at 2.0 Mev as well. With C=0.25, 
1?=} cosa=1, cosy=1, and f;, fo negligibly small, we 
obtain a satisfactory fit to the experimental points at 
k,=14 Mev, as seen in Fig. 1. The agreement is not 
much improved by considering nonzero values for /; 
and f, or by changing the other parameters. It is 
worthy of note also that this theoretical curve agrees 
reasonably well with the distributions at the proton 
energies 0.64 and 0.93 Mev st.own in Fig. 1, though the 
2.0 Mev drops more sharply for 6 


distribution at /, 
approaching zero. Considering the data in Table I on 


the relative amplitudes of the states involved, these 
findings are not surprising, and lend support to the 
view that for proton energies up to about 1.4 Mev the 
(1—) state at 1.4 Mev is influenced mainly by a state 
(24+-) at 2.6 Mev." 


c) Angular Distributions for a, 


In order to obtain some idea of the angular distribu 
tions of the a, particles, a study was made of the 
integrated alpha-particle spectrum as a function of 
angle for various proton energies. The spectrum ob 
served at a given angle consisted of the a; group plus 
the continuum of a», and in order to resolve the spe: 


trum we made use of the assumption [see Sec. IIT (a) | 


that the total yield of particles above 2.5 Mev repre 
sents all the a; particles plus half of the a2 spectrum. 
However, the a particles detected at an angle @ in the 
center-of-mass system would correspond to ay parti les 
emitted in a finite cone of angles in the opposite dire 

tion. This effect therefore render the method 
quite insensitive to odd powers of cos@ in the distribu 

tion but would not affect the even powers. 

Che distribution patterns /(@) as observed in the 
center-of-mass system for different energies /, are 
shown in Table Il. The absence of a cos’@é term in the 
distributions at 0.64 and 0.93 Mev shows that the 
lower resonance at 0.67 Mev must be formed chiefly 
by s-waves, and in fact if a (2—) state is assumed, it 
can be inferred that the d-wave contribution to its 
formation must be less than 10%. About half the cosé 
term in the observed distribution might arise as a 
systematic error due to the procedure mentioned above 


would 


2A (24-) assignment to the 1.4-Mev state formed by an ad 
mixture of p- and f-wave protons gives a distribution approac hing 
a sin’# type if the contribution to the formation via channel spin 1 
is negligible compared to that via channel spin 2. However, the 
strong interference effects cannot then be explained assuming 
even parities for the broad resonances beyond 1.4 Mev 
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for evaluating the a, yield, viz., the division of the az 
spectrum at 2.5 Mev for all angles. A study of the 
excitation function for a; shows that the ratio of the 
amplitude contributions of the resonances at 0.67 and 
1.4 Mev respectively varies greatly over the energy 
region studied, being about 3.3 at 0.67 Mev, 1.7 at 0.9 
Mev and 0.42 at 1.4 Mev. Thus, if there were “opposite- 
parity” interference between the resonant states the 
cos@ term in the distribution would be radically changed 
as the proton energy was varied. However, the insensi- 
tivity of the method of study to odd powers of cos6 
allows no conclusive deductions from this measurement 
about the parities of the states. At E,=1.4 Mev the 
cos*@ term in the distribution can be explained, quali- 
tatively, by considering an admixture of d-wave protons 
in forming the state at 1.4 Mev, assumed to be (1—), 
with values of (A,qa) as obtained from the (p,a9) angular 
distributions [see Sec. II (b) ]. The a; excitation curves 
of Paul and Clarke,!! however, indicate that the 
influence of higher states, chiefly the (2+) at 2.6 Mev, 
might be appreciable at this energy, though in a less 
clear-cut manner than for the (p,ao) reaction; it has 
not been considered worthwhile to study such influence 
in any detail. 


III. a; -@, ANGULAR CORRELATION 


(a) Principle of the Method 


Che a;—a2 angular correlation was investigated with 
fixed geometry by studying the energy spectrum of the 
continuum of alpha particles formed in the breakup of 
the excited Be* nuclei. The observed energy distribution 
can be related to the angular-correlation function by a 
consideration of the dynamics of the process. 

We consider the following stages: firstly, the motion 
of the compound nucleus with velocity v, in the direc- 
tion of the incident protons; secondly, the breakup of 
the compound nucleus, with the excited Be® nucleus 
recoiling with velocity v2 in a direction opposite to the 
a, particle; and finally, the breakup of this excited Be® 
nucleus, with the final (observed) particle a: emitted 
with velocity vs; and at an angle @ relative to the 
direction of v2. Figure 2 represents the diagram of the 
velocities involved in the reaction. If the final particles 


si proton 





Fic, 2, Velocity diagram for the reaction B"(p,a:) Be**— 2a. 
V is the resultant velocity of the a2 particles observed at 90° to 
the direction of the incident proton beam. 
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a2 are detected at right angles to the direction of the 
incident proton, the resultant velocity V_ will be 
normal to yj. 

The number of a2 particles reaching the detector can 
be determined in terms of the velocities and the angles 
indicated in Fig. 2; p is the angle between the planes 
(vi,V) and (vo,v3). If éw is the solid angle subtended by 
the detector at 0, the effective solid angle available to 
particles from this second breakup will be defined by 
the intersection of a cone of solid angle é6w and apex 0 
with a sphere of radius v; and center B. Assuming éw to 
be small and the section of the sphere cut off by the 
cone to be plane, the effective solid angle available to 
particles in the third stage of the process is thus equal 
to V%w/v;? cosy. If N is the number of processes per 
unit solid angle in the first breakup (assumed isotropic) 
and /(@) the angular distribution of a» with respect to 
the a, particle, then the number dn of ay particles 
reaching the detector is given by 


dn vf sinpdpdyV*0/(@) / 3 


¥=0 


COSY. (1) 


For fixed values of v2, v3, and ¢, V is independent of y. 
Cosy, however, depends on y and, from Fig. 2, may be 
shown equal to a—b cosy, where a= cose cos(@—p) and 
b=sine sin(@—p). Substituting for cosy in Eq. (1) and 
assuming b? <a’, we have by integration 

dn= 2m Néw f(b) V? sinpdp/(a*?—b*)'. (2) 
For 6?><a? it is clear.that there will be a y for which 
cosy=0, i.e., v3 will be at right angles to V, and in 
such a case the assumption made earlier that the section 
of the sphere cut by the narrow cone at C is effectively 


plane is no longer valid; the curvature of the section 
has to be considered. For this special case the area of 
intersection was determined by an actual optical experi- 
ment which simulated the conditions of the problem 
(see appendix). For the greater part of the region, 


however, b?<a? and Eq. (2) is valid. 

The values of a and 6 in Eq. (2) can be obtained by 
geometry from Fig. 2 in terms of the velocities 2, v2, v4, 
and V, and therefore in terms of the corresponding 
energies /,, E2, Ey, and E released to the final particle 
at each stage of the reaction. Equation (2) then re- 
duces to 


dn=wNbwf(b)dE/(Eoks)'G(£), (3) 
+ 3)? |! 


where G(E)= (1+4,/)[1—4 4, E;/(214+-E— Ee di 
and E= Eo+ Ey+2(Eok;)' cosp— Ej. 

If mo is the number of a, particles received by the 
detector, then, by considering the fact that there are 
two ay’s emitted in the breakup of the emitted Be* 
nucleus, it is easily shown that 2m)= Néw for the case, 
as in our experiment, where the energy /; is much less 
than the energy of the a; particle. Introducing this value 
of mo in Eq. (3) and defining the energy distribution 
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function g(£)=dn/dE, we have 


g(E) = 2wnof (o)/(E2ks)'G(E). (4) 


rhus, the energy distribution function g(£) is related 
to the angular distribution function /(@), and for FE, =0, 
corresponding to a two-stage process, reflects the angu 
lar distribution exactly. 

The value of g(/) for a particular energy F of the 
final particles is given by the above equation for a given 
set of values of 2, and £;. The values of 22, By depend 
on the values of Q; and QV, the energy releases in the 
first and second breakup processes respectively, and 
therefore on the shape and width of the excited Be* 
state at 2.9 Mev. In the experiment, we assumed for 
the level a width I'=1.2 Mev! and a simple resonance 
shape, so that the factor 1/{{(Q2—2.9)/(41) ?+1} 
would determine the distribution of Q; and Q» and 
hence also the shape of the a; peak. For convenience, 
ny was defined equal to this factor with a value equal 
to 1 at QO» 
energy distribution corresponding to a given pattern 
f(@) could then be carried out. For a particular F of 
the final (observed) particle, we obtain the contribu 
tions to the g(/)’s due to each set of Ay, Hs using 
Eq. (4), with }og(#) giving the ordinate of the calcu 
lated energy distribution of the a2 continuum for that /. 
The a, group is superposed on this continuum, the 
ordinate at any E being easily determined from the 
value of mo as given by the resonance factor above. 
The calculated distribution of the continuum plus ay 


2.9 Mev. The numerical evaluation of the 


group so obtained could then be compared with the 
observed energy distribution. 

The effect on the g(/2)’s of changing the value of £,, 
the incident proton energy, can be readily inferred for 
G(E)™1 by differentiating Eq. (4) partially with re 
spect to /£, (and therefore /,). Thus, for the greater 
part of the region covered by values of M2, Hy, and # 
{for which G(E)™1 |, we may obtain the change in the 
g(/)’s without a new set of numerical calculations 

The numerical calculations above were first carried 
out for simple normalized patterns /(@)= 1/49 and 
{() = (3/8) sin’. With the g(/)’s calculated for these 
patterns the energy distributions corresponding to other 
f(@) involving cos’*@ or sin’ terms could be easily 
deduced. 


(b) Results and Interpretation 


The experimental energy distribution of the a, con- 
tinuum plus the a; group at 90° to an incident proton 
beam of energy £,=0.53 Mev is shown in Fig. 3. The 
distribution was studied with a thick target (~90 kev) 
of boric acid using a 60° focusing magnetic analyzer 
and a ZnS screen and photomultiplier as detector. ‘The 
following factors influencing the detection of the par 


ticles 


, especially at the lower energies, were considered 
and corrected for: (i) the loss in efficiency of the 


detector, (ii) the spread in energy of the particles 
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Vic. 3. The experimental energy distribution of the short-range 
a; and the continuum of ag particles for L,=0.53 observed at 90 
using a thick target (~90 kev) of boric acid. The dotted curve 
shows the yield (uncorrected) of the alpha particles at the lower 
actually measured by the magnet analyzer and 
detector assembly 


energies as 


accepted by the analyzer, (iii) the loss in number of 
Het ions due to charge exchange in the target ma- 
terial."* The magnitude of the correction applied to the 
distribution at the lower energies due to these factors 
may be judged from the dotted curve in the figure which 
represents the actually observed (uncorrected) yield of 
the alpha particles at various energies. We cannot 
therefore place-too much reliance on the low-energy 
region of the distribution, but the region above 2 Mev 
is considered reliable to about 2%. The shape of the 
experimental distribution for other values of the proton 
energy from 0.25 to 1.4 Mev did not appear to be very 
different from that in Fig. 3. 

In the interpretation of this energy distribution we 
are guided by two important facts arising out of the 
theory outlined in the previous section. Firstly, the 
energy distribution function g(/) simulates the angular 
distribution function {(@) for E>>F), i.e., for E above 
about 2.0 Mev; secondly, as much as half the total 
area under the alpha spectrum above 2.5 Mev must be 
due to the continuum. Also it is possible to estimate the 
ratio of the minimum to the (probable) maximum of this 
continuum, the maximum occurring at about 4-Mev 


energy. These considerations suggest that /(@) should 


have a minimum value for @~7/2, with a maximum for 


¢@ near 0 or w 

We have assumed for simplicity that the formation of 
the compound state of C'* at 0.67 Mev takes place with 
s-wave protons only, as indicated by the results from 
the (pa) angular distributions [ Sec. II (c) ], and from 
the elastic scattering of protons (Sec. IV). The breakup 
of C!* is therefore isotropic in the center-of-mass system, 
and it is sufficient to consider the theory for a two-stage 
process only. The state of the compound nucleus may 
therefore be either (2—) or (1—), the a; particle may 
be emitted as p-wave or as a mixture of p- and f-waves, 


4G. A. Dissanaike, Phil. Mag. 44, 1051 (1953) 
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and the a» particle emitted as d-wave only on the 
assumption that the Be** state is (2+). With these 


conditions, we have for a compound state (2—): 


fhil@)~(1 -cos*p) + By 0861(1 —6 cos*@+5 « os‘) 
+4B,?(1+14 cos*@—15 cos'p), (5) 


where B,, 8; are the amplitude and phase respectively 
of the outgoing f-wave relative to the outgoing p-wave 
a-particles. For a state (1—): 


fol(o)~2(14+-3 cos*h) — 2(6)' Bo 
X cosBo(1—12 cos*p+15 cos‘) 
+-3Be?(1—2 cos*g+5 cos’d). (6) 


If we assume the outgoing a)-particle is only p-wave, 
the distributions above simplify out after normalization 
into 


fi(@) = (3/82) sin’, 
fo(@) = (1/87) (1 +3 cos’). 


The theoretical energy distributions for the con- 
tinuum and the total alpha particles corresponding to 
these simplified patterns and for the isotropic case 
{(p)=1/4m are plotted in Figs. 4(a), (b), and (c) re- 
spectively. As is expected, the energy distributions for 
the continuum the form of the patterns 
assumed, but none of them conform to the experi- 
mental points (represented as circles), since we place 
great reliance on the accuracy of the experimental 
distribution at the higher energy region. We next con- 
sider the f-wave contributions of the outgoing a par- 
ticles as well. Since the observed spectrum corresponds 
to a proton energy FE, of 0.53 Mev, we should expect, 
from previous evidence, that the compound state be 
(2—), and the pattern should be, as in Eq. (5), of the 
form p+qx—rx? with p+q=r (and x=cos#). By using 
the estimated ratio of the maximum to minimum height 
of the continuum as deduced from the experimental 
spectrum, we find indeed that a satisfactory fit may be 
obtained for g/p=9 and r/p=10 with a possible varia- 
tion on these values of about 5%. The energy dis- 
tribution corresponding to the pattern f{(¢) = (1/87) 
x| 1+-9 cos*@— 10 cos‘ | is plotted in Fig. 4 (d). The 
agreement with experiment is good considering, first, 
that the thick target would tend to broaden out the a; 
group, and second, that the measurements below about 
2 Mev would be likely to give unreliable values because 
of the very large corrections that have to be made for 
the loss of particles. This pattern gives values of 
B, and #; of Eq. (5) as satisfying the equation 
B,’—12B, cos8;—8=0, so that for example, if cos@, 

—1, Byc~0.6. 

The pattern f2(¢) of Eq. (6), corresponding to a 
compound state (1—) with both p- and f-wave a 
particles emitted, cannot be fitted satisfactorily with 
the experimental curve for any values of By, and fo, the 
closest approach to a fit being obtained with By negli- 
gible, corresponding to the simple pattern 1+3 cos’ 


simulate 





+ 


bP REACTIONS 





Fic. 4. The theoretical en 
ergy distributions for the az 
continuum (broken curves) 
and for the total alpha 
particles (smooth curves) 
calculated for various an 
gular distribution patterns 
f(o) at E,=0.47 Mev. The 
experimental values of the 
alpha-particle spectrum at 
90° are represented by 





circles. The patterns con 
sidered are (a) f(@) = (1/87) 
Xsin*p, (b) f() = (3/871) 
Xx 14 3 cos* 1, (c) f(d)= 
1/42, and (d) f(@) = (1/87) 
X[1 + 9 cos’ 10 cos'¢ | 
A value of E,=0.47 Mev is 
used for the theoretical dis 
tributions to make allow 
ance for the energy loss of 
the incident protons in the 
thick target (~90 kev) in 
clined at'45° to the proton 
beam direction. 














already plotted in Fig. 4(b). The contribution due to the 
1.4-Mev resonance (about 8% of the total intensity at 
0.5 Mev) has not been taken into account in the above 
considerations. Since the work on the (p,q) distri- 
butions (Sec. IL) gives no obvious indication that the 
two levels are of opposite parity, and since the shape of 
the energy distribution of the alpha particles has not 
shown any significant change over the range of proton 
energies studied, it is assumed that the influence of the 
higher level on the energy distribution at 0.5 Mev 
could be neglected. 

It is interesting to compare these results with the 
work of Geer et al.’ who made a direct measurement of 
the (a,—a2) angular correlations at /, equal to 163 and 
290 kev. The range of angles studied was confined for 
tween 130° and 180°, but the measurements made be- 
angles beyond 170° were affected by the detection of 
the breakup alphas from the ground state Be* as well. 
Their results at 290 kev are reported to be consistent 
with a (2+) state in C!? with the two lowest values of 
angular momentum for the outgoing a;, and also to be 


in qualitative agreement with a mixture of (2—) and 


(1—) states, but not consistent with a pure state of 
(1—), (2—), or (3+-) for any values of the parameter B. 
However, from the a; excitation curves®!! an estimate 
of the ratio of intensities of the 0.67- and 1.4-Mev 
levels at FE, = 290 kev gives a value of about one-fourth, 
and it is perhaps not justifiable to interpret their results 
in terms of a pure state in C'*. The fact that they find 
qualitative agreement for a mixture of (2—) and (1—) 
states seems reasonable on the picture we ourselves have 
come to favor. 


IV. ELASTIC SCATTERING OF PROTONS 
(a) Experimental Method 


rhe differential cross section for the elastic scattering 
of protons by boron-11 was studied for proton energies 
I, between 200 and 900 kev. The apparatus used has 
already been described," the protons being studied with 
a rotatable magnetic analyzer of 297, resolution. 

The detector in this experiment was a secondary 
electron multiplier of 14 stages which counted low 
energy protons down to 200 kev with an efficiency 
greater than 90%, at a bias above the region of back- 
ground pulses. An electromagnetically-separated  iso- 


(a) (b) 














MAGNET CURRENT IN AMPERES 


Fic. 5 from a thick boron 
target 


The proton energy FE, 


Profile of the scattered proton 
(a) fresh and (b) with surface contamination of carbon 


0.48 Mey 


4 (GG. Dearnaley, Phil. Mag. 1, 821 (1956) 
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Fic. 6. Variation 
of the product of the 
center-of-mass 
tering cross section 
(da/dQ)¢ m. and the 
scattered proton en 
ergy E as a function 
of the incident pro 
ton energy E,. The 
curves are the theo- 
retical fit to the ex 
perimental points for 
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topic B'! target of thickness 2.7 mg/cm* was used; the 
momentum spectrum of the scattered protons at 0.48 
Mev is shown in Fig. 5(a). A study of the accumulation 
of carbon on the target after a bombardment greatly 
exceeding that used in the experiment showed that the 
height of the edge of the proton group scattered off B! 
was not appreciably affected, and the carbon layer 
caused only a negligible shift in the energies of protons 
scattered off boron. This is shown clearly in Fig. 5(b) 


4 was used to 


In the experiment a current integrator 
count the scattered protons corresponding to a certain 
register of charge collected on the target. The edge of 
the profile of the proton group was studied at small 
energy intervals for four scattering angles, 4... in the 
center-of-mass system, equal to 90°, 125.3", 140.8°, and 
159.8°, for which the lower order Legendre polynomials 
have zeros. 


(b) Results and Analysis 


The yield of the scattered protons was measured at 
the edge of the profile so the energy £ of the scattered 
particles is related to the incident energy E, by 
E= E,(M?+14+2M cosOc.m.)/(M+1)*, where M is the 
atomic weight of the target nucleus. The differential 
cross section (do/dQ)..m, in the center-of-mass system 


was determined from the yield after correcting for the 


spread in energy of particles accepted by the magnet 
analyzer and the stopping power of the target material 


) 


1 


ME 


the four scattering 
angles %.m equal to 
SU", isso, 1408", 
and 159.8°. 
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(which is a known function of the energy /) and finally 
converting the cross-section values to the center-of-mass 
system. The product E(do/dQ)¢.m, has been plotted in 
Fig. 6 as a function of the proton energy £, for the four 
scattering angles. The absolute cross-section values 
given as ordinates were obtained by a comparison of 
the scattered proton yield from boron-11 with that 
from a copper target, assuming the latter scattering to 
be of the simple Rutherford type. The relative accuracy 
or spread of the experimental points is around 3%, and 
is due to the statistical error in the proton count and 
the inaccuracies involved in the current-integrator 
measurements, in the calculation of the stopping power, 
and in the subtraction of the background due to im- 
purities in the target. The absolute cross-section values 
given are probably accurate to 10%, 

The curves have been fitted by a graphical method of 
analysis'® in which the coherent scattering amplitudes 
and phases are represented by vectors in the complex 
plane, and the resultant found. The theory of elastic 
scattering and the formulas for the vectors have been 
worked out,'® and have already been detailed in the 
previous paper by Dearnaley." 

In the energy region studied, the two resonances at 


(0.67- and 1.4-Mev proton energy would intiuence the 
1 R. A. Laubenstein and M. J. W. Laubenstein, Phys. Rev. 84, 
18 (1951). 
16 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 
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scattering; the widths [' of the levels have been given 
as 330 kev and 1.27 Mev, respectively.® The partial 
proton widths I’, of these levels are not accurately 
known and have been taken as adjustable parameters 
in the analysis. The hard-sphere corrections were made 
assuming a nuclear radius of 3.3410~" cm, but the 
calculations are not very sensitive to this choice. 

One important conclusion stands out from the experi- 
mental results of Fig. 6. It is seen that the scattering 
anomaly is pronounced at all angles including 90°, 
which strongly suggests that the angular momentum of 


the incident protons producing the resonance at 0.67 
Mev must be zero. P-wave scattering would give no 
coherent effect at 90°, since the greatest contribution 
to the anomaly, the interference between nuclear and 
Coulomb scattering, varies as P;(cos#) and, for /=1, 
would be zero at this angle. Higher angular momenta 
for the protons forming the resonance state are similarly 


excluded, and would not in any case be favored in this 
reaction. With the assumption, then, that the two 
resonances at 0.67 and 1.4 Mev are (2—) and (1—) 
respectively, and are formed by s-waves only, best 
agreement is obtained for values of I',,/I’ equal to 0.5 
for the lower and 0.05 for the higher resonance. A back 
ground scattering effect probably due to the influence 
of broad resonances at still higher energies was found in 
the results and an empirical vector of constant ampli 
tude and phase has been assumed to take account of 
this. The vector diagram as used at the resonance 
energy 0.67 Mev and for @.m,.=90° is shown in Fig. 7. 
The theoretical curves drawn in Fig. 6 on the above 
assumptions seem in good agreement with experiment 
considering the fact that a possible variation of the 
background scattering effect with energy has not been 
taken into account; this background appears to be 
decreasing at lower proton energies as might be ex- 
pected. The slight broadening and the shift of the 
anomaly to lower energies for larger scattering angles 
is faithfully reproduced. It should be noted here that 


if a mixture of both s- and d-waves is assumed for the 


Resultant 
- Hard sphere 
correction 


Rutherford 
vector 


Resonant 
vector 


Fic. 7. 
section, drawn for £,=675 kev and 4 m =90 
locus of the end point of the resonant vector 


Vector diagram used to obtain the scattering cross 
The circle is the 
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ingoing protons forming the 0.67-Mev resonance, the 
scattering results would exclude a d-wave amplitude 
contribution of more than 10°% of the total. 


V. SUMMARY AND DISCUSSION 


rhe results of our study of several reactions involving 
at 0.67- and 1.4-Mev proton energy 


the states in C!” 
give a consistent picture of the properties of these states 
Perhaps the best evidence for the character of the 0.67 
Mev state comes from our data on the elastic scattering 


of protons by boron-11 where the 


presence of an 
anomaly at a scattering angle of 90° excludes the forma 

tion of this state by p-wave protons, and therefore rules 
out an assignment (2+) to the state. The energy and 
angular dependence of the scattering cross sections 
between 300 and 900 kev fits in well with assignments of 
(2—) and (1 
states, with the assumption that these states are formed 


) respectively for the 0.67- and 1.4-Mev 


mainly by s-wayes; the d-wave contribution in ampli 
tude to the formation of the lower state is estimated as 
less than 10%. The scattering data, further, give values 
for I',/I' as 0.5 for the lower and 0.05 for the higher 
state. This value of I’, for the 1.4-Mev state agrees 
with one of the alternatives suggested by our experi 
ments® on the (p,ao) and (p,a1) yields, and is also in 
accord with the recent results on the (p,p) scattering 
measured at one angle by Tautfest and Rubin!’ that 
indicated a narrow proton width to the state. The I’, 
value of 0.5 for the 0.67-Mev state agrees with that of 
Beckman et al,! 

The (p,ao) angular distributions for /, 
show strong interference effects between the 1.4-Mev 


up to 2 Mev 


state and one or more broad states of opposite parity 
at higher energies. When one uses-the known data®:!! on 
the relative intensities and widths of the resonances 
concerned, at 1.4, 2.0, and 2.6 Mev, respectively, the 
results for /,, below 1.4 Mev are well explained as due 
to a (1—) state at 1.4 Mev, formed by s- and d-wave 
protons, influenced mainly by the (2+) broad state 
resonant at 2.6 Mev, formed by p-wave protons only. 
In contrast, the (p,q) angular distributions up to 
1.4 Mev do not give any definite evidence of inter- 
ference between the 0.67- and 1.4-Mev states, although 
it must be noted that the method of measurement is 
somewhat insensitive to the odd powers of cos@ in the 
distribution. ‘The isotropic form of the distributions 
below about 1 Mev confirms the result from the elastic 
proton scattering measurements discussed above, that 
the 0.67-Mev state is formed principally by s-wave 
protons. The cos*@ term in the a; distribution at 1.4 Mev 
may be explained qualitatively as due to an admixture 
of both s- and d-wave protons in the formation of this 
higher state. 

The energy distribution of the ag particles observed 
at 90° to the protons of energy /,=0.53 Mev is 
explained satisfactorily assuming the formation of the 


7G, W Rubin, Phys. Rev. 103, 196 (1956 
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Fic. 8. The results of Gove and Paul (1955) and of Grant et al 
(1954) on the angular distribution of the 12-Mev gamma rays in 
B"(p,7:)C#*. The graphs show the variation with incident proton 
energy of the coefficients a:/ao and a2/ao of the Legendre poly 
nomial expa ‘sion of the angular distribution W (0) = P9+-(ai/ao) P 
+-(a2/ao)P> 4 this gamma ray. It is seen that a single curve can 
be drawn ir «ach graph through the two sets of results 


().67-Mev state by s-wave protons, if the state is assigned 
as (2—), with both p- and f-wave a;-particles emitted, 
but not if it is (1—) for any admixture of p- or f-wave 
a, emitted, 

Finally we would like to refer to the assignment of 
(2+-) to the 0.67-Mev resonance suggested by Grant 
et al.® based on their measurements of the angular 
distribution of the 12-Mev y rays in the reaction 
B'(p,yi)C*. Gove and Paul’ have extended these 
measurements to higher proton energies, and we repro- 
duce in Fig. 8 their values for the coefficients a;/ao and 
d,/ a9 for proton energies below about 1.5 Mev. [These 
coefficients correspond to the Legendre polynomial 
expansion of the angular distribution of this gamma ray, 
W (0) = Pot (a,/a0) P 1+ (d2/do)P2. | Gove and Paul in- 
terpreted their measurements as consistent with an 
assignment of (2—) or (3+-) to the 0.67-Mev state, 
with the former assignment preferred on account of the 
gamma-ray transition probabilities. We have also 
plotted in Fig. 8 the values of these coefficients a)/ao 
and a,/do as obtained from the results of Grant ef al.,* 
and it is seen that their values merge well into the 
curves of Gove and Paul. ‘The minimum in the values of 
a,/ao (and therefore of the cos@ term in the angular 
distribution) at a proton energy near 700 kev could be 
readily understood in terms of an interference of the 
prominent 0.67-Mev state with a broad state which is 
resonant at some higher energy and whose intensity in 
the region around 700 kev is comparatively small and 
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slowly varying. This broad state could just as well be 
the even-parity states at 2.0 and 2.6 Mev as the state 
at 1.4 Mev, and we do not feel that these results of the 
angular distribution of the 12-Mev gamma rays conflict 
in any way with the assignments that are strongly 
favored by our several studies, namely a (2—) to the 
0.67-Mev state and a (1—) to the 1.4-Mev state in C'”. 


ACKNOWLEDGMENTS 


The authors are indebted to Mr. R. H. Lamb for 
the construction of the secondary-electron multiplier 
used in the scattering measurements. One of us (G. D.) 
is grateful for a Senior Research award from the 
Department of Scientific and Industrial Research, 
another (G. L. J.) for a research grant from King’s 
College, Cambridge, and a third (G. A. D.) to the 
Government of Ceylon for the award of a University 
Scholarship. 


APPENDIX. ENERGY DISTRIBUTION OF a, 
WHEN COSy IS NEAR ZERO 


In the theoretical considerations of Sec. III (a) for 
determining the energy distribution of the a2 particles 
in the reaction B''(p,a;) Be**—>2a2, we assumed that the 
solid angle available to particles in the third stage of 
the process was given by Ao/v3* cosy, where Ao is the 


area (= V%iw) subtended at C by a cone of solid angle 














Fic. 9. (a) The solid angle 6w’ available to the a2-particles as 
defined by the area of intersection A of a cone, of solid angle dw 
and axial length V, and a sphere with center B and radius 23. 
The area Ao is equal to V%w and the ratio A/Ao is assumed equal 
to 1/cosy in the simplified treatment of Sec. III. (b) The plot of 
A/Ag against d/v, (i.e. siny), as obtained empirically, is shown in 
the smooth curve, the variation of 1/cosy in the broken curve. 
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dw and apex 0 [as shown in Fig. 9(a) ]. This assumption 
is not valid for cosy near or equal to zero. The correct 
solid angle dw’ available in the third stage is A/v;? so 
that the ratio A/Ao should correspond to 1/cosy in the 
simplified treatment of Sec. III. The value for dn for 


the general case [see Eq. (2) ] should therefore be 


dn= Néw sinpdp( V?/v3") ji) f (A/Ao)dy. (7) 
v=0 


The measurement of A/Ao was carried out experi- 
mentally by using a narrow pencil of divergent light 
incident on the surface of a large glass globe. The 
arrangement used simulated the nature of the problem 
as indicated in Fig. 9(a). With V kept fixed throughout, 
the area A of the spot of light was measured as a func- 
tion of the depth d of B below the axis of the cone of 
light. There would, in fact, be two spots of light corre- 
sponding to angles y and r—+. The measurements were 
made on the spot nearer the source, i.e., for r/2< <1; 
since the distance V to the spot of light was kept con- 
stant the variation of the area of the spot for r/22 y20 
would be the same as in the region measured. So long 
as the axis of the cone of light intersected the sphere in 
two points, it was possible to identify the two spots 
separately and to measure the area of one of them; 
when the axis of cone just touched the sphere, i.e., when 
cosy=0 or d=v;, the spots merged into one, and in 
this case the total area was measured. ‘The area Ao 
corresponded to the case in which d=0. In Fig. 9(b) the 
measured ratio A/Apo is valid except for d/vs near 1. 
The quantity d/v; (or siny) is related to the angle y 
(see Fig. 2) in the form 


b cosy = a—[1—(d/v5)?}}, (8) 


III (a), and 


where a and 6 are defined as before in Sec. 
given by 


(E+ E\+ E— Ey) E4/2(E+ Ey) ES, 


a= cose Cos(d— p) 
b=sine sin(@—p). 


With values of /2, £3, and £, kept fixed, we can use 
Eq. (8) to determine the variation of d/v; for different E 
as y varies from 0 to 27. The corresponding values of 
A/A can then be plotted as a function of y, as shown in 
Fig. 10(a) for the particular case when = 0.015 Mev, 
E.= 1.46 Mev, E;=0.15 Mev, with values of # ranging 
from 1.0 to 2.5 Mev. The area Y under each curve of 
Fig. 10(a) gives a value proportional to the integrand 
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Fic. 10. (a) The ratio A, 
different values of £ ranging between 
particular case where £;=0.015 Mev, Fy= 1.46 Mev and Ey=0.15 
Mev. (b) The energy distribution function g:(/2) [for f(@) = 1/49 } 
plotted as a function of / for the case re pre ented by the curves 
ot (a 


19 plotted as a function of y for 
1.0 and 2.5 Mev in the 


above 


of Eq. (7). Substituting for sinpdp in terms of F, Fy, Fa, 
and /; and introducing the energy distribution function 
g(E)=dn/dE as in Eq. (4), we have 
g(E) « B(E+ E\— Ext Es) V f(o)/(E+2))§. (9) 
As discussed in Sec. III, most energy distributions 
corresponding to different patterns /(@) can be ex 
pressed in terms of g:(/2) and g2(/) corresponding to 
{(p)=1/4m and f(%) = (3/8) sin’p respectively. Thus, 
using the values of g,(/2) and g2(/) calculated numeri 
cally from Eq. (4) for £ in the region where the approxi 
mate treatment of Sec. III is valid, the corresponding 


‘ 


values in the “anomalous” region (cosy~0) can be 
deduced by following the variation given in expres 
sion (9). As an example, Fig. 10(b) shows g,(/2) plotted 
as a function of Z for the case represented by the curves 
of Fig. 10(a); it is seen that ¢,(/2) drops rapidly in the 


region where cosy is near zero. 
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INTRODUCTION 


NLY a small number of nuclear reactions between 


( 


been reported to date.! In order to gain an over-all 


lithium ions and nuclei heavier than helium have 


view of these effects so that more detailed experiments 
can be planned, a study was made of the yields of a 
rather wide variety of lithium-induced reactions. It was 
found that 2-Mev lithium nuclei penetrate the Coulomb 
barriers of nuclei up to carbon to a detectable extent. 
Many of the induced reactions are characterized by 
large energy releases, from 10 to 20 Mev. It is also 
noteworthy that sufficient yields of particles for experi 
mentation can be obtained from collisions in which the 
relative velocity of the two nuclei is very low; for 
instance, in 2-Mev Li—Li collisions the energy in the 


barycentric system is only 71 kev per nucleon. 


APPARATUS 
The 2-Mev Van de 


source used have been previously described.’ For this 


Graaff accelerator and the ion 


study the platinum filament in the ion source was 


* This research the U. S. Atomic 
Energy Commission 

t Present 
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' Allison, Murphy, 
Kk. Norbeck, a. Phys 
Phys, Rev. 108, 421 (1957 

? See references 1, and J. P. Blewett and L. J. Jones, Phys 
Rev. 50, 465 (1936); S. K. Allison and C. S. Littlejohn, Phys 
Rev. 104, 959 (1956) 
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of the fast neutrons produced 


were obtained for the Li 
yield were not observed. Some of the reactions are capable of producing neutrons of 
11 Mev was demonstrated by initiating the reaction 


range through which H‘ w 


of Li’ or Li®, between 1 and 2 Mev in kinetic energy, produced in a Van de Graaff accelerator 
re used to bombard targets containing light elements and some of the induced nuclear reaction products 
observation of the induced radioactivity, or by counting charged particles, 


Existence of the following reactions 


Products 


n; He®+ Be’ 

2n; B?+p; C®-+n 

p; B® +d; Be*+He®; C¥+-n 
2n; N'-+-n 

Het; Be®+Li*t; N'°+-n 

n; O4+2n; C!+He® 


2n 


CAs 
( M4 
BY 
N44 
B+ 
+4 
OM 
b+ 
6+ 


Li reactions and the Be’ reaction producing 


from the reaction B(Li?, H4)N" through the range of bombarding 


ould be stable against heavy-particle breakup gave 


vere made for all reactions except that leading to F!” 


coated with synthetic B-eucryptite made with approxi- 
mately equal amounts of the two lithium isotopes. 

We were then able to obtain either a Li’ or a Li’ beam 
of the order of a microampere by the appropriate 
setting of the sorting magnet. Suitable beam stops and 
an insulating section permitted the measurements of 
the beam current incident on the target. 

For accurate measurements on the longer lived radio- 
active products, we were able to use 8 counters of 
known geometry and low background which had circuits 
giving automatic printout of the counts collected during 
preset time intervals. Bombardments were carried out 
on freshly prepared targets which were removed from 
the target chamber and transferred into counters in the 
counting room in 2 to 3 minutes. The rapid removal of 
the targets from the vacuum system was facilitated by 
the use of steel V-band couplings* to hold “O” ring 
flanges together. 

To detect low-energy gamma emission, including 
positron emitters, an activated NaI(TI) scintillating 
crystal 4.45 cm in diameter, 5.08 cm long, with a 1.90- 
cm diameter well was used.‘ Beta activities which were 
too short-lived to allow removal from the vacuum 
system for counting were detected with a well-shaped 
piece of plastic scintillating material of similar dimen- 
sions. The scintillators were viewed by photomultiplier 
tubes used with conventional high-voltage supplies, 
amplifiers, and scalars. 

Marman Products Company, Inglewood, California 

‘Obtainable from the Harshaw Chemical Company, Cleveland, 
Ohio 
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The beam could be cut off either by the manual 
release of a spring-loaded mechanical beam stop having 
a relay and switch which turned on the counters after a 
fixed delay of from 0.05 to 0.1 second, or by applying 
a 7000-volt square wave to a pair of plates between 
which the beam passed, this latter method cutting 
off the beam within 0.001 second. 

In order to measure very short half-lives and obtain 
relative yields, a special time to pulse-height conversion 
circuit was constructed. The time to pulse-height con 
verter was built around the step-function output of the 
Hewlett-Packard model AC-4A decade counter operated 
from signals generated by the 60-cycle line. The first 
and highest step is connected to the input of the 
7000-volt square-wave generator, which 
beam either on or off the target. The output from the 
particle detector is shaped and mixed with the re- 


sweeps the 


maining nine steps. The counts on these steps were 
then recorded on nine multichannel 
pulse-height analyzer. This 18-channel analyzer (con- 
sisting of three six-channel units made by Marconi 
Ltd.) manner to 
observe gamma and beta spectra. 

A special integrating arrangement was used to facili- 


channels of a 


was also used in the conventional 


tate the measurement of the yields of the short-lived 
activities of He® (0.82 sec) and Li’ (0.84 sec). Since 
variations in the beam intensity over the interval of a 
second are of importance, we found it convenient to 
use an integrator which measured the effective beam 
which had impinged on the target during the activation 
time, that 
constant equal to the decay time of the radioactive 


is, an integrating circuit with a decay 


species in question. For the two activities mentioned, 
we used a quadrant electrometer which measured the 
voltage on a 0.15-microfarad condenser with an &8-meg- 
ohm resistance leak, corresponding to a discharge half- 
life of 0.83 sec. 

Targets were prepared individually for separate 
measurements. Thick targets of isotopically separated 
lithium salts were prepared by heating Li®f on iron 
target buttons and (Li’),»SO, on nickel buttons until 
hard glassy surfaces were obtained. To look at weak 
betas, thin 0.002-in. iron shim was used as backing. 
Metallic beryllium was machined to shape to make 
thick targets of beryllium, and thin targets of beryllium 
were produced by evaporation of the metal onto nickel 
buttons. 

Boron targets were specially prepared for us through 
the courtesy of the Institute for the Study of Metals 
of this University. Boron powder (either the natural 
isotopic mixture or enriched in B'°) was compressed to 
50 tons per square inch in a powder-briquetting die and 
sintered at 800°C in a vacuum. The oxide which collects 
on all stored boron powder provides the necessary 
binder. Targets prepared in this manner should be kept 
in a desiccator in order to prevent disintegration in 
humid weather. Carbon targets were machined from 
graphite. 
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BETA ACTIVITIES OF SHORT HALF-LIFE AND 
THEIR EXCITATION FUNCTIONS 


In order to study the mechanism of reaction, we 
measured excitation functions for some selected reac 
tions taking place during the bombardment of various 
targets with lithium beams. It was thought to be of 
interest to compare the excitation functions of several 
decay modes for a given projectile and target, in order 
to discover whether there would be any indication that 
certain reactions took place through compound-nucleus 
formation, or through nucleon-transfer processes be 
tween otherwise only slightly perturbed nuclei. Excita 
tion curves have been measured so far only for lithium 
and beryllium targets; the considerably lower yields 
from boron and carbon require prolonged counting 
periods for comparable accuracy. 

Thick-target excitation functions were measured di 
rectly for the formation of B' from the reaction 
Li®(Li’, p)B’, O=8.325 Mev, and for B"” 
sumably also B™ from the reactions Li’(Li’, p)B"™, 
O= 5.967 Mev, and Li’(Li’, d)B"’, 0 = 3.306 Mev. This 
was done by counting the 13.4-Mev beta particles 


and pre 


emitted during decay in a well-shaped plastic scin- 
tillator designed specifically for this purpose. ‘The 
brass tubing of the vacuum wall around the target was 
sufficiently thick to stop the 3.5-Mev § rays from the 
decay of He®, which is also produced in the Li-Li 
reactions, from entering the scintillator. External shield 
ing was used to reduce spurious backgrounds. The solid 
angle through which recoils could escape was 0.4 
steradian and was in the backward direction, so that 
changes in the angular distribution of the reaction 
products with beam energy would not affect the excita 
tion curve. The curves are shown in Fig, 1. 

In order to measure the soft betas from He® formed 
in the reaction Li’(Li’, Be*)He®, O=7.229 Mev, the 
Lif for the target was fused onto 0.002-inch steel shim. 
The well of the plastic scintillator was used directly as 
a target chamber since it was found possible to attach 
the entire scintillating plastic to the vacuum system 
The inner walls of the well in which the target was 
placed were lined with thin aluminum foil to stop 
heavy particles and protect the scintillator from the 
fluorescence of the target under the beam. The manual 
release of the spring-loaded beam stop turned on the 
counters after a fixed delay of 0.05 to 0.1 sec following 
beam cutoff. The “leaky integrator” circuit was also 
used in these runs. The yield curve for He® formation is 
included in Fig. 1. 

Figure 1 also shows a curve giving the number of 
protons from Li’(Li’, p)B'* emitted into unit solid 
angle at 90° to the beam per microcoulomb of lithium 
ions incident. The original data for this curve are the 
same as those used by Norbeck! for Fig. 3 of his paper 
Qur Fig. 1 shows Norbeck’s data corrected for the 
deficiency in transmission of a screen used by him, and 


not properly allowed for in the prior article. Table | 
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Fic. 1, The upper three curves give the total production of radio 
nuclei per microcoulomb of lithium ion beam from [Li?(Li’, p)B™ 
+ Li?(Li’, d)B], Li®(Li’, p)B", and Li’(Li’, Be*)He® in thick LiF 
targets. The lower curve, obtained from counting the protons from 
Li’(Li’, p)B" gives numbers of protons emitted into unit solid 
angle at 90° in the laboratory 


gives values of certain thick-target yields from 2-Mev 
Li’ ions. 

Figure 2 
deduced from Fig. 1, except for the cross section for the 
sum of the activities B'?+ B", which was obtained from 
a yield curve taken with a (Li’),SO, target instead of 
the usual Li’F’. A cross-section curve deduced from the 
LiF yield curve of Fig. 1 for this reaction agrees within 
experimental error (perhaps 30%) with the one pre- 
sented in Fig. 2. The cross sections have been deduced 
by means of the formula, 


shows cross sections which have been 


1 dYdk 
0 


NpNeodE dx. 


in which N> is the number of lithium ions hitting the 
target per microcoulomb, Nz is the number of Li nuclei 
per cm* in the target material, dY/dE£ is the slope of 
the yield-energy curve in radionuclei per microcoulomb 
produced due to increment di (Mev) in beam energy, 
and dE/dx is the stopping power of the target material 
for lithium ions in Mev/cm. 

The stopping power of LiF and Li,SO, for lithium 
ions was roughly estimated from data published by 
Allison and Littlejohn,? and by Devons and Towle.® 

The dashed curve in Fig. 2 is from calculations kindly 


*S. Devons and J. H. Towle, Proc. Phys. Soc. (London) A69, 


345 (1956) 
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made for us by Biedenharn and Thaler,® using an elec- 
tronic computer. Calculations were made of the factor 
so, which concerns the probability’ of penetration of the 
Coulomb barrier in a Li’—Li’ collision. The channel 
radius assumed in the calculation was 2X 1.47! 10" 
cm. The ordinates of the dashed curve are proportional 
to A*so, where \ is the de Broglie wavelength of 
approach of the two nuclei, and the curve is normal- 
ized to fit the observed cross section for [ Li’(Li’, p)B™ 
+Li’(Li’, d)B'? | at 1.8 Mev. 

It is conceivable that the reaction Li’(Li’, He®) Be® 
proceeds by the transfer of one proton between the 
colliding Li? nuclei without profound disturbance of 
either one, and that this transfer might be accom- 
plished at internuclear distances large compared to 
those of “contact” and welding of the two nuclei 
together, as would be necessary to produce B"™ in 
Li?(Li’, d)B"”. The excitation cross sections of Fig. 2 do 
not give support to the idea that less penetration of the 
barrier is necessary for proton transfer since the curves 
for the production of He® and B' have essentially the 
same slope. 

Excitation curves for the formation of Li* from the 
reaction Be*(Li’, Li’) Be’, O= 0.371 Mev, were measured 
directly with the scintillating plastic well crystal (in the 
manner of B'*) with the beam on, and also by measuring 
the delayed counts, with the “leaky integrator” circuit 
and manual beam stop used for He®. The yield curves 
(Fig. 3) for the equilibrium counting rates by these 
two methods coincided within the experimental errors 
of either one, indicating that no appreciable amount of 
spurious counts from other sources than Li® were 
detected by the scintillator when the beam was on. 
Unfortunately, no other excitation curves for Li’—Be’® 
reactions have yet been measured, so the results cannot 
be easily interpreted. However, the Li® yield is much 
larger than that of any other Li’— Be’ reaction ob- 
served, which suggests that this reaction may proceed 
largely by a direct-type process, with the transfer of 
the rather loosely bound last neutron of beryllium to 
the lithium projectile, without regular compound- 


TasBLe I. Yields of radioactive products having half-lives less 
than one second (2-Mev lithium ion beam). 


Thick target 
yield per 
microcoulomb 


Radioactive 
Beam Target products 


2.0 104 
3.8X 104 


LitF BR" 
Li’F BY + Bu 
(Li?) SO, BY4 Bp 2.2 108 
Li?F He® 1.2% 104 
Be /Lit 3.8 108 
|B 2.3 108 


*L. C. Biedenharn and R. M. Thaler (private communication) 
of work done at the Los Alamos Scientific Laboratory. 

7See J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (John Wiley and Sons, Inc., New York, 1952), p. 333, Eq. 
(250). so is the value of s; for zero angular momentum. 
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nucleus formation. Further studies with angular distri- 
bution measurements are anticipated. 

Both the radioisotopes B'* and Li*® are produced 
when a beryllium target is bombarded with Li’ ions. 
Since the half-lives (0.018 and 0.84 sec) are easy to 
separate, it was possible to obtain an estimate of the 
ratios of the two reactions from the same target and at 
the same beam energy. The identification of B' in the 
beryllium-target reaction (and in the lithium-target 
reaction also) was accomplished by means of the time 
to pulse-height converter already described, and to 
measure the ratio in question the instrument was 
operated with the time intervals of the steps corre- 
sponding to intermediate values between the two decay 
periods, so that both decays could be seen simul 
taneously. 

The yields are given in Table I, with the ratio between 
them being more accurate than either absolute value. 


HIGH-ENERGY NEUTRONS FROM 
LITHIUM REACTIONS 


By using a BF; counter in paraffin, one observed 
that all of the lithium bombardments studied seem to 
generate neutrons in moderate yields. No direct con- 
clusions can be drawn about the probabilities of the 
neutron-producing reactions because there are a number 
of energetically possible reactions for each target, with 
three or more final products, resulting from the emission 
of one or more neutrons per collision. Cross sections for 
the anticipated production of high-energy (10 to 20 
Mev) neutrons from Li—Li and Li— Be reactions are 
large enough so that the neutrons could be detected 
before moderation to lower energies. ‘The presence of 
fast neutrons was verified by means of the (m,2n) 
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Cross Section 
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From Proton 
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Fic. 2. Cross sections for reactions whose yields are exhibited 
in Fig. 1. The dashed curve is theoretical and has been normalized 
to the B+ B" curve at 1.8 Mev. 
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Fic. 3. Yields and cross sections for Be®(Li’, Li*)Be* estimated 
from measurements of the 8-counting rate of the Li* produced 


reaction in Cu® which has a threshold at about 11 Mev 
18.5 Mev.® The 
presence of the reaction can be demonstrated by obser 


and a cross section of 0.97 barn at 
vation of the 9.9-minute positron decay of Cu®*. In 
order to expose copper to the maximum flux of the 
neutrons we placed the end of a -in. copper bar 
directly against the back of the target chamber (i.e., in 
the forward direction relative to the beam) with only a 
millimeter gap to permit current integration, After 
suitable irradiation the bar was transferred immediately 
into the well of a NalI(Tl) scintillating crystal so that 
the positron annihilation could be detected and the 
decay observed. 

With a Li® beam on a Li’F target, no counts above 
background were observed by this method. The reaction 
leading to the highest energy neutrons is Li®(Li®, 2#)C", 
with a O-value of 9.447 Mev; thus these neutrons could 
not initiate the (m,2n) reaction in copper. The existence 
of the reaction leading to C!! was demonstrated by 
observing the characteristic positron emission of C!', as 
described in the next section of this report. ; 

The following rough estimates of the neutron yield 
were made on the assumption that the output of neu 
trons is isotrople in the laboratory coordinate system, 
and on other assumptions to be given later. With a Li® 
beam on a Li’F thick target, the Cu® activity extrapo 
lated back to beam cutoff time was about 1000 counts 
per minute. 

The reaction Li’(Li®, n)C'*?, O= 20.913 Mev, yields 
neutrons in the forward direction with an energy of 


° J L Fow Modern Phys 28 


103 (1956 


ler and J. FE. Brolley, Jr., Rev 
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Pani I. Fast neutron yields observed by copper activation 


Calcu- 
lated 
max 
neutron 
energy 
forward 

direc 
tion micro 
Mev coulomb 


Thick 
target 
yleld per 


Keam Target ucts 


2.2 Ki \ll transitions 


n+ 
2.5 %10* Ground and first 3 exc 
(8.3108 All transitions to ground state 


8.8108 Ground and first 4 exc. states 


8.710? All transitions to ground state 


1.5 X108 ound and first 2 exc, states 
1.5 K108 A r ition ) sind state 


22-108 oun ind t exe tates 


22.8 Mev when the C!? nucleus is left in its ground 
state. Corresponding to the first three excited states of 
the C'* nucleus, the neutrons in the forward direction 
have energies 18.4, 15.1, and 13.2 Mev, respectively. 
No information is yet available as to the distribution 
of the C'? product nuclei throughout the excited states ; 
thick-target yields for the high-energy neutrons have 
been calculated on the assumption that all of the 
neutrons are from the ground state, and also on the 
assumption that equal contributions arise from the 
ground and first three excited states. These yields are 
Neutrons produced from (Li, 2”) 
Be reactions are not ener- 


given in Table II. 
reactions in the Li— Li or Li 
peti enough to be detected by this « opper method. 

When a Li’F target was exposed to a Li’ beam, 
neutrons were again observed by activation of copper, 
but at somewhat lower yield. Here the principal reaction 
is Li? (Li’, 2)C"™, having a Q-value of 18.62 Mev. The 
(n,2n) reaction leading to C' has a Q of 13.67 Mev 
and its neutrons should make a small contribution to 
the activation of the 9.9-minute Cu® period. The yields 
of high-energy neutrons on the various assumptions for 
their partition between the ground and the excited 
states are given in Table IT. 

Only the reaction Be*(Li*, n) N“ provides sufficiently 
energetic neutrons to be observed by this technique 


5 


when beryllium targets are bombarded by the Li' 
beam. Here the neutrons in the forward direction corre 
sponding to no excitation in nitrogen nucleus will have 
an energy of 16.5 Mev; for these the cross section for 
the (m,2n) reaction in Cu® is approximately 0.85 barn. 
Neutrons corresponding to the first two excited states 
may also contribute appreciably; yields for ground 
state neutrons only and a uniform distribution in the 
ground and first two excited states are tabulated. The 
neutrons from the 2m reaction leading to N™ are below 
threshold; however, the yield for this reaction was 
obtained by observing the characteristic 10-minute 
positron decay of the N™, which is described later in 
the paper. 

When the 2-Mev Li’ beam bombards a beryllium 
target, only neutrons from the reaction Be*(Li’, n)N", 
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O= 18.084 Mev, will be above the threshold. Here 
neutrons corresponding to the first four excited states 
of the N'® nucleus as well as the ground state might 
contribute. Yields have been calculated for ground 
state only and uniform population of ground and first 
four excited states. The 3-body decay leading to N“ 
was below threshold and was not observed. 

Neutrons from boron targets have not been studied 
by this technique since the yields at 2 Mev are 
prohibitively low. However, it should be noted that 
the reaction B'(Li’, n)O"'® has a Q-value of 23.6 Mev, 
and since the first excited state of O'* is 6 Mev above 
the ground state, one could expect to obtain, to this 
limit, a monoenergetic source of quite high-energy 
neutrons. Similar considerations apply to the other 
reactions. We have observed the presence of single 
neutron reactions on C!? with both beams by beta-decay 
techniques, as described later. 


RADIOACTIVE PRODUCTS OF HALF-LIFE 
LONGER THAN ONE MINUTE 


These activities were measured directly off the targets 
in the low-background automatic-printout counters 
already mentioned. 

Bombardments of a few minutes with a 1-va beam on 
lithium (fluoride or sulfate) targets gave counting rates 
of the order of 10° counts per minute of C" activity 
with the Li’—Li® and Li—Li’ reactions. This demon- 
strates the occurrence of the reactions Li®(Li®, n)C™, 
O=9.447 Mev, and Li’(Li®, 2n)C!", O= 2.202 Mev. The 
C!! was identified by its 20.5-minute decay and by its0.51- 
Mev annihilation radiation which we observed with the 
NaI (TI) scintillation crystal and pulse-height analyzers, 
calibrating with a Na”* source. Yields for this reaction 
are given in Table III. It should be noted that this 
gives no indication of how much of the C!! is formed 
in the ground state and how much in various excited 
states. 

The Li? 
any long-lived activity, had a counting rate of only 
15 counts/min above background of a 2-hour activity 
after 10 minutes of bombardment totaling 1000 micro- 
coulombs. This activity was thought to be F'* formed 
by the reaction C!*(Li’, 2)F'® with carbon impurities 
in the target. 

A 10-hour bombardment with the Li® beam on a 
LiF target gave a long-lived (54+ 10 day) pure gamma 
activity of about 2400 counts per minute. The activity 
was measured at intervals over a 3-week period to 
determine the half-life. Using the NaI(Tl) well scin- 
tillator with an 18-channel pulse-height analyzer to 
compare the gamma-ray energy with that of the 0.511- 
Mev annihilation radiation of Na®* and the 0.662-Mev 
gamma of Cs’, we found the energy to be approxi- 
mately 0.49 Mev. This may be produced according to 
the reaction Li®(Li®, n+ He‘) Be’, having O= 1.893 Mev. 
Assuming a 12% branching ratio’ to the excited state of 


Li’ reaction, which is not expected to produce 


” 
19 


Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 87 
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Li’ which decays by gamma emission of this energy 
and correcting for the efficiency of the crystal, we 
arrive at the yield listed in Table III. It seems probable 
that this reaction may proceed through a proton 
transfer process. 

After bombardment of clean beryllium targets with 
the Li’ beam, no long-lived activity whatever could be 
observed above the ten counts per minute counter 
background. Among other things, this indicated that 
the targets were relatively free of impurities which 
would produce spurious activities. 

With the Li® beam on a beryllium metal target, 
a positron emitter with a half-life of 10.1 minutes was 
found. Thisis N“ formed in the reaction Be*(Li®, 2n)N"; 
O=3.950 Mev. The yield for this reaction is given in 
Table III. As this was a pure activity with a reasonably 
high yield, we did a short calculation with the Peierls 
formula'® and measured the half-life to be 10.07+0.06 
minutes. It might be noted in passing that quite 
accurate measurements can be made on C!!, N', and 
F'S employing lithium reactions since the activities 
can be obtained pure of competing half-lives. 

When B" is bombarded by Li’, only the 2.2-minute 
decay of O!* occurs through the reaction B!°(Li’, 2n)O"; 
QO= 8.012 Mev. A bombardment was made at 2.1 Mev 
and a careful search made for the 10-minute activity 
characteristic of N' to check for the presence of the 
reaction B!°(Li’, H4)N'. If H* exists at all, it must 
have an (M—A) value greater than 19.69 Mev, for Li® 
is known to be stable against breakup into He*+H*. 
If it is stable against neutron emission into tritium, it 
must have an (M—A) value less than 24.19 Mev. 
With the above reaction, it is possible for us to cover 
almost the entire range for the possible mass values 
of H‘; in fact with a bombarding energy of 2.1 Mev we 
come within 162 kev in the center-of-mass system of 
the threshold for the 3-body decay giving tritium and 
a neutron. We obtained a null result; less than one H* 
could have been formed per 3X10" incident lithium 
nuclei. 

When Li® bombards B"’, four decays within our range 
are energetically possible: B'(Li®, 2n)O%; Q=1.958 
Mev; B(Li®, n)O'™; O= 15.257 Mev; B!°(Li®, H®)N; 
O= 5.848 Mev; B'°(Li®, He®)C"'; O= 4.045 Mev. Several 
exposures were made for varying time intervals in order 
to bring out the separate components, and the com- 
posite decay curves were unraveled with the results 
given in Table III. The N® activity was not resolved 
above the others present, but the reaction producing it 
will be studied by the emitted tritons. The relative 
yields of O and O'* tabulated should not be taken 
too seriously, as it was rather difficult to separate these 
two activities with such similar lifetimes. The large 


yield for C' may be understood on the basis of its 


being formed in a direct process or proton transfer 
reaction; while this seems likely, we have no further 
evidence yet to substantiate this conclusion. 


1 R. Peierls, Proc. Roy. So (London) A149, 467 (1935) 


TRANSFORMATIONS 


BY 2-MEV Li IONS 759 


PaBLe III. Yields of radioactive products having half-live 
longer than one minute 


rhick-target 
yield per 
microcoulomb 


Beam Products 


Be’-+ He® 


Target 
28% 10° 
Lis LiF i 


CU-pn 1.3 108 


LifF CULIn 37K 10 
Be® N!3-+- 2n 35K 10 
C44 Hed 37% 108 
BY OM+-n 5x10? 
|OM-+ 2n Sx 108 


$« 10! 


BY O'+2n 
, 2x 10! 


cn F144 9 


When graphite targets were exposed to the Li’ beam, 
the characteristic 1.87-hour F!® decay was observed 
from the reaction C!*(Li’, n)F'8; O=5.954 Mev. This 
reaction was detectable with other targets when they 
were contaminated with a carbon film. This occurs even 
though the yield from this reaction is low because the 
penetration of the lithium ions into the target is so 
small. 

With the Li® beam on graphite, the 66-sec I!’ decay 
was observed, but no quantitative work has yet been 
done. The only long-lived activity found could be ex 
plained by the Li®(Li®, 2)C" reaction, where the Li® on 
the target was laid down by the beam itself. This effect 
was not observed when lower Z targets were bombarded 
with Li® because the bombardment times were not very 
long and there was considerable activity from other 
reactions. The bombardment time on the graphite 
target was not long enough to expect to see F'* activity 
from a reaction with the 1% C 

A 50-min, 2900-ucoul bombardment of a SiO» target 
with Li® over an area of approximately } cm’* gave 800 
‘11 


in the target. 


counts/min of 20-min ( 
bombardment. The amount of Li® laid down with this 
much bombardment is clearly small, but the cross 
Evidently it is 
possible to detect minute amounts of low-Z impurity in 
targets with the lithium beams. With the SiOz target, 
the reaction O'*(Li®, Het)F'* was too weak to be 
detected. 

When a titanium nitride target was exposed simul 


activity at the end of the 


section for forming C! is quite high 


taneously to both beams, a small activity was observed 
but did not permit identification. Elements of higher 7 
(in particular fluorine) gave no activity 
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Gamma rays following inelastic scattering of 2.6-Mev d-d neutrons from isotopically enriched samples of 
Ke, Fe®’, and from normal iron have been observed in a Nal scintillation spectrometer using the He? co 
incidence technique. The observed gamma rays are listed and are assigned to particular isotopes of the 


elements 


I. INTRODUCTION 


BSERVATION of the gamma rays following in- 

elastic neutron scattering can be used to obtain 
information on nuclear energy levels. The interpreta- 
tion of the data from many experiments is complicated 
by the presence of several isotopes of an element in the 
scattering sample. Experiments using isotopically en- 
riched scattering samples clarify the isotopic assignment 
of the observed gamma rays and make it possible to 
detect previously unobserved gamma rays due to in 
elastic scattering from the less abundant isotopes. 

The He’ coincidence technique developed at this 
laboratory! makes it possible to use small scattering 
samples. The reaction H*(d,n)He? is used as a neutron 
source, Scattering events are counted only if they are 
due to a, neutron associated with a He’ leaving the 
target within a certain solid angle. Thus the kinematics 
of the d-d reaction can be used to discriminate against 
those neutrons which do not start out from the target 
going in the direction of the scatterer. This reduces the 
effect of the high gamma-ray background due to scat- 
tering of neutrons from various materials in the 
accelerator room, 

Il. EXPERIMENTAL ARRANGEMENT 

The experimental arrangement is indicated sche- 
matically in Fig. 1. 

Neutrons were produced by bombardment of a thick 


deuterium target with 250-kev deuterons from a 
IN. DIAr BY-3-IN-LONG 


NAI (Ti) WITH I-IN HOLE 
] QUMONT 6364 


Vo-iN. DIA.® '/o-iN, 
TO 1V2-IN. LONG 
SCATTERER Yr ' 


KE 


DEUTERON BEAM ~s apn 


FOLLOWER 


\ an B-IN, THICK 
: Z ©. TUNGSTEN 
i SHIELD WITH 
TARGET V2~NCOL| 
BUILT UP BY MATING HOLE 
BOMBARDMENT! 
MAGNET 
i ] 
CATHODE AMPI- 
FOLLOWER 
NEAR 
PULSE 
~ GATING 
PULSE 


-! { 60-CHANNEL 
PULSE-HEIGHT 
ANALY 7ER 


AMP! COINCIDE NCE 


Fic. 1, Schematic arrangement of experimental apparatus. 


1 Faust, Scherrer, and Allison, Phys. Rev. 98, 224(A) (1955) 


studied. Decay schemes are proposed for Fe“, Fe, and Fe? 


Cockcroft-Walton accelerator. The deuterium target 
was built up by occlusion of the deuteron beam in an 
aluminum target backing. 

The 890-kev He’ particles produced at 76° to the 
deuteron beam pass through an analyzing magnet and 
are detected by a bare KI(TI) scintillation crystal 
approximately 7g inch thick. The magnetic analyzer 
was necessary in order to introduce a curved path for 
the He?* to traverse from the target to the scintillation 
crystal. This curved path, light baffles in the vacuum 
system, and blackening of the interior of the vacuum 
system prevent light emitted by the target from reach- 
ing the scintillation detector. This arrangement was 
necessary because a light-tight cover over the KI 
crystal would stop the He’ particles. The analyzing 
magnet also helps to separate unwanted charged par- 
ticles from the He* particles. Its resolution was not 
adequate to completely eliminate deuterons elastically 
scattered from the aluminum target backing. However, 
the deuterons can be discriminated against since the 
KI detector has a higher scintillation response to 890- 
kev He’ particles than to the elastically scattered 
deuterons that get through the magnet. 

The 2.6-Mev neutrons at 77° to the deuteron beam, 
associated with those He’ selected by the He’ detector, 
pass through a }-inch diameter hole in an eight-inch 
thick tungsten shield and strike the scatterer. The 
scatterer is placed inside the well of a NaI(TI) scintilla- 
tion detector used as a gamma-ray detector. 

The gamma-ray detector is a five-inch diameter by 
three-inch long NalI(TI) crystal with a one-inch di- 
ameter hole drilled through the crystal along its central 
axis. This arrangement acts as a summing spectrometer 
because it has almost 4x geometry and high photopeak 
efficiency. 

The pulse-height distribution from the gamma-ray 
detector is displayed on a 60-channel pulse-height 
analyzer. The pulse-height analyzer is gated by the 


TABLE I. Isotopic concentration of iron samples 
Atomic percent 


Fe* enriched 
sample 


Fe*’ enriched 
sample 


0.226 
56.08 
43.45 

0.244 


Normal 
Isotope iron 


e 
e* 91.68 4.29 
e 2.17 1.02 
e 0.31 0.018 


u 5.84 94.65 
6 


I 
k 
k 
F 
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signals from the He’ detector to record only those pulses 
in coincidence with a He’. 

The scattering samples, 4 inch in diameter, were 
powdered Fe,O; enclosed in a plastic container. Samples 
of Fe.Os enriched in Fe and Fe*’ were obtained on 
loan from the Stable Isotopes Research and Production 
Division of Oak Ridge National Laboratory. The 
samples used weighed between 3.5 and 5.1 grams. 
Isotopic concentration of the enriched samples? and 
and that of normal iron are shown in Table I. 


Ill. EXPERIMENTAL PROCEDURE 


The current necessary for the analyzing magnet to 
deflect the He* particles into the KI(TI) crystal de- 
tector can be calculated approximately from the known 
Bp of the He’ and the geometry of the analyzing magnet. 
With this current setting as a starting point, the 
pulse-height distribution from the He’ detector was 


DIS 
CRIMINATOR , 
SETTING A 
we,,t 


e** 





i@ 22 26 30 
PULSE HEIGHT (VOLTS) 
Fic. 2. He* pulse-height distribution 
obtained. The magnet current was then adjusted to 
give maximum counting rate in the He* peak. A pulse- 
height distribution obtained at this current setting is 
shown in Fig. 2. The He* peak is shown accompanied 
by the lower energy continuous pulse-height distribu- 
tion from the elastically scattered deuterons. An 
integral pulse-height discriminator was set as indicated 
in the figure to discriminate against the deuterons. 
The location of the center of the He*-neutron co- 
incidence beam was determined experimentally by 
traversing around the expected location with a 4-inch 
diameter X4-inch long stilbene scintillation counter 
used as a neutron detector. The tungsten shield was 
then placed with its collimating hole centered at the 
angle indicated by the maximum coincidence counting 
rate in the neutron detector. Several times during the 


2 Analysis furnished by Stable Isotopes Research and Produc 
tion Division, Oak Ridge National Laboratory 
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Fic, 3, Traversal of He’ coincidence beam. 
course 
rechecked behind the collimator at the sample location 
by traversing with the stilbene crystal. A typical co 

(solid curve) and an 
curve for the tungsten 


of these experiments, the coincidence beam was 


incidence-beam measurement 
off-coincidence 
collimator (dashed curve) are shown in Fig. 3. Ideally, 
these curves should be centered at the same place, 
However, repeated measurements of this type indicate 
that the coincidence beam shifts around by approxi- 
mately 0.05 inch with respect to the center of the 


transmission 


collimating hole. 

All runs were taken for a fixed number of singles 
counts in the He’ detector which should have been 
proportional to the number of neutrons in the coin 
cidence beam striking the scatterer. However, various 
checks on consistency of the data indicate that the 
He® detector is not a good neutron monitor with this 
arrangement. One source of this difficulty is changes in 
the location and the focus of the beam spot. This is 
evidenced by the shifts in the coincidence-beam location 
previously mentioned. Furthermore, the day-to-day 
condition of the surface of the deuterium target seems 


4. Pulse-height distribution from Sc“ 
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Fic. 5. Percent resolution of gamma-ray spectrometer 


to affect the ability of the He* monitor system to dis 
tinguish between deuterons and He’. This is evidenced 
by changes in the relative height of the He*® peak to the 
valley below it. For this reason, no absolute cross sec- 
tions will be reported here. However, the data on any 
with itself 
since the aforementioned changes occur slowly. 


one scatterer is believed to be consistent 


Runs with the scatterer in place were alternated with 
background runs taken without the sample. The ‘no 
sample” runs can be used to subtract off the true- 
coincidence background. 

Another source of background is due to the sample 
itself. Neutrons scattered elastically from the sample 
can be scattered inelastically in the Nal crystal, pro 
ducing gamma rays which are detected in the Nal 
crystal. These gamma rays, the Nal lines, are then 
superimposed on the gamma-ray spectrum due to 
inelastic scattering from the sample. Since the samples 
are in the form of oxides of the element of interest, 
neutrons elastically scattered from the oxygen also 
contribute to the Nal lines. There is no inelastic scat 


Fic. 6. Photofrac 
tion of gamma-ray 
spectrometer 
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tering from oxygen since the first excited state cannot 
be excited by 2.6-Mev neutrons.’ Data were taken with 
a carbon scatterer in order to identify the Nal lines. 
Since the first excited state of C is well above 2.6 
Mev,’ there is no inelastic scattering. 


IV. GAMMA-RAY SUMMING SPECTROMETER 


The summing property of the gamma-ray spectrom- 
eter is illustrated by the pulse-height distribution shown 
in Fig. 4, obtained with a Sc source placed inside the 
Nal crystal. Here the photopeaks of the 0.89-Mev and 
the 1.12-Mev gamma rays‘ and the sum peak at 2.01 
Mev are shown. 

The photofraction and percent resolution of the 
gamma-ray spectrometer shown in Figs. 5 and 6, were 
determined as a function of energy using radioactive 
sources of monoenergetic gamma rays placed inside the 
Nal crystal in the same position as the scatterer. 

The photopeak efficiency, «, shown in Fig. 7, was 

1 


determined as follows. The total efficiency, e’, was 
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Fic. 7. Photopeak efficiency of gamma-ray spectrometer. 


obtained by calculating the probability of a gamma ray 
interacting in the crystal using the total cross section 
for Nal with the coherent scattering subtracted.’ The 
photopeak efficiency is then obtained from the relation, 


exe’ P, 


where P is the experimentally determined photofrac- 
tion. Since monoenergetic gamma-ray sources were 
only available up to 1.51 Mev, the photopeak efficiency 
curve has been extrapolated to obtain ¢ for higher 
energies. 

The analysis of pulse-height distributions from the 
summing spectrometer to obtain information on the 
energy levels of the elements under study is discussed 

#F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955) 

‘Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953) 

5P. R. Bell, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955), p. 153 
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elsewhere.® The method used is an extension of the work 
of Gupta and Jha.’ 


V. RESULTS 


The pulse-height distributions obtained with the 
various scatterers are shown in Figs. 8 to 10. The “na 
sample” background has been subtracted and repre- 
sentative probable errors are indicated. The Nal lines, 
indicated in Figs. 8 to 10, have been identified from the 
data shown in Fig. 11 obtained with a carbon scatterer. 
Gamma rays of energy 0.20, 0.34, 0.43, 0.63, 0.80, 1.00, 
1.45, 1.64, and 1.76 Mev are seen. The Nal lines are in 
reasonable agreement with those observed by other 
workers,® although the summing property of this Nal 
spectrometer adds extra lines to the spectrum. 

When subtracting a photopeak from the pulse-height 
distribution, one must ascertain the contribution of the 
Nal lines to the area of the photopeak. One can sub- 
tract out the Nal contributions by normalizing the 
carbon data so that it has the same effect for elastic 
scattering as the sample of interest. This has been done 
for the iron data by assuming that the elastic scattering 
cross section is proportional to the square of the nuclear 
radius. This method gives reasonable results when 
applied to the Fe,O; data since the normalized carbon 
spectrum fits the background between the iron peaks 
reasonably well except in the neighborhood of the 0.43- 
Mev Nal line. This discrepancy is believed due to 
activation of the iodine in the crystal with the emission 
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Fic, 8. Pulse-height distribution from normal Fe sample. 
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Fic. 9. Pulse-height distribution from enriched Fe* sample 


* P. Shapiro and R. W. Higgs, Rev. Sci. Instr. 28, 939 (1957) 

7R. K. Gupta and S. Jha, Nuclear Phys. 1, 2 (1956). 

* See, for instance, Scherrer, Allison, and Faust, Phys. Rev. 96, 
386 (1954) and R. B. Day, Phys. Rev. 102, 767 (1956) 
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11. Pulse-height distribution from carbon sample 


of the 0.428-Mev gamma ray from I'* with a 25 
minute half-life.’ This causes the background to depend 
on the history of the Nal crystal, making it impossible 
to normalize the yield to the He*® monitor counts in 
this region. 

The gamma rays observed from the various iron 
samples are listed in ‘Table II, ‘The energy of the gamma 
ray is given in Mev, with the isotopic assignment fol- 
lowing in parentheses. 

Decay schemes are proposed that are consistent 
with our data. The relative intensity of the various 
gamma rays has been calculated using the method 
quoted in Sec. IV. Unfortunately, the counting rate 
was not high enough to take data with the sample 
placed in front of the Nal crystal as well as inside it 
Lu and Wiedenbeck"® have shown how comparison of 
these two types of data will show which gamma rays 
are in coincidence. This would have provided an addi 
tional clue for the interpretation of data. 


TABLE II. Gamma ray observed from iron samples 


Normal iron sample Ke enriched sample Fe*’ enriched sample 


0.57 +40.03(54) 0.394-0.03(57)(?) 
0.77 4-0.03(54) 0.42 4-0.03(56) 
1.39+0.03(54) 1.18+4-0.03(56) 
1.95+-0.05(54) 1.234-0.03(57) 
2.17 4-0.05(54) 1.91 +4-0.05(57) 
2.07-+0.05(56) 
2.294+-0.05(57) 


0.83 4-0.03(56) 
1.18+-0.03(56) 
1.374-0.03(54) 
2.07 4.0.05 (56) 


® Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
546 (1953) 


1), C. Lu and M. L. Wiedenbeck, Phys. Rev. 94, 501 (1954) 
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hic. 12. Decay scheme for Fe** 


Fe" 


The gamma rays observed in scattering from normal 
iron are due mainly to its principal isotope Fe. Our 
data are consistent with the well-known energy level 
scheme of Fe®* established from work on the decay of 
Mn” and Co and work with nuclear reactions." The 
decay scheme is shown in Fig. 12. The relative intensity 
of the various gamma rays has been obtained from 
our data. Relative intensities have also been computed 
from other data compiled by Hughes and Carter" for 
inelastic scattering of neutrons of approximately 2.6 
Mev. These are compared with our results in Table IIT. 
It is to be noted that our work agrees with that of 
Scherrer ef al. but is in disagreement with the work 
of Day." 

The 2.07-Mev gamma ray has not been seen by most 
other workers using neutrons of about 2.6 Mev al 
though it has been observed with higher energy neu- 


trons.'® Apparently, the photopeak efficiency is not 


high enough to easily observe this gamma ray with a 
small Nal crystal. 


Tasie Ill 


Relative intensity of Fe gamma rays 


Gamma-ray 
energy Phis Scherrer* 
(Mev experiment et al Day 


0.83 1 1 1 
1.18 0.204-0.07 0.17 0.049 
2.07 0.30+0.15 


* See reference 14 
» See reference 14 


“Way, King, McGinnis, and van Lieshout, Nuclear Level 
Schemes, A=40-—A=92, Atomic Energy Commission Report 
TID 5300 (U.S. Government Printing Office, Washington, D. C., 
1955) 

"]). J. Hughes and R. S$. Carter, “Neutron cross sections, 
angular distributions,” Brookhaven National Laboratory Report 
BNL-400, June, 1956 (unpublished) 

Scherrer, Allison, and Faust (private communication 

“RB. Day, Phys. Rev. 102, 767 (1956) 

16 See data tabulated in references 11 and 12. An indication of 
a peak at 2.1 Mev has been reported by Beghian, Hicks, and 
Milman, Phil. Mag. 46, 963 (1955) using 2.5-Mev neutrons 
However, they are not sure whether it is a sum peak or the 
photopeak of the 2.1-Mev gamma ray 


AND R W 


HIGGS 


TABLE IV. Relative intensity of Fe™ gamma rays 


Gamma-ray 
energy 
(Mev 


Relative 
intensity 
1 
0.174+0.08 
0.17 +-0.08 
0.12-+0.06 
0.3140.16 


=~ 
= 


“Sw 


=I 
“NunNs 


N= 


Fe*' 


The gamma rays observed from Fe™ are listed in 
Table II. The 1.39-Mev gamma ray has been observed 
by Sinclair’ and by Beghian ef al.’” in inelastic neutron 
scattering from enriched Fe™ samples. A gamma ray at 
2.18 Mev has been observed by Day" using a natural 
iron scatterer. He did not assign this gamma ray to any 
particular isotope. 

Association of the 1.39-Mev gamma ray with the 
decay of the first excited state is well established from 
the inelastic proton scattering experiments of Windham 
et al.'* They observed the first excited state of Fe™ at 
1.413 Mev by scattering 4.4 to 5.7-Mev protons from 
enriched Fe™ targets. No other levels were observed 
with an excitation up to 1.6 Mev. Buechner and 
Sperduto” have studied inelastic scattering of 7.04- 
Mev protons from natural iron. They observed levels in 
Fe™ at 1.41, 2.54, 2.57 Mev, and at higher excitations. 
Several weaker groups of protons could not be assigned 
to any particuiar iron isotope unless isotopically en- 
riched iron targets were used. 

After the first excited state is assumed to be at 1.39 
Mey, the rest of the decay scheme can be constructed 
from the energies of the observed gamma rays. The 
relative intensity of the various gamma rays has been 
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Fic. 13. Proposed decay scheme for Fe™ 


46 R. M. Sinclair, Phys. Rev. 99, 1351 (1955). 

17 Beghian, Hicks, and Milman, Phil. Mag. 46, 963 (1955). 

18 Windham, Gossett, Phillips, and Schiffer, Phys. Rev. 103, 
1321 (1956). 

' W. Buechner and A. Sperduto, Bull. Am. Phys. Soc. Ser. II, 
1, 39 (1956) 
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calculated and is shown in Table IV. This calculation is 
based on the decay scheme shown in Fig. 13. 


Fe" 


The Fe*’ enriched sample contains almost equal 
amounts of Fe and Fe®’. However, the gamma rays 
from Fe*’ can easily be identified from previous identi- 
fication of the Fe** gamma rays. Gamma rays of en- 
ergies 1.23, 1.91, 2.29 Mev, and possibly a 0.39-Mev 
gamma ray are assigned to Fe’. The presence of a 
0.39-Mev gamma ray is indicated by the fact that the 
0.33- and 0.43-Mev Nal lines are resolved in the normal 
iron and the Fe™ pulse-height distributions and are 
not resolved in the Fe*’ pulse-height distribution. 

There is evidence for energy levels in Fe®’ at 0.014, 
0.137, 0.35, 1.27, 1.62, 1.72, and 2.46 Mev and at higher 
excitations based on work with nuclear reactions and 
the radioactive decay of Co*’. Gamma rays of energies 
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Fic. 14. Proposed decay scheme for Fe*’ 


0.014, 0.123, and 0.137 Mev, associated with the decay 
of the 0.014- and 0.137-Mev excited states, have been 
observed from the decay of Co*’ and from Coulomb 
excitation of enriched Fe’ targets. In addition to these 
gamma rays, 0.220, 0.350, and 0.690-Mev gamma rays 
were observed from the decay of Mn®’. The 0.220- and 
the 0.35-Mev gamma rays are probably associated with 
the decay of the 0.35-Mev level to the 0.137-Mev level 
and to the ground state, respectively. The 0.690-Mev 
gamma ray has not been fitted into the energy level 
scheme." A 2.3-Mev gamma ray has been seen by Day" 
in the inelastic scattering of 2.56-Mev neutrons from 
natural iron. This is presumably the same gamma ray 
observed in this experiment. 

A tentative decay scheme is proposed for Fe®’ and 
is shown in Fig. 14. This decay scheme was constructed 
by using clues furnished by this experiment and other 
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ras.e V. Relative intensity of Fe*’ gamma rays 


Gamma-ray 
energy 
(Mev) 


Relative 


intensity 
0.72+4-0.20 
1.00 
1.09+0.55 


0.690 
1.23 
2.29 


available data. It should be noted that no distinction 
is made between transitions to the ground state and 
transitions to the 0.014-Mev level as the resolution was 
that this distinction could not be made. The 
gamma ray indicated at 0.39 Mev is assumed to 
originate from the level previously reported at 0,35 
Mev. Since the 2.29-Mev gamma ray has also been 
observed by Day using a small Nal scintillation de- 
tector, this gamma ray is not a sum peak, It is assumed 


such 


to decay from the previously reported level at 2.46- 
Mev to the 0.137-Mev level. It is unlikely that a sum 
peak would be detected since the 0.137-Mev gamma ray 
is strongly attenuated by self-absorption in the sample. 
The peak at 1.91 Mev is assumed to be a sum peak, 
indicating a previously unreported level at 1.91 Mev. 
This level decays by cascade emission of a 1.23- and a 
().690-Mev gamma ray to the ground state. The 0.690- 
Mev gamma ray is that observed in the decay of Mn* 
and was not resolved from the 0.65-Mev Nal line in 
this experiment. 

The possibility was considered that the 2.29-Mev 
peak is a sum peak indicating an energy level at 2.29 
Mev decaying by cascade emission of the 1.91-Mev and 
the 0.39-Mev gamma rays. This possibility was dis- 
carded for the reason discussed in the previous para- 
graph and because the ratio of the area of the 2.29-Mev 
peak to the area of the 1.91-Mev peak would have to 
be much larger than the observed ratio. 

The relative intensity of the gamma rays has been 
calculated assuming the decay scheme shown in Fig. 14, 
and is shown in Table V. 
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The thermal-neutron activation cross sections of Ge™ and Ge” were determined. Contrary to indications 
obtained from previously published neutron cross-section compilations, our results are in agreement with the 
isomeric ratio rule, which states that the ratio of cross sections for the production of two isomeric states by 
slow neutron capture is such that the isomeric state with spin close to that of the compound nucleus is 


favored 


YOME of the past investigations into the formation 
\J of isomeric states have revealed an interesting 
empirical rule concerning a quantity called the “iso 
meric ratio.”’ When isomeric states are formed through 
some process, such as radiative neutron capture, the 
ratio of the cross sections for the production of each 
state is known as the isomeric ratio. The rule was 
discovered empirically, that in slow neutron capture the 
two isomeric states of a nucleus having large spin 
differences are formed in unequal amounts and the 
isomeric state with spin closer in value to that of the 
compound state is favored over the other. Although 
exceptions to this rule were known, it was nevertheless 
established well enough to be invoked in arguments in 
favor of proposed spin assignments for isomeric levels.’ 

Under the Bohr assumption of compound nucleus 
formation, the capture of a neutron by a nucleus A 
leads to a state of high excitation in nucleus A+1, 
which decays promptly through the emission of electro- 
magnetic radiations. The new nucleus eventually ends 
up in the ground state of nucleus A +1, or in some low- 
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Fic. 1. Experimental evidence for rule concerning isomeric 
ratios: neutron capture in even-even nuclei only is included in the 
figure, so that the resulting compound nucleus states all have a 
spin 4 and even parity. The fraction of cascades populating the 
member of an isomeric pair with low spin is plotted along the 
x axis while the spins and parities of the isomeric states are given 
to the left 


S. Atomic Energy Commission 


* Under the auspices of the U 
Modern Phys. 21, 271 


' FE. Segre and A. C. Helmholz, Revs 
(1949) 

* M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179-239 
(1952) 


lying metastable level. The details of the decay process 
will determine in which of these two states the nucleus 
will find itself most frequently; the spins and parities 
of the initial and final states available for the nuclear 
transitions as well as the energy differences and the 
density of these states bear upon the nature of the 
decay. Dipole transitions are favored over transitions 
of high multipolarity, the energy dependence favors 
the emission of high-energy gamma rays and the density 
of levels is such that the emission of lower energy 
v rays is favored. Experimental evidence indicates that 
for the intermediate and heavy elements (except for 
shell effects) the gamma-ray spectrum is very complex, 
with an average multiplicity® of 2 to 4. If a cascade of 
this nature were to consist mainly of dipole radiations, 
then clearly only those states with spins close to that 
of the compound nucleus will be populated with any 
appreciable frequency. If isomeric states exist in the 
nucleus, implying a large spin value difference in the 
low-lying levels, then the state with spin closer in value 
to that of the compound nucleus will be populated in 
preference to the other. 

It appeared to us to be of sufficient interest to in- 
vestigate the rule in the light of new data on neutron 
activation cross sections, spin assignments, and decay 
schemes of isomeric states. In Fig. 1 we have sum- 
marized the data on isomeric ratios for isomers formed 
by neutron capture in even-even nuclei. In these cases, 
the neutron capture leads to a compound nucleus with 
a definite spin and parity assignment, 4+. Along the 
« axis there is plotted the fraction of the cascades, 
following compound nucleus formation, which populate 
the isomeric state with a low spin; that is, with a spin 
close to that of the compound nucleus. The data are 
divided into groups associated with the spins and 
parities of the isomeric levels. These spins are given at 
the left of each group of data. Inspection of the data 
reveals that only one point is plotted to the left of the 
0.5 line, namely Ge’. This point (the open circle 
plotted at ~0.15) was obtained from the neutron 
cross-section compilation by Hughes and Harvey‘ and 
represents a clear violation of the rule. Reference to 


4. O. Muehlhause, Phys. Rev. 79, 277 (1950). 

* Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955). 
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Fic. 2. Decay curve of 59-sec and 12-hr activities of Ge”’. These data were taken with an anthracene crystal and 
indicate the decay of these isomers as detected through their beta rays 


the literature listed in the compilation for the neutron 
activation cross section of Ge’® revealed, however, that 
a considerable discrepancy existed in the published 
values of these cross sections, and it was subsequently 
learned that the values listed in reference 4 were 
judiciously chosen ones. This suggested the possibility 
that the cross-section values might be incorrect for 
Ge” and that further measurements of these cross 
sections were in order. 


CROSS-SECTION MEASUREMENTS 


Since there are many similarities in the decays of the 
Ge isomers, it was found necessary to investigate Ge” 
in order to avoid errors in the Ge’? measurements due 
to the presence of Ge’, Enriched isotopes® were ir- 
radiated in the Brookhaven National Laboratory 
reactor to produce relatively pure samples of these 
isomers. Cross-section measurements were made rela- 
tive to the (n,y) cross sections of Al and Na, leading 
to 2.3-min Al** and 15-hr Na”, respectively. 

The 59-sec isomer of Ge’? was compared through its 
beta decay to the 2.3-min Al”* activity by irradiating 
weighed samples of Ge’® and Al simultaneously for 
short periods of time (irradiations were made for 3 or 
5 sec). Al** emits beta rays of 2.865-Mev maximum 
energy, while 59-sec Ge’™ emits two beta-ray spectra 
of maximum energies 2.7 and 2.9 Mev, respectively. 
Thus it could be assumed that our detector (anthra- 
cene) was equally efficient in detecting these two 
activities. The irradiation time was sufficiently short 
to enable us to assume that the production of our 
activities was linear with time [i.e., A¢ may be taken 
as a good approximation for (1—e~‘) |]. Under these 


Obtained from the Stable Isotopes Division, Oak Ridge, 
Tennessee. 


conditions the Ge cross section could be calculated 
from the Al cross section by the following formula: 


Tae tae Nat 
JAl, 
Tai tay Noe 


TGe 


where o is the cross section; J, the initial decay rate; 
t, the half-life; and n, the number of nuclei. 

A typical run is illustrated in Fig. 2. The initial decay 
rates of Ge’™ and Al** were obtained by a straight- 
forward extrapolation to zero time. Corrections had 
to be made for the internal transition branch of the 
Ge’ activity and for the isotopic enrichment of the 
Ge” sample (79.3%). A Cd ratio was obtained for this 
isomer in order to calculate the thermal cross section. 
As is seen in Fig. 2, the cross section of the 12-hr 
activity of Ge’ could also be determined relative to 
Al’*, The isomeric ratio of Ge? and Ge”? could also be 


obtained, independent of the value found for the 


absolute cross sections. In one run, the 12-hr Ge” 
activity was compared to the 15-hr Na™ activity. The 
cross sections for production of Ge™®" and Ge’ were 
measured in the same manner. The data are tabulated 
in Table I. 


Thermal neutron activation cross sections 
in germanium 


TABLE I 


Initial 
cTroes section 
(thermal 
neutrons) 


Cross section 
(pile neutrons 
Isomer half-life Final Initial 
0.046 
0.204 
0.126 


0.113 


0.040 -+-0.00% 
0.180+4-0.04 
0.087 40.015 
0.07640.015 


49 sec 
$1 min 
59 sec 


12 hr 


0.250 


0.129 
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CONCLUSION the isomeric ratio rule is removed. Again referring to 
Fig. 1, we see that the point for Ge’ calculated on the 
basis of our new measurements of the cross sections for 
production of Ge” and Ge’, falls just to the right of 
the 0.5 line. 


With the newly measured values of the cross sections 
for production of Ge’”™ and Ge’’,® the one exception to 


*QOur Ge’ thermal neutron activation cross sections are close 
to older values reported by Seren, Friedlander, and Turkel, U. S. 
Atomic Energy Commission Report MDDC-408 (unpublished), 
and J. K. Arnold and N. Sugarman, J. Chem. Phys. 15, 703 (1947), 
who give 0.085 barn for production of the 12-hr activity and state 
that the cross section for the 59-sec activity is 10% higher than 
that for the 12-hr activity. A new measurement of these cross 
sections has also been reported by W. S. Lyon and J. S. Eldridge, 
Phys. Rev. 107, 1056 (1957) who give 0.14 barn and 0.043 barn for 
the production of Ge’’™ and Ge”, respectively, by pile neutrons. 
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Although these values are considerably different from our values, 
they, too, are in agreement with the isomeric ratio rule. 
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The Ni™*(p,2p) reaction, by far the predominant reaction in that nucleus, was studied by detecting the 
two outgoing protons in coincidence. Measurements were made of the energy spectra of all protons from 
the reaction, of the spectrum of the sum of the energies of the two outgoing protons, and of the angular 
correlations of the outgoing protons with each other and wtih the incident proton, The results indicate 
quite conclusively that the preponderance of (p,2p) over (p,pn) reactions in Ni® is not due to the relative 


level densities 
“first” 


considered 


of the final nuclei, the ineffectiveness of Coulomb barriers, or a high emission energy of the 
proton leaving emission of a neutron energetically forbidden. Other possible explanations are 


There is strong evidence that the (p,2p) reaction mechanism is predominantly a direct one in which the 


two protons are “knocked-out” simultaneously. 


INTRODUCTION 


MONG the strangest anomalies in the field of 
medium-energy nuclear reactions are the very 


large (x,pn) and (x,2p) cross sections in medium-weight 
* For example, with a 23-Mev bombarding 
energy, (p,pn) reactions have far larger cross sections 
than (p,2n) reactions in all elements lighter than zinc,’ 
and in many cases, the heaviest example of which is 
Ni**, the most probable reaction is (p,2p).? There has 


elements.’ 


been much speculation’ on the explanation for these 
effects, but 


sections is too tenuous to allow positive conclusions to 


the theoretical analysis of total cross 


be reached. To obtain a deeper experimental hold on 
the problem, an investigation of the Ni®*(p,2p) reaction 
was undertaken by coincidence detection of the out- 
going protons. Angular correlations between these, and 
between them and the incident proton were studied. 


* Operated for the U. S. Atomic Energy Commission by Union 
Carbide Nuclear Company 

1B. L. Cohen and E. Newman, Phys. Rev. 99, 718 (1955) 

? Cohen, Newman, and Handley, Phys. Rev. 99, 723 (1955) 

* Miller, Friedlander, and Markowitz, Phys. Rev. 98, 1197(A) 
(1955); J. M. Miller, and F. S. Houck, Bull. Am. Phys. Soc. Ser 
II, 2, 60 (1957); S. N. Ghoshal, Phys. Rev. 80, 939 (1950) 

‘J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 

John Wiley and Sons, Inc., New York, 1952), p. 494; also, 
1955 Gordon Conference on Nuclear Chemistry (unpublished 


All measurements were made as a function of the 
energy of each of the two outgoing protons, and as a 
function of the sum of their energies. 

To review the situation, the energetic thresholds for 
the various reactions in Ni®* are listed in Table I. 
The known excited states of Co*’ are at 1.38, 1.50, and 
1.91 Mev. The observed cross sections are 240 mb for 


the sum of the (p,pn)+ (p,2n)+ (p,np)+ (p,d) reactions, 


Fic. 1. Electronic circuitry for measuring distribution of sum 
of pulse heights of coincidence pulses. By breaking the connection 
at B (or A), the pulse-height distribution of pulses in detector 
No. 1 (or No. 2) in coincidence with pulses from the other detec- 
tor is measured, 





Nit*(p,2p) 


vs 680 mb for the (p,2p) reaction.? For purpose of the 
discussion, the ratio of o(p,2p)/o(p,pm) is important. 
In view of the measurements, it is conservatively 
assumed that this ratio is a factor of four. 


EXPERIMENTAL 


The apparatus consists essentially of a scattering 
chamber with two detectors for the reaction products; 
a coincidence between the two detectors signals a (p,2p) 
reaction. Gating with this coincidence, measurements 
are made of the pulse-height distribution in one of the 
two detectors and of the distribution of the sum of the 
pulse heights in the two detectors. These measurements 
are made for various angular positions of the two de- 
tectors relative to the incident beam on both the left 
and right side of the latter. The 23-Mev proton beam 
from the ORNL 86-inch cyclotron passes through a 
}-in. diameter collimating slit into a 4-in. diameter 
scattering chamber, through a thin target located at 
its center, and thence into a Faraday cup which 
measures the integrated beam. One-inch high windows 
of 1-mil Mylar extend from 15° to 165° around the 


TABLE IJ. Energetic thresholds for proton-induced 
reactions in Ni** 


Energetic 
thresholds 


Reaction (Mev) 


Ni**(p,p)Ni® 0 
Ni**(p,n)Cu% 9 

Ni®*(p,2n)Cu”? 20.6 
Ni®*(p,pn) Ni*’ 11.9 
Ni**(p,2p)Cu®? 8.0 


periphery of the scattering chamber on both its left 
and right sides. The detectors, 1-in. diameter by }-in. 
thick NaI(T1) crystals connected by 1-in. long Lucite 
light pipes to Dumont 6291 photomultipliers, are posi- 
tioned against these windows. The crystals are covered 
with }-mil aluminum-coated Mylar films which serve 
as reflectors and also as a seal for light and moisture. 

The target holder contains three targets; it is 
mounted on a shaft which passes out of the scattering 
chamber lid through an O-ring seal. This allows any of 
the three targets to be placed in the beam, and the 
target angle to be rotated without breaking the vacuum. 
The three targets are a phosphorescent foil for observing 
the position of the beam, and thus aligning the chamber, 
a 2.5-mg/cm? nickel foil which is used as the principal 
target, and a thin polyethylene target for calibrations 
using the kinematically required coincidence from 
proton-proton scattering. The beam is monitored by 
a scintillation detector viewing the target at an angle 
of about 20° through a small window out of the detector 
plane. This proved slightly more reliable than the 
Faraday cup, and in addition takes into account the 
angle of the target to the beam. 
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Time-resolution curves obtained with p-p scattering 
Detectors are at 45°L and 45°R 


Fic. 2 
from a polyethylene target 
Reduced energies are obtained with absorbers 


The circuitry consists of three A-1-D amplifiers,’ an 
ORNL-type 0.1-ysec resolving-time coincidence analy 
zer, and a 20-channel pulse-height analyzer ; the arrange 
ment is shown schematically in Fig. 1. The pulses from 
the two photomultipliers are passed through amplifiers 
No. 1 and No. 2; the outputs of these are parallelled 
across a resistor which is very much smaller than the 
internal impendance of the output stages of the in 
dividual amplifiers. The pulses across this resistor are 
amplified and fed into a 20-channel pulse-height 
analyzer. The coincidence analyzer gates the pulse 
height analyzer when there is a coincidence between 
pulses from amplifiers No. 1 and No. 2. When connected 
as shown in Fig. 1, the sum pulses are recorded; by 
breaking connections A (or B), the pulses from No, 2 
(or No. 1) only are recorded. Accidentals are determined 
by throwing switch S to the left, which inserts a delay 
in channel No. the accidental 
rate determination is not sensitive to the exact length 


1. Tests showed that 


of this delay. 

The two detectors are balanced by adjusting the 
photomultiplier voltages to set the elastic-scattering 
peaks obtained without coincidence gating at the same 
channel. Tests with a pulser and with the coincidence 
protons from p-p scattering with and without absorbers 
indicated that shifts from 
breaking connections A or B, and that the addition of 


there are no significant 


pulses is linear. The variable delay is set by taking 
delay curves for p-p scattering. A typical set of curves, 
obtained with the polyethylene target and the detectors 
set a 45°L° and 45°R, is shown in Fig. 2. To improve 
the energy resolution in these measurements, narrow 


Instr, 18, 703 (1947 
the left or right side ol 


'W.H. Jordan and P. R. Bell, Rev. Sci 
*An L or R following an angle indicates 
the incident beam, respectively 
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slits are placed in front of the detectors; the reduced 


energy is obtained with an absorber. 

A large number of experimental difficulties were 
encountered in the course of this work. Some of them 
were: 

(1) The pulses to the coincidence analyzer occur 
when the pulses in the amplifiers cross the discrimina- 
tion level; this occurs at a later time for small pulses 
than for large pulses, thus explaining the shifting of the 
curves in Fig. 2. This effect can be very serious if 
proper precautions are not taken. To minimize it, it is 
necessary to use high amplifications and low discrim- 
inator settings on amplifiers No. 1 and No. 2, and to 
set the variable delay very accurately. Even so, it is 
probable that coincidences between a very large pulse 
and a very small pulse are missed in a small fraction 
of cases. Due to this problem, amplifications are not 
subject to major adjustments. In order to spread the 
interesting portion of the spectrum across the 20 
channels, a voltage divider is used at the input to the 
pulse-height analyzer. 


ras.e II. Detectors at 90° and 45°. Ratio of intensity with 
detectors 135° apart to intensity with detectors 45° apart 


Spectrum type Position 7(135° apart)// (45° apart) 


15+0.08 
14+0.06 
12+-0.06 
11+0.05 
2240.07 


Q=0 
Q= —2.6 Mev 
4 


Sum 1 
1 
O= 7 Mev 1 
1. 
1 


Sum 
Sum 
Single 
Single 


Peak 
E~7 Mev 
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(2) Because of the low discriminator settings, 
gamma rays are also detected in the coincidence circuit. 
This proves especially difficult when the principal 
portion of the beam drifts away from the slit and 
strikes the collimator. In order to overcome this, an 
elaborate shielding system was developed. In addition, 
a scintillation counter was installed to determine the 
gamma-ray counting rate from the slit. The ratio of 
this rate to the proton counting rate was frequently 
minimized by adjusting the beam steering magnets to 
center the beam on the slit. 

(3) The accidental rate was always very much 
higher than calculated. This is presumably due to the 
fact that a cyclotron is not a steady source. The well 
known rf pulsing is not responsible since the coincidence 
resolving time, 0.1 usec, is much longer than an rf 
period. A considerable effort was expended in changing 
cyclotron parameters to minimize this effect, but 
without notable success. 

(4) Because of the long periods required to accumu- 
late coincidence data, it was necessary to operate at 
total counting rates normally considered excessive 
(~1500 counts/sec). This resulted in shifting of pulse 
height vs energy curves, and in some loss of resolution. 
As angles are changed, it is, of course, impossible to 
maintain uniform total counting rates in both detectors; 
this accentuates the above problems. 


These effects, coupled with the very steep energy 
dependence and the relatively small effects being 
studied, seriously decrease the accuracy of angular 
anisotropy measurements with pulse-height spectra 
from one detector only. This proved to be a major 
advantage of using sum spectra. 

Data were obtained for each setting of the counters 
on two regular runs of about ten-minute duration each, 
with an accidental run sandwiched between. Accidental 
rates were corrected for the relative time of the runs 
for a given number of monitor counts. At the most 
intense parts of the spectra, true-to-accidental ratios 
of about 4:1 were commonly obtained. All data were 
taken in series of runs in which left and right sides 
were interchanged and the two counters were inter- 
changed, so that alignment errors are canceled out. 
In all, the experiment included many hundreds of 
measurements of spectra. 

The effect of gammas from the target in true co- 
incidence with protons was studied by using absorbers, 
and their effect was found to be negligible. The crystals 


TABLE III. Detectors at 90° and 135°. Ratio of intensity with 
detectors 135° apart to intensity with detectors 45° apart. 


1(135° apart)//(45° apart) 


1.19-+-0.08 
1.15+0.05 
1.13+0.05 
1.16+0.05 
1.24+-0.07 


Spectrum type Position 


Sum 
Sum 
Sum 
Single 
Single 


O=0 
VO= —2.6 
O=—4.7 
Peak 


E~7 Mev 





Ni®*(p,2p) 


are sufficiently thin that their efficiency for detecting 
gammas is only a few percent. 


RESULTS 


Figure 3 shows the energy distribution of the protons 
detected at 90°R in coincidence with protons at 90°L 
(and vice versa). This energy distribution was found to 
be essentially independent of either the angle of the 
detector or the coincidence detector; with the exception 
of small energy shifts explainable as center-of-mass 
offects, changes in these angles were reflected only in 
ehanges in over-all intensity. The high-energy portion 
cf the spectrum exhibits a very rapid decrease in 
intensity with increasing energy; making corrections 
for Coulomb barrier penetration and energy gives a 
slope corresponding to a nuclear temperature of 0.9 
Mev. This is considerably steeper than the spectrum 
obtained by Gugelot’? (7~1.5 Mev) from inelastic 
scattering of 18-Mev protons by nickel. The low-energy 
portion of the observed spectrum is featured by a very 
sharp decrease due to the Coulomb barrier; the cal- 
culated barrier-penetration factor (using ro= 1.5 10~" 
cm) is shown in the figure. 

Figure 4 shows the distribution of the sum of the 
energies of the two protons. The data shown were 
obtained with the detectors at 90°L and 90°R, but 
here again, the shape of the distribution was essentially 
independent of the detector angles. One small exception 
to this is that the dip at about 9.5 Mev seems to be 
somewhat less pronounced, although still present, when 
the detectors are at backward angles. Another possible 
exception is in the height of the peak at 13.7 Mev 
relative to the rest of the spectrum; there is some 
evidence (see Tables II, III, and IV) for slight varia- 
tions in this. 

The peak at 13.7 Mev in Fig. 4 corresponds to the 
final nucleus, Co*’, being left in its ground state. The 
calculated value for this energy is 13.7+0.2 Mev, in 
excellent agreement with the observation. Approxi- 
mately 11% of the area under the curve is contained 
under this peak. A steep rise is observed leading to the 
calculated position of the first two excited states of 
Co”? at ~Q=1.4 and 1.5 Mev; although these groups 
are not resolved, the shape indicates that the area 
under these peaks is somewhat larger than that under 
the ground state peak. Taken together, the area under 
these three peaks represents about 25% of the total 


Ratio of intensity with detectors at 
various angles 


TABLE IV 


3$°L, 
135°L 


135°L 
135°R 


35°L 
135°L 


35°R 
135°R 
1.43 
1.29 
1.28 


Spectrum 


type Position 


Q=0 
O= 
0= 


Sum 
Sum 
Sum 


28 12 
2.6 Mev 1.20 


4.7 Mey 1.14 


Gugelot, Phys. Rev. 93, 425 (1954) 
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Fic. 4. Distribution of the sum of the energies of the two protons 
emitted in Ni(p,2p) reactions. Detection angles for this data wer 
90°L and 90°R, but data obtained at other angles were essentially 
indistinguishable from this except for shifts due to center-of-mass 
motion. Each set of points represents an average of about seven 
measurements 


area under the spectrum. The other features of Fig. 4 
are broad peaks at QO 2.6 Mev and O 4.7 Mev 
with a definite dip between. 

The major angular distribution effort was directed 
toward measuring azimuthal anisotropies; that is, 
differences in the intensity between two positions in 
which the detectors are at the same angle relative to the 
incident beam, but at different angles relative to each 
other. The results are summarized in Tables IT and IT] 
They show that there is quite definitely an azimuthal 
anisotropy ; it shows no strong energy dependence ; and 
for the cases studied, namely 135° separation vs 45° 
separation, the probability of the larger separation is 
about 17% higher. 
constructed allowing a few measurements to be made 


A special set of detectors was 


with separations as small as 20°; there was no marked 
change in the azimuthal anisotropy. 

The one systematic difference between the runs with 
detectors 135° apart and 45° apart is that in the former 
case, the detectors view opposite sides of the target, 
whereas in the latter they view the same side. In order 
to check for spurious effects due to this, a 0.6-mg/cm? 
target (one-fourth as thick as the 
installed; again there was no marked change in the 


usual one) was 
azimuthal anisotropy. 

A lesser effort was expended in studying the angular 
distribution of the outgoing protons relative to the 
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lanie V. Angular distribution of second detector with first 
detector at 90° (sum spectrum, —~Q=2 to 5 Mev) 


Relative 


intensity 


Angle of 
second detector 


45 ; 1.164-0.10 
90 1.044-0.10 
135 1.00 


incident protons. Some of the results are shown in 
Tables IV and V. They indicate that intensities are 
higher in the forward direction, although the anisotropy 


is not large. 


CONCLUSIONS AND DISCUSSIONS 


The most important problem to be investigated in 
the light of these results is the explanation for the 
strange preponderance of (p,2p) over (p,pn) reactions 
in Ni. It may be hoped that this will elucidate the 
much broader problem of the general preponderance of 
proton emission over neutron emission in this mass 
region. 

Some of the more usual explanations of this effect 


as applied to the present problem are: 


(1) The first emitted proton comes off with very 
high energy so that there is insufficient energy available 
for a neutron to be emitted as the second particle. 

(2) The Coulomb barrier is not very effective in 
impeding proton emission.” 

(3) The level density of Co®’ is very much larger 
than the level density of Ni®’, so that the former is 
favored statistically.* 

(4) The states of Co” have a higher fractional 
parentage of the original nucleus, Ni®*, than do the 
states of Ni®* 

(5) The incident particle, which in this case is a 


proton, has a high probability of being re-emitted. 


Item (1) can readily be seen to be incorrect from 
Fig. 3. Only if the first proton is emitted with an 
energy greater than 9.9 Mev is neutron emission 
energetically forbidden; this occurs in only about 1% 
of all reactions. Mast protons come off with less than 
6 Mev, leaving at least 4 Mev available for neutron 
emission. 

Item (2) is also refuted by Fig. 3. The proton energy 
spectrum drops off sharply below the Coulomb barrier 
in approximately the expected manner. 

Item (3), the level-density argument, is perhaps the 
most widely used explanation for this effect. However, 
Fig. 4 indicates that level densities have little to do 
with the matter. For example, 11% of all (p,2p) re- 
actions go to the ground state of Co®’, and an equal 
number goes to its first two excited states. There are, 
thus, as many (f,2p) reactions going to the lowest 
three states of Co’ as there are (p,pn) reactions in toto. 


A. Wheeler, Phys. Rev. 89, 1102 (1953). 
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A simple calculation (see Appendix A) shows that there 
should actually be more (p,pm) reactions going to the 
ground and first excited states of Ni*’ alone. This 
leaves no (p,pn) cross section from competition with 
the other 75% of (p,2p) reactions, whereas statistical 
theory® predicts that (p,pn) reactions should be favored 
over these by a factor of two. 

Another argument against the importance of level 
densities arises from comparing the relative probabili- 
ties of (p,2p) reactions going to the ground and excited 
states of Co®*’. High-resolution measurements of even 
low-energy inelastic scattering’® have revealed forty 
levels in Co™ from 1.0- to 3.7-Mev excitation. It thus 
seems certain that many hundreds of excited states of 
Co*’ can be reached by (p,2p) reactions without undue 
impedance from Coulomb barrier effects. The fact that 
one reaction in nine goes to the ground state indicates 
that level densities do not have a controlling influence 
over the situation. Level density arguments would also 
not be able to account for the peaks at 2.6 and 4.7 
Mev in Fig. 4. 

Item (4), the fractional parentage argument, is 
impossible to refute in complete detail because of lack 
of knowledge. It is difficult, however, to see why the 
original nucleus, Ni®*, should have a larger fractional 
parentage of Co*’ (ground state) corresponding to a 
proton withdrawn from its closed shell, than of Ni* 
(ground state) which has only a neutron removed 
from an open shell. Moreover, the excessive emission 
of protons seems to be so general throughout this mass 
region that it is most unlikely that it can be attributed 
to the properties of specific nuclear states. 

Item (5) seems to be an attractive explanation for 
the fact that (p,pm) reactions are usually the pre- 
dominant reaction in this mass region. It does not 
explain the remaining cases where (p,2p) reactions 
predominate ; however, in every case of this type, the 
latter reaction is energetically favored. While there is 
no obvious explanation why this energetic favoring 
should have such a large influence, it is not incon- 
ceivable that it might. 

Another difficulty with explaining the high prob- 
ability for proton emission as reemission of the incident 
proton is that (a,pm) reactions have also been found? 
to be very large. However, Weisskopf has pointed out"! 
that there is probably not much connection between 
proton- and alpha-particle-induced reactions since the 
latter are very probably “‘stripping”’ processes. 

Another important problem is to determine the 
reaction mechanism in the reaction under study. The 
two mechanisms which seem worthy of consideration 
are; 


* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 

” Mazari, Sperduto, and Buechner, Bull. Am. Phys. Soc. Ser. 
II, 2, 179 (1957). 


"V. F. Weisskopf (private communication). 
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(a) inelastic proton scattering followed by proton 
boil-off ; 

(b) direct interaction in which both particles are 
“knocked-out” simultaneously. 


The 17% azimuthal anisotropy indicates that at 
least this fraction of the reactions proceeds by me- 
chanism (6); the fact that the energy distributions are 
so independent of angle strongly suggests that this 
fraction is much higher. The fact that level densities 
play such an unimportant role in determining the 
course of the reaction argues very strongly against 
mechanism (a). The shape of the sum spectrum, Fig. 4, 
is typical of direct interaction spectra’; the peaks 
at —Q=2.6and 4.7 Mev would be essentially impossible 
to explain with a “boil-off” theory. 

There thus seems to be very strong evidence that 
the reaction mechanism is predominantly a direct 
interaction. The fact that the incident particle seems 
to be re-emitted indicates that there is only a single, 
or at most, only a few collisions. 
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APPENDIX A. CALCULATION OF RELATIVE PROB- 
ABILITY FOR (p,pn) REACTIONS TO THE 
LOWEST STATES OF Ni*’ AND (,2p) 
REACTIONS TO LOWEST 
STATES OF Co” 

We designate (p,pn) reactions to the ground and 
first excited state of Ni*’ as N, and Ng, respectively, 
and (p,2p) reactions to the ground and first two excited 


2B. L. Cohen, Phys. Rev. 105, 1549 (1957); B. L. Cohen and 


S. W. Mosko, Phys. Rev. 106, 995 (1957). 
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states of Co*’ as P;, Po, 
section for any reaction is proportional to’ the energy 
of the outgoing particle, , times the cross section for 


the inverse process, ¢;. The most favorable assumption 


and Ps, respectively. The cross 


is that the highest energy protons in the spectrum, 
Fig. 3, are accompanied by proton emission to give P,. 
Since 11% of all (p,2p) reactions are P), this must be 
true of the uppermost 5.5%) of the spectrum, which 
includes all protons above 8.0 Mev; the mean energy 
is 8.7 Mev. Thus, the competition between P; and N, 
is between emission of a 5.1-Mev proton and a 1.1-Mev 
neutron. The # factor favors proton emission by a 
factor of 4.6, but the o,; factor favors neutron emission 
by a factor of 7. Thus 


a (P\)e~0.660(N;). (1) 


Using the same calculation on the remaining protons 
in the spectrum, the competition between N; and P,» 
or Ps is between emission of 5.0-Mev protons and 


2.5-Mev neutrons. The result is 


a(P2)~a(P3)-0.270 (Nj). (2) 


Adding each of (2) to (1) gives 


a(P1)+a(P2)+o(P3)™1.20(N;,) (3) 


If the first excited state of Ni®*’? were at 2.0 Mev, the 


competition between N» and P», or ?, would yield 


a(P)~a(P3)™1.40(N>2). (4) 


Adding (1), 0.63 times each of (2), and 0.37 


each of (3) gives 


times 


a(P\)+a(P2)+0(P3) =a(N1)+0(N3). 


(5) 


Experimentally, the left sides of (3) and (5) are 
equal to the entire (p,pn) cross section. Therefore, 
competition from the ground state of Ni*’ should 
account for 83% of this, and if Ni*’ has even one 
excited state below 2 Mev 
is already a discrepancy. Furthermore, there is no 


a virtual certainty—there 


(p,pn) cross sec tion left to account for the « ompetition 
with the remaining 75% of (p,2p) reactions 
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The possibility of stable pear-shaped deformations of nuclei is treated by a perturbation theory starting 
from the nucleon wave functions of a spheroidal harmonic-oscillator potential, without spin-orbit coupling 
The mixing of states of opposite parity tends to stabilize the deformation, and is opposed by the cohesiveness 


of nuclear matter that favors a spherical shape. The 


> former is calculated explicitly for a number of cases 


and the latter is estimated by imposing a constant-volume condition in a simple manner closely analogous 
to a more familiar treatment of spheroidal deformations. In this approximation the mixing of the states is 


not quite enough to overcome the competing effect, so it merely 


a pear-shaped deformation. The most direct effect 


‘sofiens” the nucleus and does not stabilize 
of spin-orbit coupling is to bring states of opposite 


parity closer together, tending to increase the mixing and make pear-shaped nuclei stable 


HE discovery by Stephens, Asaro, and Perlman! of 
levels which appear to be odd rotational states of 

even nuclei, in the neighborhood of radium, raises the 
question whether and to what extent nuclei have pear- 
shaped deformations superposed on the more familiar 
spheroidal distortions. The original shell model’ en- 
visaged nucleons moving in a spherical collective po- 
tential, and important advances were made when it 
was realized that many nuclei could attain lower 
energies by taking advantage of the additional collective 
degrees of freedom represented by ellipsoidal distortion.’ 
Even though it is not yet practicable to compute 
nuclear binding energies with any accuracy from 
assumed two-nucleon interactions, it is possible to 
discuss the energy differences involved in spheroidal 
deformation in an apparently meaningful way in terms 
of nucleon energies in a three-dimensional harmonic- 
oscillator potential, a fictitious or zero-order potential 
intended to represent the average interaction of any 
one nucleon with all the others. The spheroidal devia- 
tion from the spherically symmetric case is accomplished 
by making the frequency of the oscillation in the 
z direction different from the other two, w;=wo%ws. 
The specific question, whether a spheroidal! deformation 
is stable, can be discussed appropriately and simply by 
omitting spin-orbit coupling. In this case, one fills 
shells at the “false magic numbers” 8, 20, 40, 70, 112, 
etc. The quantitative details, including settling the 
rather close competition between prolate and oblate 
shapes, may be expected to depend on inclusion of 
spin-orbit coupling, as has been nicely done by Nilsson.‘ 
In either case, the distortion becomes large when 
S 
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several open-shell nucleons occupy states with wave 
functions oriented so as to favor the same distortion, 
especially when the number that can be favorably 
oriented is increased by crossover of the levels between 
the open shell and the next higher unfilled shell. 

It is our purpose here to discuss the stability of 
pear-shaped deformations in as simple a manner as 
possible, without taking spin-orbit coupling into ac- 
count, and in close analogy with the simpler explanation 
of the ellipsoidal deformations. A pear-shaped defor- 
mation of an originally spheroidal nucleus mixes single- 
nucleon states of opposite parity, and this mixture 
tends to stabilize the deformation, as has recently been 
discussed by Strutinsky.® The spin-orbit coupling which 
we neglect has important effects on the energy sepa- 
ration of nucleon states of opposite parity. In making 
the simplified analysis, we are thus asking whether a 
pear shape would be stable in some nuclei without this 
regrouping of the states caused by spin-orbit coupling. 


I. PERTURBATION PROCEDURE 


We make use of the simplicity of the separability of 
harmonic-oscillator wave functions in Cartesian coordi- 
nates. In these coordinates a simple modification of the 
ellipsoidal harmonic-oscillator potential is made by 
adding a term of the form 


H'=([ki(x?+-y*) + hoz? Jz, (1) 


the ratio of the two constants being chosen in a simple 
way to avoid shifting the center of mass. The fictitious 
potential, intended to represent the average interaction 
of one nucleon with all the others, is then written 


V=$K{[(x*+-y")/b? }(1—gz)+[2*/a? )(1+-§g2)}. (2) 


The parameter g is a measure of the pear-shaped 
deformation of the potential, and its coefficients are so 
chosen that the moment (about the «—-y plane) of the 
volume inside an equipotential surface remains zero 
hat is, if the cylindrical radius (*+-y*) is determined 
as a function of z, to first order in g, by Eq. (2) with a 


5 V.M. Strutinsky, J. Atomic Energy (U.S.S.R.) 4, 150 (1956). 
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constant V, then 


ff cots ads 0, (3) 


the limits of integration being the values of z where 
(x*+-y’)=0. For the spherical case a=b, the g-term 
then varies with angle as Y;(cos@). 

The fictitious potential gives us our wave functions, 
and we hope in shell-model calculations that it also 
gives nucleon energies whose differences are significant 
in calculating the total energies of the system, even 
though we cannot go so far as to average over inter- 
actions with these as trial functions and prove con- 
sistency. With the added complication of a pear-shaped 
deformation, we employ perturbation theory to obtain 
the crude shell-model result for the energy that the 
system of nucleons would have in the fictitious potential 
(2). With g=0 the energy in this approximation is 
simply the sum of the oscillator energies, and we treat 
the term in g as the perturbation 


. 42? (x?+y?) 
Hu)’ = ‘Kg ps 2; = . 


nucleons a b 


‘ 


(4) 


This has the effect of mixing those unperturbed single- 
nucleon wave functions of opposite parity which obey 
the selection rules An= +1 and either Al=0, +2 with 
Am=0 or vice versa, or the selection rule n= +3 with 
no change in / or m. Here 1, m and n are the harmonic- 
oscillator quantum numbers in the x, y, and z directions. 
Having no diagonal elements, this term contributes 
to the energy only in second order, through the familiar 
formulas 
(lmn| Hy’ \l'm'n’)? 
Eimn®= 2 
Um'n’ (Eimn— Evm'n') 


¢(2) % (2) 
4 x tun E tien . 


The first summation extends over all states obeying the 
selection rules and the second sum over all states insofar 
as they are populated by nucleons in a given nucleus. 
A term connecting two filled levels enters twice, pushing 
the upper state upward and the lower state downward 
by the same amount, so as to cancel in the final double 
summation. The net result is that the levels not too far 
below the highest nucleon energy are depressed by 
interaction with the unfilled levels and this leads to a 
net lowering of the energy. 

Thus the mixing of states of the spheroidal nucleus 
induced by the collective pear-shaped deformation 
provides a tendency toward stabilizing such a defor- 
mation. If this were the only effect, such perturbation 
would be expected to grow in any nucleus. It is, of 
course, opposed by the cohesiveness of nuclear matter 
and its tendency to maintain constant density. This 
compéting effect of the deformation raises the average 
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single-nucleon energy in a way that amounts to “‘squeez- 
ing’’ the closed shells. 

In the case of the simpler ellipsoidal deformation, 
a similar effect occurs. There we may put w= 

w(1+6)!, ws | 
constant and thus the volume within an equipotential 
surface constant. The energy of a closed shell is then 
proportional tO witwetws3= 3w(1+28+---). Thus in 
second order in 6 the squeezing in two dimensions is 
not compensated in the energy by the greater relaxation 
in the third, and this term in & provides a restoring 
force to prevent the ellipsoidal deformations from 
going too far. 

With a fixed elliptical deformation, that is, with 
we/ws or a/b of Eq. (2) fixed, the introduction of the 
term in g has a similar effect which comes in through 
readjustment of K. We write K= (1+ /)K’, with K’ 
constant. For the sake of simplicity we again adopt 
the constancy of the volume within an equipotential as 
the criterion for constant over-all density of nuclear 
matter, and obtain the volume inside an equipotential 
of constant V by integrating: 


w(1+6)' so as to keep wwws=w* 


I = (vol)a*/b? fo + y")dz, 


with («*+-y’) a function of 2, from Eq. (2): 


(x?-+- y") = (b?/a*)[ Zo? —2?(14-4gz) |/(1—gz), (7) 


where Z,?= 2Va’/K’, the limits of integration Z, and Z, 
being similar to those for Eq. (3), i 


Lo 1=+Zo(1¥F 4gZo). (8) 
After expanding the denominator of Eq. (7), inte- 
grating, and keeping terms in g’, one obtains an expres 
sion for J which remains constant to this order if 


f= (1/9) g?Z?/(14+- f) = (2/9) (Va"/K')p?, (9) 
f here being treated as a small quantity of order g’. 
This correction term / is different for each equipotential 
and is thus a function of position, 


f= (x,y,z) = (g?/9)[ (a?/b*) (x?+-y*) +27]. (10) 


The perturbation term in the Hamiltonian, the differ 


ence between V and V with g=0, is then 


42? (x2 | ”) 


a , b ? 


H’ AK'| 


Hy'+Ha’. (1) 


(‘)| (x? + y’) 2? | 
tg” t 

3 ’ a’ 
Here H,,)' 
order to give an effect proportional to g*, according to 
Eqs. (4) and (5) but with K replaced by K’. Hz)’ is 
proportional to g? and because it enters in first order 


is proportional to g and enters in second 
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makes comparable contributions which, in fact, compete 
with those of H,)’ in determining the stability of the 
pear-shaped deformation. 

Repeated application of the recursion formula for 
the normalized Hermite polynomials, 


2H, (¢) = (n+1)*Hayilt)+n'H,(f), (12) 


gives 

(n\{?|\n)=4(2n+1), 
i (n+-1)*+n’ |, 
2-4(n+-1)!, 
2-in', 
3-4 (n+1)/2 }i, 
3(n/2)3, 
2-4(n+-3)4(n+-2)*(n+-1)!, 
2-4(n—2)*(n—1)!n'!. 


(n\f*\n)= 
(n|\¢|n-+-1)= 
(n|\{\n—1) 
(n|t*|n4-1)= 
(n|¢*|n—1) 
(n|f*|n-+-3) 
(n|f*\n—3) 
Products of these one-dimensional matrix elements 
provide the three-dimensional matrix elements needed, 


such as 


(mn | £m" | lmn) = 4 (214-1) (2m+-1), (14) 


for the evaluation of Hi)’ and 


(lmn| &¢|1—2, m, n—1)=2-4(1—1) in! — (15) 


used in evaluating H,,)’. 
Combining three terms of the form ¢* and three like 
Eq. (14), we have 


(Lmn| H¢»)'\lmn) 


awa 
{p°f 3(2 } m’*) { 4im 4 Si t m) { } 
36° 


+ 2p(l+-m-+1)(2n+1)+-3(n’+n)+ 3}. (16) 
Similarly, combining twelve terms of the sum in Eq. 
(5) from terms of the form ¢¢ and four from terms 
involving ¢*, one obtains 


awsp’ 


+ 36(1-+-m-+4 | 


Yy Yy 
<|-4 
36 X 8G" imn 2p+1 2p-1 


+-72p(l+-m-+-1)(2n+-1) —120(n? +n) (17) 


| 
M4). 


p w/ws, a=p'/6 B=(KM/h')'4 


A= (P+ m'*) + (l+-m) (4n+3)+4(n+1), 
y= (+m) —[ (l+-m) (4n+1)+4n }. 
Thus 


AE= (atwag’/ 368") { 11p(1+-m-+- 1) (2n-+- 1) 
—p*{1.5(P +m?) + Slm+4(1+m)+4 
+-(9/8)d/(2p+ 1) — (9/8) v/(2p—1) } 


—12(n*+-n)—40}. (18) 
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Il. SPHEROIDAL DEFORMATION 
As in a previous paper,® we put 


E i Eumn = h{ 2ws > (m+4)+ws > (n+4) |, (19) 
nucleons m n 

and, on keeping volume constant by the condition 

w'w,= constant, find the energy minimized when 


p=we/w3= > (n+4)/> (m+4). 


The individual-nucleon levels Eim, are plotted as 
functions of p for prolate deformations in Fig. 1. The 
numbers along the left edge represent N=/+-m-+-n. 
The numbers along the right edge are values of m. On 
the lowest line, having N=n=1, for example, there is 
a circle marked 8. This represents the equilibrium 
deformation of a nucleus having A=8, obtained by 
putting four nucleons (two neutrons and two protons) 
in the s-shell, N=0, and four in this level N=n=1. 
Equilibrium deformations are similarly indicated for 
heavier nuclei having the values as A shown, always 
with equal numbers of neutrons and protons. These 
deformations indicated by circles assume the normal 
order of populating the states, as for small deformations, 
not taking advantage of any crossing-over of the levels. 
The usual tendency is apparent for the deformations 
to be largest in the vicinity of half-filled shells. It will 


(20) 


° 


ereO own @F POV e- 2 wd 2 








| 


Fic. 1, Levels and deformations in spheroidal nucleus. The 
numbers along the left edge represent VN =/+-m-+-n. The numbers 
along the right edge are values of m. The numbers adjacent to 
the open circles represent A 


*D. R. Inglis, Phys. Rev. 103, 1786 (1956) 
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TABLE I. Contributions to the energy induced by a pear-shaped deformation 


Last level No. of 
in orig. shell nucleons 
l.m,n in it 


302 4 
221 4 


Crossover 
level 
i, m,n 


$41 4 


be noted, however, that under the population condition 
here imposed, the larger shells are less easily deformed 
because of the greater number of filled shells involved. 
The large deformations of certain heavy nuclei are, 
of course, known*’ to be the result of repopulation of 
the states to best energetic advantage made possible 
by the crossover of the levels from different originally 
degenerate groups. Transferring a nucleon from a level 
sloping upward (toward the right) in Fig. 1, to a level 
sloping downward, provides a force tending to distort 
the nucleus further. Deformations obtained, for some 
sample values of atomic number A, after repopulation, 
are indicated by crosses (x) in Fig. 1. All levels below 
the level on which the (x) is drawn are considered 
filled, and enough nucleons are in the level indicated 
to make up A (proton and neutron numbers being 
again equal). It is seen that one does indeed obtain 
considerably larger deformations in this way, and these 
examples provide cases in which to examine the 
stability of a further pear-shaped deformation. 


IIL PERTURBATION PROCEDURE APPLIED 
TO SPECIFIC CASES 


Application of the perturbation procedure described 
above to various examples of nuclei in their equilibrium 
spheroidal deformations shows that they are stable 
against a further pear-shaped deformation. The positive 
contribution to the energy from Hj’ is in each case 
greater in magnitude than the negative contribution 
from Hq)’, as shown in Table I. 


IV. INTERPRETATIONS OF ODD ROTATIONAL 
STATES OF EVEN NUCLEI 
Odd rotational states could occur at low energy in 
even nuclei either because a pear-shaped deformation is 
stable or because the nucleus is “soft” to pear-shaped 


7S. Gallone and C. Salvetti, Nuovo cimento 10, 145 (1953 


No. of 


nucleons 


Z (imn| Hay’ |imn) ke AE 
(in units (in units (in units 
in it of hwgtp™?) of hwg*p of hwgtf?) 


465.0 
4066.7 
522.8 
473.6 


573.9 


388.9 +76 
390.3 + 76.4 
468.3 + §¢ 
394.6 } 


518.6 
396.7 
570.0 
709.4 
775.0 
885.3 


773.9 
R85.6 
791.7 
798.3 


1115.0 1042.8 


deformation about a stable spheroidal shape, making 
possible a low-energy surface vibration of this sym- 
metry. 

If the pear shape is stable, the situation is similar to 
one in the molecular spectroscopy of methane, for 
example. An inversion of the ends of the pear is possible 
by passage through a potential barrier represented by 
the higher energy of the spheroidal shape. This is 
illustrated by the potential curve on the left side of 
Fig. 2. We assume, as usual, that the wave function 
is factorable : 


V(4,p,£,%1) =Wrot OWahape(P,2) Wine (Xi), 


the rotation function Wo. depending on the angles 6 
giving the direction of the positive z-axis, and the shape 
factor depending on the spheroidal parameter p and 
the pear-shape parameter g. The sign of g determines 
which end of the pear is toward the positive z-axis. 
The wave function is invariant to simultaneous rotation 
through # and reflection in the « 
rotational states go with shape functions even in g 
odd with odd. 

The existence of even and odd functions Pehape™ (2) 
is very similar to the familiar situation in the hydrogen 


Fi css Fd 


y plane. ‘Thus even 


/ 


. 


o 


q 


Fic. 2. Rotational levels with stable or unstable asymmetry. 
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molecule ion wherein the electron may, in a Heitler- 
London perturbation treatment, have an initial wave 
function concentrated on either ion, the two combining 
into odd and even functions. With fixed-axis, a nucleus 
so stably pear-shaped as to have a high potential 
barrier at the symmetric shape may have a solution 
y,(g) with the fat end of the pear either along the 
positive or the negative z-axis, as suggested in Fig. 2. 
With an easily penetrable barrier, these combine to 
make the two functions similar to “molecular orbitals,” 
one even and one odd in g. As usual, the odd function 
has the higher energy, the energy difference being 
proportional to the frequency of oscillation between the 
two positions by penetration of the barrier. 
In this picture, one expects a ladder of even rotational 
(), 2, 4---, and another ladder of odd states 
not in their normal positions between 


states, J 
Jul, 3, 
even states, but displaced upward by an amount that 
becomes small only if the pear shape is made quite 
stable by a rather high potential barrier. Presumably, 
then, the pear shape becomes most stable in the 
neighborhood of radium, where the displacement is 
observed to be least. 

The alternative interpretation is based on the nucleus 
being merely “soft” to pear-shaped deformation, as 
represented on the right side of Fig. 2. The potential 
function is of course symmetric in g, and initially 
parabolic for small g. The strength of the restoring 
force helps determine the frequency of oscillation, and 
the displacement between successive vibrational levels, 
which are of course alternately even and odd in g. 


The frequency also depends on the inertial behavior of 
the nucleons in readjusting to the change of shape* 


*D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953); 
I). R. Inglis, Phys. Rev. 97, 701 (1955); A. Bohr and B. R 
Mottelson, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 
30, No. 1 (1956); S. Moskowski, Phys. Rev. 103, 1328 (1956) 
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which makes quantitative comparison with experiment 
difficult. On the zero-vibrational level is built a band 
J=0, 2, 4, --- and on the first vibrational level the 
odd band J =1, 3, ---, just as in the previous discussion, 
but now there is also an even band built on the second 
vibrational level, etc., providing the possibility of 
experimentally distinguishing between the two inter- 
pretations. The present experimental situation does not 
appear to be decisive. The mechanism by which the 
moment of inertia appears different for the odd and 
even bands is not clear in either picture. 


V. CONCLUSION 


The result of our second-order perturbation treatment 
is thus to be interpreted as providing merely a softening 
of the nucleus to pear-shaped deformation, which, 
however, might still account for the existence of the 
fairly low odd bands observed. 

Because this calculation avoids the complexity of 
spin-orbit coupling, it provides what may be considered 
a lower limit to the amount the total energy is depressed 
in second order by the mixing of the states. Spin-orbit 
coupling brings single nucleon states of opposite parity 
closer together (thus establishing the ‘‘magic numbers’’). 
This decreases some of the relevant energy denomi- 
nators and increases the amount of depression of the 
total energy. We have shown that the depression 
calculated without spin-orbit coupling is not quite 
equal to the competing positive contribution to the 
energy, but in some cases almost. It is thus entirely 
possible that a more complete calculation would show 
that certain nuclei have a stable pear-shaped deforma- 
tion, and that the odd rotational states of even nuclei 
are to be interpreted accordingly. This also leaves it 
not implausible that fission should proceed by asym- 
metric passage of the “saddle.” 
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Emitted protons were observed from foils of Mg, Ni, Cu, Rh, and Pd bombarded with 14-Mev neutrons 
Measurements were made of cross sections and energy and angular distributions for protons of energies 
greater than 5 Mev. The results indicate that a relatively direct interaction between incident neutron and 
emitted proton is an important process in (#,p) reactions in medium-weight nuclei 


INTRODUCTION 
gemma EMENTS made in the last few years of 


neutron- and proton-induced nuclear reactions 
in medium-weight and heavy nuclei at intermediate 
energies have in some cases indicated sizable deviations 
from the predictions of the statistical theory! of nuclear 
reactions. These predictions include Maxwellian-like 
energy spectra, angular distributions of emitted parti- 
cles symmetric (in the center-of-mass system) about 
90° to the incident beam, and low yield of emitted 
protons since the energy distribution peaks at low 
energies where Coulomb barrier effects are large. The 
neutrons from (n,n’) and (p,n) reactions indeed display 
Maxwellian-like energy spectra?* although the neutrons 
in the high-energy tail appear to show a forward 
angular anisotropy.’’® However, observations of protons 
from (p,p’) reactions at 18 Mev® and 31 Mev’ indicate 
significant deviations of all features from statistical 
predictions—highly forward angular distributions, 
energy distributions peaked at higher energies than 
statistical, and cross sections larger than predicted. 
These results strongly suggest that particle emission 
following a relatively direct interaction with the 
incident particle is an important process, particularly 
for proton emission. 

Relatively little work has been done on (n,p) re- 
actions. Several years ago Paul and Clarke* measured 
(n,p) cross sections at 14 Mev for a large number of 
isotopes by measuring the radioactivity produced and 
found for high-Z targets cross sections much larger 
than predicted by the statistical theory. These obser- 
vations suggested that direct effects were perhaps also 


important in (,p) reactions. The present experiment 


is an attempt to gain some information on the me- 
chanisms involved in (n,p) reactions in medium-weight 
nuclei by observations of cross sections and energy and 


* Supported by the joint program of the Office of Naval Re 
search and the U. S. Atomic Energy Commission 

t Now at General Electric Company, Schenectady, New York. 

1]. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. 8. 

2P. C. Gugelot, Phys. Rev. 81, 51 (1951). 

+E. R. Graves and L. Rosen, Phys. Rev. 89, 343 (1953). 

4B. L. Cohen, Phys. Rev. 98, 49 (1955). 

5 L. Rosen and L. Armstrong, Phys. Rev. 99, 1052 (1955) 

*P. C. Gugelot, Phys. Rev. 93, 425 (1954). 

7R, M. Eisberg and G. J. Igo, Phys. Rev. 93, 1039 (1954) 

* E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953) 


angular distributions of the emitted protons. Pre 
liminary reports of (m,p) energy and angular distribu 
tions for several isotopes have recently been made,*"! 
and proton energy-distribution measurements have 


been reported recently for a number of targets."~" 
EXPERIMENT 


The experimental arrangement is shown in Fig. 1. 
14-Mev d-T neutrons are produced by a beam of 720 
kev singly ionized deuterium molecules (360 kev per 
deuteron) striking a tritium-zirconium target. A beam 
of neutrons is defined by a long iron collimator and 
then passes through a lead-lined vacuum chamber 
containing the target foil. The foils used were about 
2.5 Mev thick for 6-Mev protons and 1.3 Mev thick 
at 12 Mev. Charged particles emitted from the target 
at various angles are detected by scintillation counters 
using CsI(T1) crystals 1.4 mm thick. Two independent 
sets of runs were made. In one set, the counters were 
positioned at angles of 30°, 60°, 90°, 120°, and 150° to 
the beam; in the other set they were placed at 45°, 90°, 
and 135°. The target is shielded on all sides by four 
inches of lead to reduce background in the proton 
counters. To monitor the neutron beam flux, a scintil 
lation counter with a half-inch thick pastic scintillator 
is mounted behind the target chamber. The bias was 
set to accept only recoil-proton pulses greater than 
8 Mev. 


Proton 


Counters 


Fic. 1. The experimental arrangement 
*R. A. Peck, Jr., Bull. Am. Phys. Soc. Ser. II, 1, 40 (1956) 
”R. K. Haling, Bull. Am. Phys. Soc. Ser. II, 1, 29 (1956) 
"LL. Rosen and A. H. Armstrong, Bull. Am. Phys. Soc. Ser. I, 
1, 224 (1956) 
27). L. Allan, Proc 
A70, 195 (1957) 
“L. Colli and U. Facchini, Nuovo cimento 4, 671 (1956) 
4 Badoni, Colli, and Facchini, Nuovo cimento 4, 1618 (1956). 
6 Colli, Facchini, and Micheletti, Nuovo cimento 5, 502 (1957) 


Phys. Soc. (London) A68, 925 (1955); 
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Fic. 2. Block diagram of the circuitry. 

The recoil alpha particles leaving the tritium target 
are almost oppositely directed to the neutrons. Those 
alphas associated with the neutrons in the beam are 
detected with a plastic scintillator 0,003 in. thick. To 
reduce background, only those proton-counter pulses 
in coincidence with these alphas are accepted, For the 
geometry used, only about 50% of the true proton 
counts were in coincidence with alphas because of the 
smearing of the angular distribution of the correlated 
alphas due to the finite neutron-source size, multiple 
scattering of alphas in the source, and variation of 
momentum of the deuterons in the target. This co- 
incidence arrangement reduced the proton-counter 
background by a factor of about 100, 

A block diagram of the circuitry is shown in Fig. 2. 
Proton-counter pulses are mixed and sent to a fast 
coincidence circuit as well as to a slow linear amplifier 
followed by a linear gate. If the proton-counter pulse 
is in coincidence with a pulse from the alpha counter 
it finds the gate open and reaches a multichannel 
pulse-height analyzer whose output is recorded on a 
tape. The pulses from a proton counter are also separ- 
ately sent to the coincidence marker circuit for that 
counter, The output of this circuit produces a mark 
on the tape identifying the counter. 

A number of calibration runs using targets of poly- 
ethylene foil were made during the experiment. In these 
runs recoil protons of known energy and yield from 
collisions of neutrons with the hydrogen in the foil 
were observed. A typical proton pulse-height spectrum 
from a good-geometry run is shown in Fig. 3. The 
position of the peak in such runs provided a calibration 
of the proton pulse-height scale in Mev; the number 
of counts in the peak per neutron monitor count yielded 
a value for the neutron monitor counter efficiency which 
was in good agreement with the directly calculated 
value. The pulse-height spectrum of Fig. 3 also shows 
that the neutron beam is effectively monoenergetic 


with very few degraded neutrons above 4 Mev. The 


neutron-beam profile was measured and the beam found 
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to be well-defined and of uniform flux, with a width 
corresponding well to the collimator hole size. 

Coincidence neutron beam strengths of several 
thousand neutrons per second were used, giving in- 
dividual proton-counter rates of the order of one count 
per minute or less. Background runs with the target 
foil retracted were made frequently. No meaningful 
data could be obtained at proton energies below 5 Mev 
because of the large proton-counter background in this 
energy region. 

Angular- and energy-distribution measurements were 
made on foils of magnesium, nickel, copper, rhodium, 
and palladium. For some of these targets it is ener- 
getically possible for (n,d) and (n,a) processes to 
contribute to the observed charged-particle yield. 
Magnesium and copper runs were made with absorbers 
in front of the proton counters and the results indicated 
a negligible alpha contribution in agreement with 
recent (n,a) measurements!*!5 in medium-weight nuclei. 
For all targets except magnesium, deuterons could 
contribute to the lower part of the observed energy 
spectrum, Attempts to assess the possible deuteron 
contribution by absorber techniques did not yield 
definitive results. However, information on (p,d) cross 
sections,’!* while scant, suggests that the contribution 
from the (n,d) process should be small. 


RESULTS AND DISCUSSION 


The energy- and angular-distribution results are 
shown in Fig. 4 and 5. As indicated in Fig. 4, the 
magnesium data have been corrected for the contribu- 
tion of recoil protons from hydrogen on the foil surface 
in the form of magnesium hydroxide which is copiously 
formed on magnesium under normal atmospheric con- 
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Fic. 3, Pulse-height spectrum of recoil protons from a poly 
ethylene foil calibration run. The width of the peak is due partly 
to the energy spread of the protons resulting from the finite 
angular resolution employed, and partly to the finite proton 
counter resolution. 


6 Brolley, Bunker, Cochran, Henkel, Mize, and Starner, Phys. 
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J. B. Reynolds and K. G. Standing, Phys. Rev. 101, 158 
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ditions.” The correction was obtained by measuring 
the loss of weight of the foil when heated in vacuum 
above the decomposition temperature of magnesium 
hydroxide, and measuring the recoil-proton contribu- 
tion from an equivalent amount of hydrogen from a 
polyethylene foil run with identical geometry. 

The energy-distribution shapes for nickel and copper 
are not too different from what one expects for evapora 
tion. They are consistent with the emulsion results of 
Allan” which go to much lower proton energies and 
indicate a preponderance of low-energy protons of 2-5 
Mev from both these elements. Allan interprets these 
very low-energy protons as arising from the (n,np) 
process, which, for a certain range of initially emitted 
neutron energies, is energetically possible while the 
(n,2n) process is not. For rhodium and palladium our 
energy distribution for the forward protons seems to 
peak at an energy considerably higher than that for 
the backward protons, and higher than that predicted 
by the statistical theory (~7 Mev). 

The angular-distribution results for magnesium, 
nickel, and copper appear to show some forward 
angular anisotropy; rhodium and palladium display a 
more striking forward excess. This forward peaking is 
not consistent with the statistical model which predicts 
symmetry about 90° in general, and isotropy if the 
levels of the residual nucleus are dense enough and 
their spins suitably assorted.”! ” 


*®R. Buske, Trans. Am. Inst. Mining Met. Engrs. 171, 261 


(1947). 
21. Wolfenstein, 
2 W. Hauser and H. Feshbach, 


Phys. Rev. 82, 690 (1951) 
Phys. Rev. 87, 336 (1952) 
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The observed (n,p) cross sections obtained for the 


above elements as well as for aluminum, iron, colum 
bium, and indium, for which a smaller amount of data 
was taken, are listed in Table I. 
Z< 30, the observed values are in rough agreement with 
estimates calculated on the basis of 
statistical theory using reasonable values for the pa 
rameters, but for the 
an order of magnitude 


For the targets with 


cross-section 
heavier elements the observed 
values are higher than the 
calculated ones. This is just the effect observed by 
Paul and Clarke’ in their (1,p) activity measurements 

The observed features and their Z dependence seem 
qualitatively consistent with recent results on two 


other isotopes. The observations of Peck*® on protons 


Mognesiurt 
£ >6Mev 


Fic. 5, Center-of-mass angular distributions. The 
absolute differential cross sections from the two sets of runs have 
been plotted independently without normalizing to each other 


proton 
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TABLE I. Observed cross sections for emission of protons 
of energies greater than E,. 


Target E.(Mev) @(mb) 
iwMg 
isAl 

ale 
oNi 

wCu 
aiCb 
awkh 
aPd 
apn 


3244 
3446 
90+ 15 
1704-20 
53+6 
224-8 
15+4 
742 
2049 


from gold are similar to our rhodium and palladium 
results in that they indicate a forward peaking and a 
cross section much larger than statistical. Rosen and 
Armstrong" have made energy and angular measure- 
ments on Zn™ and conclude that the emitted protons 


are mostly consistent with statistical predictions, as is 


the case with our results on the neighboring elements 
nickel and copper. 

The deviations from statistical predictions observed 
in the present experiment indicate that processes in 
which the incident neutron interacts relatively directly 
with the emitted proton are important in (n,p) re- 
actions, especially for targets of higher Z. In such 
direct processes one expects the emitted protons to be 
mostly forward-directed and of higher energy than 
predicted by the statistical model since they partake 
of the momentum and energy of the incident neutron 
relatively directly. The emission of such direct protons 
should be relatively important for high-Z targets where 
the high Coulomb barrier greatly inhibits the emission 
of the lower energy evaporation protons, The present 
results for rhodium and palladium indeed suggest that 
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direct interactions comprise the major part of the (n,p) 
reaction for these heavier elements. 

Austern, Butler, and McManus**™ have discussed 
the direct process in terms of a surface interaction in 
which a particle is ejected directly from the surface of 
the target nucleus. Those incident particles penetrating 
the interior of the nucleus are considered to be absorbed 
and a compound nucleus formed. Their theory predicts 
an oscillatory, forward-peaked angular distribution for 
the directly emitted protons which depends on the 
angular-momentum transfer to the target nucleus. 
Such a stripping-like angular distribution has indeed 
been observed for several (a,a’) reactions in light nuclei 
leading to well-defined residual states.2°?6 However, in 
the past few years optical-model treatments of elastic- 
scattering data have indicated that the mean free path 
in nuclei of neutrons and protons of energies around 
10 Mev is not much less than nuclear sizes.2” This 
would suggest that the assumption of Austern ef al.” 
that direct processes are confined to the nuclear surface 
is perhaps an oversimplification, and that significant 
contributions to the observed direct yield may indeed 
come from interactions in the interior of the nucleus, 
with a consequent modification of the surface-model 
angular-distribution predictions. Lamarsh and Fesh- 
bach** have recently examined the problem of evalu- 
ating the process of direct ejection from the nuclear 
interior. An experimental test of these possibilities for 
(n,p) reactions would require better data than are 
presently available. 

*% Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 

“4S. T. Butler, Phys. Rev. 106, 272 (1957). 

**P. C. Gugelot and M. Rickey, Phys. Rev. 101, 1613 (1956). 

26H. J. Watters, Phys. Rev. 103, 1763 (1956). 

27 See, for example, P. C. Gugelot, Physica 22, 1019 (1956). 

28 J. R. Lamarsh and H. Feshbach, Phys. Rev. 104, 1633 (1956). 
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It is shown, on reasonable assumptions as to the distribution of excitation energy among fission fragments, 
that the probabilities P, of observing v neutrons from fission are given approximately, in cumulative form, 
by the “Gaussian”’ distribution, 

’ . Vrgrs g 
> P,= (29) ‘| 
. 


an@ 2 


exp(—/2)dt. 

In this equation 7? is the average number of neutrons, related to the average total excitation, b is a small 
adjustment (b<10~), and a is the root-mean-square width of the distribution of total excitation in units of 
the average excitation energy change £9 per emitted neutron. It is shown that all experimental data on 
neutron emission probabilities are reasonably well represented by this distribution with ¢1.08, with the 
exception of Cf*, which requires o=1,21+0.01. An estimate that Ho=6.7+0.7 Mev gives an excitation 
energy distribution and a rate of change of with incident neutron energy (db/dE,=1/EFo) in reasonable 
accord with experiment. These conclusions should also hold approximately for fission induced by higher 


energy neutrons, in which case a few neutrons may be emitted before fission 


INTRODUCTION 


HE probability P, of emission of any given integral 

number y of prompt neutrons from fission can be 
calculated from the distribution of excitation energy 
among the fission fragments, if sufficiently accurate 
experimental information can be obtained. Leachman! 
has performed such calculations, based on neutron 
evaporation theory, the results of which are in good 
agreement with experiment. He obtained the distri- 
bution of total excitation energy from ionization 
chamber data on the kinetic energy of fission fragments, 
corrected for estimated experimental dispersion and 
ionization defect, and converted to excitation energy 
by means of extrapolated atomic masses. The ex- 
citations of the individual fragments were then obtained 
by assuming their distributions to be independent and 
identical. Other parameters used were the effective 
nuclear temperature and the binding energy of each 
neutron emitted. Calculations were performed for three 
mass ratios in each case, and the results were weighted 
together. Finally, the ionization defect was adjusted to 
give the experimental value of 7, the average number of 
neutrons emitted. 

Because of the complexity of such calculations, and 
the number of parameters, it was considered desirable 
to correlate the various sets of experimental data on 
neutron emission probabilities by means of a simpler 
calculation, based on a minimum of parameters. The 
results of this comparison should give some information 
on the distribution of the excitation energy of fission 
fragments, as well as a simple means of predicting the 


emission probabilities P, for given >. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. A preliminary account was given recently [James 
Terrell, Bull. Am. Phys. Soc. Ser. II, 2, 105 (1957) }. 

1 R. B. Leachman, Phys. Rev. 101, 1005 (1956); R. B. Leach 
man and C. S. Kazek, Jr., Phys. Rev. 105, 1511 (1957) 


CALCULATION OF NEUTRON NUMBER 
DISTRIBUTION 


It is assumed that neutrons will be emitted from the 
fission fragments whenever this is energetically possible. 
Two simplifying assumptions are made; (1) that the 
emission of any neutron from any fission fragment 
reduces its excitation by a value AF which is nearly 
equal to the average value Hy=(AE),,, and (2) that the 
total excitation energy of the two primary fragments 
from binary fission has a Gaussian or normal distri 
bution with rms deviation o/y from the average energy 
E. The energy AE is the sum of the binding energy and 
kinetic energy of an emitted neutron and is of the order 
of 7 Mev, but of course is not a constant. However, 
there is presumably a tendency for the sum, AF, to be 
more nearly constant than either of its components, 
with the neutrons emitted first from a fragment having 
the lower binding energies and higher kinetic energies. 
Assumption (2) appears quite reasonable on the basis 
of experimental determinations*~* of the distribution 
of fission-fragment kinetic energy, inversely related to 
the distribution of excitation energy for a given pair 
of fission fragments. Furthermore, the basic idea of 
correlation between fragment excitation and neutron 
emission is borne out by data of Hicks ef al.,® although 
it is in apparent conflict with data of Fraser and 
Milton.*7 

Three parameters, 0, Mo, and FE, have already been 


?—. C. Brunton and G. C. Hanna, Can. J. Research A28, 190 
(1950); D. C. Brunton and W. B. Thompson, Can, J. Research 
A28, 49% (1950). 

4 J. S, Fraser and J, C, D, Milton, Phys. Rev. 93, 818 (1954) 

‘Smith, Friedman, and Fields, Phys. Rev. 102, 813 (1956); 
Smith, Fields, and Friedman, Phys. Rev. 106, 779 (1957) 

5 J.C. D. Milton and J. S. Fraser, Bull. Am. Phys. Soc. Ser. II, 
2, 197 (1957), and private communication 

* Hicks, Ise, Pyle, Choppin, and Harvey, Phys. Rev. 105, 1507 
(1957). 
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defined, and the way in which the total excitation 
energy is divided between the two fragments has not 
yet been specified. However, it will be shown that it is 
possible to eliminate one parameter from discussion, 
and that the neutron number distribution is relatively 
insensitive to the way in which the total excitation 
energy is shared. Consider first the mathematically 
simplest case, in which all of the excitation energy is 
given to one fragment. Since the excitation energy has 
a Gaussian distribution, and each emitted neutron 
reduces the excitation by AEE, the neutron emission 
probabilities ?, are given approximately, in cumulative 
form, by 


’ 1 
oP, f 
i) oky(2r)' 


Explicit mention of Zo may be eliminated from this 
equation by changing to the variable /=(E—E)/aKy 
and then defining L/Eo=i+4—6, giving 


> P,= (2) if 


in which f(x) is a normal probability integral, tabulated 
in various publications® and given by the expression 


{(x) = (2r) if exp( C/2)dl. (3) 


(v+1) Ko 


e 


Xexp[—(E—E)?/2e*E PME. (1) 


(yr b+4+b)/@ 


exp(—f/2)dt 
p+4+5)/o}, (2) 


* 


b+4/L( 


The set of neutron emission probabilities, P,, given 
in cumulative form by (2), involves only two inde- 
pendent parameters, » and a, for b is determined by the 
necessary condition }°o% vP?,=%. It may be shown that 


b=4—4 /[ (b+4)/o |, (4) 


and that 6<10™ for all experimental data to be dis 
cussed in this paper, so that it is almost completely 
negligible. 

The cumulative distribution of neutron numbers 
given by (2) is shown as the set of points (A) in Fig. 1. 
The parameters # and o have been taken as the repre- 
sentative experimental values 2.5 and 1.08, respectively 
(see Table 1). The points may be connected by a 
straight line because the vertical scale used is a “‘proba- 
bility scale” in which the vertical dimension represents 
the inverse function f-'(2y—1) rather than the indi- 
cated scale y, which in this case is }(o’ P,. On such a 
graph any continuous Gaussian distribution appears as 
a straight line, and a discrete ‘‘Gaussian”’ distribution 
appears as points on a straight line. 


* For instance, Tables of Normal Probability Functions, Nationa} 
Bureau of Standards, Applied Mathematics Series No. 23 (Super 
intendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1953). 
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Although the “Gaussian” distribution (A) is mathe- 
matically simple, it is not physically reasonable that 
all of the excitation should always be given to one of 
the two fission fragments; a more reasonable assumption 
is that the fragments share the excitation in an uncor- 
related way. Although it is probable that the heavy and 
light fragments have excitation energy distributions 
depending on their respective energy level densities, 
it is simplest to assume, as Leachman does,' that the 
two distributions are identical, though independent. 
With this assumption, the neutron number distribution 
from each fragment will be given by expression (2), 
with ~/2 and o/v2 substituted for > and o. The two 
identical distributions P,(L) and P,(H) must then be 
folded together to yield P,=>0,-0” Pn(L)P,-n(H). The 
resultant distribution, for the same parameters as (A), 
is the set of points (8) in Fig. 1. The points fall very 
nearly on a straight line, and distributions (A) and (B) 
would probably be experimentally indistinguishable. 
It must be remembered, however, that neither distri- 
bution (B) nor any other distribution in which both 
fragments share the excitation will necessarily have 
E/E@&i+}, as is true of (A); actually, (B) has 
f/EG&i+1. 

In order to see what would be the effect of correlation 
between the fragment excitation energies, it may be 
assumed that the two fragments always share the total 
excitation energy equally. In this case the distribution 
of neutrons from each fragment is of the form (2) with 
b/2 and a/2 replacing # and o. The complete correlation 
assumed here results in the complete absence of odd 
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Fic. 1, Cumulative neutron emission probabilities for a Gaussian 
distribution of total excitation energy and various modes of dis 
tribution of the energy between two fission fragments. Neutrons 
are assumed to require a constant energy for emission. 





DISTRIBUTIONS OF FISSION 


neutron numbers with P,=P,.(L)=P,.(H). The 
points of this distribution, shown as (C) in Fig. 1, fall 
considerably above and below the “Gaussian”’ distri- 
bution (A), although the general trend is similar. If it 
is assumed that the correlation of excitation energies is 
almost perfect, but that there is a random difference 
averaging Ey/4 (about 2 Mev), the result is the dis- 
tribution shown as (D) in Fig. 1. Even this small lack 
of correlation gives a distribution appreciably closer to 
(A), although even numbers of neutrons are still highly 
favored. However, even a small variation of the energy 
AE required per neutron would bring distributions (C) 
and (D) much closer to (A), so that much favoring of 
even numbers of neutrons is unlikely even with high 
correlation of excitation energies. Furthermore, high 
correlation is apparently inconsistent with Fong’s 
statistical theory of fission.* Allowing AE to fluctuate 
in cases (A) and (B) would make essentially no differ- 
ence in the calculated distributions if the fluctuations 
were small compared to Eo, although the width of the 
neutron number distribution would increase very 
slightly. 

These considerations give some justification to the 
simple “Gaussian” distribution of Eq. (2), so that 
distributions of fission neutrons could be predicted on 
the basis of an estimate of a, the ratio of excitation 
energy width to Eo. Although the approach taken in 
this paper will, instead, be that of determining o from 
the neutron distributions, it is interesting to estimate 
the effective value of o used implicitly by Leachman in 
his successful calculations.! He used neutron binding 
energies having an average value of about 5.0 Mev, 
based on an extrapolated semiempirical mass surface, 
and a nuclear temperature of 1.4 Mev. This would 
result in an average neutron energy of 2.8 Mev in the 
frame of reference of the fission fragment if the neutrons 
were not always limited in their maximum energy by 
the available excitation. As a result of this last factor, 
the kinetic energy per neutron is reduced to around 2 
Mev for this temperature,” so that in Leachman’s 
calculations Mev. Leachman also assumed a 
distribution of total excitation having a full width at 
half-height of about 17.8 Mev," including all possible 
mass ratios, and corresponding to a root-mean-square 
deviation of 7.56 Mev for a Gaussian distribution. Thus 
og=1.08 in his calculations. Cohen" has also calculated 
neutron number distributions, by a method con- 
siderably simpler than Leachman’s. He assumed a set 
of neutron binding energies having an average value of 
about 5.6 Mev,” based on an extrapolated mass calcu- 
lation,” and a neutron kinetic energy of 1.5 Mev except 
for the last neutron. Essentially he was assuming 
E,@&7.1 Mev and an excitation full width of 19 Mev, 


4 


giving an rms ¢&1.13. Because of the effective values 


wr 
Lo / 


9P. Fong, Phys. Rev. 102, 434 (1956) 

 R, B. Leachman (private communication). 

1! Cohen, Cohen, and Coley, Phys. Rev. 104, 1046 (1956). 
2B. L. Cohen (private communication) 

18N. Metropolis and G. Reitwiesner (unpublished). 
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Fic. 2, Cumulative neutron emission probabilities as given by a 
“Gaussian” distribution and as calculated by Leachman and by 
Cohen 


of o used in Leachman’s and Cohen’s calculations, it is 
not surprising that their results resemble “Gaussian” 
distributions for o=1.08 (this choice of o will be 
justified in the next section). All three distributions are 
shown in Fig. 2 for the case 2.5 (U™® thermal fission). 
Cohen’s results for small numbers of 
slightly different because of his assumption of fairly 
strong correlation of fragment excitation energies. 

The conclusion which is indicated by the results of 
these various calculations is that if the excitation change 
AE per emitted neutron is more or less constant, and if 
the total excitation energy has a roughly Gaussian 
distribution, the resultant distribution of neutron 
numbers will be close to the “Gaussian” distribution of 
expression (2), This conclusion is essentially independ 
ent of the mode in which the two fragments share the 
excitation, and should also be true if a few neutrons are 
emitted before fission, with about the same value of 
AE, The two assumptions involved seem fairly rea 
sonable on the basis of existing knowledge. It should be 
noted that the neutron number distribution of (2) does 
not include EZ» as a parameter, but depends only on the 
ratios of average excitation and excitation width to Ky 


COMPARISON WITH EXPERIMENT 
It is of interest to see how well the experimentally 
observed neutron number distributions from fission fit 


the calculated “Gaussian” distribution. For this purpose 
all of the published data’*'* on emission probabilities, 


neutrons are 


4 Piven, Martin, Taschek, and Terrell, Phys. Rev. 101, 1012 
(1956) 

6 Hicks, Ihe, and Pyle, Phys. Rev. 101, 1016 (1956) 

‘6 J. E. Hammel and J. F. Kephart, Phys. Rev. 100, 190 (1955) 
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Tasy I, Widths of neutron number distributions from fission. For neutron-induced fission the energy of the neutrons is given; for 
U* at 1.25 and 4.8 Mev it has not been completely proved that thermal or epithermal fissions do not contribute. The quantities a, D, 
and I’, are measures of the widths of the neutron number distributions; o has been derived from either D or T, on the assumption of a 


“Gaussian” distribution. Standard deviations are given for al] experimental quantities 


Calculated for 
“Gaussian” distribution, 
ao =1,08 


I's = ((v®) py — 0) /P D rs 


0.7924-0.014 1.213 0.796 
0.807 +-0.005 1.218 0.796 
0.807 +0,039 1.221 0.796 
0.809+0,009 1.223 0.796 
0.795+-0.007 1.231 0.797 
0.7864-0.013 1.236 0.798 
0.791 4-0.004 1.238 0.799 
0.7864-0.018 1.238 0.799 
0.8454-0.025 1.238 0.799 
0.7904-0.005 1.243 0.802 
0.8214-0.015 1.246 0.806 
0.835+0.013 1.247 0.810 
0.844+0.002 1.250 0.825 


Experimental data 
D =(A) py —# 


1.19+0.07 
1.28+-0.03 


Reference v a 


2.18+-0.09 1.069 4-6.035 
2.26+-0.05 1.109+0.012 
2.304-0.19 1.11 +0.11 1.28+-0.21 
2.33 4-0.08 1.115+0.023 1.30+-0.05 
2.474-0.03 1.0724-0.021 1.22+0.04 
2.58+-0.06 1.041+4-0.041 1.164-0.08 
2.6540.09 1,.0534+0.013 1.18+4-0.03 
2.654-0.07 1.04 +0.06 1.15+0.12 
2.6540.09 1.23 +0.08 1.56+0.18 
2.424-0.05 1.0364-0.018 1.15+0.05 
3.054-0.08 1.14 +0.07 1.38+-0.14 

1 

1 


Fissioning nuclide 


Pu” 15 
Pu™ 14-16 
Pu 15 
Pu™ 15 
(254% (80 kev) 14 
U™ +n (80 kev) 14 
Cm 15 
U*54+m (1.25 Mev) 17 
#4 (1.5 Mev) 17 
Cm™ 14,15 
Pu™-+n (80 kev) 14 
U4 (4.8 Mev) 17 3.204+-0.08 1.20 +0.06 51+0.13 
Cf 14,15 3.864-0.07 1.207 +-0.012 54+-0.04 
All 1.110+-0.006 

All but Cf?® 1.079 4-0.007 


as well as a small amount of unpublished data," have 
been recalculated to obtain the standard deviations of 
various quantities of interest such as }/o’ P?,. In cases 
where several groups have published data on the same 
fissioning nuclide, the various sets of data have been 
weighted together by use of the standard deviations. 
The values of o required to give the best “Gaussian” 
distribution for each of thirteen different cases are 
given in Table I, arranged in increasing order of 9. The 


determined by knowledge of the second moment, 
(v= > 0” vP,, for a given ’. However, the widths of 
the experimental distributions are more usefully ex- 
pressed in terms of the quantities D=(v*),—#% or 
P's= ((v*),—%)/*#, either of which also uniquely deter- 
mines o for a given @. D is the dispersion or mean square 
deviation; I’, has the advantage of not depending on 
knowledge of the efficiency of neutron detection. The 
experimental values of D and T, from which o was 


obtained are also given in Table I; standard deviations 
are given for all experimental quantities. The values of 
| | | D and Yl, indicate that the distributions are obviously 
narrower than Poisson distributions, for which D=b 
and l,=1. It has been pointed out''® that a binomial 
distribution is a reasonably good representation of the 
data. For this case 'y=1—1/m, in which m is the 
maximum number of neutrons which may be emitted. 
| All but the highest values of 7 tabulated here would 
| 


value of o for a “Gaussian’”’ distribution is uniquely 


CUMULATIVE 
EMISSION 
PROBABILITIES 





require m=5 for a binomial representation, judging 
from the values of T,. Perhaps the chief disadvantage 
of this distribution is the fact that the value of m re- 
quired to fit a set of data reasonably well is apparently 
not the maximum possible number of neutrons in at 
least two cases (Cm™ and Cf*”). All of the experimental 
values of o are similar. If Cf?”, with o=1.21+0.01, is 
excluded, the weighted average of all other data gives 
o=1.08+0.01, from which no value of o except that of 
Cf deviates very significantly. The last two columns 
of Table I give calculated values of D and YT, for a 
“Gaussian” distribution with o=1.08, and these are 
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seen to be reasonably close to the experimental values 
ae except in the case of Cf*®. 

If all the experimental data on neutron emission 
probabilities were exactly represented by the “Gaus- 
sian” of expression (2) with o=1.08, all of the points 
would fall on a single straight line when plotted on the 
probability scale of Figs. 1 and 2 as functions of (y—#). 


Fic. 3. Experimental cumulative neutron emission probabilities 
The straight line represents a “Gaussian” distribution. Experi 
mental data are from references 14-16; standard deviations are 
shown 


17 Diven, Martin, Taschek, and Terrell (unpublished) 
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Fic. 4. Experimental noncumulative neutron emission probabilities. The continuous curves are for a “Gaussian” 
distribution. Experimental data are from references 14-16; standard deviations are shown. 


Strictly speaking, the abscissa should be (v—#+5), but 
b is almost completely negligible for every experimental 
case. Such a plot is given in Fig. 3 for the eight best sets 
of experimental data; the other sets have been omitted 
because of large standard deviations. Only a few points 
deviate noticeably from the single Gaussian line. The 
exceptional Cf points are primarily those corre- 
sponding to the emission of more than five neutrons 
per fission, for which case this simple theory may not 
be quite adequate. However, there is probably a trend 
toward slightly larger excitation width (and a) with 
increasing average excitation energy (and >), as indi- 
cated by the noticeably larger value of o for Cf*®. 

The cumulative plot of Fig. 3 brings out most clearly 
the over-all features of the neutron distributions, but 
individual values of P, are best seen on a noncumulative 
plot, as in Fig. 4. The standard deviations of the points 
are, of course, quite different from those of the cumu- 
lative distributions. In Fig. 4 the exceptional width of 
the Cf distribution is not particularly noticeable. 
The continuous curves represent the values predicted 
by Eq. (2) for o=1.08. This equation results in a 
slightly different curve for each value of v, with an 
appreciable difference only for Po in the experimental 
range of ». The experimental points do not indicate 
whether this separate curve for P» is necessary but do 
fall close to the “Gaussian” distribution for o= 1.08. 


WIDTH OF EXCITATION ENERGY DISTRIBUTIONS 


On the basis of the considerations described in this 
paper, it is possible to obtain the width (o£) of the 


distribution of total fission fragment excitation energy 
from the experimentally observed width (¢) of the 
To 


requires an estimate of Mo, the average energy required 


distribution of fission neutron numbers, do so 
to release a neutron. One estimate of Hy may be ob 
tained from the rate at which » changes with incident 
neutron energy in neutron-induced fission. The average 
kinetic energy of the fission fragments does not change 
noticeably with incident neutron energy, according to 
data of Wahl,'* and of Segré and Wiegand." Except for 
the complicating factor of slight changes in the fission 
fragment mass distribution, this indicates that almost 
all of the increased excitation of the fissioning nuclide 
appears as excitation of the fragments. This is also the 
prediction of Fong’s theory.’ On this basis di/dE, 
—1/Ko, where E, is the incident neutron energy. This 
argument is not affected by the presumed emission of a 
few neutrons before fission for higher excitations, since 
Eo should be roughly the same for them as for neutrons 
emitted after fission. Fowler has made calculations” of 
di/dE,, based on this argument. 

The observed variation of with /,, a8 measured by 
a number of groups, ''7*° is shown in Fig. 5 for 


18 J. S. Wahl, Phys. Rev. 95, 126 (1954) 

FE. Segre and C. Wiegand, Phys. Rev. 94, 157 (1954) 

” J. L. Fowler (unpublished) 

J. Terrell and W. T. Leland (unpublished) 

# Bethe, Beyster, and Carter, Los Alamos Scientific Laboratory 
Report LA—1939, August, 1955 (unpublished) 

* J. M. Blair (unpublished) 

* Auclair, Landon, and Jacob, Physica 22, 1187 (1956) 

261). J. Hughes and R. B. Schwartz, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325, Supplement 
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Fic. 5. Experimental variation of the average number of 
neutrons from fission with incident neutron energy. The straight 
lines represent least-squares fits. Standard deviations are shown; 
the experimental data are from references 14, 17, 20-25. Many 
data points are preliminary 


neutron-induced fission of U¥* and Pu™. The value of 
i for spontaneous fission of Pu” is included at E,, 

6.28 Mev, corresponding to the neutron binding 
energy. Least-squares straight-line fits to the two sets 
of data in Fig. 5 give Ey as 6.64-0.5 and 94-1 Mev, for 
U™* and Pu™, respectively. However, it should be 
remembered that many of the data points shown are 
preliminary. 

Probably a more accurate estimate of Ey may be 
obtained from the observed kinetic energy of fission 
neutrons and from estimates of the neutron binding 
energies of fission fragments. Fission neutrons are 
observed to have about 2.0-Mev average energy in the 
laboratory system,”**’ which corresponds to approxi- 
mately 1.4 Mev in the center-of-mass system of a 
fission fragment, if one assumes prompt isotropic 
emission of neutrons. Neutron binding energies have 
been estimated to be about 5.0 and 5.6 Mev by Leach- 
man' and by Cohen,” so that on this basis Eo6.7 
Mev. 

If the value of Eo is then taken to be 6.7+0.7 Mev, 
the experimental width (o=1.08) of most neutron 
number distributions gives an rms width of 7.2+0.8 
Mev for most excitation energy distributions, or a full 
width at half-maximum of 17+2 Mev. The correspond- 
ing figures for the exceptional case of Cf?” (o=1.21 
+0.01) are 8.1+0.8 and 19+2 Mev. Actually each of 
these widths should be considered as a combination of 
the true excitation width and the width of the distri- 
bution of Eo, though this last factor is presumably 1 or 
2 Mev and would have an almost negligible effect on 
the over-all width. 

Recent experiments on the distribution of fission- 
fragment kinetic energies have given reasonably precise 


1 (Superintendent of Documents, U. S. Government Printing 


Office, Washington, D. C., 1957) 

* B. E. Watt, Phys. Rev. 87, 1037 (1952). 

#7 Cranberg, Frye, Nereson, and Rosen, Phys 
(1956). 


Rev. 103, 662 
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information on the distribution of excitation energies 
for a single mass ratio. Time-of-flight data of Stein,” 
after correction for velocity dispersions, indicate an 
excitation full width at half-maximum of 13.4+2.6 
Mev for thermal fission of U™®. Similar data of Milton 
and Fraser® give about 15 to 17 Mev as the width for 
Cf. Fission-chamber data of Brunton, Hanna, and 
Thompson’ give values of about 14 Mev for U™® after 
correction for dispersion, according to Fong,’ whose 
theory predicts about 10 Mev. On the other hand, the 
recent magnetic-analysis experiments of Cohen, Cohen, 
and Coley" yield a figure of 19.3+1.5 Mev for U*®. 
All of these experimental widths are for a single mass 
ratio near the peak. Because of the lack of accurate 
mass data for primary fission fragments, it is difficult 
to say how much the average total excitation energy 
changes as the mass ratio is changed. However, Fong? 
estimates about a 5-Mev increase from symmetrical 
fission to the most probable mass ratio, which would 
give an appreciable width to the distribution of total 
excitation energy even if the excitation for a fixed mass 
ratio were constant. Thus, the width of the total 
excitation energy distribution for all possible mass 
ratios produced in fission should be somewhat wider 
than for a single mass ratio. The experimental data on 
numbers of neutrons emitted from fission are consistent 
with this statement, but do not yield any reliable esti- 
mate as to the size of the effect. Furthermore, if it is 
possible for gamma-ray emission to compete with 
neutron emission from fission fragments, as suggested 
by Milton,’ the neutron distribution would be wider 
than would be expected from the initial distribution of 
excitation energy. In this case, the estimate of 17+2 
Mev for the excitation energy width should be reduced. 


CONCLUSION 


It has been shown that, on reasonable assumptions, 
the distribution of fission neutron numbers should be 
approximately a “Gaussian,” given by Eq. (2), in 
which the only two variable parameters are 7, the 
average number of neutrons, and o, the rms width of 
the total excitation energy distribution in units of Eo, 
the average excitation energy change per emitted 
neutron. This conclusion is almost independent of the 
manner in which excitation energy is divided between 
two fission fragments and should also hold for fission 
induced by higher energy neutrons, in which case a 
few neutrons may be emitted before fission takes place. 
All experimental data on numbers of fission neutrons 
are closely approximated by this distribution, with 
o—1.08 in all cases except that of CP’ (0 =1.21+0.01). 
If Eo is then taken as 6.7+0.7 Mev, the calculated 
width of the total excitation energy distribution is 
consistent with experimental data on this distribution. 
The rate of change of # with incident neutron energy 


#8 W. E. Stein, Bull. Am. Phys. Soc. Ser. IT, 1, 96 (1956), and 
private communication, 
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(di/dE,=1/Ep) is also reasonably consistent with this 
value of Eo. 
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An exact formal expression is derived which treats the initial and final states of a nuclear reaction in a 
symmetric manner. The specific example treated is the (dn) reaction. The Coulomb interaction is not 
taken into account. Estimates of some of the terms of the general expression which is obtained provide 
some indication of the reasons for the similarity of the final results of the various approaches to direct 
interaction, One of the terms of the development includes effects of compound-nucleus formation. Sugges 
tions are made for a single-particle model of the intermediate state. The process of exchange and heavy 
particle stripping is incorporated into the formalism in the Appendix 


I. INTRODUCTION 


HE purpose of the present work is to derive an 
exact, though formal, expression for the cross 
section of a nuclear reaction of the stripping type. An 
attempt has been made to strive for conciseness and 
simplicity in the derivations. Rather than make specific 
and detailed predictions, the principles behind the 
argument are stressed and briefly outlined. With this 
aim in mind, the discussion has been restricted to the 
(d,n) reaction, though it would apply equally well to 
the (d,p), (He’*,p), etc., cases. Furthermore, the Cou- 
lomb interaction! has not been taken into account. 
Inclusion of this effect does not present any serious 
difficulties, but the results become somewhat cumber- 
some to write down. For similar reasons, no detailed 
treatment of spins or angular momenta has been 
undertaken either. Appendix A presents a brief discus- 
sion of the formal methods by which exchange and 
heavy-particle stripping? can be taken into account. 
The point of view in the calculations has been to 
treat the initial and final states involved in the nuclear 
reaction on an equal footing. The results obtained in 
the present paper can be derived by a series of purely 
formal manipulations from previously known expres- 
sions.’ The present point of view enables one, however, 


to suggest a reason for the success of the various 
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+E. Gerjuoy, Phys. Rev. 91, 645 (1953); W. Tobocman, Phys 
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approximate treatments of deuteron stripping? in fitting 
experimental data. Finally, our results lead naturally 
to suggestions for ways of including effects of eompound- 
nucleus formation on the cross section, 


II. GENERAL EXPRESSION FOR THE 
(dyn) CROSS SECTION 


The notation of the present section follows in its 
general features that of Lippmann and Schwinger® and 
Chew and Goldberger.*® We consider only the outgoing- 
wave solutions ¥‘+), but suppress the superscript (+). 
We also assume that when the energy £ appears in a 
Green’s function, it contains a small positive imaginary 
part (E-E-+ie, e>0). Such a choice® is equivalent to 
a boundary condition which selects only outgoing waves 
at infinity. 

From here on, we shall always refer explicitly to the 
(dn) reaction. The complete Hamiltonian for this 
reaction can be written in the form: 


H=Ho'+H =H +H, (1) 


where H/o is the zeroth-order Hamiltonian, and //, 
represents a “perturbation.” The superscripts i and / 
refer to the initial and final state configurations. The 
operators depend on all the variables of the system, 
which consists of the target nucleus and the neutron 
and proton in the deuteron, We have not written down 


‘S, T. Butler, Proc. Roy. Soc, (London) A208, 556 (1951); 
F. L. Friedman and W. Tobocman, Phys. Rev. 92, 93 (1953); 
A. B. Bhatia ef al., Phil. Mag. 43, 485 (1952); P. B. Daitch and 

B. French, Phys. Rev. 87, 900 (1952); N. Austern, Phys. Rev 
89, 318 (1953); and others 

°B. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950) 

*(. F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952) 
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the explicit dependence of H on these variables, but 
this dependence is specifically implied. 

The separation of H into Hy and H, is different for 
the initial and the final state. From the point of view 
of the initial state, we have 


Ho'=Hr+-Twt+TptV wp, (2a) 
and 
H,' 


VartV pr. (2b) 


In the above expressions, Hy represents the Hamil- 
tonian of the target nucleus, Ty and 7 the kinetic- 
energy operators of the neutron and proton, and Vyp, 
Vwr, Ver the neutron-proton, neutron-target, and 
proton-target interactions respectively. 

From the point of view of the final state, 1») and H, 
can be defined as 


Hof = Hat+-Twt+T pt V pr, (3a) 
and 
IT \/ 


VuptV yr. (3b) 


We next define the Green’s function and wave func- 
tion corresponding to H' by 


(E—H')G(E) =1, (4) 
and 


(E— Hy')¥,=0. (5) 


Similar equations are used to define Gy, and W,. The 
functions W,; are a complete set of eigenfunctions (£ 
can be taken to go over all possible eigenvalues) for 
the problem involving a neutron-proton system and a 
target nucleus which do not interact with each other. 
Analogously, ¥, describes all possible states of the 
system involving a target nucleus plus a proton which 
have no interaction whatever with a free neutron. We 
can rewrite Eq. (4) in the form 


(E— Hi +V pr—Vwp)Gi=1. (6) 
Equation (6) leads immediately to the identity, 
G,=G,y+G,(Vne— V pr)G,. (7) 


The equations satisfied by V, and the corresponding G, 
both associated with the complete Hamiltonian H, are 


(E-H)v=0, (E—H)G=1. (8) 


We consider now a specific value of the energy, and 
call it &. & is the sum of the kinetic energy of the 
incident deuteron, the deuteron binding energy — ep, 
and the target energy — er. 

The solution for ¥ in which the incident deuteron 
wave is explicitly present can be written in the two 
forms 

V=~itGH,, (9a) 
and 


v=[14+GHy Wi. (9b) 


The function y; above is a solution ¥,; of Eq. (5) for 
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the energy &. Use of Eqs. (9a), (7), and (4) gives 
W=¥itGy(VurtV pr) V+G,(Vne—V pr) (Y—Y); 
V=,—G,(8—H eo) WitGy(Vnrt+V ert+Vne—V pr)¥, 


or 


V=G,(Vyrt+Vwe)¥=G/HYY. (10) 


Finally, use of Eq. (9b) yields: 


v=G/HYT1+GH Wi, (11) 


V=G,(Vyrt+Vwr)1+G(VnrtV pr) Wi. 
In order to obtain the scattering amplitude, we consider 
the final-state asymptotic limit in which there is an 
outgoing spherical wave of neutrons and the proton is 
bound to the nucleus with a binding energy — ep. 
G, can be explicitly written as 


very" 
Gy= 2 = a 
n E-E, 
We write y, in the form 
y= (2r) Igikn tN = TP). (13) 


The part of Gy we are interested in is its projection 
to the x(T,P) state: 


(TPN; T'P'N’) 
-x(TP) J X(T" PG (T"P"N; T'P'N’). (14) 


x(7T,P) is the specific bound state solution 2(7,P) 
with eigenvalue — ep. G, has the explicit form 
(TPN; T'P’N’) 

2M eik’ (tN~INn’) 
=x (TP) x' (T’ P’)—(2r) f 
h k 


dk’, (15) 


y? _ bk’ 
where M is the nucleon mass and’ 
& = (h?/2M)ky’— €p— €T. 


In the asymptotic limit, @ becomes 


lim (TPN; T’P'N’) 
rN 


e@tkNTN 


4 


(TP), lim 


rN-*@ 


- yarn’), (17) 
2rh? TN 

The scattering amplitude 7 is by definition the 
coefficient of x(7T'P)(e**'"/ry) or 

T= (2rh?)"*M(Tot+T"), (18) 

7 Corrections due to the recoil of a finite-mass nucleus are 
neglected in Eqs. (15), (17), and (21). They can be included rather 
simply, and do not change the basic argument. For example, 
ky and ry simply become the wave vector of the relative motion 
and the relative displacement of the neutron and residual nucleus 
in the c.m. system. 
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To= { ¥/'Vvebedo=(/ Vwpii), (19) 


and 
T’ = for Vurt+H/GH,)ypdv 


=(f|Vur+H/GH;'|i). (20) 


The differential cross section is: 


da 


or 


da M? vs ° : ; 
-—|(f| Vue|i)+(f| Vr} t) 


dQ (2h)? 0, } 
+(f|H/GH,'\i)|*, 


where vy and »; are the velocities of the neutron and 
the deuteron respectively.’ 

Equations (18)-(21) are derivable by a few formal 
manipulative steps using the approach of Gerjuoy or 
Tobocman.’ The stress here, however, has been on the 
point of view of treating the initial and final states 
symmetrically. Carrying this point of view further, we 
observe that To can be written in the form: 


To=(f| 8—(Hr+Ty+Tp)|i). 


If we now assume that a shell-model picture of the 
residual nucleus is valid, the initial and final states can 
be written in the c.m. system as 


Vi= (2m)-*bn(tw—tr) exp[hikn: (tv+rp) ] 
Xexplikr- rr |tr(é), 


(22) 


(23) 
and 

Mr 
y= (27) “8p p' (rp— rr)tr'(€) exp| ons ik, . ( Ir 


f 
M 


+ rr) exp[_— iky ‘In 1 (24) 
M, 
where kr and rr are the wave vector and coordinate of 
the center of mass of the target, & represents the internal 
coordinates of the target, and ky and M, represent the 
c.m. wave vector and the mass of the residual nucleus. 
Further, in the c.m. system, ky = —kp and ky= —ky. 
To can now be considerably simplified by utilizing 
the Fourier transforms of y, and y,. In fact, To has 
the form of a simple overlap integral between the 
initial and final states, multiplied by an expression 
which is a known function of momentum: 


ih? 
wom Sag —2kp-ky+2ky? Ma i). (25) 


To= (s+er- 


Equations (19) and (25) are of course identical in 
content. If one is given the solution to Schrédinger’s 
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equation, as one is when Wy, and y, are explicitly re- 
quired, the potentials involved can be obtained by 
simple differentiation. The only claim we make is that 
Eq. (25) is in somewhat more transparent form than 
(19), may be evaluated more simply than Eq. (19) in 
specific cases, and together with Eq. (20) represents 
the achievement of our aim: the presentation of 
expressions in the amplitude for the (dm) reaction in 
which the initial and final interactions appear sym- 
metrically. 


III. DISCUSSION 


In order to clarify somewhat the role 7” plays in 
relation to the overlap integral 79, it is useful to make 
an arbitrary division of G into two parts. G can be 
thought of as an expression of the form 


: V,(x)V,'(x’) 
G=>> , 
n E-E, 


(26) 


where the ¥, are solutions of the complete Hamiltonian 
H. One can classify these solutions into scattering and 
compound-nucleus (resonant scattering) solutions and 
write G as a sum of two terms: 


G=Gst+Gce. (27) 


Correspondingly, one can split 7” into its constituent 


parts, Ts+Tc: 


T5=(f|VurtH/GsH;'\i), (20a) 
and 


Tc=(f| H/GcH;'\ i). (20b) 


The term with the function Gs can be conceived of 
as corresponding to intermediate states of the deuteron- 
target system for which, in the asymptotic limit, some 
parts of the system are well separated, and all con- 
stituent parts of the system are found near each other 
only for a rather short time, More specifically, one can 
think of the intermediate states as appropriately dis- 
torted waves representing the scattering of deuterons 
on the target, neutrons on the target plus proton, etc, 
The term (/| Vwr|i) is naturally to be grouped with Gy. 
Some rather crude and qualitative estimates involving 
a plane-wave approximation to Gg, indicate that the 
ratio T's/To is of the order of 15% or less. 

A possible suggestion for a model of compound 
nuclear states would be to consider the various reso- 
nance scattering terms which may arise in the deuteron 
target system. As in the analysis of a-particle decay, 
a potential barrier of some kind is required for such 
resonant terms. Two ways in which such a barrier can 
arise in the (dm) reaction intermediate states are 
immediately apparent. One type of barrier is the 
Coulomb barrier presented by the nucleus to the 
deuteron, leading to resonant terms in deuteron scat- 
tering. A somewhat less obvious effective barrier can 
arise in the following way: Suppose the proton of the 
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deuteron is captured by the target, and the residual 
nucleus is left in a state of sufficiently high excitation 
so that it can bind the neutron. This state would be 
highly unstable. Decay to the ground state of the 
residual nucleus can be expected to be accompanied 
by re-emission of the neutron. 

The net result of both of these processes is resonant 
scattering : the probability amplitudes have large values 
for small distances between constituents of the scatter- 
ing system, in the language of stationary states. 
Alternatively, one may say that in a deuteron-target 
resonant scattering state, for example, if the incoming 
deuterons have a kinetic energy near a certain value, 
they will spend a rather long time in the vicinity of the 
target. As is well known from the a-particle problem, 
for energies far from the resonant energy, the state 
essentially becomes an ordinary scattering state. 

If the resonances are well separated, and a resonance 
occurs at Zo, with an associated half-width ', Ge may 
be approximated by 


Vol ax)pol (x’) 
Gc= 


$—Eot hil" 


(28) 


where Wo is the bound state eigenfunction near the 
energy Eo, when the barrier is made infinitely high. 
The way in which this approximation arises in a simple 
specific case is illustrated in Appendix B. The term T¢ 
is expected to make a large contribution to the (d,n) 
amplitude relative to J» in the vicinity of a resonance. 
There are two reasons for this: the energy denominator 
in Ge becomes quite small, and the overlap of the 
intermediate state wave functions with the potentials 
and the initial and final state wave functions is large. 

The above considerations may provide some expla- 
nation for the agreement between experiment and the 
various approximate calculations.** In one way or 
another these approximations all consider only the 
overlap integral To. The simple overlap integral of 
To exhibits the behavior of the angular distributions. 
In order to fit the experimental distributions in detail 
it is customary to use a cutoff procedure which limits 
the integration to the regions exterior to the nucleus. 

The qualitative discussion above indicates that far 
from resonances 7» would be expected to be the 
dominant term. Further, the presence of the Coulomb 
repulsion added to the fact that the other processes 
constitute an absorption from the incident beam at 
points inside the nuclear radius would lead one to 
expect that the contribution of the core region to To 
may be small, at least for low energies. 

In conclusion, we would like to emphasize that the 
material in the present section is necessarily qualitative 
and discursive. The developments of Sec. II are of 
course independent of the present considerations, and 
may perhaps find a calculational use quite aside from 
the illustrations which we have used, 
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APPENDIX A 


The processes by which a neutron other than the 
neutron from the deuteron constitutes the outgoing 
particle have been called “heavy-particle stripping.’ 
This mode of reaction can be included formally by 
incorporating the exchange wave functions for several 
separate processes. 

We illustrate the method by considering a (d,m) 
reaction for the case of a target nucleus which is de- 
scribed by a neutron and a core. For the sake of sim- 
plicity we neglect all exchange processes which take 
place in the core. These processes can be considered, 
but the expressions become somewhat cumbersome. 

The initial state in this formulation is described in 
somewhat more detail than in Sec. IT. It consists of a 
deuteron with a neutron labeled 1 plus the associated 
proton; a core, and a neutron, labeled 2, which is 
bound to the core. 

The complete Hamiltonian for the process can be 
written in the form 


H=He+ Trat+ Triyt+ T p+ Vuaypt V nip 
+ Vuayet Vumet Vauwnat V pc. 
As expected, (A1) is symmetric in neutrons 1 and 2, 
The deuteron stripping process described in Sec. IT 
will be indicated in the Hamiltonian by the superscripts 
1 and 2 for the initial and final states respectively (in 
place of the superscripts i and f), with 
Hy= Het+ Trt Vine; 
Vawr= Vawmet V wn), 
Vepr=VymetV ec. 
Equations (2) and (3) become 
He =Hrt+Tyiyt+Te+V wp, 
H}'=VuayrtV pr, 


(Al) 


(A3) 


He =Hrt+TwaytTert+V ez, 
H?Y=VyayptV war. 


Deuteron stripping is the process in which the out- 
going stripped neutron is the neutron initially in the 
deuteron. Neutron 2 remains bound. The complete 
solution ¥(1,2) of the Hamiltonian H, written in a 
form which makes the presence of the deuteron stripping 
apparent, is 


W (1,2) =G,(1,[2]; 1’,[2’]) 
* (A 14+GHy))(1',2'; 17,2” wi(”,[2”)), 
or (A5) 


¥ (1,2) =G.,(1,[2]; 1,2’ ))A2(1’,2’; 1,2") ¥(1",2”). 


(A4) 
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The indices of neutrons 1 and 2 are explicitly given in 
Eq. (A5). The bracketed numerals indicate the neutron 
bound to the core. G2 is the Green’s function corre- 
sponding to H,’. 

An exchange process is also possible in the present 
case. Both the neutron and the proton in the deuteron 
are captured in this process and neutron 2 goes out. 
It should be noted that this exchange component 
vanishes when one computes 

lim (1,2). 
TN (1)->@ 

One can calculate the wave function in a form which 
exhibits the exchange most clearly by formal manipu- 
lations analogous to those involved in Eqs. (7)—(10). 
The results, however, can be written down immediately 
if one recognizes this process as the so-called “heavy- 
particle stripping.” The deuteron captures the core C; 
the neutron 2 is stripped off from the core and is left 
free. In analogy with (A2), we require 


Hp=Tywyt+Tret+Vnwp, 
Vey p=VaanamtVnwmpe, 
Vep=VnwmctV ee. 
The analogs of Eqs. (2) and (3) are now 
Hé=Hpt+Het+TnytVnme=He, 


A7 
Hi =VeptVnwmpo=H'; ) : 


HS=Hp+Het+Tnw+Veo, 
H=VauwetV nap. 


It follows immediately that the wave function can 
be written in the form 


W(1,2) =G,(2,[1]; 2’,[1’)) 
x (71 +GH *})(1',2’; 1”,2")wi(1",[2”’]), 


(A8) 


(A9) 
or 


W (1,2) =G4(2,1; 2',1/)4(1',2’; 17,2") 1,2”). 


G, is the Green’s function corresponding to Ho. 
Incidentally we note that H,? goes to Ho under the 
exchange of 1 and 2. It should be emphasized that 
Eq. (AS), since it represents an exact solution to the 
total Hamiltonian, contains the exchange solution just 
obtained, but in a somewhat obscure form, as well as 
other terms which are not of present concern. 

The symmetry of the total Hamiltonian with respect 
to the exchange of 1 and 2 must now be taken into 
account. The final form of the solution is 


T(1,2) = (1,2) —W (2,1). (A10) 


We have assumed that the functions W contain the 
appropriate spin functions for 1 and 2. Thus Tf is totally 
antisymmetric for the exchange of 1 and 2. 

For reasons which will be apparent shortly, (A5) is 
the most convenient form to use for ¥(1,2) and (A6) 
is the best choice for ¥(2,1). If the W’s are normalized 
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to unity, the normalization of T is chosen to express 
the fact that two physical processes can now take place : 
deuteron stripping and heavy-particle stripping. 

As in Sec. II, we are once again interested in the 
projection to the x(7P) state and want to consider the 
coefficient of x(7P)rvqy' expLiknwrnya] as rvay is 
made large. 

The scattering amplitude 7 thus becomes 


T= furacpaewaa— frre. )) Hv (1,2), 
; (All) 
{= (fi, (2) HH)? ( 1 +GH,') | ty, {2)/ 
—/ fo (1) Hy 1 + GH) | 1), (2}/» 
Finally we note that the overlap amplitude, taking 
into account the symmetry relation connecting H;’ and 


H,', becomes: 


To=(6+er— (h®/2M) (kp? — 2k ky +2ky?) J 


x funace Dvi(A,C2)—vi(2,C1)]. (A12) 


The first terms of (All) can also be written by 
keeping the antisymmetry in the final state function 


To=[ 8+ er—(h?/2M) (kv? 2ko- kw +2ky*) } 
(fi, 12) | 41, 121) — Lb +en— (F?/2M) 
X (kp’ } 2kp: ky + 2ky*) Kf ta. 1| 44, {2})- 


Since the spins are still contained in the wave 
functions, the differential cross section for a specific 
problem is obtained by averaging over the initial spin 
states and summing over the final spin states. 


APPENDIX B 


To illustrate the behavior of a Green’s function in 
the vicinity of a scattering resonance, we consider a 
simple example. We restrict ourselves to the S state 
only. The Green’s function equation is: 


{d*/dr’+-k?— U)G(r,9'; k®?) =b(r—1’). (1B) 


There is a corresponding equation for the wave function. 
The boundary conditions on the Green’s function are 


lim G(r,r’) 


raw") 


0, lim exp(—ikrs)G(r,7') = f(re), (2B) 


where rz is the smaller value, and r, the Jarger value, 
of r,r’. The second of Eqs. (2B) corresponds to the 
outgoing-wave condition at infinity. 

We define the function f(k,r) to be the solution of 
the Schrédinger equation corresponding to (1B) with 
the properties? : 


f(y,k) ~ eo", (3B) 
*R. Jost and W. Kohn, Kgl Videnskab 
Mat.-fys. Medd. 27, No. 9 (1953) 


Danske Selskab, 
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and 
f(r,k) 
and define the function f(k) by 
fk) 


A function @, which vanishes at the origin and the 
derivative of which is unity there, can be written in 
terms of f in the form 


(1/2ik)[ f(k) f(r, —k) 


f°(r, —k), 


{(O,R). (4B) 


o(r,k*) -f{(—k) f(r,k) }. (SB) 


The Green’s function in terms of @ and the f’s is 


Lf 


As a specific illustration of the explicit form of G for 


G(r,9' ; k*) k) | 'p(re,k*) flrs, —k). (6B) 


a given example, consider the square barrier 


0 


’ 


Vo, 
lo, 


O<r<a 
axr<atb 
at+b<r. 


U(r) (7B) 


If we define 


x= (k’—U )', A(k)={cosxb—ix'k sinkb}, (8B) 


and 


B(k) =i{coskb—ixk™ sinkd}, 


the solution f(r, —k) is of the form 


etklot+b A(k) cosk(r 
+ B(k) sink(r 


a) 


a) |, 


yih 


b) 
b)|, a 


(9B) 
<r<atb 


“+ cosk(r a 


+ix 'k sink(r—a 


er rath. 


Consider now a resonant scattering state in the vicinity 
of Eo k,? 


resonant State are 


The conditions satisfied by a low-lying 


(10B) 


and 
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More precisely, we can take the condition for the 
resonance energy Ey to be 
sinkya+ | ko| ko coskoa coth|xko|b=0.  (11B) 


We limit outselves to the vicinity of the resonance, 
i.e., to energies for which 


(— 
E as Ko <K ) 
dk 


and define $1 to be 
dE 


—( 
l ‘oa dk 


Under these conditions, {(—k) can be approximated by 


f(—k)™~{U ha(2ko)?* exp(U o'+-iko)b} 
K{E - Ko + uN}, 


4k 
exp(—2U ob), 
Ua 


(12B) 


iT (13B) 


) exp(—2U'b). 


(14B) 
and the functions ¢(r,k*) and f{(—k, r) become 


ko ; sinkor, 
o(r,ko"?)> 
(), 


f(r, 


= ko)™ 


0) 


’ 


If we define (r,ko’) to be the normalized bound state 
wave function in the limit as the barrier height goes to 
infinity, then 


s 


(2/a)' sinkor, OS r<a 


v(r,ko?) (16B) 


0, ar. 
The Green’s function can be approximately written in 
the form 


W(r ko?) W*(r’ Ro?) 
E~Eyt hil 


G(r,r': k?)™~ 


(17B) 
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Optical-model calculations were carried out on an IBM-704 computer for 300-Mev protons incident on 
various nuclei. Both differential cross sections and polarization curves were obtained and compared with 


existing experimental data. 


INTRODUCTION 


REVIOUS attempts to fit high-energy scattering 

data have been rather poor, primarily because of 
the failure to include spin-orbit potential terms. Cal- 
culated diffraction minima usually turned out to be 
much too deep and the general shape of the scattering 
curve was such that it dropped off faster than experi- 
mental results indicated. The addition of new param- 
eters, of course, made it possible to get better agreement 

















Fic. 1. Elastic scattering of 340-Mev protons by lead. The 
experimental points are those of Richardson et al.* Both drawn 
curves are computed. The parameters used in the solid curve are 
identical with those used om other elements in this report. The 
dashed curve differs only in that Vcr=—10 Mev and Ve;=20 
Mev. 


* Printed for the U. S. Atomic Energy Commission 


between calculated cross sections and experimental 
data. At the same time, polarization measurements 
made it possible to define the range of the new param 
eters with realistic limits. Indeed, the polarization 
curves prove to be more sensitive to parameter changes 
than do the angular distributions. Unfortunately, as is 
usually the case, good large-angle data are not available 
and it is this data that will ultimately determine the 
best the parameters 
describe the nucleus. 

The calculations presented here are of a preliminary 
nature in that it is felt that not enough experimental 
information is available to warrant more computations 


values of many necessary to 


at this time. 


COMPUTATIONAL PROCEDURE 


The Schrédinger equation was solved numerically 
on an IBM-704 computer with the usual complex 
nuclear potential plus a Coulomb potential correspond 
ing to constant charge density inside the nucleus. ‘The 
code was made as flexible as thought necessary for the 
present calculations. It will compute cross sections and 


) Fy | 


, 











Fic. 2, Elastic scattering of 287-Mev protons by aluminum. The 
experimental points are those of Chamberlain et al. 
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3. Elastic scattering of 310-Mev protons by calcium. The 
experimental points are those of Chamberlain et al? 











4. Elastic scattering of 315-Mev protons by iron. The experi 
mental points are those of Chamberlain et al.? 


polarization at any nonrelativistic energy for any Z, 
will accept the usual diffuse surface potential, the 
Thomas-type spin-orbit potential, or a pointwise- 
determined potential. Left and right as well as average 
angular distributions at any angular separation can be 
computed, 

Preliminary calculations were made using the Riesen- 
feld-Watson! potentials, and variations of these param- 
eters were then made to achieve best results with the 
aluminum and calcium data.2? The same parameters 
chosen for these elements were then tried for the other 
data available. The curves for He, Be, and C were run 
for completeness, any agreement between computed 
and experimental data being held as coincidental. In 
this case, the usual diffuse-surface model* with the 
addition of spin-orbit potentials is used to represent the 
nucleus. All nuclei are assumed to be uniform so far as 
the parameters are concerned, differences appearing 
only in the A* variation required in the definition of 
radius and spin-orbit potential. The potential used for 


this report is given by the following expression: 


h\?* 1 dp(r) 
[VertiVer lo(r)+(Vsrt iva) ) ol, 
uc/ ¢r dr 


“— 2-4 4 oy Ue TTT TS 








Fic. 5. Elastic scattering of 316-Mev protons by tantalum. The 
experimental points are those of Chamberlain et al.? 


1W. B. Riesenfeld and K. M. Watson, Phys. Rev. 102, 1157 
(1956). 

2 Chamberlain, Segre, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 102, 1659 (1956) 

§ Melkanoff, Nodvik, Saxon, and Woods, Phys. Rev. 106, 793 


(1957) 
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6. Elastic scattering of 312-Mev protons by helium 
experimental points are those of Chamberlain et al.? 





Fic. 7. Elastic scattering of 316-Mev protons by beryllium. The 
experimental points are those of Chamberlain et al? 


where 


p(r)=1/[1 rexp(r Ry)/a |, Ry 


ryA. 


There probably should be some variation in Vex to 
take the Coulomb barrier into account, but this varia 


tion is not significant for the elements considered. The 
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Fic. 8. Elastic scattering of 289- and 313-Mev protons by carbon 
The experimental points are those of Chamberlain et al2 








lic. 9. Polarization of 287-Mev protons by aluminum. The ex 


perimental points are those of Chamberlain et al? 
best choice of parameters was found to be 


7o= 1.2510" cm, a 


Ver 


0.65 10-4 cm, 


h Ch 
1.3 Mev 


0 Mev 


16 Mev, Vsr=1.08 Mev, V 


The values of ry and a were chosen to agree with lower 


energy data, but equally good results can be obtained 


for a wide range of values of these parameters. 
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lic. 10. Polarization of 310-Mev protons by calcium. The experi 
mental points are those of Chamberlain et al. 








Polarization of 315-Mev protons by iron. The experi- 
mental points are those of Chamberlain et al? 


Fic. 11 


Many problems were run in an effort to bring the 
parameters in closer agreement with the potentials 
predicted by Riesenfeld and Watson. Analyses similar 
to that carried out by these authors were run with 
“better” nucleon-nucleon phase shifts,‘ but no more 
than qualitative agreement could be obtained with the 
“best fit.” It is interesting to point out that negative 


‘Gammel, Christian, and Thaler, Phys. Rev. 105, 311 (1957); 
J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 
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ric. 12. Polarization of 316-Mev protons by tantalum. The ex 
perimental points are those of Chamberlain et al. 
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Fic. 13. Polarization of 312-Mev protons by helium. The experi 
mental points are those of Chamberlain et al.? 


real central potentials are not unreasonable at these 
energies. As a matter of fact very good agreement was 
obtained for the scattering of protons from lead at 340 
Mev with a real central potential of —10 Mev. This 
can be seen in Fig. 1 where a comparison is made 
between the results obtained with the above parameters 
and a set differing in the central potentials only. In this 
latter set of parameters Vcr= —10 Mev and V¢;= 20 
Mev. It is difficult to choose one set of potentials over 
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hic. 14. Polarization of 316-Mev protons by beryllium. The ex 


perimental points are those of Chamberlain et al. 


the other. There are greater differences observable in 
the polarization curves, such that good polarization 
data could easily discriminate between the two sets of 
parameters. The experimental points are those of 
Richardson.® 

RESULTS 


Figures 2-8 show the angular distribution, both 
experimental and computed, and Figs. 9-15 show the 
corresponding polarization curves. It is seen that the 
computed forward scattering and small-angle polariza- 
tion are in reasonable agreement with the experimental 
data, but that at large angles the differences become 
fairly large. In part, this is probably due to large 


amounts of nonelastic scattering and nonelastic polari 


5 Richardson, Ball, Leith, and Moyer, Phys. Rev. 86, 29 (1952) 
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Fic. 15. Polarization of 289 and 314-Mey protons by carbon, The 
experimental points are those of Chamberlain et al? 


zation in the experimental data. Recently, several 
experiments® have been performed at lower energies for 
the carbon nucleus, in which a serious attempt was 
made to determine the nonelastic as well as the elastic 
polarization. These experiments indicate that a large 
correction may be necessary at the larger angles for the 
polarization data. Until better elastic scattering data 
are made available at the large angles, it seems that a 
further juggling of parameters is unwarranted. 

In general, the scattering data proved to be fairly 
insensitive to large changes in the spin-orbit parameters, 
but of course the polarization curves were extremely 
sensitive to these changes. More polarization data at 
larger angles and for heavier elements are necessary 
to get a better range for these variables. 


6 Chestnut, Hafner, and Roberts, Phys. Rev. 104, 449 (1956); 
Alphonce libell, Nuclear Phys. 3, 185 (1957) 
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Excited States in O' near 11 Mev* 
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A search was made for excited states in O' in the region of 11-Mev excitation using the counter-ratio 
method to detect slow-neutron thresholds in the reaction N'(d,n)O'**. Thresholds were observed which 
correspond to excited states at 10.9354-0.010 and 11.061+0.015 Mev. A review of all the present experi 
mental information on the excited states in this region is given 


INTRODUCTION 


NTIL recently, the only reported excited states in 

Q'* in the immediate vicinity of 11-Mev excitation 
were, a possible level at 11.10 Mev observed in the 
reaction C"(a,a)C™ by Bittner and Moffat,’ an 11.08 
Mev. level detected in the reaction O'%(p,p’y)O" by 
Horfiyak and Sherr,’ and an 11.085+-0.014-Mev level 
seen in the reaction F!*(pa)jO'™* by Squires ef al.* 
Within the past year gamma-ray studies by Bent and 
Kruse‘ [ F'!"(pyary)O" and N!°(d,ny)O"* | and by Bromley 
et al.® | N*(He',py)O'*] indicate that there may be at 
least one other level in this region. The detection of 
slow-neutron thresholds in the reaction N!°(d,n2)O'™, 
(= 9.8826 Mev,® provides another means of observing 
levels in this region. This method allows the resolution 
of closely spaced levels and also allows a more precise 
measurement of the excitation energies than is possible 
in the gamma-ray experiments, 


Fic. 1. The energy-calibration curve of the beam-analyzing 
magnet & relates the frequency of a nuclear resonance magne 
tometer to the proton energy by the equation kf? = (14 #/2Mc*) 
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EXPERIMENTAL PROCEDURE 


Deuterons were accelerated in an_ electrostatic 
generator and magnetically analyzed to at least 
+0.05% in energy. The beam, after being focused by 
two electrostatic lenses and collimated, entered the 
gas target chamber through a 0.025-mil nickel foil. 
The gas target was filled with 99.7% pure’ N' to a 
pressure giving less than 25-kev stopping power. To 
detect the neutron thresholds the counter-ratio® 
technique was used. The beam-analyzing magnet was 
calibrated using several well-known resonances and 
(pn) thresholds.’ (See Fig. 1.) 

Background counting rates in the 
detectors were determined to be about 30% of the 
total. The background from the accelerator and the 
magnet slits was negligible and the room background 


two neutron 


was minimized by carrying out the experiment over a 
14-ft pit. In addition, background runs were taken 
with helium in the target chamber to assign any 
thresholds which might be due to (d,m) reactions in the 


target structure. 
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DEUTERON ENERGY 
Fic, 2. Ratios of slow to fast neutrons from the reaction 
N!8(d.n)O!* in the region of 11-Mev excitation. 
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EXCITED STATES 


IN O'S 


NEAR 11 MEV 


TABLE I. Excited states of O'* near 11-Mev radiation. 


N!4(d my )Olbe 
N!4(d,n)Ouet F9(p,ary)O' 
Neutron 
thresholds 


k 9(p,a)O1 


Gamma emission Alpha detected 


10.804 ? Be 
10.965 ? A® 
11.085+0.014 


10.935+0.010 
11.061+0.015 


10.98+0.04 


* See reference 4. 
> See reference 2, 
* See reference 3. 
4 See reference 5 


OM p, py)Or' Ni4(Elet py)Oie 


~10.98 


11.08 11.10 ? 11.08 


¢ The energies of groups A and B were determined from interpolation on the published alpha spectrum. 
! These values agree with those calculated using the mass tables of Wapstra and of Li and Whaling, but are 20 kev lower than those obtained using 


Drummond's mass values 


RESULTS 


A search was made, using bombarding energies from 
1.0 to 1.4 Mev corresponding to excitation energies 
from 10.8 to 11.2 Mev in O'*, Two thresholds were 
observed from the N!°(d,n)O!™* reaction at bombarding 
energies of 1.192 and 1.335 Mev, respectively and are 
shown in Fig. 2. The corresponding excitation energies 
are 10.9354-0.010 and 11.061+0.015 Mev.® Although 
the higher energy threshold is much weaker than the 
lower, it was observed on all runs. 

The lower level probably corresponds to the 0 
gamma-emitting state at 10.98+0.04 Mev reported by 
Bent and Kruse‘ and by Bromley eé al.® It is interesting 
to note that the unassigned alpha group A in the work 
of Squires ef al.’ could also correspond to an excited 
state in O'* of about the same energy. In the region of 
11.08 Mev, the situation is more complicated. Squires 
et al. detect an alpha group corresponding to an 
excited state at 11.085+0.014 Mev with a width 
<10 kev. This could be the same as the tentative 
alpha-emitting state reported by Bittner and Moffat! 
at 11.10 Mev which has a 10-kev width. Bromley et al. 
and Hornyak and Sherr*® report a gamma-emitting 
state at 11.08 Mev using two different reactions. It is 
unlikely that the alpha-emitting and the gamma 


emitting states are the same since the gamma emission 
would not be expected to compete favorably with alpha 
emission. The neutron threshold at 11.061 Mev prob 
ably corresponds to one of these two states. Since the 
gamma-emitting state is not excited strongly enough to 
be detected in the N'®(d,ny)O" reaction, it seems 
unlikely that threshold neutrons would be detected 
from this state. Thus, it is more probable that the 
neutron threshold corresponds to the alpha-emitting 
level. However, this assignment is only tentative since 
the relative detection efficiencies for the neutrons and 
the gammas are not known. In any event, the data 
require at least two and probably three different levels 
in the region from 10.9 to 11.1 Mev. A careful search 
was made for a neutron threshold that would corre 
spond to the alpha group B reported by Squires et al.* 
and which might be associated with such a third level, 
but nothing was found. A summary of the experimental 
work in this region is given in Table I. 
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A study has been made of states in O'* between 7.2- and 11.5-Mev excitation which belong to the 


sequence 0”, 1%, 2°, 3°, «++ 


(even angular momentum and odd parity, and vice versa). These states cannot 


break up into C*+a but must decay by 7 emission. The y rays from the F(p,ay)O” and N'(d,ny)O"* 
reactions were studied at bombarding energies up to 6.0 and 5.08 Mev, respectively, using a three-crystal 
pair spectrometer and other scintillation counters. The design, resolution, and efficiency of the three 
crystal pair spectrometer are given. The ground state transition from the 2~, 8.87-Mev state was observed to 
have 0.074-0.02 the intensity of the 2.73-Mev cascade transition to the 3~, 6.14-Mev state. A state was 
found at 10.984-0.04 Mev which decays predominantly to the 1~, 7.12-Mev state. No y rays resulting from 
the decay of this state to other states of O'* were observed. The angular correlation of the 3.86- and 7.12-Mev 
y rays shows a positive anisotropy of approximately 1. These results suggest a 0~ spin and parity assignment 
for the 10.98-Mev state. The predictions of the alpha-particle and shell models of O'* are compared with 


these results 


I, INTRODUCTION 


HE ©'*® nucleus has been studied in considerable 

detail by both experiment and theory. The ener- 
gies, spins, and parities of most of the levels up to 
about 15 Mev have been experimentally determined 
and both the a-particle and shell models have been 
successful in predicting many of the properties of these 
levels. In order to determine the ultimate validity of 
these models it is necessary to have a complete experi- 
mental description of the states in O'*. 

At the time the present work was begun, experi 
mental information concerning states in the region of 
excitation between 8 and 12 Mev was not complete. 
In particular, states belonging to the sequence 0-, 1*, 
oe ot (even angular momentum and odd parity 
and vice versa) had not been thoroughly investigated. 
These states cannot be formed in the C+a reaction, 
and if formed by some other reaction, cannot emit 
a particles but must decay by vy emission. In this region 
of excitation only two y-emitting states have been 
found; a 2” state at 8.87 Mev,'” and a state at about 
11.08 Mev! of uncertain spin and parity. The 8.87-Mev 
state was found to decay primarily to the 6- and 7-Mev 
states. No ground state transition was observed. One 
of the objectives of the present experiment was to 
measure the intensity of this M2 (2--0') ground state 
the spin, parity, and decay mode of the state or states 
at about 11.08 Mev. 

In addition to these previously known states, it was 
thought possible that other y-emitting states may have 
been undetected in earlier experiments. A search was 
made by Bent, Bonner, and Sippel’ using the F'(p,ay)- 
Q'* reaction at bombarding energies up to 4.7 Mev for 
states in this region that decay directly to the ground 


* Work partially supported by U. 5. Atomic Energy Commis 


sion 
'W. F. Hornyak and R. Sherr, Phys. Rev. 100, 1409 (1955). 
* Wilkinson, Toppel, and Alburger, Phys. Rev. 101, 673 (1956). 
‘Bent, Bonner, and Sippel, Phys. Rev. 98, 1237 (1955) 


state. In the experiments of Wilkinson, Toppel, and 
Alburger’ the highest bombarding energy was 3.9 Mev. 
It is probable that states above 10 Mev in O'* would not 
have been detected in these experiments because of the 
low penetrabilities for @ particles. This reaction was 
therefore studied again at bombarding energies up to 
6 Mev using the Columbia Van de Graaff accelerator. 
The N'*(d,ny)O"* reaction was also used to search for 
high-energy y-emitting states since the Q value for this 
reaction is 1.8 Mev greater than that for the F'*(p,q) 
reaction, and there is no Coulomb barrier for the 
neutrons. 

The y-ray energies and intensities were measured 
with a three-crystal pair spectrometer using a 100- 
channel pulse-height analyzer to record the entire 
energy spectrum at once. This results in a high efficiency 
for the collection of data, and makes possible a reliable 
determination of relative y-ray intensities independent 
of electronic drifts. It was possible to study the y rays 
from the N!°(d,ny)O"* reaction with this spectrometer 
because of its insensitivity to beta rays. This would be 
a very difficult reaction to study with a magnetic-lens 
pair spectrometer because of the 10.4-Mev @ rays from 
N'* produced in the (d,p) reaction. Double coincidence 
and angular-correlation measurements were made using 
two 3 in. 2 in.-Nal crystals. 


Il. THREE-CRYSTAL PAIR SPECTROMETER 
A. Design 


The design of the three-crystal pair spectrometer used 
in this work is based on a spectrometer used by Alburger 
and Toppel.* A drawing of the crystal geometry is 
shown in Fig. 1. The center counter consists of a 
cylindrical NaI crystal 1 inch in diameter and 3 inches 
long mounted on a Dumont 6292 phototube. The two 

*D. E. Alburger and B. J. Toppel, Phys. Rev. 100, 1357 (1955) 
We are indebted to these authors for the generous use of their 


spectrometer and their hospitality during the summer of 1955 


when one of us (RDB) was a visitor at Brookhaven National 


Laboratory 
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side crystals are cylinders 3 inches in diameter and 2 
inches thick mounted 5-inch diameter Dumont 
6364 phototubes. Lead, 2 inches thick, shields the side 
crystals from direct radiation from the target. A typical 
pair event is illustrated in the figure. A gamma ray 
from the target creates a pair in the center crystal. 
Both the positron and electron are stopped in the 
center crystal, giving a pulse height proportional to the 
sum of their energies. The positron is then annihilated 
and the two annihilation quanta are detected in the side 
crystals. A block diagram of the associated electronics 
is shown in Fig. 2. The pulses from all three counters 
are fed to a fast (0.1 usec) coincidence circuit. The 
pulses from the two side crystals also go to single 
channel pulse-height analyzers which are adjusted to 
pass only the photopeak (0.511 Mev) of annihilation 
quanta. The outputs of the two pulse-height analyzers 
and the fast coincidence circuit then go to a slow, 
2-usec coincidence circuit, which in turn gates a RIDL 
100-channel pulse-height analyzer. A pulse-height analy- 


on 


hic, 1. Geometry of the three crystal pair spectrometer 

sis is made of those pulses in the center crystal which 
are in coincidence with two annihilation quanta. With 
this arrangement, a single peak (the two-escape pair 
peak) is obtained in the pulse-height spectrum for each 
gamma-ray energy. 


B. Resolution 


In order to determine the relative intensities of 
y rays of different energies from a complicated spec- 
trum, it is necessary to know the individual line shapes. 
Figures 3 to 6 show the line shapes obtained with the 
pair spectrometer for y rays with energies of 1.17, 1.33, 
1.38, 2.76, 4.43, and 6.14 Mev. The Co® and Na” 
spectra were taken with a center crystal 4 inch in 
diameter and 1} inches long. The remainder of the 
data presented in this paper were taken with the 
geometry shown in Fig. 1. 

As was pointed out by Alburger and Toppel,‘ the 
effective gamma-ray resolution (full width at half- 
height + y-ray energy) of a three-crystal pair spec- 


IN O'f BE 


Block diagram of the electronics used with the 
three-crystal pair spectrometer 


Fic, 2 


trometer is better than that of a single Nal crystal, 
particularly at low energies. This can be seen from the 
Co spectrum where the 1.17- and 1.33-Mev y rays 
differ in energy by only 13% but are completely 
resolved in the pair spectrum. The 1 in. x3 in. center 
Nal crystal gives a singles resolution of 9.6% for the 
Cs'*7 660-kev line. Some of the fluctuations in the pair 
resolutions are probably due to electronic instabilities 
during the long time required in some cases to accu 
mulate the data. The 4.43-Mev line from the Be’ (a,ny)- 


C” reaction at Ha=5.5 Mev may also be appreciably 


Doppler-broadened. The low-energy tail due to brems 
strahlung losses and electron escape from the center 


crystal becomes appreciable at high At 


i, =6.14 Mev about 50% of the counts are in the low 


Y 


energies. 


energy tail, 
C. Efficiency 


The efficiency of the three-crystal pair spectrometer 
is determined by (1) the solid angle subtended by the 
center crystal, (2) the fraction of y rays incident on the 


hic, 3. Three-crys 
tal pair spectrum of 
the Co gamma rays 
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Fic. 4. Three-crystal pair spectrum of the Na* gamma rays 


center crystal creating pairs, and (3) the probability of 
detecting both annihilation quanta, With 2 inches of 
lead shielding, the solid angle subtended by the center 
crystal is approximately 3.5 10~* of the total sphere. 
The pair cross section in Nal is about 0.06 cm™ at 6 
Mev so that approximately 40% of 6-Mev y rays 
incident on the center crystal create pairs. The prob 
ability of detecting both annihilation quanta is 1.4%. 
This gives an over-all efficiency at 6 Mev of 2 pair 
counts per 10° y rays emitted from the source if one 
assumes an isotropic y-ray distribution. Figure 7 gives 
the calculated efficiency as a function of y-ray energy 
from 1 to 10 Mev. 


Ill. GAMMA RAYS FROM F" +) 


A. Pair Measurements 


A survey was first made with the three-crystal pair 
spectrometer of the y rays from the F'’+-p reaction at 
a number of different bombarding energies. Evaporated 
BaF, targets approximately two mg/cm’ thick were 
bombarded with beam currents averaging about 0.15 
microampere. ‘The y rays were observed at an angle of 
30°, with respect to the beam a ne results 
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Fic. 5. Three-crystal pair spectrum of the 4.43-Mev gamma ray 
from the Be*(a,ny)C" reaction at Eag=5.5 Mev. 
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Fic. 6. Three-crystal pair spectrum of the gamma rays from the 
F*(p ary)O"* reaction at Ep=1.4 Mev 


obtained at 1.4-Mev bombarding energy are shown in 
Fig. 6; y-ray peaks are seen corresponding to well- 
known ground state transitions from the 6.14-, 6.92- 
and 7.12-Mev states of O'* (the 6.92- and 7.12-Mev 
7 rays are unresolved). At E,=3.0 Mev the spectrum 
was the same except that the 6- and 7-Mev peaks were 
of about equal intensity. At E,=4.0 Mev a 2.7-Mev 
7 ray appeared which has previously been observed by 
Wilkinson, Toppel, and Alburger? and Hornyak and 
Sherr.! This y ray was shown to be due to a cascade 
transition between a 2~ state at 8.87 Mev and the 3-, 
6.14-Mev state. To measure the relative intensities of 
the 2.7-Mev cascade y ray and the ground state transi- 
tion from the 8.87-Mev state, a long exposure was taken 
at 5.2-Mev bombarding energy. These results are shown 
in Fig. 8. The points above 8 Mev have been multiplied 
by 20. This spectrum was decomposed into its indi- 
vidual line shapes and the relative intensities of the 
2.7- and 8.87-Mev vy rays were calculated from the 
areas under these lines and the relative efficiency of the 
spectrometer at the two energies. It was assumed that 
the angular distributions of the two y rays are not 
appreciably different. The intensity of the 8.87-Mev 
(20+) ground state transition was found to be 
0.07+0.02 that of the 2.73-Mev (2--+3-) cascade 
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Fic. 7, Calculated efficiency of the three-crystal pair spectrometer 
in pair counts per 10° gamma rays emitted from the source. 
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Fic. 8. Three-crystal pair spectrum of the gamma rays from the 
F%+4 reaction at E,=5.2 Mev. 


transition. This result is consistent with the upper limit 
of 0.15 set by Wilkinson et al.? and is very close to the 
value expected on the basis of single-particle transition 
probabilities.® 

Two weak peaks corresponding to y-ray energies of 
about 3.9 and 4.4 Mev also appear in Fig. 8. These 
¥ rays were studied in more detail at higher bombarding 
energies. The spectrum obtained at 5.5-Mev bombard- 
ing energy is shown in Fig. 9. The strong 4.4-Mev y ray 
is probably from C”, resulting from the F*(p,aary)C” 
reaction. A search was made at this bombarding energy, 
and also at higher energies up to 6 Mev, for weak ground- 
state transitions from states in O'* between 9 and 12 
Mev. None were observed with an intensity greater 
than 20% that of the weak 8.87-Mev transition. 

To obtain an accurate energy measurement of the 
3.9-Mev y ray, a spectrum was taken with an expanded 
energy scale at E,=5.77 Mev. These results are shown 
in Fig. 10. The 2.73-, 4.43-, and 6.14-Mev peaks were 
used for energy calibration, giving an energy of 3.86 
+0.03 Mev for the new y ray. 
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Fic. 9. Three-crystal pair spectrum of the gamma rays from the 
F%+ » reaction at Fp, =5.5 Mev. 


5S. A. Moszkowski, Bela- and Gamma-Ray Spectroscopy, edited 
by K. Siegbahn (North Holland Publishing Company, 1955), 
Chap. 8, p. 391. 


IN 


O'* BELOW 12 MEV 


onl 
tree 


Fic. 10. Three-crystal pair spectrum of the gamma rays from the 
I+ p reaction at Ey=5.77 Mev. 


B. Double Coincidence Measurements 


To determine the origin of the 3.86-Mev ¥ ray, double 
coincidence experiments were performed using two 
3 in.X2 in. crystals placed at 90 degrees with respect 
to the beam direction and 180 degrees with respect to 
each other. The spectrum obtained in a single 3 in. 2 
in. Nal crystal at 5.77-Mev bombarding energy is 
shown in Fig. 11. These pulses went to a single-channel 
pulse-height analyzer which was adjusted to count only 
the full-energy-loss peak of 7-Mev y rays. The spectrum 
obtained in the other crystal in coincidence with these 
7-Mev y rays is shown in Fig. 12. This coincidence 
spectrum shows three peaks characteristic of a 3.86-Mev 
y ray, plus a 1.7-Mev peak resulting from the decay of 
the 8.87-Mev state. 

To determine which of the two closely spaced levels 
at 7 Mev is involved in the 3.86-Mev cascade transition, 
the procedure was reversed, ‘The single-channel window 
was set to count only the full energy loss and one escape 
peaks of the 3.86-Mev y ray, and the spectrum in coin- 
cidence with these pulses was observed. This coincidence 
spectrum is shown in the lower curve of Fig. 13. The 
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Single-crystal spectrum of the gamma rays from the 
b+ p reaction at K,~5.77 Mev 
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hic, 12. Spectrum in coincidence with 6.8- to 7.4-Mev radiation 
from the f+ p reaction at E,=5.77 Mev 


single-crystal spectrum shown in the upper curve was 
used for energy calibration. These results show that the 
3.46-Mev ¥ ray is in coincidence with 7.12-Mev y rays 
and therefore originates from a state at 10.984-0.04 
Mev in ©"*. Had the 3.86-Mev y-ray transition been to 
the 6.92 and not the 7.12-Mev state, the lower curve 
in Fig. 13 would have been shifted down by an amount 
equal to about 4 the distance between two adjacent 
peaks. 

A search was made for other possible decay modes of 
the 10.98-Mey state. Figure 14 shows the spectrum in 
coincidence with 6.14-Mev y rays. This shows pre 
dominantly a 2.7-Mev y ray resulting from the decay 
of the 8.87-Mev state. A weak 3.86-Mev line is also 
seen since the tail of the 7-Mev peak is included in this 
window. No 4.84-Mev y ray which would correspond to 
a 10.98-96.14 Mev cascade transition was observed. It 
was calculated from these results that the 10.98-Mev 
state decays with less than 6% probability to the 
6.14-Mev state. 

A “well” plastic scintillator was used to search for 
y rays in coincidence with 6.04-Mev electric monopole 
pairs. The target was placed in the bottom of the well 
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rays from the F%+4-p reaction at FE, Mev. L 
Spectrum in coincidence with 3.2- to 4.1-Mev radiation 
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and the pairs were detected with nearly 49 geometry. 
A 3 in.X2 in. Nal crystal placed outside of the plastic 
scintillator detected y rays. The y-ray spectrum in 
coincidence with 6.04-Mev pairs at 5.35-Mev bombard- 
ing energy showed a strong 511-kev peak resulting from 
the decay of positrons. Also, very weak peaks were 
observed corresponding to a 2.7-Mev vy ray. No 4.94- 
Mev y ray, which would correspond to a 10.98-+6.04 
Mev transition, was observed with an intensity greater 
than 25% that of the 2.7-Mev y ray. From the calcu- 
lated efficiency for detecting 6-Mev y rays in the plastic 
scintillator (0.6%), and from the relative populations 
of the 10.98- and 8.87-states (1:6), it was calculated 
that the 10.98-Mev state decays with less than 1% 
probability to the 0+ 6.04-Mev state. 


C. Angular Correlation of 3.86- and 
7.12-Mev y Rays 


On the basis of single-particle transition probabilities, 
the results so far suggest a O~ spin and parity assign- 
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Fic, 14, Spectrum in coincidence with 4.9- to 5.6-Mevy radiation 
from the F%+-p reaction at Z,=5.77 Mev 


ment for the 10.98-Mev state, since this is the assign- 
ment which predicts a strong transition to the 1-, 
7.12-Mev state and weak transitions to all other states. 
However, according to Elliot® a 1+ assignment cannot 
be ruled out. The M1 ground state transition which one 
might expect if the state were 1* would be seriously 
inhibited because the two states would belong pre- 
dominantly to different configurations. This inhibition 
would have to be at least a factor of 14 greater than the 
isotopic-spin inhibition of the competing 3.86-Mev F1 
transition in order to explain the experimental upper 
limit on the intensity of the 10.98-Mev transition. 

To decide between the 0~ or 1* assignment for the 
10.98-Mev state, the angular correlation of the 3.86- 
and 7.12-Mev y rays was measured. From Biedenharn 
and Rose,’ for a O~ assignment, W(@)=1+ cos’, 
whereas for 1+, W(0)=1—4 cos*#. These two correla- 
tions are quite different and easily distinguishable 
experimentally. 

° J. P. Elliot (private communication) 


'L. C. Biederharn and M. E. Rose, Revs 
729 (1953) 
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Figure 15 shows the geometry used to measure the 
angular correlation. The pulses from the counter which 
was fixed at 90 degrees with respect to the beam direc- 
tion were sent to a single-channel pulse-height analyzer 
which was adjusted to count only the full-energy-loss 
peak of 7-Mev y rays. The spectrum in the other 
counter which was in coincidence with these 7-Mev 
pulses was observed in a 100-channel pulse-height 
analyzer at each angle. In this way it was assured that 
3.86-Mev y rays were counted. Also, from the number 
of counts in the 6- to 7-Mev channels of the coincidence 
spectrum it was possible to correct for chance coin- 
cidences. The chance correction was about 15% of the 
true rate. 

The results of the angular-correlation measurement 
are shown in Fig. 16. Because of the low counting rates 
and poor geometry, only three angles were taken. The 
upper curve is a least-square fit of the correlation 
expected for a O~ assignment. The lower curve is the 
correlation expected for a 1* assignment, normalized at 
90 degrees. The uncorrected data shows a positive 


Fic. 15. Geometry 
used to measure the 
angular correlation of 
the 3.86- and 7.12-Mev 
gamma rays from the 
9p eeyy)O" reaction. 


anistropy (coincidence rate at 180 degrees divided by 
that at 90 degrees minus 1) of 0.8+-0.4 which is con 
sistent with a O~ assignment for the 10.98-Mev state. 
Corrections for the effects of poor geometry would 
make the agreement better. It is very unlikely that 
polarization effects could alter the correlation expected 
for a 1+ assignment sufficiently to bring it into agree 
ment with the experimental! points.* 


IV. GAMMA RAYS FROM N"+d 


Since the O value for the N'°(d,n) reaction is 1.8 Mev 
greater than that of the F!"(p,a) reaction, and since 
thete is no Coulomb barrier for neutrons to penetrate, 
a study was made of the y rays from the N!°(d,ny)O"'® 
reaction in an attempt to find y-emitting states in O'* 
which are not formed with appreciable intensity 
in the F(p,w) reaction. Gas targets of 99.5% N' at 
about 19 cm pressure were bombarded with ~0.05 


*M. Morita (unpublished). A calculation for an extreme case 
assuming 100% polarization of the initial state, gave an isotropic 
correlation function. It is expected that the deviation from 
1— 4 cos would be small for small degrees of polarization 
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Fic. 16. Angular corre 
lation of the 3.86- and 7.12 
Mev gamma rays from the 
I ( p aryy)O"* reaction. The 
upper curve is a least 
squares fit to the uncor 
rected experimental points 
of the correlation expected 
for a O~ assignment to the 
10.98-Mev state. The lower 
curve is the correlation 
expected for a 1* assign 
ment, normalized at 90 
degrees 








ANGLE IN DEGREES 
microampere of deuterons. The three-crystal pair spec 
trometer was placed at 90 degrees with respect to the 
beam direction to minimize the counting rate due to 
neutrons 

The pair spectrum obtained at 5.08-Mev bombarding 
energy is shown in Fig. 17. This is similar to the 
spectrum obtained in the I'’+) reaction except that 
additional lines are seen at 3.1 and 5.3 Mev, and the 
3.8-Mev line is too broad for a single y ray. 

lo determine the origin of the broad 3.8-Mev peak, 
the bombarding energy was lowered to 1.04 Mev, with 
the results shown in Fig. 18. At this bombarding energy 
it is energetically impossible to form the 10.98-Mey 
state in O!®, and the broad line resolved into a single 
line with an energy of 3.7 Mev. At Ha= 1.5 Mev, 220 kev 
above the threshold for forming the 10,98-Mev state 
of O'*, the line again becomes broad and can be decom 
posed into two lines with energies of 3.7 and 3.86 Mev. 
The broad 3.8-Mev line is therefore attributed to a 
3.68-Mev vy ray from the N!*(d,avy)C"™ reaction and a 
3.86-Mev y ray from the N!*(dny)O" reaction. The 
3.1-Mev y ray is also attributed to C™ 

The target used in Fig. 18 was known to be con 
taminated with air. The prominence of the 2.3-, 5.3-, 
and &.3-Mev lines in these spectra show that they are 


£4 *5.08 Mev 
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Fic. 17, Three-crystal pair spectrum of the gamma rays from 
the bombardment of an enriched N'* gas target with 5.08-Mev 
deuterons 





R. D. BENT AN 


lic 
the bombardment of an enriched N'* gas target with 1.04 
1.5-Mev deuterons 


18. Three-crystal pair spectrum of the gamma rays from 
and 


probably from the N'+-d reaction. The 5.3-Mev line 
is probably due to ground state transitions from known 
states at 5.28 and 5.31 Mev in N** and O”, The 2.3-Mev 
line may be attributed to a cascade transition between 
the 7.58- and 5.28-Mev states of N'*. Table I sum- 
marizes the y-ray energies and assignments. No new 
y-emitting states in O'® were found from the N!°(d,ny) 
()'® reaction. 


V. DISCUSSION 


Figure 19 summarizes the y-emitting states in O'* 
below 12 Mev the transitions observed in the 
present experiments. 

Table II summarizes the upper limits obtained from 
the present results for possible decay modes of the 
10.98-Mev state. 


and 


TABLE I. Energies and assignments of the gamma rays from the 
deuteron bombardment of an enriched N!® gas target. 


Assignment 


Gamma-ray energy 
(energies in Mev 


(Mev) 


2.33 
2.73 
3.10 
3.70 
3.86 
4.43 
5.30 
6.14 
7.1 

8.3 


N" (7.58 
©" (8.87 
C® (3.08—ground) 

C (3.68—ground) 

O'* (10.98—+7.12) 

C® (4.43-ground) 

N® and O” (5.3-»ground 
©'* (6.14-—+ground) 

©** (6.92 and 7.12 unresolved 
N* (8.32—+ground) 


»5.28) 
»6.14) 


>ground) 


H. KRUSE 


Hornyak and Sherr' observed y rays from the 
O'*(p,p’y) reaction at E,= 19 Mev which they assigned 
to a single parent state at 11.08 Mev with probable 2 
spin and parity. y rays were seen corresponding to 
cascade transitions to both the 6- and 7-Mev states of 
O"*. The 10.98-Mev state found in the present work was 
observed to decay only to the 7.12-Mev state. This 
suggests that the 11.08-Mev state observed by Hornyak 
and Sherr was actually an unresolved doublet, and that 
only one member of this doublet is populated with 
appreciable intensity in the F(p,a) and N'*(d,n) reac- 
tions.’ Weil, Jones, Lidofsky, Smotrich, and Baicker'® 
have observed a strong neutron threshold in the 
N'*(d,n) reaction corresponding to a state in O'* at 
10.94+-0.01 Mev which may be identified with the 0- 
y-emitting state. They also observed a weak threshold 
corresponding to a state at 11.06 Mev which may cor- 
respond to the other y-emitting state, but may also 
correspond to a possible 11.1-Mev state seen in the 
C”+a reaction." The upper member of the y-emitting 
doublet presumably has angular momentum 22 and 
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19. Gamma-emitting states in O'* below 12 Mev and the 
transitions observed in the present experiments. 


Fic 


*The suggestion that there are actually two closely spaced 
gamma-emitting states at about 11.08 Mev was made by the 
Chalk River group at the New York American Physical Society 
meeting (1957) since a doublet is required to interpret satisfactorily 
their data on the gamma rays from the N"(He',p)O!* reaction 
{ Bromley, Ferguson, Gove, Litherland, and Almqvist, Bull. Am. 


Phys. Soc. Ser. II, 2, 51 (1957); 
Bromley, Gove, and Ferguson, Bull. Am. Phys. Soc 
51 (1957) }. 

” Weil, Jones, Lidofsky, Smotrich, and Baicker, Bull. Am. Phys. 
Soc. Ser. IT, 2, 52 (1957), and Weil, Jones, and Lidofsky, Phys. 
Rev. 108, 800 (1957), preceding article. 

"J. W. Bittner and R. D. Moffat, Phys. Rev. 96, 374 (1954). 


and Litherland, Almqvist, 
Ser. II, 2, 
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is not populated appreciably in the F"(p,z) and 
N'*(d,n) reactions at the bombarding energies used 
because of high angular-momentum barriers. 


VI. SUMMARY AND CONCLUSIONS 


A weak ground-state transition from the 2> state at 
8.87 Mev was observed with 0.07+0.02 the intensity 
of the 2.73-Mev cascade transition to the 3~, 6.14-Mev 
state. 

A state was found at 10.98+0.04 Mev which decays 
by 7 emission predominantly to the 1~, 7.12-Mev state. 
This decay mode, and the angular correlation of the 
3.86- and 7.12-Mev ¥ rays suggest a O~ spin and parity 
assignment for the 10.98-Mev state. 

According to the calculations of Kameny," identi- 
fication (b) of the alpha-particle model of O'* predicts 
a O~ state at 11.5 Mev which may be identified with 
the level observed at 10.98 Mev in the present work. 
However, this model also predicts a 1* state at about 
9.4 Mev, which was not observed in the present experi- 
ments. 

Both the 0 10.98 Mev and the relative 


state at 


2S. L. Kameny, Phys. Rev. 103, 358 (1956). 
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TABLE IT. Upper limits for the intensities of possible transitions 
from the 10.98-Mevy state of O°, 


Relative 
intensity 


Gamma-ray energy 


Transition (Mev) 


<0.05 
<0.01 
4.84 <0.06 
4.06 <(0),2 
3.86 1 

2.11 <04 


10.98 
4 94 


10.98 
10.98 
10.98 
10,98 
10.98 
10.98 


+ ground 
» 6.04 
»6.14 
+ 6.92 
>7.12 
> 8.87 


intensity of the ground state transition from the 
8.87-Mev state can be accounted for by the shell-model 
calculations of Elliot and Flowers.” 
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Excited States in Be’ and Be‘? 
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The neutron-threshold method has been used to observe the neutrons emitted in the deuteron bombard 
ment of both Li® and Li’. From the bombardment of Li®, two broad thresholds were observed corresponding 
to levels in Be? at excitation energies of 6.5 Mev (I'=1.2 Mev) and 7.2 Mev (I'=0.5 Mev). Four thresholds 
were observed in the bombardment of Li’, corresponding to excited-state energies in Be*® of 16.07 Mev, 


16.65 Mev, 17.60 Mev, and 18.19 Mev 


INTRODUCTION 


HE neutron-threshold method of energy level 

measurement has been described in the litera- 
ture.'~* Two moderated BI’; counters are used in this 
procedure, one sensitive preferentially to low-energy 
neutrons (less than 300 kev) and the other sensitive 
to higher energy neutrons. Neutron thresholds are 
indicated by a rise in the ratio of the number of low- 
energy to high-energy neutrons. This in turn indicates 
an energy level in the residual nucleus. 


t Supported in part by the U. S. Atomic Energy Commission 

* Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico. 

t Now at G. E. Company, Vallecitos Atomic 
Pleasanton, California. 

1T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954) 

2 Marion, Brugger, and Bonner, Phys. Rev. 100, 46 (1955) 

§ Brugger, Bonner, and Marion, Phys. Rev. 100, 84 (1955) 

‘ Marion, Bonner, and Cook, Phys. Rev. 100, 91 (1955). 


Laboratory, 


We have applied the technique to the observation of 
the levels in Be’ and Be® accessible through the reac- 
tions Li®(d,n)Be?’ (O=3.375 Mev) Li’(d,n) Be® 
(O= 15.017 Mev). 


and 


EXPERIMENTAL PROCEDURE 


The details of the counter-ratio method have been 
described previously.’* In the experiments discussed 
here, however, most of the levels in the resulting nuclei 
are relatively broad, which modifies the shape of the 
ratio curve. If the level in the residual nucleus is 
narrow, the ratio curve will rise sharply at threshold 
and then fall off slowly above threshold, as the neutron 
energy increases. However, if the level width is con 
siderably more than target thickness, then the ratio 
curve will rise and fall with the level, its appearance 
being very similar to the familiar broad resonance 
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Fic. 1, Li*(dn)Be’. Counter ratio and yield of neutrons in the 
forward direction. Thresholds are marked by labeled arrows 


shape. In this case, the level energy is computed from 
the peak value of the curve. 

The precise measurement of the threshold energies 
is accomplished through magnetic analysis of the beam 
of the Rice Institute 6-Mev Van de Graaff accelerator 
A proton and lithium resonance magnetometer meas 
ures the magnetic field, and the primary calibration 
standard is the Li’(p,n)Be’ threshold.® Due to satur 
ation effects, a correction is applied to the calibration 
for higher energies. This correction is derived from 
several well-known thresholds.’ 

The neutron yields shown in the present work are 
determined with the modified long counter in position 
behind the slow counter, and are, nol corres ted for the 
variation of counter sensitivity with neutron energy. 


Li’ (d,n)Be’, Q= 3.37 Mev 


The target used was a thin lithium film evaporated 
onto a tantalum blank in the vacuum systein of the 
Van de Graaff accelerator. The lithium was obtained 
from the Isotopes Division of the Oak Ridge Nationa! 
Laboratory and contained 96% Li® and 4% Li’. 

The counter-ratio curve and yield of neutrons in the 
forward direction are shown in Fig. 1. The counter 
ratio below 1.8 Mev decreases with increasing energy 
of the deuterons; this is probably due to the fact that 


the average energy of neutrons from the three-body 


breakup (Q= 1.792 Mev) is increasing. The thresholds 
at A and C correspond to the well-known ground and 
first state thresholds? of O'*, and are due to a slight 
oxygen contamination which always seems present from 
an evaporated lithium target. The relative strength of 
the threshold at C varied from target to target, hence 
the conclusion that it is due to oxygen contamination. 
The threshold at B corresponds in energy to a very 
strong threshold in N" at 1.967 Mev’ and is conse- 
quently assigned to a small amount of nitrogen con- 
tamination. At a deuteron energy of 3.3 Mev, the 


*A. H. Wapstra, Physica 21, 367 (1955), Energy threshold: 


1882.5+0.9 kev 
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curve showing the counter ratio starts to rise and 
continues to do so for about one Mey, until it reaches 
a peak at D. This is attributed to a broad level in Be’ 
at 6.5-Mev excitation. Another threshold at E is due 
to a broad level in Be’ at 7.2-Mev excitation. 

These last two excitation energies are accessible to 
other methods of observation. For example, Reynolds® 
has observed the a groups given off by the reaction 
B (pa) Be’ at a bombarding energy of 18 Mev. He 
finds evidence for states in Be’ at 0.49+0.10 Mev, 
4.72+0.08 Mev, 6.27+0.10 Mev, 7.21+0.10 Mev, and 
14.64-0.3 Mev. The state at 7.21 Mev agrees within the 
experimental errors with the value of 7.2 observed in 
the present work. There is a considerable difference 
between his value of 6.27 Mev and ours of 6.5+0.2 Mev, 
but the present experiment shows that this state is 
quite broad, which tends to make its exact position 
somewhat indefinite. 

The reaction Li®(p,w) He’ and the elastic scattering of 
protons by Li® both show resonances’ which may be 
interpreted as due to a level in Be’ at 7.16 Mev with a 
width '=0.5 Mev. 

There is evidence for a state in Be’ at about 4.6-Mev 
excitation, mirror to the 4.61-Mev Li’ level. Both an 
a-particle group® from B!°(p,a) Be’ and a neutron group*® 
from Li’(p,n) Be’ going to this state have been observed. 
More recently what is undoubtably the same level has 
been observed in the scattering of He* from He‘.’ A 
preliminary analysis of the data gives resonance pa- 
rameters indicating an excitation in Be’ of 4.59 Mev. 
A threshold for this level should be observed in the 
Li®(d,n)Be’ reaction at a bombarding energy of 1.62 
Mev; however, it is not observed. The state we are 
trying to see in Be’ has a total angular momentum of 

and odd parity. Therefore, it is possible that the 
angular-momentum barrier for the outcoming neutrons 
is high enough so that they are not emitted in appreci- 
able numbers until the slow-counter efficiency has 
fallen off. If the yield near threshold is mainly due to 
the formation of Be® in a low angular-momentum state, 
say 2 or less, then the neutrons must carry off one or 
more units of angular momentum. It is very likely 


ras_e I. Neutron thresholds in the reaction Li®(d,n) Be’. 


Center-of-mass 
width 
(Mev) 


Excitation 
O-value in Be’ 
(Mev) (Mev) 
O'* contamination 
N* contamination 
© contamination 
2 6.5 
& 7.2 


4.4 


Threshold 
energy 
(Mev) 


1.83 
1.97 
2.40 
2 3. 
1 3. 


* J. B. Reynolds, Phys. Rev. 98, 1288 (1955 

’F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955); S. Bashkin and H. T. Richards, Phys. Rev. 84, 1124 
(1951) 

* 1). M. Thomson, Phys. Rev. 88, 954 (1952) 

*G. C. Phillips and P. Miller, Bull. Am. Phys. Soc. Ser. II, 2, 
28 (1957). 
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that a threshold involving neutrons with orbital angular 
momentum of one or more units would not be observed. 

Table I lists the thresholds, calculated Q-values, 
energies of excited states in Be’, and the observed 
level widths. 

The cross section for neutron production from the 
Li®(d,n) reaction was obtained by comparing the yield 
of neutrons from the Li’(p,n) Be’ at 2.35 Mev with that 
from Li®(d,n) Be’ at a deuteron energy of 1.5 Mev. The 
cross section is probably good to an accuracy about 
50% since the two comparison neutron energies differ 
widely. 

Since the Li®(d,n) Be’ cross section was measured at 
an energy below the O'*(d,n)F" threshold, it was 
possible to estimate the oxygen contribution to the 
yield from the magnitude of the two oxygen thresholds. 
The neutron yield, with the oxygen contribution sub- 
tracted, is given in Fig. 1 with the label ‘corrected 


Fic. 2, Li’(d,n)Be*. Counter ratio and yield of neutrons in the 
forward direction. Thresholds are marked by labeled arrows 


yield.” There is a small (about 4% at 2-Mev bombard- 
ing energy) contribution to the yield from the Li’ 
present. 


Li’ (d,n)Be*®, O0= 15.017 Mev 


This reaction has been studied previously,' however, 
it was decided to repeat the experiment to take ad- 
vantage of somewhat improved techniques. The ratio 
curve and yield of neutrons in the forward direction 
are shown in Fig. 2. The target used was evaporated 
in place in the vacuum system of the Van de Graaff, 
using normal-abundance lithium, containing 92.5% Li’ 
and 7.2% Li®. The target was about 35 kev thick to 
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TABLE IT. Neutron thresholds in the reaction Li’(d,n) Be*® 


Center-of-mass 
width 
(Mev 


Threshold ik-xcitation 
energy Q-value in Be® 
Mev Mey Mev) 


0.31 
0.19 


1.05 
1.64 


1.35 16.07 
2.10 16.65 
2.40 O'* contamination 
3.32 58 17.60 
4.08 3.17 18.19 


<0.02 
0.23 


1.8-Mev deuterons. The energy scale of Fig. 2 had been 
corrected for target thickness the scale 
corresponds to the energy at the middle of the target) 


(i.e., now 

The counter ratio indicates broad resonances at A, 
B, and F and sharp resonances at C and D. In order to 
determine where threshold A had its maximum value, 
a Breit-Wigner curve was drawn at B, using the meas 
ured parameters (/,.,= 2.10 Mev, I'=250 kev). This 
Breit-Wigner curve was then subtracted from the ratio 
curve. The resulting peak was at 1.35 Mev, and the 
measured width at half-height was 0.4 Mev 

The threshold at 2.40 Mev corresponds to the first 
excited state threshold of oxygen, and is attributed to 
oxygen contamination. The threshold at D (3.32 Mev) 
is attributed to an excited state in Be®. This is the only 
level observed with a width less than target thickness 
(20 kev at this energy). The Q-value obtained agrees 
fairly well with the known level!’ in Be® at 17.63 Mev, 
measured by the reaction on Li’(p,y) Be® 

The thresholds are listed in Table II the 
excitation energies in Be’ and the center-of-mass widths 


with 


of the levels. 

The cross section for neutron production was obtained 
by comparison to the Li’(p,a)Be’ cross section. The 
(d,n) counting rate at a deuteron energy of 1.4 Mev was 
compared to the (p,m) counting rate at a proton energy 
of 4.1 Mev in the same target. Because of the differing 
comparison neutron energies, the cross section is prob 
ably good to an accuracy of about 50% 

It was possible to subtract out the estimated oxygen 


yield, and when this was carried out the result was the 
corrected yield” in 


smooth, dashed curve marked 
Fig. 2. The two resonances in the yield at 0.7 Mev and 
1.0 Mev have been observed by other workers." The 
work of Baggett and Bame'' shows a steeper rise in the 
yield above 1.8 Mev than the present work. However, 
the targets used by them were Li,SO, and a part of 
their yield is due to the oxygen contribution. There is 
an indication of another resonance at about 1.8 Mev 

1 T, W. Bonner and J. E. Evans, Phys. Rev. 73, 666 (1948) 


“4 Bennett, Bonner, Richards, and Watt, Phys. Rev. 71, 11 
(1947); L. M. Baggett and S. J. Bame, Phys. Rev. 85, 434 (1952 
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The de-excitations of the 2+ second excited states of Pt™ and Pt' have been studied to compare crossover 
transition intensities to the 0+ ground states relative to the known cascade transitions to the 2+ first 
excited states. An intermediate-image beta-ray spectrometer was used to measure the internal-conversion 
electron spectra occurring in the decays of Au and Au™. A conversion line is found in the decay of Au™ 
corresponding to a 0.618-Mev crossover having a transition intensity of 25% relative to the 0.290-Mev 
cascade, provided the latter is assumed to be £2: In Pt an upper limit of 0.04% is placed on the intensity 
of a possible crossover transition compared with the 0.331-Mev cascade. Au™ exhibits the internal-con 


version lines of 36 gamma-ray transitions which fit energetically into a proposed energy level scheme for 
Pt. A search in the electron spectrum of Au showed no gamma-ray transitions other than the three 


already known 


INTRODUCTION 


HE systematics of the first two excited states in 
even-even nuclei up to V= 108 have been studied 
by Scharff-Goldhaber and Weneser.! They have shown 
that, while the first excited state is 2+ in 
stances, the character of the second excited state is 0+-, 
)4 


most in 
, 4+, or (odd, ), the largest number of cases 
being 2+. With respect to the ratio 2/4, of the second 
to the first excited state energies, two groups occur, 
those of 90< NV<108 which can. be described by the 
Bohr-Mottelson collective model and for which E2/F, 
~3.33, and those of V<88 for which F2/#,;=2.2. In 
the latter group the modes of motion are pictured as 
vibrational, the states being characterized by phonon 
quantum numbers of 0 and 1 for the ground and first 
excited states, respectively, and 2 for a triplet of states 
which should exist above the first excited state and 
which should have spins of 0+, 2+, and 4+. 

In the region above V = 108 but below the closed shell 
V=126 at Pb”* the above-mentioned spin sequence is 
followed by the levels in even-even nuclei but the ratio 
E,/ FE, fluctuates somewhat more, i.e., for the isotopes 
Pp'92.194,196 P/F y&1.95 while for Hg? F./F:—=2.6. 
It is of interest not only to establish the ratio Ee/ Fy 
but when the second excited state is 2+ one wishes to 
know the M1/22 mixing ratio in the cascade transition 
and the ratio of reduced #2 matrix elements for the 
crossover relative to the cascade transition. If the 
motions are to be described as vibrational, then the 
two-phonon jump from the second excited to ground 
state should be inhibited. 

The three even-even nuclides Pt? !% are thought 
to have 2+ second excited states. However, information 
on the relative crossover transition intensities from all 
of these states has been incomplete. For Pu, as studied 


in the decay of Ir by Baggerly et al and by Johns and 


t Under contract with the U. S. Atomic Energy Commission 

1(5. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955): see also L. Wilets and M, Jean, Phys. Rev. 102, 788 (1956 

* Baggerly, Marmier, Boehm, and DuMond, Phys. Rev. 100, 
1364 (1955). 


Nablo,’ the 0.612-Mev crossover is } as intense as the 
0.296-Mev cascade and hence the ratio of crossover to 
cascade reduced transition probabilities as obtained by 
correcting for the £® energy dependence is 0,007. 

Pt™ levels have been investigated in the decay of 
Ir by Johns and Nablo,* Mandeville ef al.,4 and 
Butement and Poé.* A 0.620-Mev crossover gamma ray 
was found by Johns and Nablo, its intensity being 4 as 
great as the cascade as determined from an external 
conversion-electron spectrum. In both Ir™ and in the 
decay of Au'™ to Pt" as reported by Thieme and 
Bleuler® the gamma-ray spectra are exceedingly com- 
plex. Owing to insufficient resolution Thieme and 
Bleuler were not able to study the photopeak of the 
().62-Mev crossover in a Nal scintillation spectrometer 
or the corresponding conversion lines in their lens-type 
beta-ray spectrometer at 2.7% resolution. 

The decay scheme of Au! was established by Steffen 
et al.’ and by Staehelin.* Electron capture takes place 
to levels at 0.354 and 0.686 Mev in Pt'® and a beta 
branch occurs to a level in Hg! at 0.426 Mev. The 
gamma-gamma angular correlation.of the 0.332-0.354- 
Mev cascade in Pt has been investigated by Steffen® 
who has shown that the second excited state must be 
2+ and that the M1 admixture in the cascade transition 
is (5+1) %. Thieme and Bleuler™ examined the in- 
ternal-conversion spectrum of Au to investigate the 
possibility of an electric monopole component in the 
cascade transition. According to Church and Weneser"! 
electric monopoles can occur between states of the same 
spin and parity. From the relative conversion-line 
intensities of the 0.332- and 0.354-Mev transitions 
combined with the M1/#2 mixing ratio in the 0.332- 
Mev transition as established previously by angular 
correlation, Thieme and Bleuler concluded that no 


3M. W. Johns and S. V. Nablo, Phys. Rev. 96, 1599 (1954). 
4 Mandeville, Varma, and Saraf, Phys. Rev. 98, 94, (1955). 


'F. 1D. S. Butement and A. J. Poé, Phil. Mag. 45, 31 (1954). 

6M. T. Thieme and E. Bleuler, Phys. Rev. 102, 195 (1956) 

’ Steffen, Huber, and Humbel, Helv. Phys. Acta 22, 167 (1949). 
*P. Staehelin, Phys. Rev. 87, 374 (1952 

*R. M. Steffen, Phys. Rev. 89, 665 (1953) 

1” M. T. Thieme and E. Bleuler, Phys. Rev. 101, 1031 (1956). 
4 FE. L. Church and J. Weneser, Phys. Rev. 100, 943 (1955). 
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monopole component was present within their limits of 
error. The possible existence of conversion lines corre- 
sponding to the 0.686-Mev crossover in Pt! was not 
mentioned. Angular correlations between conversion 
electrons and gamma rays in the decay of Au’ were 
measured by Kane” whose results were consistent with 
the M1 admixture reported by Steffen and which also 
showed no evidence for electric-monopole conversion 
electrons. Inasmuch as the crossover transitions to the 
ground states in both Pt! and Pt™ are of nearly the 
same intensity relative to the cascades, it was felt 
desirable to obtain information on a possible crossover 
in Pt, This constituted the main object of the present 
work. 

The decay of Au to Hg! is known" to give rise to 
a strong 0.411 gamma ray and to two weak lines of 
0.676 and 1.088 Mev. Bergstrém et al.“4 found the same 
two lower energy lines in the decay of Tl! to Hg’ but 
reported additional lines corresponding to gamma-ray 
transition energies of 0.195, 0.284, and 0.402 Mev. 
According to Hill'® their K-conversion line intensities 
are about the same as that of the 0.676-Mev transition. 
In the present work a search has been made for possible 
weak lines of these energies in the decay of Au! which 
might have been missed previously. 


EXPERIMENTAL METHODS AND RESULTS 


Sources of mixed Au!%1% were made by bom- 
barding 0.01-in.-thick platinum foil with 22-Mev 
deuterons in the Brookhaven 60-in. cyclotron. A chem- 
ical separation procedure similar to that described by 
Thieme and Bleuler'!® was used to extract the gold 
activity which was then deposited on thin copper or 
mica backings for spectrometer sources. An analysis of 
the Pt target material by M. Slavin showed that it 
contained ~0.01% gold and hence the specific activity 
was limited by the extraction of 0.4 mg of inactive gold. 
Samples 2 mm in diameter and about 2 mg/cm? thick, 
made from 10-20% of the activity resulting from bom- 
bardments of 100-200 wa hours, were of sufficient 
strength for measurements at moderately good reso- 
lution. 

All of the measurements were made with an iron-free 
intermediate-image beta-ray spectrometer'® using a 
3.5-mg/cm? thick mica end-window Geiger counter for 
detection. Runs on the electron spectrum were taken 
within a few days after a bombardment, one example 
being shown in Fig. 1. A spectrometer resolution setting 
of 0.6% was used but the source diameter gave an 
effective line width of 0.74% and the source thickness 
made the lower energy lines increasingly wider. Except 

2 J. V. Kane, Bull. Am. Phys. Soc. Ser. II, 2, 25 (1957). 

48 Elliot, Preston, and Wolfson, Can. J. Phys. 32, 153 (1954) 
Evidence that the second excited state is a very close doublet has 
been reported by Hamermesh and Smither, Bull. Am. Phys. 
Soc. Ser. II, 2, 232 (1957). 

4 Bergstrém, Hill, and de Pasquali, Phys. Rev. 92, 918 (1953). 

1 R. D. Hill (private communication to G. Scharff-Goldhaber) 

161). E. Alburger, Rev. Sci. Instr. 27, 991 (1956). 
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TABLE I. Gamma-ray energies and K-conversion line intensities 
in the decay of Au™, 


Relative A-line 
intensity 


Relative K-line 
Ey (Mev) intensity y (Mev) 
0.43 


0.30 


0.095 
0.154 1.176 
0.185 1.216 0.32 
0.201 ‘ 266 0.12 
0.290 301 0.1 

0.327 341 0.54 
0.525 $23 0.09 
0.543 479 3.7 

0.590 593 0.79 
0.618 713 0.11 

0.642 831 0.07 
0.664 R85 0.52 
0.699 1.923 0.30 
0.732 2.043 0.50 
0.895 2.084 0.23 
0.944 2.162 0.73 
1.046 2.309 0.012 
1.102 2.300 0.014 


1.149 


for the strong Au!’6 0.331- and 0.353-Mev conversion 
lines and the beta-ray continuum (endpoint energy 
0.963 Mev) and 0.411-Mev conversion lines of Au, 
the remaining very complex structure of lines was found 
to decay with the 40 hour half-life of Au. 

Assignments have been made for many of the 40-hour 
lines as indicated in Fig. 1. For the most part the 
structure is resolved but in some instances, as shown 
by question marks, the resolution was insufficient or 
else it was not possible to make an unambiguous 
assignment because of masking of mating lines. Gamma 
ray energies, accurate to about 0.5%, and _ relative 
K-conversion line intensities corrected at lower energies 
for line width and counter-window thickness are listed 
in ‘Table I. 

In making a search for a possible 0.686-Mev crossover 
gamma ray in the decay of 5.6 day Au", it was first 
necessary to wait for decay of the 40-hour Au™ com 
ponent. The remaining background consisted of the 
Au’ beta-ray spectrum which decays with a half-life 
of 2.7 days. It is interesting to note that when the ratio 
of half-lives is 2, as it is in this case, the possibility of 
seeing a conversion line of the longer-lived activity 
against a continuum of the shorter-lived activity is 
independent of the time at which the observations are 
made, at least as regards the ratio of the peak height 
of the conversion line to the statistical error of the count 
recorded during a given time interval. Thus, suppose 
that the counting rate of the Au’ beta-ray spectrum 
accepted by the spectrometer is 10 000/min while that 
of a superimposed Au! conversion line is 100/min, 
The ratio of the peak to the statistical error for a 1-min 
count is then 1. At a time 5.6 days later the beta-ray 
background has dropped to 2500/min and the net 
conversion line to 50/min so the ratio of conversion 
line to statistical error is still 1. This relationship will 
be maintained until the natural counter background 
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begins to become an apprec iable fraction of the total 
count. 

However, when one takes nonstatistical fluctuations 
into account, such as counter voltage drifts, etc., it is 
desirable to wait as long as possible in order to increase 
the ratio of the intensity of a possible conversion line to 
the absolute counting rate of the underlying continuum. 
Another consideration in this case is the presence of 
conversion lines of the 0.675-Mev transition in the 
decay of Au’ which are close to the 0.686-Mev Au’ 
lines in question. From the measurements of Elliot 
et al.” the number of 0.675 K-conversion electrons per 
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beta ray is 1.88X10~*. To determine the expected 
height of this peak relative to the underlying beta-ray 
spectrum counting rate, an allowed spectrum was 
constructed having the 0.963-Mev end point of Au". 
The fraction of the total spectrum accepted by the 
spectrometer at the K—0.675-Mev momentum position 
was determined by area measurements to be 2.85% 
when the resolution is 3.5%. Hence the ratio of the 
K —0.675-Mev conversion line to the beta-ray count 
at that point is 1.88 10~*/2.85 x 10°? = 0.66% for this 
resolution. 

The above considerations suggest that if there is no 
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way to change the initial ratio of Au'*/Au'®®, such as 
by the use of enriched isotopes or by optimum selection 
of bombarding energy, then the sensitivity of detecting 
a possible K—0.686-Mev conversion line will depend 
on the initial source strength and on the transmission 
resolution characteristics of the spectrometer. 

In the most sensitive of the various searches for the 
0.686-Mev A-conversion line a Pt target was given a 
725 ya-hour bombardment with 22-Mev deuterons. 
Chemical separation was carried out 3 weeks later and 
almost all of the activity was deposited on the source 
holder. Measurements on the spectrum were begun at 
the end of 7 half-lives of Au! (39 days) and were 
continued for one week. The spectrometer resolution 
setting was 3.5%, the corresponding transmission being 
7.5% of 4x. Typical counting rates (at 43 days after 
bombardment) were 3000 per min for the L—0.426 
Mev line, 60 000 per min for K—0.331 (calculated from 
the K—0.331/L—0.426 ratio measured with a weak 
source) and 180 per min at the A —0.686 Mev position 
(including the Au'* continuum plus 20 per min natural 
background). In runs giving statistics of 1.4% per point 
at the K—0.686 Mev position it was possible to show 
that no line was present which was greater than 5 


counts/min, and thus 
K 0 ene Ko 441° 1 12 O00. 


It may be noted that under these conditions the 
K—0.675 Mev line of Au'®* would be only half as large 
as the probable errors of the points. In spite of this 
there was slight evidence of a line at the K—0.675 
position which might be between 1 and 2 probable 
errors above the background. If it is real then its 
position is at too low a momentum value to be A — 0.686. 
This small bump seemed to occur in every run but it 
did not increase with time relative to the continuum 
as one would expect if it were the sought-for A —0.686 
line of Au', A possible explanation of the bump, if 
real, is that it is a composite of the A—0.675 internal 
conversion electrons of Au! accounting for a rate of 
0.7% of the continuum, plus photoelectrons resulting 
from the relatively large thickness of the source which 
appeared to be more than 10 mg/cm? in thickness. 

The search for possible lines of 0.195, 0.284, and 0.402 
Mev in the decay of Au'” was made at 0.56% spe 
trometer resolution in order to enhance any such peaks 
relative to the beta-ray continuum. Sources consisted 
of 2-mm diameter gold leaf (0.22 mg/cm?) attached to 
Scotch tape and irradiated in the Brookhaven reactor 
for 10 hours. Owing to source diameter the actual half 
width observed for the K—0.411 Mev line was 0.69% 


and its net intensity was 4 times as great as the under- 


lying beta-ray continuum. Counting rates were suffi 


cient to obtain a statistical accuracy of 0.7% for each 
point on the beta-ray continuum or 0.18% relative to 
the K—0.411 line. Assuming that a line could be seen 
if it were more than two probable errors above the 
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background then its upper limit would be 0.369% of the 
AK—0.411 line. From the work of Elliot ef al., the 
K—0.675 Mev line is 0.6% as strong as A—0.411 and 
hence the upper limits of the 0.195, 0.284, and 0.402 
Mev K-line intensities are 4 as great as the K—0.675 


Mev line 
DISCUSSION 


From Table I the ratio A —0.618/AK —0.290 in the 
decay of Au™ is 0.05. If it is assumed that the 0,290 
Mev cascade transition is predominantly £2, as in the 
second excited-state cascade transition of both Pt 
and Pt! then the ratio of transition intensities may be 
derived by using the internal-conversion coetlicients 
calculated by Rose et al.'’ The resulting intensity ratio 
of the 0.618- to 0.290-Mev transitions is 0.25 and agrees 
well with the ratio 0.33 as found by Johns and Nablo® 
in the decay of Ir™. 

In Pt'® on the other hand the above experiments 
show that the crossover must be extremely weak. When 
the limit 1/12 000 is corrected for the ratio of E2 
K-conversion coefficients, the 0.686-Mev 
transition intensity must be less than 1/2500 as strong 


crossover 


as the cascade transition; hence the matrix element of 
the crossover is less than 10~° as great as that of the 
cascade transition. The ratios for Pt! and Pt™ are 
both 7*10-% While Pt and Pt! show an average 
behavior as regards the inhibition of the crossover from 
the 2+ second excited state the additional inhibition 
factor of more than 700 in the case of Pt!” presents a 
substantial and interesting variation 

In attempting to construct a level scheme for Pt™, 
a number of sum relations within the errors of measure 
ment may be found from Table I, involving sets of 3 
gamma rays. The level scheme must contain the already 
well established first two excited states at 0.327 and 
0.618 Mev and all the levels must fall within the total 
decay energy of 2.57 Mev based on the end point of the 
positron group to the ground state.® ‘These two limita 
tions simplify the analysis considerably. Figure 2 showsa 
level diagram into which all of the resolved gamma 
transitions fit reasonably well and in fact several of the 
gamma rays, 1.e., those of 0.642, 0.944, and 1.046 Mev, 
fit just as well in two places. Comparing with the levels 
reported previously**® in both Ir and Au decay, 
those at 0.327, 0.618, 1.266, 1.479, 1.666, 1.794, 2.043, 
2.212, and 2.309 Mev agree with previous results while 
the levels at 1.213, 1.923, 2.084, 2.162, and 2.364 Mev 
are unique to the present work. It may be noted that 
the 2.084-Mev state involves only one gamma-ray 
transition, the only possible alternative being to assign 
a level at 2.411 Mev. 

Verification of the Pt™ level scheme proposed here, 


which should be considered as tentative, could be 
‘Spectroscopy, edited by 


17M. E. Rose, Bela- and Gamma-Ray 
Amsterdam, 


Kai Siegbahn (North Holland Publishing Company, 
1955) 
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carried out by measurements of the conversion-electron 
spectrum at higher resolution and possibly by detecting 
coincidences between pairs of conversion lines. The 
present results on Au should be considered mainly 
as a guide for higher resolution studies. 

The results found for Au decay indicate that any 
levels in Hg!” which could account for the 0.195-, 
(0).284-, and 0.402-Mev transitions reported'® in ‘TI! 


ALBURGER 


Fic. 2. Suggested 
energy level scheme for 
Pu 


decay are not excited in the decay of Au' to the same 
extent. A reinvestigation of Tl'”* to confirm the exist- 
ence of these weak lines might be worth while. 
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Some features of the influence of shell structure on the level density of a highly excited nucleus (~10 Mev) 
are studied on the basis of an idealized independent-particle model for which accurate formulas can be 
obtained in closed form. The theory is especially useful for estimating the ratio of the level densities of two 
nuclei in which the same degenerate (shell model) levels are being filled in the ground state, but which 
differ by a few units in the number of particles which occupy these levels. Observable effects persist to 
high energies (10 Mev) and they become very large in the neighborhood of the magic numbers, Thus, 
it is possible to determine experimentally whether or not the shell model of the nucleus retains any validity 


at high excitations. 


I. INTRODUCTION 


ANY years ago Bethe! calculated the density of 

energy levels of a heavy nucleus which is excited 
to any energy of about 10 Mev, on the simplifying 
assumption that the nucleons move as independent 
particles in a suitable average potential (Hartree 
approximation). Then the energy levels of the nucleus 
are given simply by the sums of the energies of the 
individual particles. Given a set of independent-particle 
levels, the problem of calculating the average level 
density of the excited nucleus is reduced to counting 
the number of levels of the combined system of particles 
which lie within a suitable interval of energy. In the 
counting process due regard must, of course, be paid 
to the exclusion principle. 

Counting, while simple in principle, may be very 
difficult in practice, and so it is with the problem 
outlined—except for very low values of the excitation 
energy. Bethe’s derivation of the level density is 
therefore based on the “‘statistical method of counting”’ 
in which an essential step is the evaluation of certain 
sums over discrete states which, generally speaking, 
can only be carried out by some approximate method. 
Bethe used the well-known ‘“‘continuous approximation” 
in which the sums are replaced by integrals. The 
subsequent work of Van Lier and Uhlenbeck? showed, 
in a rather general way, that in this approximation 
only one parameter (one for each kind of particle) 
pertaining to the arrangement of the independent- 
particle levels is of importance for the level density of 
the whole system, namely, the number of quantum 
states per unit energy near the Fermi level,’ which we 
shall denote by p. By adopting a reasonable dependence 
of p on the mass number A, Bethe explained two gross 
features of the observed level spacings: For a given 
nucleus the level spacing decreases rapidly with exci- 
tation energy, and for a fixed value of the excitation 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1H. A. Bethe, Phys. Rev. 50, 332 (1936). 

2C. Van Lier and G. E. Uhlenbeck, Physica 4, 531 (1937). 

3 This is certainly the case for the energy range under discussion 
(~10 Mev); for much higher energies see N. Rosenzweig, Phys. 
Rev. 105, 950 (1957). 


energy, the level spacing decreases rapidly with in- 
creasing A. 

During recent years there have been significant 
developments, both theoretical and experimental which 
make a further study of the level-density problem 
worthwhile : 

1. A good deal of experimental information on nuclear 
energy levels has been accumulated and more will 
become available in the near future. The data, especially 
those obtained from slow-neutron resonance experi- 
ments, have been analyzed by various authors‘ in 
terms of Bethe’s theory and other very similar theories® 
which are based on the continuous approximation. It 
seems fair to say that these theories are in over-all 
agreement with experiment, as noted above, but are 
incapable of reproducing the observed irregular vari- 
ations by factors of 2 or more as the particle numbers 
change by a few units.* Moreover, the theories fail 
altogether in the regions of the magic numbers where 
anomalously large level spacings occur. 

2. During the last decade the independent-particle 
model of the nucleus has been revived with notable 
successes in the form given to it by Mayer and by 
Jensen, Haxel, and Suess.’ More recently it has even 
been stated, as a result of the work initiated by 
Brueckner and collaborators,* that a theoretical foun- 
dation of the shell model, including a clear delineation 


of its region of validity, has been found. 


‘See especially T. D. Newton, Can. J. Phys. 34, 804 (1956); 
also Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 
(1955); G. Brown and H. Muirhead, Phil. Mag. 2, 473 (1957) 

*].M.B. Lang and K. J. LeCouteur, Proc. Phys, Soc. (London) 
AA7, 585 (1954); J. M. Blatt and V. F. Weisskopf, Theoretical 
Vuclear Physics (John Wiley and Sons, Inc., New York, 1952) 
p. 371 

® To make this point clear, consider a set of isobars excited to 
the same energy. According to Bethe’s theory all the isobars 
would have the same level density 

7™M. Goeppert Mayer, Phys. Rev. 75, 1969 (1949); Haxel, 
Jensen, and Suess, Phys. Rev. 75, 1766 (1949) and Z. Physik 
128, 295 (1950). A comprehensive account of the scope of the 
shell model is given in M. G. Mayer and D. Jensen, Elementary 
Theory of Nuclear Shell Structure (John Wiley and Sons, Inc., 
New York, 1955). We shall refer to the scheme of independent 
particle levels given on p. 58 as the Mayer-Jensen scheme 

* Brueckner, Eden, and Francis, Phys. Rev. 98, 1445 (1955) 
For a more complete set of references see H. A. Bethe, Phys. Rev 


103, 1353 (1956). 
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One of the main purposes of this paper is to show that, 
contrary to some widely-held opinions, a refinement of 
the statistical method of counting is capable of yielding 
valuable information about nuclear structure when 
confronted with observed level spacings at high energies 
of excitation (~10 Mev). For example, our work shows 
rather convincingly that it should be possible to deduce 
from such data whether or not the nuclear shell model 
with a strong spin-orbit force retains its validity at 
high energies of excitation (~10 Mev). This possibility 
arises mainly from the fact that, in the regions of some 
of the magic numbers, the Fermi levels (i.e., the incom 
plete subshells) have an especially high degeneracy. Our 
calculations show that a high degeneracy of the Fermi 
levels leads to pronounced differences in the level 
density of nuclei for which the same independent- 
particle (Fermi) levels are being filled in the ground 
state, but which differ in the number of particles which 
occupy these levels in the ground state. If the shell 
model is valid, one may hope to obtain (eventually) 
detailed information about such quantities as the 
distance between the shells’ and the number of quantum 
states per shell. 

The theory based on the continuous approximation 
has fairly clear limitations in connection with these 
questions: by means of it one may hope, at best, to 
deduce the ratio of the average number of states per 
shell to the average distance between the shells. More- 
over, the continuous theory makes no distinction be- 
tween the level densities of two nuclei which have the 
same arrangement of levels and which differ only in 
the number of particles which occupy the Fermi level. 

Actually, the double problem of considering the 
effects of shell structure on the level density and of 
refining Bethe’s theory was clearly recognized by 
Margenau” long ago, in the era before the popularity 
of the shell model waned in the light of the success of 
Bohr’s theory of the compound nucleus. Margenau 
avoided the continuous approximation by carrying out 
some numerical computations” which, in spite of their 
very limited scope, clearly suggested that shell effects 
may be important even at high excitations. More 
recently, the problem of improving on the continuous 
approximation has also been considered by Bloch.” 
His method is partially analytical, but since he attempts 
to treat a rather elaborate model he has to make many 
approximations. Bloch considers two interesting physi- 
cal questions, viz., the distribution of angular momenta 


* Knowledge of this type would enable one to deduce the 
magnitude of the effective mass of a nucleon inside nuclear 
matter; see, e.g., V. F. Weisskopf, Revs. Modern Phys. 29, 174 
(1957). However, we shall not deal with that problem‘in this paper 

 H. Margenau, Phys. Rev. 59, 627 (1941) 

" A numerical solution of the saddle-point problem may still 
be the best approach for elaborate nuclear models. With modern 
computing machinery, a comprehensive study along these lines 
is entirely feasible 

"2 (C. Bloch, Phys. Rev. 93, 1094 (1954). 
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and the effects of the interaction between the particles, 
and he furnishes some evidence that the method of 
statistical counting is adequate for the purpose at hand. 

In this paper we have attempted to shed some further 
light on the effects of shell structure by steering a 
middle course between the extremes of direct numerical 
computation and elaborate analytical approximations. 
We shall do this by treating an idealized nuclear model 
which has at least some of the essential features of 
shell structure, and yet is sufficiently simple to permit 
an accurate solution of the mathematical problem in a 
closed form which can easily be surveyed. In fact, our 
final formulas bear a close resemblance to the familiar 
results of the continuous approximation, with which 
they become identical when the energy of excitation is 
sufficiently high. The precise criteria in terms of the 
parameters of the shell structure are quite simple, and 
they show that the shell effects for our model nucleus 
are still very significant at excitation energies which 
correspond roughly to an energy of 10 Mev for a real 
nucieus. We shall place considerable emphasis on the 
rather convincing evidence, which we have obtained, 
that the statistical method of counting is sufficiently 
accurate for describing the (considerable) shell effects. 

Our simple model consists of a mixture of two kinds 
of Fermi particles (neutrons and protons) each of 
which occupies a set of uniformly spaced energy levels. 
Furthermore, the degeneracy of each independent- 
particle level is the same, although the spacings and the 
degeneracies of the neutron and proton systems may be 
different. This model enables us to evaluate the crucial 
sums over states very accurately by means of the 
Euler-Maclaurin summation formula. For the sake of 
both clarity and brevity we shall treat the case of one 
kind of particle in Sec. II and the more pertinent case 
of two kinds in Sec. III. 

Although we have succeeded in obtaining accurate 
results for our fictitious model, the application of these 
results to the more realistic level schemes leads only to 
a rough, though useful, estimate of the shell effects in 
nuclei (Sec. IV). With this qualification we may 
summarize the conclusions of physical interest as 
follows: A potential well having a depth of about 40 
Mev and a range equal to the nuclear radius leads to 
the correct order of magnitude (on an absolute basis) 
for the level density for the entire range of mass 
numbers. An average degeneracy of 5 to 6 particles per 
level leads to an (irregular) variation in the level 


spacing (for a constant energy of excitation) within a 


small range of mass numbers. The magnitude of this 
variation is compatible with experiment. The value of 
5 to 6 for the average degeneracy is consistent with the 
Mayer-Jensen scheme of levels. The anomalously large 
variations in the regions of the magic numbers can be 
accounted for by the especially high degeneracies and 
the varying occupations of the Fermi levels in the 
ground state. 
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II. (APPROXIMATE) SOLUTION OF THE 
COMBINATORIAL PROBLEM FOR 
ONE KIND OF PARTICLE 


In this section we shall assume that all the Fermi 
particles are identical. This is the simplest case both 
from the physical and mathematical point of view. 
Nonetheless, the method of our treatment as well as 
almost all the features of the shell effects are revealed 
in this simple case. Therefore, after presenting a fairly 
detailed exposition of the simple case in this section, 
a much briefer account will suffice for the system which 
consists of two kinds of Fermi particles (Sec. IIT). 

More specifically, the model consists of a number V 
of noninteracting Fermi particles which occupy a set 
of uniformly spaced energy levels, each of which is 
g-fold degenerate. The constant difference between the 
adjacent levels will serve as the unit of energy. The 
numerical value of the energy of the lowest level which 
a particle can occupy will be set equal to zero. 

Let £ denote the total energy of the system, including 
the zero point energy 2». The energy of excitation Q 
is given by 

(1) 


Clearly, all the values of # and Q which are accessible 
to the system are integers. 

We are interested in calculating the number of 
distinct ways in which the N particles can occupy the 
levels so as to give a total energy /. We shall denote 
that number by C,(NV,£). In applying quantities of the 
type C, to nuclei we shall have to make the usual 
assumption’ that C, represents the average density of 
states in a small interval of energy containing EF (see 
Sec. V). For convenience, we shall even now refer to 
C, as the level density. 

Throughout this work we shall restrict our consider- 
ations to degenerate Fermi systems. By this we mean 
the following: given a number of particles NV, we shall 
assume that the energy of excitation Q is not greater 
than the amount required to create one hole in the 
lowest independent-particle level of the system. Or, 
equivalently, given a value of Q, we shall assume that 
there are enough particles present so that Q will again 
not be larger than the amount required to create a 
hole in the zero level. A rough formulation of the above 
condition which is sufficiently close for our purpose is 


ZOSN. (2) 


A little reflection shows that for a degenerate system, 
C,(N,E) is determined entirely by g, Q, and the number 
of particles » which occupy the Fermi level in the 
ground state of the system. We shall therefore employ 
the 


notation 


convenient, though mathematically unsound, 


C,(N,E)=C, (n,Q). (3) 
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1. Exact Solution for Low Values of the 
Excitation Energy 


For low values of (Q it is possible to obtain the exact 
solution to the combinatorial problem either by direct 
enumeration or from the generating function, 


I] (it+xy™)2, (4) 


mod) 


— 


>, C,(N',E)a"’y* 
N’.E! 


the sums and the product being over all the positive 
integers and zero. We shall write down the exact 
solution for OQ 
introduce the auxiliary function 


g g 
F, a(o) ( )+( ) 
nwo n+ o 


which we shall further abbreviate by /’(a). Then 


0, 1, 2 and 3. To save space we shall 


C,(n,0) =4F (0), 


gk (1), 


g 
gk (O)+¢eF (1)4 ( )ro, 
) 


Jr 
4 

+ g?F(2) + ( yer $) 
8) 


The factors F arise from the various occupations of the 


C,(n,1) 


C,(n,2) 


C,(n,3) 


g 
ero+di+(?) 
2 


Fermi level. We shall return to a further consideration 
of this fact in Sec. IV. 

In the above form the result is not easily surveyed. 
However, there is one general feature which emerges 
n occurs only in the factors F,, 4. Since F,, , is invariant 
under the replacement 


w->g— Nh, (0) 


it is rigorously true for all values of 0 (for a degenerate 
system) that 

Cy(n,O0) =Cg(g—n, Y). (7) 
This means that (for our model) a system with n 
particles has the same level density as a system with 
n holes. 

We have used the formulas (5) to obtain some exact 
numerical values for Cy(n,Q) which are listed in column 
4 of Table I. It will be noted that for a given value of 
g and () the level density is greatest for a system which 
has a half-filled shell and is least for a system which 
has a completed shell in the ground state. If g is an 
even integer, then convenient measure of this shell 
effect is the ratio 


R, (n,Q) =C,(4¢,0)/C, (n,Q). (8) 
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Tasie I. Data illustrating that the asymptotic formula C,’ (n,Q) 
provides an accurate description of the shell effect—measured by 
R,'(n,Q)—even for low values of Q. 


4 
Exact 
Cg(nQ) 


2 
] 


4 
4 
12 
9 
24 
20 
1 


180 
36 


1080 
297 


4852 
1588 


924 
220 


5 


Asympt 
Ci (n,Q) 


3.85 
6.22 
5.08 


13.89 
11.43 


28.99 
24.27 
24.54 


a 


211.5 
44.42 


1191 
335.8 


5254 
1759 


1043 
259.6 


6 


Ci'/Ce 


7 
exact 
Ry(n,Q) 


1.00 
2.00 


1.00 
1.00 


1.00 
1.33 


1.00 
1.20 


1.00 
20.00 


1.00 
5.00 


1.00 
3.64 


1.00 
3.06 


1.00 
4.20 


4 
Asympt 
Ry’ (n,Q) 


1.00 
a 


1.00 
1.22 


1.00 
1.22 


1.00 
1.19 


1.00 
a 


1.00 
4.76 
1.00 
355 


1.00 
2.99 


1.00 
4.02 


1 a 924.00 a 
1.09 
1.10 
1.07 


1.00 
2.82 
132.00 


1.00 
2.80 
133.80 


19 008 
6732 
144 


20 690 
7377 
154.6 
1.07 
1.07 
1.10 


217 404 
91476 
4044 


232 400 
98 310 
5124 


1.00 
2.38 
46.81 


1.00 
2.36 


1.06 1. 
1.06 2 
26 


1.08 


1 779 OO8 
833 680 
67 840 


1 &&5 000 
886 100 


) 
3 
72970 2 


1 
22 


* At these values the asymptotic formula C’ breaks down 


Some numerical values of R,(n,Q) are tabulated in 
column 7 of Table I. As noted above, the maximum 
ratio is given by R,(g,Q). It should also be noted that 
R,(g,Q) increases with increasing values of g. 

Evidently, the shell effect is very important for low 
values of (, as would be expected. However, we shall 
soon see that the effect persists to very high excitation 
energies, and that it probably plays a significant and 
sometimes a dominant role in the understanding of the 
level density of a highly excited nucleus. 


2. Derivation of the Asymptotic Formula 


We shall now derive an asymptotic formula for 
C,(n,Q) for large values of 0 by means of the Darwin- 
Fowler method which was first used in a similar con- 
nection by Van Lier and Uhlenbeck.? From (4) it 
follows that C,(N,£) is given exactly by the contour 
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integral 
IT (1+-xy")¢ 
“ dxdy. 


C,(N,E)= (9) 


gh Hymn 


The integrand has one and only one saddle point on 
the positive real axes. It is convenient to make the 
exponential transformation : 


x=e", yoo, (10) 
Carrying out the saddle-point integration in the usual 


way, one obtains 


ef (2.8) 
C,(N,E)= =C,'(N,E), (11) 
2m(detA)! 


in which 


f(a,p) = EB—Nat+g on In(1+-e2-4™) , (12) 


the sum being over all integers; and A is the symmetric 
matrix of the second partial derivatives, 


(* oo 
Soa fap 
All the quantities must be evaluated at the saddle 
point (a,8) which is determined by the equations 


fa= fa=0. 


At this point one must deal with the sums which 
occur in the equations. In the past, this has been done 
by such means as numerical computation,'® the “con- 
tinuous approximation,’?© and more elaborate ana- 
lytical approximations.” Our method differs from all 
of these. For our model a virtually exact and entirely 
tractable expression for >> In(1+-e*-*") can be obtained 
by means of the Euler-Maclaurin summation formula 
provided that we retain the degeneracy assumption 
(2) and make the further assumption that the system 
is highly excited, i.e., that 


(13) 


(14) 


QO>1. (15) 

We now wish to outline the course of our mathe- 
matical argument which will lead to the solution of the 
saddle-point problem. We shall obtain an expression 
for the sum of logarithms in (12) which becomes exact 
as a and 6-0. We shall then verify that the 
solution obtained in this way indeed satisfies the 
assumptions (2) and (15). Since the solutions of Eqs. 
(14) are unique, the procedure is mathematically sound. 

The Euler-Maclaurin formula applied to our sum 
reads 


> In(1+e7-*") -f In(1+e*-**)dx 
0 


m al) 


3 
+e(a,). 
i Se, 


f 
+4 In(1+e%) + (16) 
12(1 





LEVEL DENSITY GF A 


The remainder ¢(a,8) is readily shown to be of the form 

€(a,8) = O(e—*) + 0(6"). (17) 
If a>0, the integral in (16) is given by the convergent 
expansion ; 


x 2 2 


€ ka 


Z ae Ww oll 
f In(1+e*%-*)dx=—+—+ } —. 
0 2 6 k= Ff 


(18) 


Thus, as a and $0 the expression for f(a,8), on 
which subsequent calculations are based, assumes the 
relatively simple form: 


gfe wr a 8B 
{(a,8) = EB— Na+ ( + ) te( t ) (19) 
B\2 6 ieee 


By using the above expression for f, the saddle-point 
problem can be solved exactly by elementary algebraic 
operations. By use of the identity 


bg)’, (20) 


C,' may be expressed in the form 


exp[.r(3¢0,)? | 
C,'(n,Q) , 
(48)!0, 


in which 


(22) 


To complete the argument we shall verify that the 
solution, which we have obtained, satisfies the assump- 
tions (2) and (15). From Eqs. (14) one finds that 


gn’ /(68") =(,, (23) 
and 
(24) 


ga ‘B N- hg. 


From (23) one sees that 6-0 implies Q->~. If @ is 
determined by holding Q at some fixed (large) value, 
then Eq. (24) shows that a implies VN. How- 
ever, that is entirely consistent with the assumption 
(2) since, as we have already noted, the solution to the 
combinatorial problem, if the system is degenerate, 
depends only on n—not on N. Therefore, we may take 
N as large as we please or, equivalently, leta—~. 


3. Remarks about the Asymptotic Formula 
(a) Adequacy of the Asymptotic Formula 


We have evaluated the asymptotic formula, Eq. (21), 
for very low values of Q, and have listed these in 
Table I, column 5. These values should be compared 
with the exact values given in column 4. It will be 
noted that even for low values of Q the relative error 
is small, as may be seen from the values of the ratio 
C,'/C, which are listed in column 6. 


HIGHLY 


EXCITED NUCLEUS 821 

More significant for our purpose is the fact that the 
shell effect is adequately described by the asymptotic 
formula even for low values of Q. To see this we define 


Rg’ (n,Q) = C4’ (4g,2)/Ca' (n,Q) (25) 


in analogy to (8). The values of R,’ are listed in column 
8 of Table I, and they should be compared with the 
exact values given in column 7. It should be noted that 
the error in R,’ is small compared to the variations in R,. 

From the derivation we may expect that the asymp- 
totic formula will be (relatively) even more accurate 
as ( increases. We therefore conclude that the asymp- 
totic formula adequately describes the effects of shell 
structure for the model under discussion. 


(b) Symmetry between Particles and Holes 
The asymptotic solution has the symmetry property 


C,/ (n,Q) =C,' (g—n, Q), (26) 


which, as we have demonstrated, the exact solution 


(c) Asymptotic Behavior of the Shell Effect 


As Q->«, R’—+1, and the shell effect disappears. 
However, the effect declines rather slowly with in- 
creasing energy. To obtain a convenient measure of 
this behavior, let us assume that g/O<«12. Then the 
variation in the denominator of (21) may be neglected, 
and one obtains 


2¢ i g 
Inky’ (n0)~a( ) | 
30 16 


and for the maximum effect (half-filled shell to closed 
shell) one obtains 


InRo’(g,O)o~ypemg (2¢/30)'~h 9 (2/0)!. (28) 


Formulas (27) and (28) are in good qualitative agree- 
ment with the numerical results obtained by Margenau”® 
on the basis of a more elaborate nuclear model (see 
Margenau’s Fig. 4). However, Margenau’s calculations 
are not extensive enough to exhibit the rather slow 
variation of (28) with energy. 

Thus, for very large values of Q our formula (21) 
becomes independent of m, and we shall denote the 
resulting expression by B,(Q); i.e., 


expla (4gQ)* | 
B,((). (29) 
(48)40 


Formula (29) is the familiar result which was first 
obtained by Bethe and also by Van Lier and Uhlenbeck 
on the basis of the “continuous approximation.” It 
may be worth noting that formula (29) can be obtained 
formally from (21) for all values of Q by setting 


1 1 
n ( t )~09 or O.lg 
2 (6)) 
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(d) Comparison of Systems having the Same Number of 
Quantum States per Unit Energy 


In the above we emphasized the differences in the 
level density which arise from different occupations of 
the Fermi level for a fixed value of g. It is of some 
importance to note, however, that there may be 
considerable differences in the level densities of systems 
which have different values of g but which have the 
same number of (independent particle) quantum states 
per unit energy 

In order to show this we shall introduce explicitly 
the constant spacing between adjacent levels, to be 
denoted by ¥ 1.) The 
number of quantum states per unit energy is given by 


(Up to this pot we had + 


g/y. The level density becomes C,'(n,Q0/y)/7. Equations 
(25) to (28) hold with Q replaced by O/y. If O/y>g*/36, 
then 


Cy’ (n,O/y)->B 


g(Q/y). (31) 


In order to compare various systems which have the 
same value of g/y, we have plotted in Fig. 1 the values 
of the dimensionless ratio logy(C,’/B,) against the 
pure number logio(gV/y) for various values of g and n. 
Clearly there are significant differences when gQ/y 
= g'/36; and in the same region the result B,(Q/y) is 
obviously inadequate. For a fixed value of g, the curves 
in Fig. 1 illustrate once more the shell effects resulting 
from different occupations n of the Fermi level. 

In Sec, 


level density of a nucleus which is excited to about 


IV we shall take the point of view that the 


& Mev should be described by the curves in those 


regions in which the shell effects are considerable." 


(12,6) 
12,9) 


2 
L06,9(gQ/Y) 


Fic. 1. Plot of logiol Cy’ (n,O/y)/B,(O/y ) ] vs logio(gO/y). The 
graph illustrates the various aspects of the shell effect discussed 
in the text; ¢ and m are specified by (g,n 


Actually, conclusions for nuclei must be based on the results 
for two kinds of particles, [see Eq. (34) ] 
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Ill. TWO KINDS OF PARTICLES 


In this section we shall discuss the case which is 
more pertinent to the nuclear problem ; we shall assume 
that the system consists of two kinds of Fermi particles, 
neutrons and protons. Qualitatively, the result will be 
much the same as in the previous section. However, 
quantitatively the differences are significant, and they 
matter even in the very rough evaluation of the nuclear 
shell effects which we shall undertake in Sec. IV. 

We shall retain the assumptions that the spacing 
between the levels is uniform and that the degeneracy 
of each level is the same ; however, we shall allow these 
quantities to be different for the neutron and proton 
systems. We shall use the following symbols. For the 
neutron system: \V denotes the number of neutrons, 
n the number in the Fermi level, g the degeneracy of 
each level, and 7 the spacing between adjacent levels. 
For the proton system: P denotes the number of 
protons, p the number in the Fermi level, d the degen- 
eracy of each level, and 6 the spacing between the levels. 
For the combined system: # denotes the total energy, 
Q the excitation energy, Co,a(N,/P,7,6,£) the level 
density, and C,, 4’ the asymptotic formula for Cy, 4. As 
a matter of convenience we shall occasionally drop 
some or all of the variables. 

We shall again assume that the system is degenerate 


and we may then write, in the same sense as in Sec. II, 


( a al V,P,y,6,E) Ce a(n,p,v,6,0). (31) 


For low values of Q it is easy to obtain the exact 
value of C,,a by direct enumeration. We shall cite 
only one example which we shall use below for com- 
parison with the asymptotic formula. For y=6=Q=1, 


one obtains 


d g g 
cowncnon ME) 
p n— I n+1 
g d d 
+a( )I( ) t ( )I (32) 
n p-1 p+l 


As before, the symmetry property between holes and 
particles hold rigorously for all values of Q. Thus 


Cy, a(n,p)=Cy,a(g—n, p)=Cy,a(n,d—p). (33) 


The combinatorial problem can be solved asymp- 
totically by the Darwin-Fowler method in a similar 
way and with the same degree of rigor as was done in 
Sec. II for one kind of particle. We shall therefore 
merely cite the result: 


C,, a (n,p,y,6,Q) 
exp{ a3 (¢/7+d/5)Q, }} 
(34) 


’ 


4[ 2160,°(¢/y)*(d/5)?/(¢/y+d/6)* }* 
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Y d6 6 
——(n—4g)'+———(p— 4d)? 
12 2g 12 2d 
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It should be noted that C’ satisfies the symmetry 
relations (34). 

For comparison we have calculated some exact values 
for C using (32) and the corresponding values for C’ 
using (34) and have listed the results in Table IT. A 
convenient measure of the shell effect is the ratio 


Ry, a(n,p,P) =Cy, a(9¢,5d,02)/Cy, a(n,p,Q). (35) 
The corresponding quantity obtained from the asymp- 
totic formula is denoted by R’. Some numerical values 
of Rand R’ are listed in Table II. We see that the shell 
effect is very important for low values of Q, and that 
the asymptotic formula provides an accurate and simple 
description of it. Furthermore, the shell effect persists 
to high energies: Assuming that Q>>(1/12)(gy+d6), 
one obtains in complete analogy to (28): 


eyt+dif sg d\17 
InRg, a (¢,d,0)~ ( + -) 
6 y 670 


(36) 


However, as V-»>«, the replacement of Q, by Q in 


C,,a Eq. (34), produces a negligible error, and the shell 
effects disappear. (One then obtains, incidentally, the 
result of the cruder continuous approximation.’) 


IV. APPLICATION TO NUCLEI 


In this section we shall attempt an order-of-magni 
tude discussion of the degree to which the arrangement 
of the nucleons in well-defined independent-particle 
levels affects the level density of nuclei. For this purpose 
we shall assume that nuclei have their levels arranged 
according to the shell model with a strong spin-orbit 
force,’ and we shall suppose that the energy levels of 
a nucleus are given by the sum of the independent- 
particle levels, paying due regard to the Fermi statistics 
as was done in Secs. II and III. In order to make some 
numerical estimates it will be necessary to extend the 
results of the preceding sections to the more complicated 
level scheme of Mayer and Jensen. In this paper we 
shall describe a simple approximate method of doing 
that, and we shall use the method to make some 
rough estimates of the shell effects. We shall be con 
cerned primarily with the range of excitation energies 
which corresponds to the binding energy of the “last” 
neutron. 


1. Nuclear Model 


We shall adopt a literal interpretation of the nuclear 
shell model with a strong spin-orbit force, i.e., we shall 
assume that the energy levels of a nucleus are given by 
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the eigenvalues of a Hamiltonian having the form: 


H=> Hi, 


h’* 
H, V2+Vi(r,)+-Gir he sy. 


2m 


In the above, the interactions between nucleons are 
taken into account insofar as they give rise to the 
effective potentials V(r) and G(r). We shall neglect all 
further perturbations. 

It is well known that in terms of the above model 
many nuclear data pertaining to the ground state and 
to the low-lying excited states can be explained, 
especially in the regions of the magic numbers. There 
is much less evidence that the model remains valid at 
higher excitations.“ Nonetheless, we shall adopt the 
assumption that the energy levels of a highly excited 
nucleus (5 to 10 Mev) are given by the sums of the 
eigenvalues of the independent-particle Hamiltonian 
(37). 

Approximate eigenvalues for suitable wells have 
been obtained by various authors.'® For our present 
considerations we shall only need some of the qualitative 
features of these solutions, the most important being 
the following: There are only a few (2 to 6) bound 
levels above the Fermi level. This statement holds both 
for the neutron and the proton systems. Let us consider 
a nucleus which is excited to about 5-10 Mev. Then 
it should be noted that, provided the mass number 
A = 20, this energy is not sufficient to create a hole in 
the lowest independent-particle level of the nucleus, 
and the nuclear system therefore is degenerate in the 
sense described in Secs. IT and III] 

Thus, the situation described above is similar to the 
one of Sec. IIT in those respects which are responsible 
for the shell effect: (1) the existence of well-defined 
levels, each of which holds an appreciable number 
(27+1) of particles; (2) the existence of nuclei which 
have the same (or nearly the same) shell structure and 
which differ only in the number of particles which 


TABLE IT, Illustrates that the asymptotic formula C’ provides 
an accurate description of the shell effect which is measured by 
Rk’. The parameters not listed have the values y=46=QV=1, d=6 
p=3, and g=12 


exact Asympt 
( cr 


Asympt 
1.00 
1.14 
1.64 
4.13 


634 873 
561 402 
346 140 
203 O86 
78 987 8.04 
21 374 29.7 
3576 7 178% 


546 480 
483 120 
331 980 
174 240 
67 500 

1% 240 

OD 


4 —. Fermi, Nuovo cimento 11, 407 (1954) 
‘6K. Bleuler and C. Terreaux, Helv. Phys. Acta 28, 245 (1955); 
A. E. S. Green, Phys. Rev. 104, 1617 (1956 
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Tasie III. Data showing that the nuclear shell model leads 
to the correct order of magnitude for the level spacing and 
the maximum variation due to shell structure for 
“average” nuclei 


indicates 


Approx, A 


Level spacing in ev 


500-15 000 
50-1000 
10-100 
2-15 

0.3-2.5 

0.1-0.6 


occupy the Fermi levels, and (3) the nuclei are degener- 
ate for the range of energy under discussion. It therefore 
seems rather clear, in the light of Secs. II and III, 
that one may expect considerable shell effects in nuclei. 
We shall now consider the matter in greater detail. 


2. Shell Effects in Regions Remote from 
the Magic Numbers; Q=5-10 Mev 


(a) Order of Magnitude of Level Spacing and 
Maximum Shell Effect 


The above nuclear model, when completely defined, 
leads to definite values of the level density. We shall 
show, in a rough way, that the adoption of reasonable 
values for the parameters which occur in the Hamil 
tonian (37) results in the correct order of magnitude 
for the level density for the entire range of mass 
numbers. 

With Green'® we shall assume that V(r) has a depth 
of about 40 Mev and a range given by the nuclear 
radius. The strength of the spin-orbit coupling is as- 
sumed to have a magnitude which is consistent with 
the existence of the observed magic numbers. The 
eigenvalue problem so defined leads to a definite 
number of bound levels. In columns 1 and 2 of Table ITI 
we have listed the number of bound levels which lie 
above the Fermi level and the approximate mass 
number A which corresponds to it. 

For the purpose of estimating the absolute magnitude 
of the average spacing by means of formula (34) of 
Sec. II], we shall use for g and d values which are 
obtained by forming averages over the Mayer-Jensen 
scheme of levels. We find the following : 


100 150 
6 6 


Number of particles 20 40 75 
Average number of particles per level 3 4 5 


For our rough estimate we have adopted the values 
g=6, d=4. The parameters y and 6 are fixed as follows. 
In the first place we shall assume that y=6. Next, let 
QO be the binding energy of the last neutron (5 to 10 
Mev), then Q/y represents the number of bound levels 
above the Fermi level, i.e., the numbers in column 2 of 
Table [1]. On this basis we have calculated the order 
of magnitude of the average level spacing in ev and 
have listed the results in column 3 of Table III. The 
indicated range in the level spacing represents the 
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difference between half-filled and completely filled 
Fermi levels and represents the maximum shell effect 
for nonmagic nuclei. Both the order of magnitude and 
the maximum fluctuation are compatible with the 
observed level spacings.'® 


(b) Minimum Shell Effect 


The simple model of Sec. III should also suffice for 
predicting the minimum effect which the arrangement 
of nucleons in shells produces on the level density. In 
almost any independent-particle model which has been 
proposed the degeneracy of each neutron level and of 
each proton level is at least 2. Let us use formula (35) 
for a rough evaluation of the minimum shell effect. 
Let us set g=d=2; for simplicity again let y=6, and 
put Q/y=4 in rough correspondence to the neutron 
binding energy of a moderately heavy nucleus. With 
these values of the parameters, one obtains 


R,,a(n=1, p=1)~2. 


The above has the following implications : For excitation 
energies roughly equal to the neutron binding energy, 
the shell structure of nuclei causes the level density to 
vary by a factor of at least 2 as the mass numbers 


change by about 5 units. 


3. Effects Near the Magic Numbers 
Q=5 to 10 Mev 


As noted previously, the shell effect increases rapidly 
with increasing g and/or d. Now, it follows from the 
Mayer-Jensen scheme of levels that in the region of the 
magic numbers the values of g and/or d are especially 
large because of the high degeneracy which is associated 
with the high values of the orbital angular momenta 
of the levels go/2, 27/2, A9y2, Airy2, 41/2, etc., which separate 
the major shells. We shall see below that when we are 
dealing with models in which the degeneracy varies 
from level to level, as it does in the Mayer-Jensen 
scheme, the quantities which are decisive for the shell 
effect are still the same as in Secs. IT and II, viz., the 
degeneracies of the Fermi levels and the occupations 
in the ground state of the system. That, together with 
the high degeneracies, leads immediately to the con- 
clusion that the shell effect should be especially large 
for nuclei in the regions of the magic numbers. 


1© The levels observed in slow-neutron resonance experiments 
usually refer to only one or two values of the total angular mo 
mentum of the compound nucleus. In order to obtain the order of 
magnitude of the level spacing for all the levels, the observed 
level spacing must by multiplied by an appropriate factor, which 
is given, for example, by Bloch, reference 12, Eq. (17). We are 
primarily interested in estimating the variation in the level density 
resulting from the filling of an incomplete shell, For that purpose 
it is not necessary to reproduce accurately the absolute magnitudes 
of the level density, and no attempt has been made to do so in 
this paper. 





LEVEL DENSITY OF A 


(a) Significance of the Fermi Level for Low Q 


We shall briefly discuss the dominant role which the 
occupation of the Fermi level plays in the shell effect. 
Let us focus our attention on two nuclei in which the 
same neutron level and the same proton level is being 
filled. Then the only difference between the two nuclei 
lies in the number of neutrons and in the number of 
protons which occupy the Fermi levels. Let both nuclei 
be excited to the same energy 0. We make the following 
assertion about the ratio of the level densities of these 
two nuclei: The ratio is given approximately by the 
ratio of the quantities C, 4’ of Sec. III with the under- 
standing that now g and d refer to the degeneracy of 
the Fermi levels, n and p are the numbers of neutrons 
and protons which occupy the Fermi levels in the 
ground state, and y and 6 are average values obtained 
from the immediate vicinity of the Fermi level. 

The above has approximate validity 
provided the excitation energy is not too high and the 
degeneracies of the Fermi levels are appreciable. We 
shall not give a general analytical treatment of this 
important feature. However, an insight into the situ- 
ation may be gained from the following simple example. 

Let us suppose, for simplicity, that there is only one 
kind of particle, and let the spacing between adjacent 
levels again be unity. Let the degeneracy of the Fermi 
level be g and the degeneracies of all other levels be X. 
Denote the level density by D,(n,Q). Let us introduce 
the ratio 


statement 


Ry (n,Q) = Dy(4g,0)/Dy (n,Q), (38) 


in complete analogy to (8). For low values of Q, D is 
given exactly by the formulas (5) provided one replaces 
g by A in the factors which multiply the functions F 
(only). Then it will be noted that 


R,(n,0)=R,(n,0), Ry(n,1)=R,(n,1). (39) 


Thus, our assertion regarding the ratios holds exactly 
for O=0 and 1. For O=2 and 3 the ratios are the same 
to within 8% and 15% respectively for values of A 
having the magnitude which is characteristic of nuclear 
levels. From this example, and others as well, we 
conclude that the theory of Sec. ITI] may be used for a 
rough estimate of the shell effect in nuclei for excitation 
energies which correspond to the neutron binding 
energy. This amounts to an extrapolation from Q= 3 
to OX6. 

We shall now consider some particular nuclei. No 
where in this section has any attempt been made to 
establish the best values of the parameters, we merely 
wish to assess the order of magnitude of the effect. 


(b) Isotopes of Tin 


The ground states of Sn isotopes are presumably 
formed by filling the 6/,,,2 level in the Mayer-Jensen 
scheme. The proton go/2 level is completely filled, and 
a major proton shell is closed. According to our theory, 
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TABLE IV. Possible values for the ratio of the level densities 
of Au'*7/Pb™®, This illustrates the large shell effect which occurs 
in the regions of the magic numbers. 


Q Ratio 


7.8X 108 
3.5108 
1.9 108 


3.0X 104 
1.2 104 
5.8 10° 


1.5 10° 
5.1 104 
2.3 104 


the level densities of the Sn 
12, d= 10. 
We shall set y=1 and shail take the larger separation 
between major proton shells into account by putting 
5=2. We shall set Q=5 to correspond roughly to the 
neutron binding energy. With these numbers the level 
densities vary by a factor of 30. 


the total variation in 
isotopes is given by C’(4¢,d)/C’(g,d) with g 


(c) Ratio of the Level Densities of Au” and Pb?* 


In the region of the periodic table which contains 
these two nuclei, there is a competition in the filling of 
several levels of the Mayer-Jensen scheme. ‘This pre- 
sumably means that the competing levels lie fairly 
close together, and for our rough estimate of the shell 
effect we shall treat these levels as coincident. Thus, 
the Fermi level of the proton system consists of the 
coincident 4d3/2 and 35 1;2 levels. The Fermi level of the 
neutron system consists of the coincident 7tj4/2, 4pa/2 
and 41/2 levels. Thus, we arrive at the following values 
of the parameters: 


g n 
Au'#? 20 8 3 
Ph 20 20 6 


We have evaluated the ratio of the level densities for 
several values of y, 6, and Q and have listed the results 
in Table TV. It is seen that the shell effect is enormous, 
and by a suitable choice of the parameters one can 
evidently account for the especially large level spacing 
of the nuclei surrounding Pb** which has been observed 
in neutron resonance experiments. In this connection 
it should be noted that we have compared the level 
densities for the same value of the excitation energy, 
whereas the neutron binding energies may differ by as 
Within the framework of our theory 
we find that the difference in binding energies can 
account at the most for a factor of 10-50 in the ratio 


much as 30%. 


of the level densities, the remaining factor of about 
100 is due to the shell effect. 
4. Higher Excitation Energies 


We shall briefly discuss, in a qualitative way, the 
shell effect for 0210 Mev on the assumption that the 
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nuclear model as outlined above remains valid. We 
shall be interested only in the density of levels in which 
all the particles are bound. If Q is larger than the 
binding energy of the last particle, then the theory of 
Secs. Il and III does not apply, strictly speaking, 
because we assumed there that an infinite number of 
levels is available for occupation by the particles, 
in fact only 
are bound in the nuclear well. For that very 


whereas actually only a finite number 
very few 
reason, however, one may expect the shell effect to 


persist to even higher energies than is indicated by the 


I] and IU 

For 10¢0¢40, the nucleus remains a degenerate 
Fermi system in the sense described in Sec. II, and the 
shell effect is probably considerable. For Q of the order 
of several hundred Mey, the picture is rather complex ; 
the shell effect is presumably diminished. 

The picture becomes very simple again for extremely 


results of Secs 


high energies of excitation (although the nuclear model 
presumably breaks down long before that point). As 
we have already noted, the number of levels in the 
nuclear well is finite, and therefore there exists an 
upper limit, Qiax, to the excitation energy for which 
all the particles are bound. This Q,,.« is of the order of 
1 Bev. In a small energy range below Qisax (~ 10 Mev) 
the situation is essentially the same as for the relatively 
low energies (5-10 Mev) which we have considered at 
length in this section; in fact, the only difference 
within the framework of the model is that the particles 
and holes have interchanged their roles. Thus, near 
QOmax the density of bound levels again becomes very 
small. The shell effect becomes large and is determined 
essentially by the degeneracies and occupations of the 
Fermi level of the system of holes. 


V. MISCELLANEOUS REMARKS 


1. Our mathematical treatment is based on a strict 
independent-particle model. ‘This leads to the result 
that a certain value of the total energy £ is realized 
in many ways (see, e.g., Table I) and that there is a 
relatively large (empty) interval of energy between the 
adjacent levels of the system. This does not correspond 
to what one finds in a real nucleus. It is well known, 
for example from neutron resonance experiments, that 
the levels of a nucleus are spread out, more or less 
uniformly, over the finite interval of energy in question. 


ROSENZWEIG 


It is therefore necessary, at least in principle, to admit 
the existence of perturbations which will remove the 
degeneracy (presumably the only degeneracy which is 
ordinarily left in a nuclear level is the degeneracy with 
respect to the z component of the total spin). On the 
other hand, in order to retain the main features of the 
shell effect, it is probably necessary to assume that the 
shifts in energy, which are caused by the perturbations, 
are small compared to the spacing between the shells 
in the Mayer-Jensen scheme. The perturbations which 
will produce these effects must presumably be looked 
for in the residual part of the interaction between the 
particles which is not represented by the effective 
potential, Eq. (37). We have not considered these 
important questions at all, but have proceeded on the 
assumption that the residual interactions do not affect 
appreciably the average level density as obtained from 
our calculation. 

2. In Sec. IV we presented an order-of-magnitude 
discussion of the shell effects which one may expect to 
find in nuclear level densities. A detailed analysis of 
the experimental data on level spacings derived from 
neutron resonance experiments is being carried out at 
the present time in collaboration with L. M. Bollinger. 
The analysis proceeds on the basis of considerations 
which are similar to those of Sec. IV, except that we 
also take into quantitative account the fact that only 
certain spin states are observed in slow neutron reso- 
nance scattering. If we should find that the main 
features of the shell effects, as described in this paper, 
are realized in nuclear level densities, we would infer 
that the shell model retains a considerable degree of 
validity at high energies of excitation (~10 Mev). 
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(n analysis is made in terms of a semiclassical strong absorption model of all published angular distribu 


tions of intermediate energy alpha particles elastically scattered from heavy or medium weight nuclei as 


well as some examples of elastic proton and deuteron scattering. Moderately good agreement is found for 


radii obtained from different sets of data and also from analysis of fixed angle, 


variable energy ¢ xp riments 


there is some indication that the sharp cutoff radius increases as the bombarding energy is lowered to the 


Coulomb barrier 
best-fit critical angular momenta, I’ 


The connection between these results and optical model parameters is 


discussed, The 


, are found to be essentially equivalent to the largest angular momenta 


Ln, such that the /,,th potential barrier is classically surmounted by the bombarding particle when the most 


recent optical model parameters are used to represent the nuclear potential. It is suggested that, whe 
penetration depth is small, the most important “effective” 


I, INTRODUCTION 
¢ eee experimental information has 


been obtained in recent years on the elastic scat 
(10-50 Mev) alpha 
particles by nuclei; cross sections have been measured 


tering of intermediate energy 
as a function of energy at fixed scattering angles!” and 
as a function of angle at fixed energy.*"'! The measure 
ments at fixed angle and some of the angular distribu 
tions®:*® have been analyzed in terms of a semiclassical] 
strong absorption model (henceforth termed the sharp 
cutoff model): or 
model.*:* Improved agreement with the data is obtain 
able with optical model calculations'*’® and, in par 
ticular, recent results obtained with the aid of high 


“fuzzy” modifications of this 


speed digital computers have reproduced experimental 
angular distributions to a high degree of precision." 


Angular distributions computed with the sharp 


cutoff model for heavy elements reproduce the observed 
break from pure Coulomb scattering, the average slope 


in a region down to ~} Coulomb and the initial rise 
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n the 
parameter is / 


seen in many elements. ‘The computed curves, however 
do not match the continuing downward experimental 
further, “diffraction” oscillations either are not 
than 


curves; 


observed at all or have a smaller magnitude 
predicted, An the 


applicability of the sharp cutoff model, and some of the 


extensive discussion of range of 


factors determining the initial rise and diffraction oseil 
lations, is presented elsewhere." 

The purpose of the present note is (a) to discuss all 
published intermediate-energy elastic-a angular dis 
tributions from heavy and medium weight nuclei in 
terms of the sharp cutoff model as well as to apply this 
model to some examples of elastic deuteron’:* and 
proton” scattering, and (b) to compare the results of 
this analysis with the parameters of optical model 


calculations 


II, ANALYSIS OF EXPERIMENTS 


Phe chief assumption of the sharp cutoff model 1 
that the amplitude of the outgoing lth partial wave i 
set equal to zero for Al less than or equal to a critical 
angular momentum, Al’; if (>/’, the outgoing amplitude 
takes on the value it has for pure Coulomb scattering.” 
The critical angular momentum, Al’, is assumed to be 
that angular momentum for which the projectile can 
For the 


quare-well potential 


classically just penetrate the nuclear interior 
case of a nucleus described by a 
the critical angular momentum may be accordingly 


related to the sharp cutoff radius RX, through 
E=ZZ'e/R+ h'l' (l'+1)/(2pR?) (1 


he model contains but one free parameter, l’, or it 
‘| he the 
angular distributions have been performed on the 
University of Washington IBM 604 electronic computer 

Best-fit 
lations are not present or are greatly damped through 


equivalent, R computations of resulting 


radii can be obtained in cases where oscil 


(a) comparison of computed and experimental angular 
distributions in the vicinity of the break from Coulomb 
Schranck, Ph Re 101, 145% 


and G 1956 





test -fit l’ and radii. The best-fit & is 


j 


n, 18 detined as n 


$K.6 
21.91 
17.0 
38.4 
38 4 
17.8 
47.6 
22.7 


306.9 


“crossover” point recipe discussed else 


and (b) the 
where," which supplants the previous one-quarter-point 


recipe.” When oscillations are present, their location and 


spacing also are used to determine the best fits. 

Che best U/ and corresponding R, as well as values of 
the classical parameter n( =@ZZ'e?/hv) are tabulated in 
‘Table I. In many cases, a best /’ can be assigned quite 
unambiguously; unless otherwise stated, the error in R 
is conservatively estimated by dR, the change in RK when 
l’ is « hanged by 1 lor the heavier elements, the values 
of R obtained from application of the crossover recipe 
to fixed-angle measurements" are also presented as 
well as the center-of-mass energy at which cross over 
occurred, Radi computed from the crossover recipe 
and the best-fit radii for the same angular data are 
given in ‘Table Il, Specific comments on the data and 
their analysis are made below in order of reference. 

Wall, Rees, Ford® —-22-Mey Au, Ag 


and @ on Pb, 


t-fit and crossover radii for the 


angular distribution 


Pabie If, Be 


10.85 t0.1 
10.46 t0.1 
12, 10.44 t0.3 
1071 j tO0.2 
10.31 +01 
10.44 tO3 
1O.8&S +0. 1 
10.71 +-().1 
0 3k +-() 2 


9 26 8.67 +0.2 


related tol’ through Eq 


AIR 


1). dR is the change in R for Al=1. The classical parameter 
LZ /hi 


Best-fit R iR 
n 1074 cm in 10°14 ¢ 


10.85 
11.02+0.23 
11.38 

10.46 

10.12— 10.44 
10.47+0.21 
10.71 

11.00— 11.20 
10.31 

10.33 

10.85 
10.42+-0.21 
8.44 

10.71 

10.07 +0.2 
9 38 
8.92 
9.26 
&.94+4-0.1% 
6.32 —7.35 
8.72 

8.67 

8.15 

8.32 

7.81 

7.38 


0.34 


0.19 
0.34 
0.32 


0.79 
0.20 
0.34 
0.31 
0.34 


0.89 
0.35 


0.43 
0.36 
0.36 


9.59 


1.03 
0.37 
0.37 
0.52 


0.41 


0.39 


This reference contains an analysis in terms of the 
modification. The 
different from 


sharp cutoff model and a “fuzzy” 
values of R in Table I are somewhat 
those quoted in reference 3 since we are comparing 
experiments only to the sharp-cutoff calculations and 
we include some small center-of-mass corrections. The 
cross sections of Pb and Au do not fall far enough below 
Coulomb for the crossover recipe to be employed. 
Wegner, Eisberg, and Igo'~40-Mev a@ on Th, Pb, 
Au, and Ta. The computed angular distributions 
provide a fairly good fit of the initial rise and the 
general trend just below the break for Th, Pb, and Au; 
the angular distribution from Th for the best fit, /’=18, 
is shown in Fig. 1. The radius here determined for Ta 
is substantially larger than that found in fixed angle 
experiments"; in Fig. 2 it is seen that the computed 
location of the initial rise in Ta is around 20°. Since the 
experimental angular distributions have been nor 
malized to Coulomb at 21°, it is likely that the experi 
mental plot of o/oc¢ for Ta is low by 10-20%; a change 
of that order of magnitude suffices to bring the Ta 
radius into agreement with the radius reported in 
reference 13. The values of » for which the computa 
tions of o/ac are carried out are about 1% below the 
experimental values; such a small shift in does not 
change our assignment of best l’ (see reference 3, Fig. 5). 
Ellis and Schechter®:®—48-Mev a on Pb, Au, and Ag. 
The best computed curves exhibit oscillations whose 
spacing and location closely match the experimental] 
results. Indeed, the computed angular distribution for 


Pb with /’ 


in the initial rise. The experimental angular distribution 


21, Fig. 3(a), shows the observed “dimple” 





AS Ss §% ANGULAR DISTRIBUTIONS 


from Au also oscillates slightly; this variation is par 
ticularly noticeable when experiment is compared to seed, 
the computed cross section for /’= 22, Fig. 4. There is a \ 
sizeable uncertainty in assigning the best fit for Ag 


Fic. 1. Angular distribution of 40-Mevy alpha particles trom 
Ih relative to the pure Coulomb cross section. The solid curve 
and dots represent the data of Wegner, Eisberg, and Igo. The 
dotted curve and squares represent the computed angular dis 
tribution with /’ 18. R 10.85 10°" em Experime ntal data 


are plotted versus laboratory scattering angle while the computed 
' 


points are for center-ol-ma cattering angle 


hia Angular distribution of 48.2-Mey alpha particles trom 
’b relative t pure Coulomb cro section. The solid curve 
ind dots represent the experimental data of Ellis and Schechter 
1 actually extend to larger angles than here shown: the 

nts drop about another decade and then, within rather 

able error how a small rise. The dotted curve ind 
represent the computed angular distribution n big 


1, R=10.12K 10°" cm, in Fig. 3(b), = 22, R= 10.44 


the center-ol-ma cattering angle 


hic. 2. Angular distribution of 40-Mev alpha particles from ‘li / , 
; _ . - Pp 5 . l 21 pI yduces the correct location of the o ciilation 

pure Coulomb cross section. The solid curve and 

dots represent the data of Wegner, Eisberg, and Igo. The dotted 

curve and squares represent the computed angular distribution neighborhood of the break. Agreement between « Kper! 

with lL’ 20, RK 10.7110 ( Experimental data are plotted 


1 
ratory scatte ng lie the compute 


relative to the 


while l/=23 best describes the cross section in the 


mentand the sharp ¢ utotf calculations of course become 


cattering ang poorer as Z 1s decreased since the sen il mode 





+ q ? ; 


hic. 4. Angular distribution of 48.2-Mev alpha particles frot 
\u relative to the pure The 
and dots represent the experimental data of Ellis and Schechter 
The data actually extend to larger angles than here shown; the 
points drop about another decade and then show a slight rise 
The dotted qjuare represent the computed angular 
distribution for 10.4310 cm. @ is the center-of 


Coulomb cross section solid curve 


curve and 
l'=22, R 


1488 Scattering angle 


most valid for large values of the “classical” parameter 
n= (ZZ'e/hv). We feel that the somewhat improved 
agreement brought about by the modified sharp cutoff 
model of Ellis and Schechter is not great enough to 
justify the considerable extra effort that would be 
required if we were to introduce another parameter, 
Al, into our computations; further, one would then 
lose one of the chief virtues of the sharp cutoff model 


that it depends on but a single free parameter 


0.01 


hic. 5. Angular distribution of 27.5-Mev alpha particles fron 
\u relative to the pure Coulomb cross section The solid curve 
and dots represent the data of Gove. The dotted curve and 
squares represent the computed angular distribution with /’= 11, 
R#=10.85XK 10°" Experimental data are plotted versus 
laboratory scattering angle while the computed points are for 
center-of-mass scattering angle 
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Gove’ *—-27.5-Mev a on Au. Figure 5 indicates that 
the data are well straddled by the computed curve for 
l’=11. The parameter n and scattering angle near the 
break are larger than was the case in the preceding 
paragraph; in view of the discussion of fine structure 
in reference 13 it is not surprising, then, that the dif 
fraction oscillations are apparently washed out. 

15.2-Mev d on Pb. For once the envelope of the com 
puted curve falls off faster than does experiment, as 
shown in Fig. 6. The discrepancy between best-fit and 
crossover radii and the large value for dR suggest that 
these radii should not be taken too seriously. There is 
some indication in the observed angular distribution of 
the predicted oscillations. 

Kisberg, Igo, and Wegner’''—40-Mev a on Ag, Mo, 
Nb, Cu, Ti. For this range of » there is poor agreement 
with the observed magnitudes even at the smaller 
angles. ‘Nonetheless it is interesting to see that reason 
able I’ fit the spacing and location of the maxima and 


Pe 

15.2 Mev 
z+ 62 
n+4.70 


Devteron 


% 


hic. 6. Angular distribution of 15.2-Mev deuterons from Pb 
relative to the pure Coulomb cross section. The solid curve and 
dots represent the data of Gove. The dotted curve and squares 
represent the computed angular distribution with /’=6, R= 10.71 
*10~" cm. Experimental data are plotted versus laboratory scat 


tering angle while the computed points are for center-of-mass 


scattering angle 


minima of the oscillations. This is illustrated for the 
case of Nb, l’=18, in Fig. 7 and for Cu, l’=18, in Fig. 8 
\s treated more fully in reference 13, such agreement is 
possible because the location of the maxima and 
minima primarily reflect the periodicity in the oscil 
lations of the amplitudes for pure Coulomb scattering 
as a function of l. Once again we havea situation familiar 
from physical optics where a crude physical model cor 
rectly predicts the location of diffraction structure 
although it incorrectly predicts the magnitude. Appli 
cation of the crossover recipe to the Ag data is hazardous 
in view of the large oscillations. 

Bleuler and Tendam"—-18.9-Mev a on Cu. The com 
parison in Fig. 9 reveals that fair agreement with the 
magnitude of the cross section at small angles (as well 


as correct predictions of the location of oscillations) is 


achieved with the choice I’ =9 





ELASTIC a 


Dayton and Shranck”—-17-Mev protons on Au and 
Ag. The angular distribution from Au is presented in 
Fig. 10 to show that some of the quantitative features 
of proton scattering are duplicated by the crude one- 
parameter sharp cutoff model. Even though protons are 
the bombarding particles, the parameter m is large 
enough so that the semiclassical treatment has some 
meaning. The best-fit radius, 8.44 10~" cm is smaller 
than the radius obtained with a scattering by an amount 
substantially greater than the probable errors. 

In summary, we may say that, wherever comparison 
is possible, there is fairly good consistency between the 
sharp cutoff radii obtained in alpha scattering from the 
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Fic. 7. Angular distribution of 40-Mev alpha particles from 
Nb relative to the pure Coulomb cross section. The solid curve 
and dots represent the data of Igo, Wegner, and Eisberg. The 
dotted curve and squares represent the computed angular dis 
tribution with l’=18, R=8.67 10~" cm. @ is the center-of-mass 
angle 


same element. However, the data of Wall ef al. on Pb 
and Au and Gove on Au at energies close to the Coulomb 
barrier do yield larger radii than do other determina 


tions. 


III. COMPARISON WITH OPTICAL 
MODEL RESULTS 


In this section we will attempt to answer three 
questions which rather naturally come to mind: (1) 
what is the the sharp cutoff 


momentum /’ and the parameters of the optical model 


connection between 
calculation? (2) Why should the sharp cutoff model be 
a good approximation to the optical model? (3) What 
lessons may be drawn from the comparison ? 


ANGULAR 


DISTRIBUTIONS 


of 40-Mev from Cu 
ection, The solid curve and 
er, and Eisberg. The dotted 
angular distribution 


scattering 


Fic. 8 alpha particles 
relative 


dots re pre 


Angular distribution 
to the pure Coulomb cross 
ent the data of Ig Weg 
represent the compute 
the center-of-mass 


curve and squares 
with lL’ 18, R=&.32K 10°" cm 1s 


angle 


(1) At first sight the sharp cutoff and optical results 
appear to be incompatible in that the sharp-cutoff radii 
are considerably larger than the mean radii of the 
nuclear potential.'* ’ The discrepancy is only apparent, 
however, since the two radii are quite differently 
defined, We can relate these two radii by noting again 
the basic assumption of the sharp cutoff model and 
applying it to the tapered-well optical potentials which 
give the best fit. The critical angular momentum, Al’, 
is assumed to be such that the projectile can classically 


just override the potential barrier into the nucleus.\1f 


we have a deep nuclear potential with a “tail,” the 


critical classical turning point is not located at the 


mean radius but rather is found at a distance several 


thicknesses”’ beyond the mean radiu de 


“surface 
pending on the strength of the potential, with corre 
spondingly large U’. 

To illustrate this point, we consider the familiar 
Saxon-Woods* optical potential in the case of alphas 
38.6-Mev c.m. scattered on Ag. ‘Lhe best 


values of the optical parameters quoted by Ivo and 


with energy 
the real part of potential at center of 

37 Mev; the imaginary part, V, 10) 
35A'+-1.3) «10 * om 7 73 
0.510" cm. When 


nuclear, 


Thaler’ are: 
nucleus, V pr 
Mev; mean 
<10-* cm; 


part ol 


radius, r7;= (1 
urlace parameter, d 
including 


the real total potential 


Coulomb, and centrifugal terms is plotted versus r, as 
shown in Fig. 11, it is found that /,,, the largest angular 
momentum such that the « 
surmounted, is equal to 19, The top of the /,,th barrier 
occurs at r,= 8.7% 10 cm. (We see from ‘Table I that 
l’=19 also gives the best fit of the sharp cutoff model, 


lassical barrier is safely 


4 R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954 





Cu 


16.9 Mev 
Z*29 
n*420 


Theory 


Exp 


0.0} 
<0 


with corresponding sharp cutoff radius equal to 9.26 
«107 cm.) 

‘The largest angular momentum, /,,, such that the 
total barrier is surmounted by at least 0.1 Mev can be 
similarly obtained for other elements where the optical 
parameters are given.'*"’ These are listed in ‘Table ITI 
together with R,,, the sharp-cutoff radius corresponding 
to lm; %», the radius at which the /,,th potential is a 
maximum; Very), the nuclear potential at r,; the 
best-fit U’ from ‘Table I and corresponding sharp-cutoff 
radius, R. This determination of /,, has not biased our 
selection of the best-fit /’ since the best-fit analyses were 
before the optical became 


carried out parameters 


Fic. 10. Angular distribution of 17-Mev protons from Au relative to the pure Coulomb cross section 
Ihe dotted curve and squares represent the computed angular distribution with /’=3, 


represent the data of Dayton and Shranck 
E=8.44X 10°" cm. ¢ is the center-of-mass scattering angl 


Fic. 9. Angular dis 
tribution of 18.9-Mev 
alpha particles on Cu 
relative to the pure 
Coulomb cross section. 
The solid curve and dots 
represent the data of 
Bleuler and Tendam 
The dotted curve and 
squares represent the 
computed angular dis 
tribution with l’=9, 
R=8.15 107" cm. ¢ is 
the center-of-mass scat 
tering angle 


available. Inspection of Table III shows that /’ and /» 
generally agree or differ by only one unit of angular 


momentum. 

In the case of 22-Mev scattering from Ag, three quite 
different sets of optical parameter are available which 
fit the data: Igo and Thaler find Ver 35 Mev, 
7,=7.13X10-"% cm, d=0.5X10 cm, while Cheston 
and Glassgold obtain adequate fits with both V r= —50 
Mev, 7;=7.5X10-" cm, d=0.6XK10-" cm, and Vr 

150 Mev, r,;=7.09XK10~" cm, d=0.6K10 18 
(There is apparently some disagreement on this point; 
Igo and Thaler’ do not find appreciable change in Vr 
1 7, 1S ¢ hanged.) The spread in quoted for these cases 


cm. 


The solid curve and dots 
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a 


Pas ieE III. Comparison of best-fit /’ and R to l,, 
by at least 0.1 Mev; nr 


AR 


, the radius at which the J, th barrier is a maximum; RK 
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the largest angular momentum such that the optical potential barrier is surmounted 


the sharp-cutoff radius corresponding to J, Vrirr 


the magnitude of the real part of the nuclear potential at the top of the barrier. Unless otherwise stated, the optical paras meters chosen 


are those of Igo and Thaler.* 


Reference 


Element 


Ti 
Cu 
Nb 
Mo 
Ag 
Ag 
Ag 
Ag 
Ta 
Au 
Au 
Pb 
Pb 
Th 


11 
11 
11 
11 


w 


A A ie 


=e Bw 


® See reference 19 

b Igo and Thaler, Vr 35 Mev, 7 7.7 
¢ Cheston and Glassgold, Vr 50 Mev 

4 Cheston and Glassgold, Va 150 Mev 


X10°4% em, d 0.5 K10°4 cm 
ri =7.5 1074 om, d =0.6 K10 
7.09 X107'4 cm, d =0.6 


is somewhat deceptive, since, when Vz 35 Mev, the 
/=11 potential is just barely larger than the available 
center-of-mass energy, &, similarly, Vr 
150 Mev, the /=12 potential is just barely under E. 
To emphasize the 


tials at the nuclear surface for the same value of angular 


and when 


» similar appearance of all three poten 


plot the total real potentials versus r 
12 

to make two rather interesting side 
the in ‘Table ILI: the 


sharp cutoff radius, R,,, corresponding to /,, is always 


momentum, we 
for /=11 in Fig. 

We would like 
observations on material (a) 
larger than the radius at which the /,, potential is a 
maximum, this effect attractive tail 
of the potential. (b) We observe in cases where there 


at is due to the 
has been an optical model analysis for the same element 


that, Ver is 
while r; remains fixed, 


this 


different even when 
the 


adii r, and R,, are larger at the lower energy; 


at two energies, 
decreased at 
the r 
effect is due to the taper of the nuclear potential and 
the (1 


which becomes more important at higher energies 


lower energy 


r’) dependence of the centrifugal term, a term 
.Itis 
this effect which is probably responsible for the experi 
mentally observed increase in the sharp cutoff radii as 
the stated at the 


is decreased, a result 
clusion of Sec. crossover 


energy con 


I] 


LO 


and also found when the 


recipe is used analyze cross section versus energy 
data at four different angles for Au.!* We would like 
suggest that comparison of angular distributions carried 
ol the 
barrier will provide the best means to study the tail of 
the nuclear potential. One Table IIL that 


the nuclear potential may be as small as 1 Mev at rp; in 


Lo 


out at a variety energies just above Coulomb 


notes trom 


other words, Th, corresponds toa distance considerably 

far out in the tail. We discu 

titatively in an Appendix 
Before discussing our 


first emphasize that the premise of the question is true 


these effects more quan 


second question, we should 


ia, 


10 


is 


that the 
optical calculations is indicated by the correspondence 
by the 
preceding paragraphs. lurther, by 


sharp cutoff model is a good approximation to 


in predicted cross sections and COMparisons 


made in the plotting 
the ratio of reaction cross section to maximum possible 
ni)”, a8 a function of / for an 
optical model giving an adequate fit of 22-Mev Ag 
data, sold find that there 1s indeed 


a rather rapid change from large to 


reaction cross section, 1 


Cheston and Glas 
mall absorption 
centered about the sharp cutoff /’ 

Some discussion why there 


qualitative concerning 


should a correspondence between the sharp cuottf 
model and more sophi ticated calculations is presented 
elsewhere.’ We shall not arguments 
but will make two observations which are 


behavior of the now available optical potentials at 


repeat these here 
» based on the 
the 


nuclear surface, 


42k 


65 


r IN 107 cm 


Fic. 11 


scattered 


Real part of total po 
from Ag versus rac 
values of angular mo 


of Igo Phale 
potential The center-of-ma 


three 


parameter and 
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4 


RADIAL DISTANCE IN 107!3 om 


hic, 12, Real part of total potential for 22-Mev alpha particles 
versus radius near critical turning point for 
curves represent three different sets of optical model 
parameters: V % 35 Mev, ri1=7.73K10~" cm, d 
cm; Ver 50 Mev rn=75XK10°"% cm d=0.6%10°" cm; 
V 150 Mev, ri=7.09X10°" cm, d=0.6K10°" cm."* For 
parison, it is seen that the difference between these curves near 
50-Mey 


scattered from Ag 


l= 11. The 


maximum is of the order of the difference between the 


curves for /=11 and /=10 

If the transition between complete absorption and 
pure Coulomb scattering is to occur in a small range of 
1, not only must there be little transmission through the 
barrier of the partial waves with />I/’ but also little 
reflection of the partial waves with /</’, In the case of 
40-Mev scattering from Ag, illustrated in Fig. 11, the 
19 and 1 


ficient to cause a qualitative change in the transmission. 


change in barrier between l=I' 20 is suf- 


The transmission of the /= 20 wave into the absorbing 
interior can be roughly estimated by the standard pene 
tration factor, T=exp(—2 fxdr), with h’k’/2u=V—E, 
and is of the order 0.1, We note that a sharp boundary 
condition would give a smaller value for the integral 
and hence larger transmission. 

On the other hand, 
be little reflection in the barrier region of waves with 
l<l’ is that the WKB approximation be valid, or 
equivalently, that the fractional change in wavelength 


a sufficient condition that there 


be small in a distance of one wavelength. It is seen again 
in Fig. 11 that, although the potential changes rapidly 
with distance for r less than 8.010 
length does not change by more than a factor in the 
8.0 and 10.010" em for 
/<18. For numerical orientation we mention that the 


> om, the wave 
barrier region between r 


wavelength of an alpha particle with 5-Mev kinetic 
energy is 1X10~" cm. In this discussion of reflection, 
we have tacitly assumed that only the real potential 
contributes to the refractive index; this is not true, 
however, for large values of the imaginary potential, 


0.5107" 
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and, indeed, there is a breakdown in the WKB con- 
dition for sufficiently large V;. Cheston and Glassgold"* 
have already pointed out that reflection from the 
surface increases with increasing V,. 

The transition between absorption and pure Coulomb 
scattering should be more rapid as a function of / for 
heavy-ion scattering than for alpha-particle scattering 
under comparable experimental circumstances, i.e., for 
the same incident velocity; one can readily show for 
that the transmission of the /’+1 
barrier decreases as the ions become heavier (for the 
same velocity, /’ increases with the charge of the 
projectile) and that the WKB criterion is more easily 
satisfied with heavier ions since the corresponding 
wavelengths are smaller. The sharp cutoff model has 


these conditions 


already shown good agreement with experiment in one 
case of heavy-ion scattering, namely elastic scattering 
of N" from N", 2 

(3) When data are analyzed in terms of a multi- 
parameter theory such as the optical potential model, 
the uniqueness of the model is almost always subject to 
question. Equivalently, one can ask whether there are 


’ 


some “effective” quantities, determined to a_ high 
degree of accuracy by the experiments, which are non- 
uniquely related to the parameters or models, and which 
therefore establish necessary conditions on the choice 
of parameters and models. The most recent example 
of such a situation is that of high-energy elastic electron 
scattering, where the data are most readily character- 
ized by a mean radius and a surface thickness*; the 
choice between the several possible charge densities 
the radius thickness 
requires great experimental accuracy. 

It has already been pointed out that there is again 


with same mean and _ surface 


such a lack of uniqueness when the optical model is 
used to describe elastic alpha scattering. Glassgold and 
Cheston'* find that two quite different sets of parameters 
give adequate fits for 22-Mev alphas on Ag, while Igo 
and Thaler’ observe that not significantly worse fits 
were the usual Saxon-Woods radial 
dependence was altered so that the imaginary potential 
was weighted at larger distances we find 
“effective” quantities in the case of alpha scattering 
analogous to those mentioned in the preceding ex- 


obtained when 


Can now 


amples? 

We would like to suggest, on the basis of the dis- 
cussion in Secs. (1) and (2), that, when the penetration 
depth of the bombarding particle is small, the most 
important “effective” quantity is /,, which for the 
Saxon-Woods potential is a function of r,, d and Vp. 
Further, from the optical analysis of the data well 
below the break, we guess that the next most important 
parameters are d (or perhaps dVp/dr r») and some 
mean penetration depth relative to R for partial waves 


with /<1,,. 


2H. LL. Reynolds and A. Zucker, Phys. Rev. 102, 1378 (1956). 
% T). G. Ravenhall and D. R. Yennie, Phys. Rev. 88, 277 (1955). 
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Since these quantities are properties of the nuclear 


surface, we see that the primary role of the full optical 
model is to furnish a means for describing the surface, 
i.e., the scattering depends on the interior quantities, 
Vr, Vr and even r;, only insofar as they affect the 
surface. The scattering should be particularly insen- 
sitive to Vz '* because of the manner in which it deter- 
mines /,,; a large change in Vz can be compensated for 
by a small shift in 7, so long as d is small. This is in 
contrast to the situation found when the mean free path 
is of the order of nuclear dimensions: Glassgold et al.” 
10-Mev 


protons that one of the “effective” quantities is V gr,’. 


observe in the case of elastic scattering of 
Another corollary of the surface point of view is that 
the usual expression for mean free path in the nuclear 
interior is not necessarily a relevant quantity; the 
larger share of absorption probably occurs before the 
interior is reached. It should be possible to determine 
definitively where the absorption occurs by inspection 
of the radial dependence of the complex-potential radial 
wave functions which have already been computed. 

In summary, the prime lesson of the present com 
parison between the sharp cutoff and optical models, is 
that the scattering of alpha particles is primarily deter- 
mined by the aspect of the nuclear surface. 
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APPENDIX. ENERGY OR ANGULAR 
DEPENDENCE OF R 
We may express the observations (a) and (6) of the 
discussed section, III (1), more fully with the help of 
the following short analysis. For the case of a tapered 
nuclear potential, Vue, let us suppose that the critical 
angular momentum, /’, (treated here as a continuous 
variable) is determined by the joint requirement that 
the total potential equal the available energy when the 
potential is a maximum, 1.e 
V (rp) 
ZZ'é hl’ (U'+1) 
1. [/ 
Th 2ury” 


*% Glassgold, Cheston, Stein, Schuldt, and Erickson 


106, 1207 (1957 


AR 


DISTRIBUTIONS 


and 


dV 


rh 


For an attractive nuclear potential whose magnitude 
is exponentially decreasing at the surface with (1/e) 
distance d. 


With the assumption that (R—1r,)<r,, we can eliminate 
l' and ry in Eqs. (1), (A-1), and (A-2) and find (R—rp) 

d; in words, the sharp cutoff radius corresponding to 
I’ is larger than the radius at the top of the /’th barrier 
by the value of the surface parameter. 


To understand the second observation, let us first 
denote roo as the value of r, at threshold energy, Eo, 


defined by /’=0. We note that for threshold energy, Eq. 


(A-2) gives 
an 
( 1) Your 
d 


so that the nuclear potential will be quite small at roo 
On the assumption that the nuclear potential is not 
velocity dependent, we manipulate the above equations 
to obtain the following approximate expression for rp 
corresponding to center-of-mass energy 


21 
1,=Tyo dIn( ') 
Ki 


If the crossover or one-quarter-point recipes are used 
to determine R, Eq. (A-5) leads to 


R= Ry—d \n| csc(¢/2) | 


It is interesting to see what change 


(A-5) 


(A-6) 


in this analysis 
result when we relax the condition stated by Eq. (A-1) 
If we assume that /’ is the critical angular momentum 
the the total 
potential at the top of the barrier by an amount 6£, 


for which available energy surpasses 
then the energy dependence expressed by Ka (A-4) is 


essentially unchanged but 


él 
R Tht a(1 T ) 
y aautt #1 


' 


\-7) 


The that 6# | 
separation between the lth and (I’+1 


halt 
th barriers, an 


further assumption the energy 


assumption which is not inconsistent with the corre 


spondence of l’ and L,, in Table IT, leads to 


20)? (/e— fp) 
R=r,4+-d]1 \-) 
d lk-f 
The dif 


1.1 £, 


when £ is 
ference, (R,, 


expressed in Mev, d in 10 cm 


r,), then equals d only at fo; for 





E<3 Ky, the difference is practically constant and, 
for the case of Pb and d=0.510 
9.20% 10° cm. On the other hand the assumption that 


6E be constant would require 


‘om, is of the order 


Th 


R Ti, d 1 
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Our uncertainty regarding these various assumptions 
and further, the result from optical analyses’ that the 
nuclear potential itself appears energy dependent, 
cause us to refrain from using the above equations to 
correct the data. Nonetheless we think the analysis does 
provide a qualitative understanding of the observed 


angular and energy dependence of R. 
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Ihe conversion electron spectrum from the decay of 26-min U™™ has been examined by both magnetic 


spectrometry 


employing preacceleration and by electrostatic 


spectrometry. The energy distribution is 


peaked at 0.5 electron volts, with evidence of structure at 5 ev and at 19 ev, leading to an estimated upper 


limit of 23 ev for the transition energy. Tests 


conversion 
’ peal of Am 


energy 


> 


I. INTRODUCTION 


/ I ‘HE existence of a very low-energy isomeric state 
in U*™ following the unhindered 5,150-Mev 


a decay of Pu™ (54+) was recently discovered in 
dependently by Huizenga ef al.' and by Asaro and 
Perlman.! The 26.164-0.03 min isomeric decay? is thus 
expe ted to ZO by an 43 transition trom a presumed 
, +- state to the (measured) ) ground state of | ; 

That the very soft radiation was indeed coming from 
Um" was established! both by chemical separation of 
Pu and by observing the decay of 


uranium from 


electrostatically collected recoils from the Pu®*’ a-decay. 
The radiation is detectable in a windowless Bradley 
PCC-11 for this 
activity, a plateau 75 volts long of slope 10% per 100 


At the upper end of this plateau the counting 


proportional counter, which has, 


volts 
rate exceeds 50°, of the a counting rate (in 27 geometry) 


of the parent Pu’ 


This 


corresponds, as will be shown, to the counting of single 


sample from which the recoils are 


collected lower limit on the counter efficiency 


electrons of energy less than 19 ev e je ted per decay 


event. Identification of the radiation as very weak 


electrons was established by the observation that an 


) 


film of . uy nm of Formvar laid in 


absorbing d 
intimate contact with the sample backing ranged out 
the count completely. lor quanta above 1 ev such an 
absorber is over 90°) transparent 

‘The first actual energy determination was made?® in 


in internal sample proportional spec trometer in whi h 


Rao, and Engelkemeir, Ph Rev, 107, 319 (1957 


private 


! Huize nea 
I. Perlman 
27. R. Huizenga 


11D). W. Engelkemeir 


communication 
private communication 
private Communication 


pectrum of the low-energy transition in 6-hr Tc”, redetermined as 2.15 kev; with the 
and with the spectrum of photoelectrons excited from silver with ultraviolet light 


of the performance of the apparatus were made with the 


“7eTo 


it was shown that the pulse-height distribution from 
U*™ was nearly identical with that from single low- 
energy photoelectrons ejected from the wall of the 
counter with ultraviolet light. In the work reported 
here by magnetic and electrostatic spectrometry the 
radiation is seen to possess the magnetic rigidity and 
energy characteristic of negative electrons distributed 
in energy in the range 0-19 ev, peaked sharply at 
0.5 volt. 


II. SOURCE PREPARATION 
Electrostatic collection of charged recoils from the 
a emission in Pu®’ was used for preparing essentially 
weightless sources for this study. An “emanating”’ film 


of 8 mg of Pu’ evaporated on about 200 cm? of 1-mil 


Al foil folded into a 4-inch diameter cup constituted 


SPECTROMETER PRESSURE ™ 


Fic. 1. The effect of spectrometer pressure on electron lines of 
various energies. The ordinate is the counting rate 
relative to that at 0.003 4 Hg. The path length in the spectrometer 
The source of conversion lines is Am™! 


at any pressure 


is about one meter 
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Fic. 2. Source preaccelerator and electrostatic analyzer (1) 
(3*) insulated inner grid; 


(19) (12) 


(7) brass tube, 2 ft long; (8* 
(10) gasket pressure plate; (11) wax vacuum seals; 
asterisk were omitted in the first preacceleration experiments 


IN 26 


threaded end cap holding grid assembly; (2) 
4) 4-inch source disk supported on -inch dis} 
voltage lead to source and grid, supported on three radial screws near end of female joint; (6* 
) inner grid contacting wire passing through quartz stem pump-out hole; (9 
(12) Lucite cap; 13 
Phe constant accelerating potential is applied between source and 


MIN 





| grounded outer grid; 
high 


for inner grid; 


k held with clamp ring on (5) quartz stem, enclosing 
lucite insulators 
source-contacting wire 


Item 


’ 


retainer ring for grid assembly marked with an 


grounded outer grid; the analyzing potential is applied between source and inner grid 


the anode. Recoils were collected in a flowing helium 
atmosphere onto 3-mm diameter platinum or brass 
foil cathodes held near the center of the anode cup 
using 2-4 kilovolts, enough to limit the corona discharge 
to a few milliamperes. With this system, collection 
efficiency was erratic; at best ~10° disintegrations/min 
of U*™ activity, as measured on the Bradley counter, 
could be obtained in one hour. Such a source has about 
10-7 of one atom layer of U” if uniformly deposited. 
The uniformity of the count from separate segments 
of the source shows this to be roughly the case. No a 
counts were collected, indicating the absence of aggre 


gate recoil. 


Ill. LOW-ENERGY MAGNETIC SPECTROSCOPY 
WITH PREACCELERATION 
‘The Argonne double-lens spectrometer was adjusted 


resolution of <2%, for 


3-mm diameter sources. ‘The 


for a transmission of 1% and a 
the 


earth’s field degau 


adju tment of the 
ser was checked by flip coil and by 
a one-meter long special oscilloscope tube focusing 
500 volt electrons. A standard demagnetizing procedure 
with a fifteen-foot square coil and a variac was used 
found this 


eliminate the polarization of the steel paneled walls, 


before each run; we have necessary to 


floor and ceiling of the laboratory which is induced 
when high energies are focused in the spectrometer 


Kor detector we used an end-window, loop-wire, 
proportional counter, with propane gas (at a pressure 
of 8 cm Hg) 
water-spread Formvar-film counter window about 2-5 
thick was supported on a 50°, open 
Lectromesh The KOO ev. 


Although very good plateaus are obtained with thi 


flowing continuously. A double-layer 


wg /cm-* area 


grid. window cutoff was 


counter, especially for low-energy electrons, we ran 


most of the experiments at or below the plateau knee, 


at which voltage the sensitivity for minimum ionizing 


cosmic-ray secondaries is reduced. Thus the normal 


background of 8 counts/min is cut to about 3 counts, 
min, while counter performance is still stable. 

With liquid nitrogen in the side arm trap, the 
pressure in the spectrometer maintained at 
(1-2)K10-® mm Hg in Figure 1 


presents the effect of gas scattering on electrons of 


was 
these experiments. 
various energies focused through the one-meter spe 
pressure. At 2.6 kev 
the transmitted 


trometer path as a function of ga 
10° Hy 
intensity by only 3% and this is near the lowest energy 
(2.0 kev 


fiftyfold lower pressure 


a pressure of mm reduces 


examined in the pre ent experiments at 
Source mount and preaccelerator are shown in lig. 2 
This figure 
grid 


hows the final design using two concentri: 


(described later). For the first experiments, the 
No. 6, 
The 
dish 
which 


Hall 


insulating washer 


leac > No 8, 


inner grid, part No. 3, it , 
omitted 


l-cm 


mounted on the insulating quartz stem 


and it connecting were 


5-mm ource was centered on a metal 


through 
the wire je was sealed. It wa placed in the nor 
Accelerating voltages in 


the 


spectrometer source position 
1-5 kilovolts bet 


enclosing grounded 1 


the range veen ource and the 
3-cm radius, 16-mesh hemi pheri 
cal | opper screen Zave no increase in background count 
focused to the accelerating 


S000-volt 


with the spectrometer 


energy An electrostatic voltmeter of range 


vas calibrated with a divider and 


Rubicon type B 
value 


precision resistive 
potentiometer! to 


ed for acceleration 


Am 


The performance of the 


volatilized ~30 py/cm? Am” 


‘Thi 


u to measure 


absence Of an if rumet 
Wit! 


energies as low as zero 
itating accelerating 


7 Me / CI 7 
more kilovolt 
Huber 


(1952 


window , nece 
“null-line’’ was ob 
and Ziinti, Hel 

1 kev 


4 prominent 
Humbel, de-Shalit 
extending up to 
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acceleration the line shapes of the L, line of the 26-kev 
transition and the L, line of the 33-kev transition at 
8.75 and 10.79 kev, respectively, are unaffected, but 
the transmission increases by 20% compared to the 
no-acceleration case. The shift in line position agreed 
with the measured acceleration voltage within 15 ev. 
With increasing accelerating voltage the ‘‘zero’’- 
energy Am*' peak intensity increased, from zero at 
the 800-ev cutoff to a saturation value at 
m5 kev, tracing out the transmission curve of the 
lormvar window.® The electrons in this group may be 
partially undegraded disintegration Auger electrons 
and partly energy primaries or 
secondaries generated in source or backing by alpha 


window 


degraded higher 
particles or gamma rays. The integrated intensity of 
the group is 20-40 times the total of all higher energy 
conversion lines, which suggests that they are mainly 
secondary electrons. The line shape showed a sharp 
low-energy dropoff and a long tailing off to the high- 
energy side, with a half-width several times that of a 
homogeneous line. This excessive width turned out to 
be due to the acceleration action on very low-energy 
electrons. The low-energy intercept occurred at the 
accelerating voltage plus 45 volts with the spectrometer 
calibration similarly taken from the low-energy inter- 
cept of the 1, line of the 60-kev transition. 


Pp” 


To obtain a rough idea of the intensity of a ‘‘zero- 
energy” degraded and backscattered peak from a 
sample of a pure high-energy beta emitter, a P® source 
was deposited from solution on to a one-mil Al backing. 
The intensity of the zero-energy peak was only ~10%, 
of the integrated continuum intensity and the zero- 
energy peak dropped off as rapidly on the high side as 
did that of Am*'. An accelerating potential of two 


thousand volts was used 


Tc** 


The 2-kev £3 transition in 6-hr Tc!" was examined 
with an invisible volatilized Tc,O; source. The spectrum 
is shown in Fig. 3 with zero and with 2000 volts ac- 
celeration illustrating the increase in window trans- 
mission for the 1.6-kev conversion 
electrons. The transition energy is computed to be 2.15 
(+0.03) kev, with relative conversion coefficients 
M i,040:Mayo:V=6:1:0.9 with, roughly, Mi/Mos~1. 
Schneider ef al.,4 obtained 2.0 kev. 


approximately 


U* 


Several attempts to detect the radiations of U™™ 
with the accelerator with up to 5 kv acceleration gave 


* This increase in the peak rate, which follows the expected 
window transmission curve, together with the slight increase at 
9 kev noted above, with 2-kv accelerating voltage, shows the 
absence, in our setup, of the very large increase in transmission 
observed by Schneider et al.‘ for very small initial energy 
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negative results, with samples which, as counted in the 
Bradley counter, should have given thousands of 
counts per minute in the spectrometer. The failure is 
ascribed to the lack of spherical symmetry of the 
accelerating system, in which the stronger field at the 
edges of the source mount pulls very low-energy 
electrons along a direction normal to the spectrometer 
axis, and away from the 15°-25° acceptance angle of 
the spectrometer. 

Following a suggestion of D. Hutchison of this 
laboratory, we modified the accelerator by adding the 
intermediate hemispherical grid (Fig. 2) of } in. 
smaller radius than the outer grid; the inner grid was 
held at the source potential. With this shield the low- 
energy electrons are undeflected in the field-free space 
until they reach the grid, and then the acceleration is 
sufficiently radial that they continue their original 
trajectories. With this grid the zero-energy peak in 
Am™! became symmetrical with the expected 2% spec- 
trometer resolution, at all accelerating voltages, and 
the peak-value energy was determined to be 10+35 
electron volts; the spectrometer was calibrated with 
the 1, line of the 33-kev transition in the source. With 
U*™ sources in the device, one peak (Fig. 4), with the 
spectrometer resolution, was observed. The spectrum 
was surveyed magnetically in the range 0-4 kev 
initial energy, and a limit on the relative intensity of a 
line of energy above 50 ev of 0.003 may be set. 

With an accelerating potential of 2165 volts® the peak 
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Fic. 3. Conversion electrons from the 2.15-kev transition in 
6-hr Tc®™. Arrows indicate the calculated positions of the lines 
originating from the indicated shells for a transition energy of 
2.15 kev and an accelerating potential of 2000 volts at the source. 
The solid dots show the same lines with no acceleration, indicating 
the effect of the counter window whose cutoff is ~ 800 ev. L-Auger 
electrons (resulting from conversion of the 140-kev transition) 
will be found in this region of the spectrum between 200 and 
230 Hp (with 2000-volt acceleration) but their intensity is low 
(see reference 4) compared to 2.15-kev conversion. M-Auger 
electrons will be found in the region 154 to 170 Hp. Note absence 
of peak at accelerating voltage. 


*At 2 kv the window transmission is about 70%. At higher 
accelerating voltages with the double grid system, increases in 
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energy was determined as 8+ 10 ev. The peak intensity 
corresponded to approximately one electron emitted 
per disintegration as computed from the observed 
count on the sample in the Bradley counter, and from 
the spectrometer luminosity corrected for accelerator, 
window and supporting grid transmission, All points 
on the peak (half-width=48 2165 
decayed with the 26-min lifetime. 


volts at volts) 


IV. ELECTROSTATIC SPECTROMETRY 


As no internal line standard for checking the spec 
trometer calibration was available in the U*“°™ sources, 
the accuracy of the energy determination was limited 
by possible instability of this factor and by error in 
measuring the accelerating voltage. Also the resolution 
of possible structures of the order of a few volts was 
limited by the 2 
To secure this more detailed 


> momentum resolution at 2165 volts. 
information the ac- 
celerating system of Fig. 2, but with both grids made 
of 200-mesh stainless steel, was employed as an integral 
electrostatic spectrometer by connecting a separate 
lead to the inner grid to which, then, relatively small 
retarding (negative) voltages could be applied. With 


fixed accelerating voltage (2165 volts) between source 
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Fic. 4. The magnetic spectrometer analysis of the electrons 
from the decay of U®™ (open circles) with 2165 volts acceleration 
at the source. The position of the peak of a 2165 (45) volt line 
computed from the spectrometer calibration is shown by the 
horizontal bar labeled ‘accelerating voltage.’’ The crosses are 
obtained from the photoelectrons ejected from a silver disk in 
the source position on irradiation with the light from a mercury 
discharge. The intensity of the two lines has been normalized at 
the peak and a small shift (+0.5 Hp) has made in the 
position of the photoe lectron peak to bring the left sides into 
coincidence for convenience in comparing the shapes. This shift 


been 


represents an uncertainty in the spectrometer calibration con 
stant of the magnetic spectrometer for the photoelectron source, 
due to a source position shift. The energy determination is actually 
derived from the electrostatic analysis. Note that the excess line 
width of the U*™, less than 10 volts, is consistent with the 
electrostatic analysis 
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Electrostatic analysis of the “zero-energy” peak in Am™! 
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varied to focus electron energy is the 
voltage; thus the 
with 


secondaries 


“retarding” 
momentum associated 
grid as 


energy 


magnetic spectrometer “follows” the 
the electrons which originate at the inner 
produced by alphas, gammas, and higher 
For an explanation of the curve shape at 
The dotted curve is the derivative of the solid 
Am”! * 


conversion 
electrons attracting 
voltages, see text 
curve showing the energy distribution of the zero-energy”’ 


peak, whose maximum is at two volt 


and outer grid, electrons originating in the source with 
kinet¢ 
barrier imposed by the inner grid will be focused in 
the 
volts. For fixed initial energy the line position will be 


sufficient energy to surmount the potential 


spectrometer at their initial energy plus 2165 


magnetically fixed and the intensity will drop more or 
less sharply with increasing retarding voltage, depend 


ing on the resolution of the electrostati pectrometer 


However, for electrons which originate at the inner 


grid, as secondaries from energetic radiation, the 


acceleration will increase with increasing retarding 


voltage and the line will shift upwards in the magneti 
but 


This behavior enables one to distinguish the origin of 


spectrometer maintain constant peak intensity 


the electrons. For energy ranges small compared to the 
resolution width of the magnetic spectrometer at 2165 
volts, which is about 50 volts, the focusing current may 
be left fixed without materially affecting the detection 
efficiency for the electrons just being transmitted by 
the electrostatic spectrometer. This resolution is about 
1.2% in momentum; the normal spectrometer resolu 
tion of 1.80 


electrostatic double-grid accelerator at low energie 


for a 3-mm source is improved with the 


Am?!! 


5 exhibits the “zero-energy peak’’ integral 


igure 
intensity of Am™! as a function of retarding voltage 
The the the 
magnetic spectrometer focus fixed at 2165 volts and 


solid curve is intensity observed with 


the dashed curve gives the maximum intensity as the 
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COM Parison Rive Some 
om spectrum 
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wa 


figure 
magnetic spectrometer is shifted in focus to follow the 
retarding voltage. The constant intensity observed on 
the shifting line to the right (dashed) indicates the 
presence ol some secondaries generated at the inner 
grid with zero energy. Differentiation gives the energy 
distribution of the dotted curve,’ which is peaked 
at 2 ev in agreement with the results of magnetic 
spectroscopy. 

The curves to the left of zero give the results with 
the inner grid voltage positive. The continuation of the 
1 volt 


the finite resolution of the 


rise in intensity with small positive voltage ( 


may be in part due to 


electrostatic spectrometer and partly to the existence 
of a contact potential between source mount and inner 


yrid, if its polarity retards electrons. For low-energy 


econdary electrons ejected backwards towards the 
“attracting” 


source from the inner grid, increasing 


voltages should increase the collection efficiency into 


In the first electrostatic spectrometer measurements on Am™! 
and U2" With these a much 
yroader 5 


coarser 16-mesh screens were used 
differential distribution was obtained, peaked at ~25 
volts, presumably due to accelerating-field “leak” through the 
coarser grids We are indebted to D. W. Connor for pointing out 


this effect 


PORTER, 


WAGNER, AND DAY 

the accelerating field between the two grids. This 
effect probably accounts for the increased rate on the 
20 to - 


“following” curve at 50 volts. 


U 225m 


Figure 6 presents the analogous results for U°™ in 


which data from several runs is summed. Here no 
evidence of a shifting peak due to secondaries appears, 
and a narrower differential distribution is obtained 
than for Am*", Decay of the counting rate was observed 
to follow a 26-min half-life at 0, 4, and 6 volts. The 
low counting rates made it difficult to verify the decay 
of the points beyond 6 volts but the straightness of the 
6-volt decay curve suggests that the points up to 19 


‘ ” 
corona.”’ In 


volts are due to U™™ decay rather than 
agreement with the magnetic spectroscopy, the distri- 
bution maximum occurs at 0.5+-0.2 electron volts. 
There is evidence of structure in the distribution near 
5 volts and perhaps at 19 volts which we judge to be 
intrinsic to U**", and not due to instrumental effects, 
by comparison to the photoelectron spectrum (see 
below). In some runs there was some evidence of a 
shifting line of low intensity, several counts/min, above 
about 2-3 volts ascribed to corona between the grids, 


but not in the “best” runs. 


Calibration 


To determine whether the observed electron spectrum 
of U™ was homogeneous in energy and whether any 
effects not considered could shift the apparent energy, 
the resolution curve of the electrostatic 
by 


spectrometer 
the 
were 


vas approximately determined measuring 


spectrum of low-energy photoelectrons. These 
generated on a }-in. silver disk at the source position 
by light from a quartz mercury arc admitted to the 
through a quartz window. 


magnet spectrometer 


Consideration of the photoelectric work function of 
silver and the intensity distribution of the mercury 
lamp indicates the most probable photoelectron energy 
to be within 4 volt of zero. A narrower distribution 
than for U**" was indeed obtained, peaked at zero 
volts (Fig. 6, dashed curves). 

Inspection of Fig. 6 shows that application of a 
resolution correction based on the photoele: tron spec- 
trum will obviously result in a spectrum with peaks 
located approximately as indicated above. In consider- 
ation of experimental] uncertainties, there is little 
point in attempting the correction; we merely conclude 
that a nearly continuous distribution of U*" 
electrons peaked sharply at 4 volt but extending at 


least to 19 volts was observed, and that this apparent 


decay 


spread in energy represents, in the main, an intrinsic 
distribution and not an instrumental irresolution. 


V. DISCUSSION 


To the measured electron energies must be added 


appropriate binding energies to obtain transition 
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energies. These electron binding energies must be those 
appropriate to orbitals in an uranium atom (or uranium 
oxide molecule) bound to the metal substrate. Even 
for the free atom the binding energies in the outermost 
shells are not well established, but for such a bound 
atom the minimum binding energy would appear to 
be the electronic work function of the surface. ‘Though 
the orbitals of the ejected electrons are not known, it 
is clear that conversion can only be occurring in the 
P and Q shells in which binding energies for the free 
atom range from a few up to about 50 ev. Since only 
about one electron is ejected per disintegration there 
must be few Auger electrons accompanying each con 
version electron. If we take the upper energy limit of 
the electrons as 19 ev, we may reasonably assume it 
to correspond to a conversion electron from the least 
bound shell and add only about 4 ev for the metal 
work function to obtain an upper limit of 23 ev for 
the transition energy. 

For the decay of a + state of 23-ev excitation to a 
4— state by £3 transition, the theoretical lifetime for 
photon emission is ~10'* years, if one uses Weisskopf’s 
formula. The experimental lifetime of 26 minutes cor- 
10", For 


whatever the comparison may be worth, one notes that 


responds to a conversion coefficient ag 


the theoretical value for the threshold A conversion 


coefficient for hydrogen (13.6 ev transition energy) for 


E3 transition is* a;= 2X 10", 


§ B. I. Spinrad, Phys. Rev. 98, 1302 (1955). 
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As stated in the introduction, no photon counts were 
observed through a 2-ug/cm? optically transparent 
absorber. However, the process of conversion in the 
outer shells might reasonably be expected to be ac- 
companied by the emission of photons in the optical 


or ultraviolet range, of the order of one such photon 


per electron. A source of [ on a 3-mm brass disk 
was placed on an Eastman 103 a-F ultraviolet sensitive 
plate for one hour. No image was observable on 
developing, despite over 10’ disintegrations having 
irradiated the emulsion. As a spot should be visible 
with about 10° photons on this area, the result is 
credible. Examination of the photon spectrum with 
a photomultiplier cooled to liquid nitrogen temperature 
should be undertaken. 

lor 


level ( 


band based on the 
level at 50.8 kev),® 


0.628 


the anomalous rotational 


? 


level at 12.5 kev, , 


one calculates a decoupling parameter! a 

It is interesting to consider the experimental possi 
bility of exciting this very low-lying state by Coulomb 
excitation by using moderate-energy intense beams of 


ions or electrons 
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tate for the reaction is 


OR some time, this laboratory has been engaged in a 
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cently much of the research has been concerned with 
the determination of the energy-level schemes of the 
nuclei between mass numbers 40 and 70. The present 


general program of nuclear spectroscopy, and re 


paper reports the results of studies on the excited 
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GREEN, SMITH, BUECHNER, AND MAZARI 


excited states in the region between the ground state 
and an excitation energy of 5.2 Mev. This is a surpris- 
ee. ingly low density of states for an odd-odd nucleus in 
this region of the periodic table, and the present results 
show that the level scheme of Mn" is, as would be 
expected, considerably more complex than was indicated 
by the previous reaction studies. 

In the present work, the MIT-ONR electrostatic 
accelerator was used to provide the deuteron beam, 
and the protons emitted from the bombarded man- 
ganese targets were analyzed with the broad-range 
spectrograph. This equipment and the techniques 
employed in its use for studies of (d,p) reactions have 
been described in other publications.’ The thin targets 
for this work were prepared by the evaporation of high- 
purity manganese metal onto thin Formvar foils which 
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were supported by wire frames. Optical spectroscopic 
analysis of the manganese showed only small amounts of 
magnesium, copper, and calcium as contaminants. In a 
parallel investigation of inelastic proton scattering from 


manganese, the same targets were employed, and a 
mass analysis carried out through studies of elastically 
scattered proton groups showed only the additional 


“3 


i 


a * net 


contamination of hydrogen, carbon, nitrogen, sodium, 
sulfur, and chlorine normally present in the Formvar 


A 


and of tungsten deposited during the evaporation 
process. The identification of the proton groups ob- 
served during the course of the (d,p) studies was based 
on the change in energy of the groups with angle of 
observation and bombarding energy. 

The distributions in energy of the protons emitted 
at angles of 10, 30, and 60 degrees, with respect to the 
beam, were measured using a deuteron energy of 7.0 
Mey, and at 20 degrees, with respect to the beam, with 
6.6-Mev deuterons. The results obtained at 20 degrees 
are shown in Fig. 1. With such a high density of groups, 
it was inevitable that, at each angle of observation, 
some were obscured by the intense peaks from the 
carbon and oxygen contamination. The angles used were 
chosen so that every region in the spectrum could be 
studied in at least two of the exposures. The highest 
energy group observed at each of the four angles of 
observation was assumed to be associated with the 
ground-state transition in Mn®(d,p) Mn. The Q-values 
calculated from each of these observations agreed to 
within 1 kev, the average value being 5.047 Mev. The 
QO values for the other groups associated with man- 
ganese were calculated, and the average value for each 
group, as determined from the various exposures in 
which it was observed, was subtracted from the ground- 
state 0 value to give the corresponding excitation 
energy in Mn". The excitation energies obtained in this 
way are listed in Table I. 

In general, the individual Q-values for a particular 
group differed from the average used for calculating 

? Buechner, Mazari, and Sperduto, Phys. Rev. 101, 188 (1956). 


+C. P. Browne and,W. W. Buechner, Rev. Sci. Instr. 27, 899 
(1956) 
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TABLE I. Excited states of Mn®*, Qo = 5.047+0.005 Mev. Energy 
measurements were made for proton groups emitted at 10°, 30°, 
and 60° relative to the beam (Eqg=7.0 Mev) and at 20° relative 
to the beam (Ey=6.6 Mev).* 


Level*® E, (Mev evel Ky (Mev 


0.025+0.004 3.375 +0.008 
0.108-+-0.004 { 3.413+0.008 
0.207 +-0.004 5 3.492 4-0.008 
526 
582 
3.622 
691 
776 


0.3364+0.004 
0.447 +-0.004 
0.479+0,009 
0.712+0.004 
0.750+0.004 
0.835+0.004 
161+0.004 
233 +4-0.004 
290-+0.004 
345 +0.004 
481 +-0.006 
504+-0.006 
556+-0.006 
725+0.006 
739+0.006 
&32+4-0.006 547 


3 0.008 
3 
3 
3 
3 
3 
3 
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4 
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865-+0.006 7 4.580 
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229+0.008 
0.008 
0.008 
0.008 
0.008 
0.008 
0.008 
0.008 
0.008 
+- 0.008 
+0008 
+-0.008 
t-0.008 
0.008 
+-0.008 
+-0.008 
0.008 
+-0.008 
+-0.008 
+-0.008 
t+-0.008 
4.966 +4-0.008 
4.986+0.008 
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4.283 
300 
323 
352 
104 
171 


947 +-0.006 4.608 
973 +0.006 
013+0.006 
0.006 
0.006 
0.006 
0.006 
0.006 
0.007 
5 +0.007 
0.007 
0.007 
0.007 
0.007 
0.007 85 
0.007 8&6 
0.007 87 
0.007 88 
39 0.007 89 
40 0.007 90 
41 f t- 0.007 91 
42 2 0.007 92 
43 0.007 93 
44 d 7+0.007 94 
45 0.007 95 
46 75+0.008 96 
47* 0.008 97 
48* k 0.008 98 
49 3.2 0.008 99 
50 3.288 +-0.008 100 
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4.923 


oo 
NR 
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012+0.008 
038-+0,008 
065+-0,010 
112+0.010 
157+4-0.012 
204 +0.012 
257 +0.012 
0.012 
0.012 
0.012 
0.012 
0.012 
0.012 
518+-0.012 
548 +-0.012 
590 4-0.012 


35 
36° 
37 
38* 


1 
1, 
1. 
1 
1 
1 
1 
1 
1 
2 
) 
) 
5 
2 
2 
2 
2.2 
2 
2 
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2. 5é 
os 
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> 
7 
2! 
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292 
340 
359 
104 
438 
$72 
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® The asterisk denotes levels for which energy measurements were made 


only in the 20° exposure 


the excitation energy by less than 3 kev, although, for 
thirteen of the groups, one of the Q-values used in 
making the average differed from the mean by 4 kev, 
and in nine cases the difference was 5 kev. For levels 
No. 59, 87, and 96, the maximum deviation was 6 kev; 
while, for levels 91 and 94, the maximum deviation 
observed was 7 kev. Fourteen of the 
observed with an intensity sufficient for an energy 
measurement only in the 20-degree exposure. The 
associated levels are indicated in Table I by asterisks. 


groups were 


Table I summarizes the data in the region of excita- 
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Mn*é 843 
Also 
recorded during the various exposures were proton 
groups that 
states in Mn up to 7 Mev. In the region between 5.6 
and 7 Mev, evidence was found for at least twenty-four 


tion between the ground state and 5.6 Mey 


had energies corresponding to excited 


excited states. The proton groups corresponding to 
this range of excitation energies were, however, for the 
most part composed of several unresolved components, 
and we do not feel it worth while to present the data 
for this region. 

The data in the present experiment were taken over a 
considerable interval of time, and the various exposures 
with different whose thicknesses 


were made 


were not acc urately determined, ¢ ‘onsequently , It is not 


targets 


possible to draw any direct conclusions regarding the 
angular distributions of the proton groups. However, 
the angular distributions of the groups associated with 
the ground state and with the first, second, third, 
fourth, and sixth excited states were the same within 
approximately 25% 

The highest energy gamma ray observed by Bartholo 
mew and Kinsey‘ in their study of neutron-capture 
radiation in Mn°® was 7.261+0.006 Mev 
what lower than would be predicted on the basis of the 


‘This is some 


present measurements for the ground-state transition 
in the (n,y) reaction. While these two measurements 
are in agreement within the experimental errors, the 
close proximity of the 25-kev first excited state in Mn* 
raises the question as to whether the highest energy 
neutron-capture gamma ray arose from a transition 
to the ground state or to the first excited state. That 
it is actually associated with the ground-state transi 
tion is indicated by the close agreement between the 
energies for the second, third, and sixth excited states 
obtained in the present measurements and those deduced 
from the assumption that the highest energy gamma 


ray originated in the ground-state transition 
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The polarization of electrons in muon decay is studied in the case of the four-component neutrino theory 
with general parity-nonconserving interactions. The spectrum for each of the two states of longitudinal 
polarization is described by a set of three parameters of which only two are independent. By observing the 
electron polarization in arbitrary directions, one can determine ten parameters of which six are related to 
the two longitudinal polarizations and the rest to the transverse part. It is seen that the prediction of the 
two-component neutrino theory about the electron polarization in muon decay is quite specific and can be 
distinguished from that of the general case, if the latter involves the interactions of the S, 7, P types in 
charge-retention order. However, from the study of the polarization of electrons, it is impossible to dis- 
tinguish the two-component theory from the four-component theory which involves only the vector-type 
interactions. It is noticed that the 7CP theorem determines a detailed correspondence between the polar 
ization dependence of the spectra for the w* and w~ decays. This provides us with an opportunity to deter 


mine experimentally whether weak interactions actually obey the TCP theorem or not 


1. INTRODUCTION follows: 
Y‘TRONG interest in the muon decay has been 
tJ aroused recently by the discovery of parity non 
conservation in B dec ay and T M ( decay and by the 3h 6c’ 


renewed attention to the two-component neutrino 


3q' +-4b'—14c" 
3a! 1h’ } 1 1°’ 


theory’ which gives us very definite and promising 
predictions on the processes involving neutrinos. 
Attempts have been made to determine the extent to at+4b+- 6¢ 
which the validity of the two-component theory can be | where 

tested by the observation of the muon decay spe 

trum.*® If one neglects the mass of the decay electron 

in comparison with its momentum, the decay spectrum 

of the muon with its spin completely polarized can be 2 Re(gs*gp 


described by a three-parameter formula of the form 
I 2 Re(gy*ga’ 


1) 2 Re(g7r*g7’). 


dN dxdQ| 3(1 v4 2p(4a 


FE cosé{l + 26 (4 , (1.1) The spectrum of the two-component theory is character- 


ized by p=6=} and OS /é| <1. Study of the formula 
(1.1) shows us that a spectrum exactly identical with 


where the upper and lower signs of the cos# term refer 
that of the two-component theory can be obtained in 


to the w~ and yw* decays, respectively. p, 6, and & are 
infinitely many ways by using the general interaction 
_ ) of the four-component neutrino theory (including the 
( the yenera arity I nserving interacti as : ’ . a . ¢ 

_— ee e. CHon aS, T, P interactions), and thus the observation of the 


parameters which depend on the ten coupling constants 


: decay spectrum alone cannot lead to any definite 
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muon decay will be strongly polarized along the direc- 


\ berall, Nuovo cimento 6, 
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spectrum is completely fixed for both right-handed and 
left-handed Thus 
electron polarization is expected to give us much more 
insight into the decay mechanism than the study of the 
decay spectrum itself. The purpose of this paper is to 
investigate the polarization of electrons in muon decay 


electrons. the observation of the 


in detail under the assumption of the general parity- 
the 
neutrino theory. The longitudinal polarization of ele 

2. The electron 
polarization in arbitrary directions is treated in Sec, 3. 


nonconserving interactions of four-component 


trons in muon decay is discussed in Sec. 


The relation between the polarization dependence of 
the spectra of the w~ and w* decays is studied in Sec. 4. 
It is pointed out that such a relation is quite general and 
can be derived from the TCP theorem alone. 

Recently the longitudinal polarization of electrons 
from 8 decay has been measured by using the Mott 
scattering of the electrostatically deflected 6-ray beam,’ 
the circular polarization of the bremsstrahlung produced 
by polarized electrons,” and the Mller scattering." 
the 
pure 


The results are in qualitative agreement with 


predictions of the two-component for 
but 


cases.” Experiments are now in progress at Columbia 


theory 
Gamow-Teller transitions not always in other 
on the longitudinal polarization of electrons from muon 
decay using the bremsstrahlung method." Therefore, 
the 
may be compared in the near future with the experi 


some consequences of theoretical considerations 


mental results. 


2. LONGITUDINALLY POLARIZED ELECTRONS 
FROM MUON DECAY 


Let us consider the muon decay process 


7” + Vit Vo, (Z.3) 


where no specification is made for the moment about 
the particle or antiparticle nature of »; and v2. This 
process may be described by the Fermi-type Hamil- 
tonian 


H=> (WU) Qual (git e/ys)bo2)+Hic., (2.2) 
Fc. 


summation is taken over the five types of interaction." 


where means the Hermitian conjugate and the 


’ Frauenfelder, Bobone, von 
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ip 
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In this section we are interested in the probability 
that an electron is emitted with longitudinal polar- 
ization. For this purpose, it is convenient to rewrite 

(2.2) in the form 
H=H,+H 


where 


H, 


Eg p) (WT pve) T ( 


14°) (Pril yWro) +1 


(1+7 


,) 
We Pop, ) (grt gr’) (Wal roo) + He 
) 


(2.4) 


Now, in the limit where the electron mass m is negli 
E, be(A+ys)/2 [or 


represents a creation operator of an elec- 


gible compared with its energy 
Ye(1—7s)/2] 
tron in a state in which its spin is parallel (or anti 
parallel) to the direction of its motion, //, and H_ are 
therefore parts of the Hamiltonian which create the 
right-handed and left-handed electrons, respectively 
The spectrum for the electron emitted in a definite 
state of longitudinal polarization when the muon is at 


rest with its spin completely polarized is given by 


wxdxdQ 
ost) + b,{ 4 


{ cosh XxX) 


with 


when the electron rest mass m is negle ted compared 
the 


maximum 


the muon mass, x 1 
ol its 


with its energy /. Here, yp 1 
electron momentum measured in unit 
2, and @ is the angle between the muon spin and 


The 


(2.5) corresponds to the case where the electron 


value p 


the electron momentum. upper (lower) sign of 


pin ] 
parallel (antiparallel) to its direction of motion, 
Equation (2.5) does not contain the cross terms of 
(2.4) since an average is taken over the spin states of 
neutrinos. 

If one 


polarization, one obtains the spectrum dA 


observes the electrons irrespective of their 


d \ T d \ 
which is easily transformed into the three-parameter 
expression (1,1).4 

lor the detailed consideration of the longitudinal 
polarization of electrons in muon decay, it is again 
convenient to rewrite (2.5) in terms of the Michel-like 
parameters 


In lact, one can express (2.5) in exactly 
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the same form as (1.1) in the following manner: 


dN 1 x*daxdQ 3(1—x)4 2p! 


EF. cos6{l 


where 


.+14c, 
+46, +-6c, ) 


The parameters py, 6,4, and &4 are subject to a set of 
which derive from the inequalities a,, b,, 
some ol 


quences are considered in the following. 


relation 
C420 the useful relations and their conse 
(a) When a neutrino and an antineutrino are emitted 


in (2.1), one obtains the relations 


(2.9) 
(2 10) 


3(3—4p,.)+£,(3 (2.11) 


Using (2.11), one can eliminate the parameters 6, in 


(2.7) 


Thus, from the experimental distribution of 
energy and angle of electrons, one can determine two 
independent parameters for each of the longitudinal 


polarizations (say p,, £4). The ratio 


R=A,/A 


(202 


of the total probabilities of finding right-handed and 
left-handed electrons and the lifetime of the muon give 


additional information, Thus, in principle, one can 


determine the six constants a,, 6,4, and c,. This is the 


most one can expect from the observation of the 


longitudinal polarization of decay electrons 
From (2.10) and (2.11) one finds 


4$4-(& 3)p,* 3+ (16 3)p,, (2.13) 


for nonidentical neutrinos; this relation may be useful 
lor testing consistency. 
(b) 


dec ay, one obtains 


If the two neutrinos are identical in the muon 


L7 . ; (2.14) 


£\ ey 


Thus the relations (2.9)-(2.11) are replaced by the 


stronger conditions 


AND A 


SIRLIN 


In this case, the spectrum for the right-handed or left- 
handed electron is described by only one independent 
parameter (p, or p_). 

(c) If there is no interaction other than the vector 
type interactions,'® one obtains a definite prediction 


pi =p ;. 6, ; f -1, & hs (2.18) 


because a4 0. The electron spectrum is therefore 


given by 


IN 4 =4A4g2°dxdQ[ 3—2x*Fcos#(1—2x) |, (2.19) 


whose shape is completely fixed. Only the ratio R of 
(2.12) between the right and left polarizations remains 
to be determined. 

Conversely, if one assumes that the observed values 
of the parameters p,, 6,4, and & are given by (2.18), 
one can see easily that: the most general interaction 
must satisfy the condition 


a4=c¢c,=0. 


(2.20) 


In other words, if the observed parameters satisfy 
(2.18), one can say without ambiguity that, in charge 
retention order, only the vector-type interactions are 
involved in muon decay. It is, however, impossible to 
tell whether the two neutrinos are identical or not since 
Eqs. (2.15)-(2.17) are compatible with (2.18). 

(d) The muon decay interaction in the two-compo- 
nent neutrino theory can be regarded as a special case 
of the interactions discussed above, where we have an 


additional restriction 
LA, (2:21) 


when the two neutrinos emitted are different. Thus, if 
the condition (2.18) is not satisfied, the two-component 
theory with nonidentical neutrinos is ruled out. How- 
ever, when (2.18) is satisfied, the experiments on 
polarized electrons cannot produce definite information 
on whether (2.21) is also valid or not. 

(e) At the high-energy end (x=1), where the two 
neutrinos are emitted in the same direction, one obtains 


dN 4(x=1) «b4(14cos8)+ 2c, (1 cosé@) (2.22) 


from (2.5). This angular dependence can be understood 
easily if one remembers that the muon spin has compo- 
nents cos(@/2) and sin(@/2)e'* along and opposite to 
the direction of the electron momentum, respectively. 
It must also be taken into account that the two neu- 


trinos are emitted with opposite spins in the V- and 


A-type interactions and parallel spins in the S, P, and 
T cases.'® If the two neutrinos are identical [ case (b) | 
or if there are only vector-type interactions [cases (c) 


''In this paper, we shall use the phrase “vector-type inter- 
actions” to represent the four interaction terms with the coupling 
constants gy, gv’, ga, and ga’. “Scalar type” and “tensor type” 
are also used in the same manner 

46 This follows from the following property of the matrix Ty: 
(14 yo) T's (get giys) (1 + ys) =0 for i=V, A; (14 ve) Til gs + gi'y5) 
(1+ ys) =0 for i=S, T, P. 
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and (d) ], the electrons emitted with maximum energy 
(x=1) in the direction parallel or antiparallel to the 
muon spin (@=0 or @=) must be fully polarized in the 
direction of the muon spin according to (2.22). The 
converse occurs in the tensor case. In this connection, 
it is interesting to note that-¢, must be negative and 
£_ positive for both the two-component theory and the 
hypothesis of identical neutrinos as is seen from (2.17) 
and (2.18). 

(f) If A_ (or A,) vanishes in the general case, it is 
obvious that the decay electron is completely polarized 
in the direction of its motion (or opposite direction) 
for all values of energy and angle 6 (as long as E>m). 
Even if the electron polarization is complete, however, 
the value of & is quite arbitrary (—3S£S7/3 in the 
case A_=Q). Conversely, it is impossible to obtain 
information on the degree of electron polarization from 
the asymmetry term of the spectrum (1.1). In fact, if 
the experiments show that p=6= 3, which would be the 
case if the two-component theory is correct, and further 
§=—1, the ratio R of right-handed and left-handed 
electrons still depends on a and b as 


R=b/a, (2.23) 


which can take any positive value in the framework of 
the general four-component theory. 

If there are only vector-type interactions, on the 
other hand, the quantity R is related uniquely to & by 


R= (1—£)/(1+-8), (2.24) 
where 
2 Re(gv*ga'+ga*gv’) 
lev |?+ lev’ [2+ gal?+ga'|’ 

Thus, it is possible to predict the degree of longitudinal 
polarization of electrons from knowledge about the 
value of £. This was already discussed in the case of 
the two-component neutrino theory.® 

As we have seen in the analysis of this section, the 
observation of the longitudinal polarization of electrons 
will not lead to unambiguous proof of any particular 
type of interaction. Nonetheless, experimental verifi- 
cation of conditions like (2.18) would be a strong 
argument in favor of the two-component theory, be- 
cause this seems to be the only theory that can explain 
in a simple and natural way the absence of the S, 7, 
and P interactions of charge-retention order in the 
decay of the muon. 


3. POLARIZATION OF ELECTRONS IN 
ARBITRARY DIRECTIONS 


We shall now discuss the case where the electron is 
emitted in some arbitrary state of polarization in the 
muon decay. Neglecting the electron mass compared 
with its momentum, the probability of finding an 
electron whose spin points up along certain direction 
8 in the decay of polarized w~ at rest is calculated from 


POLARIZATION 


OF ELECTRONS 


(2.2) as follows": 


px?dxdQ 


dN, {( $a, (1+ cosd)(1—x)+b,(3— 22 


3X 2°x4 
2x))+¢4(3—% 
r) +b 


x+cos6(1+-x)) sin?(@,/2) 


cos0(1+-x)) | cos*(@,/2) 


2x)) 


cos8(1 


+[ 3a_(1—cosd) (1 2x+cos0(1 


+ c (3 
+ [a(1 


x) +8 | siné sind, cosy, 


+-[ 3a’(1—2x)+' | sind sind, sing,}, (3.1) 
where x and @ are defined in the last section, 6, is the 
polar angle of s with respect to the electron momentum 
p, and y, is the azimuthal angle of s with respect to 
the plane defined by p and the direction of the muon 
spin. (In defining 6, and ¢,, p is regarded as the polar 
axis.) The quantities a, 8, a’, and #’ are defined by 


, 


a=/gs\?+|gs'|?—|gp|? 


B=|gv|?+| ev’ |?—| ga)? 


; tal * , 
a 2 Im(gs g pP~8P gs); 


B’=2 Im(ga* ev’ —gv*ga’). 

Obviously the best one can expect from the most 
detailed study of the muon decay spectrum is the 
determination of ten coefficients of (3.1), insofar as the 
neutrinos are not observed. This is not enough to 
determine the ten complex coupling constants of the 
Fermi-type interaction (2.2) from experiments. 

In (3.1), the first two terms are proportional to dN, 
and dN_ of (2.5), respectively. Thus these terms do 
not give any information more than that of the longi 
tudinal polarization. The factors cos’(6,/2) and sin’(6,/2) 
can be interpreted in the same manner as in case (e) 
of Sec. 2. 

The last two terms of (3.1) contain the only new 
information derivable from the arbitrary polarization 
(the transverse polarization in particular). Experi 
mental detection of the last term of (3.1) is of particular 
interest since its existence means the violation of the 
time reversibility of the muon decay process. Unfortu 
nately, the Mott scattering cannot be used to observe 


the transverse polarization of such high-energy elec 
trons. Development of methods of detecting the trans- 
verse polarization of high-energy particles would be 


desirable. 


17 The vector 8 gives the direction of the electron spin in its 
rest system 

t Note added in proof.—There is a slight possibility that the 
Maller scattering can be used to detect the transverse polariza 
tion of high-energy electrons. In the relativistic limit, the scatter 
ing cross section of an incident electron polarized in the direc 
tion 6, gy (in its rest system) by an electron at rest (polarized 
in the direction 09, go) is proportional to 1—7/9 cos, cow 

1/9 sinBy sind cos( y+ go), where 6 and 0, are the polar angles of 
spins with respect to the momentum of the incident electron and 
¢ and go are the azimuthal angles with respect to the scattering 
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The electron polarization in the direction s, 
dN (6,,¢4) ~-dN (w—8,, w+ ¢,) 


P , 
AN (6,,¢.) t dN(x- 9,, a+ $e) 


(3.3) 


has a maximum for 
sin6(C?+ D*)§ 
D/C, tand,=4 -, (3.4) 
A+B cosé 


lang, 


which determines the “direction” of the electron spin. 
The corresponding maximum value is given by 


|p | 
|4 max) 


(3.5) 
E+F cos6 


where 
A = —3a'(1—x)+-2b'(3—2x)4+2¢'(3—x), 
B=3a(1—x)—2b(1—2x)—2c(1+-2), 
C=3a(1—x)+2£, 
D= 3a!’ (1—x)+ 2’, 
E=3a(1—x)+2b(3—2x)+2c(3—2), 
F = —3a'(1—x) —2b’(1—2x) — 2c’ (14+). 


The maximum polarization of the electron reaches 
100% under various circumstances. For instance, 
| Pax! Will be 1 for x=1 and any @ if (i) either b, =c, 

B=p' =0 or b.=c_=fB=f'=0, or (ii) c=0 and gyga 

gv'ga’. In both cases, a, and a_ can be chosen arbi- 
trarily. As is seen immediately from (ii), Pmax can be 
100% for «=1 and any @ in the two-component theory 
in which gy ~py', £A ga’ and a=c=0 hold. This 
has been pointed out by Oberall in the particular case 
of real coupling constants.* It must be stressed however 
that | Pinex| 
is not useful to distinguish the two-component theory. 
| Pmex| =1 for any x 
and 6. This occurs, for instance, when (iii) b=c=0 and 
gser=gs gr’, or (iv) a, =b,=c,=0 or a-=b_=c_=0. 
It may be noted that case (iv) is essentially the same 


1 can also occur in other cases and thus 


It is even possible to obtain 


as that discussed under Sec. 2 (f). 


4. TCP THEOREM 


We have so far restricted ourselves to the case of the 


uw —e~ decay. In order to describe the ut—et decay, 
it is convenient to rewrite the Hamiltonian (2.2) in 


terms of the charge conjugate field operators 


¥.° Cy,', Pa =Cy.", 
plane. The scattering of the longitudinally polarized electron is 
described by the first two terms which agrees with the recent 
calculation of A. M. Bincer (to be published). The detection of 
transverse polarization by this method is not easy because of the 
small coefficient of the last term. For lower energies, however, this 
term is not small and may be used as an alternative to the Mott 
scattering 


(4.1) 


AND A. SIRLIN 


where the superscript T means transposition and the 
unitary matrix C has the property 


tig ly JC = —,"; CT= ~=C, C=Ct= —C*. (4.2) 


As is seen easily, this procedure is equivalent to the 
simultaneous substitution 


Vuce)- Wares 
£s°— 83s, 
gp*—gp, 

—gv*—gyv, 
ga*— Ba, 


—gr*—gr, 


—gs8'*— 83’; 
—gr*— gr", 
—gv'*— gy’, 
ga*— 6a’, 
gr *—r', 
applied to the Hamiltonian (2.2). From this, it is easy 
to find the relation between the spectrum dN for the 


ut—et decay and dN of (2.5) or (3.1) for the p>—e 
decay. One thus obtains the equations 


dN ,(0)=dN ,(r—8), 


(4.4) 
for the longitudinal polarization and 


AN ,(0,0.,¢s) =dN ,(x—0, r—0,, 1), (4.5) 
for the polarization in the general direction 8, respec- 
tively. 

It is interesting to notice that the relation (4.4) or 
(4.5) between the spectra of the w~ and yt decays is a 
quite general one and holds only if the interaction 
Hamiltonian is invariant with respect to the product 
of space reflection (P), time reversal (7), and particle- 
antiparticle conjugation (C), Namely, it is just one of 
the consequences of the TCP theorem.'*:’ In order to 
see this clearly, it is convenient to write the general 
u--decay spectrum in the following form: 


dN ~( ‘ot Ci (pe,Ge) (po,@,) + C2(peXee, pP.Xo,) 


' ' (4.6) 
4 ( a(Pe, o.Xo,) +¢ 4 (Pee) +€ 5(Pe,O,), 


which is the most general form insofar as the neutrinos 
are not observed.” The coefficients C; are real functions 
of (p.,p-) and the coupling constants. In the particular 


18 J. Schwinger, Phys. Rev. 82, 914 (1951); 91, 713 (1953); 
G. Liiders, Kgl. Danske Viedenskab. Selskab, Mat.-fys. Medd. 
28, No. 5 (1954); W. Pauli, in Niels Bohr and the Development of 
Physics, edited by W. Pauli (Pergamon Press, London, 1955), 
p 30. 

1 The mass and lifetime equality of particle and antiparticle 
follows from the TCP theorem [see Lee, Oehme, and Yang, Phys. 
Rev. 106, 340 (1957); G. Liiders and B. Zumino, Phys. Rev. 106, 
385 (1957) ]. The angular distribution of e+ in *+—y*—e* decay 
is exactly the same as that of e& in *-—y~—e™ decay if the decay 
interaction is 7;CP-invariant. (See Lee and Yang, reference 3). 
Formulas (4.4) and (4.5) are simple generalizations of this result 
to the electron polarization in muon decay. 

* Formulas (4.6) and (4.8) are given as the density matrices 
for spin states of muon and electron, The polarization spectrum 
in some particular directions can be obtained by taking the 
expectation value with respect to the corresponding state vector. 
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case of the Hamiltonian (2.2), the C; are given by 
Co= §a(1—x)+b(3—2x)+c(3—x2), 
Ci=p.*[fa(1 —x) —b(1— 2x) —c(1+2) ], 
C.= po *[fa(1—x) +8], 
Cs=—pe"[fa’(1—x) +8"), 
Cy= po [—$a’ (1—x) +0'(3— 2x) +c’ (3—x)], 
Cs= pe "[— $a’ (1—x) —b’(1— 2x) —c’ (14+) ]. 


(4.7) 


The first three terms of (4.6) are invariant under 
both P and 7, the term (p,, 0,Xo,) changes sign under 
either P or T, whereas the last two terms change sign 
under P but not 7. Since the operation C simply 
interchanges particles of the process considered with 
corresponding antiparticles, the spectrum for the y* 
decay must be of the form 


dN~C + Ci (pe,Oe) (Pe,M,) + Co PeXGe, p-Xo,) 


+C3(p., o.XG,) 7 C'4( Pp. 9) <{ 's(Pe,Ou), (4.8) 


if the interaction Hamiltonian is invariant under TCP. 
Obviously (4.8) can be obtained from (4.6) by the 
substitution —oa,—e, and —e,—e, which is just what 
the relations (4.4) and (4.5) imply. It is not difficult 
to prove these relations rigorously on the basis of 
transformation properties of field operators under T, 
C, and P. 

No assumption is made in deriving (4.8) from (4.6) 
except for the invariance of the interaction Hamiltonian 
under TCP. Thus Eqs. (4.4) and (4.5) may be checked 
experimentally to see whether weak interactions actu- 
ally satisfy the TCP theorem or not. In the most 
general situation, (4.5) means that (a) the polarization 
of e~ of momentum p emitted by yw polarized in the 
+z direction must be equal and opposite to that of e+ 
of the same momentum p emitted by ut polarized in 
the —z direction. 

Taking account of the fact that the polarization of 
pw in the w~ decay must be equal and opposite to that 
of w* in the wt decay,” one may restate (a) as (b) if 
the production and subsequent depolarization occur in 
the same manner for both «> and ut, e~ and e+ emitted 
in the same solid angle relative to the muon momenlum 
must be polarized in opposite directions. 

Of particular interest experimentally will be the case 
in which the muons are completely depolarized before 
they decay. (c) In this case, formulas (4.6) and (4.8) 
reduce to Cot+-C4(p.o-) and Co—C,4(p.,o.), respectively. 
Thus, insofar as parity is not conserved, e~ and et 
must be oppositely polarized even if the muons are 
not polarized. 

It is emphasized that the experimental verification of 
these statements will not itself help to establish the 
validity of any particular theory. On the other hand, 
if the experiments disagree with any of them, that would 

1 This follows easily from the TCP theorem. See Lee and 
Yang, reference 3. 
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definitely mean that the decay interaction in question 
cannot satisfy some of the assumptions on which the 
TCP theorem is established.” 


5. DISCUSSION 


One of the aims of our present investigation of the 
muon decay is to examine the significance of the two- 
component neutrino theory in the more general scheme 
of the four-component theory with parity-nonconserv- 
ing interactions. In this way, we have seen to what 
extent the predictions of the two-component theory 
can be distinguished from others. 

It is easy to see that arguments of this paper are 
valid even if the muon decay proceeds by the emission 
of both v+% and v+v.¥ (In this case the parameters 
a4, a, etc., in formulas (2.5) and (3.1) must of course 
be replaced by the sums of parameters describing both 
channels of the decay.) Thus, if experiments could not 
be fitted by the formula (2.5) in the case of the longi- 
tudinal polarization and the formula (3.1) in the 
general case, the Fermi-type local Hamiltonian without 
derivative couplings would have to be ruled out in the 
muon decay. 

It is interesting that the TCP theorem predicts such 
detailed correspondence between decays of particles 
and antiparticles as was discussed in Sec. 4. In fact, 
it is so detailed that it provides us with an excellent 
opportunity to test the validity of the TCP theorem.™* 
It will of course depend on the particular interaction 
how the momentum and spin of w~ should be correlated 
in the m decay and whether the electron spectrum 
should be peaked backwards or not with respect to the 
muon momentum in the decay of the polarized muon, 
In the framework of the general four-component neu 
trino theory, however, it is impossible to explain why 
some particular situation is preferred to others 

An interesting feature of the two-component theory 
is that it enables one to predict unambiguously the 
correlation of spin and momentum of the muon if one 
assumes in addition lepton conservation in the r—y—e 
and 6 decays.’ According to this scheme, the spin of 
pt, an antiparticle, emitted in the rt—yt decay must 
be polarized in the direction of its momentum while 


2 Most assumptions of the 7CP theorem are very fundamental 
and hard to dispute. But one assumption, the anticommutativity 
of kinematically independent fermion fields, may not be essential 
(see reference 18). Insofar as the interactions of elementary parti 
cles discovered to date are concerned, this assumption of anti 
commutativity is not necessary for the validity of the TCP 
theorem since it can be replaced by a more general assumption 
about the consistency of the Lagrangian formalism of relativistic 
field theories [see T. Kinoshita, Phys. Rev. 96, 199 (1954) }. On 
the other hand, it is easy to construct a model of the interaction 
that violates the TCP invariance if one assumes the consistency 
of the Lagrangian formalism instead of the anticommutativity of 
different fermion fields. Thus it is not known yet what are the 
necessary and sufficient conditions for the 7CP theorem to hold 

Such a mixture has recently been suggested in the case of the 
two-component neutrino theory by M. H. Friedman, Phys. Rev 
106, 387 (1957). 

* Tt is easy to find relations analogous to (4.5) for other pro 
cesses like Ky2*, Kys*, and K,s* decays 
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the spin of w, a particle, must point in the direction 
opposite to its momentum, This seems to be consistent 
with the present observation. It must be noticed, 
however, that the ~—e decay itself is insensitive to 
which of w* and yo is the particle or antiparticle. 
Another advantage of the two-component theory is 
that it enables us to predict the degree of longitudinal 
polarization of decay electrons if only the cos# depend- 
ence of the spectrum (2.19) is known. This was men- 
tioned in reference 6 and also in the paragraph (f) of 
Sec. 2. It is thus inferred from experimental data that, 
averaged over the angle 6, at least 88% of the electrons 
(or positrons) from the muon decay are polarized 
parallel (antiparallel) to their motion if the two- 
component theory is valid. The polarization of the 
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muon spin at the moment of decay can also be measured 
by looking at the electron polarization.® 

In our discussion, we have neglected completely the 
effect of the electron mass on the decay spectrum. 
Comparison of (2.5) with the exact formula*® shows 
that the formula (2.5) is a quite good approximation 
except at the low-energy end of the spectrum. The 
most important modification to our discussion of the 
muon decay comes from the effect of the radiative 
correction. Some parts of this effect have been studied 
in previous works.‘ But the radiative correction to the 
electron polarization in muon decay has not yet been 


explored. 
2» T. Kinoshita and A. Sirlin (unpublished) 
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The interaction of 5-Bev negative pions with protons has been studied by exposing a 36-atmosphere 
hydrogen-filled diffusion cloud chamber to x” beams from the Berkeley Bevatron. One hundred and thirty 
seven interactions producing charged outgoing particles were observed. Of these, 27 were elastic scattering 
events, 64 were inelastic collisions having two charged outgoing prongs, 39 had four prongs, 3 had six 
prongs, and 4 involved the production and visible decay of heavy unstable particles. The total cross section 
is estimated to be 22.54-2.4 mb. The elastic scattering cross section is 4.74:1.0 mb. The angular distribution 
of the elastic events is consistent with that expected for diffraction scattering from a sphere with radius 
(0.94-0.15) 10-4 cm and opacity 0.6, Analysis of the inelastic events shows that multiple, rather than 
single, pion production is the predominant process occurring at this energy. An average of 2.3 secondary 
pions were produced in the inelastic events. This average multiplicity can be fitted by the Fermi statistical 
theory only by increasing the interaction radius occurring in the theory by 20%. The statistical theory, 
however, fails to account for the rather marked asymmetry found in the c.m. angular distributions of some 
of the particles emitted in inelastic events. A combination of the four observed strange-particle production 
events with 11 similar events obtained in exposures to high-energy neutron and proton beams shows that 
pion emission accompanies strange-particle production in at least 60% of elementary-particle collisions at 
Bevatron energies 


I. INTRODUCTION Investigations of pion-nucleon interactions have 


tended to fall into several categories according to the 
range of pion energy. The many experiments at energies 
up to about 250 Mev have yielded detailed information 
on elastic scattering and could be analyzed in terms of 


HIS paper reports a study of w~-p interactions at 
5 Bev. Some preliminary reports on this experi- 
ment! and on the related cloud chamber experiments on 


n-p and p-p collisions?* at Bevatron energies have 
processes 


already been published. 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission 

t Based on a dissertation submitted by George Maenchen to 
the University of California, Berkeley, in partial satisfaction of 


phase shifts. At higher energies inelastic 
become important and the number of possible angular- 
momentum states increases. Consequently a phase-shift 
analysis is no longer feasible. The energy dependence 
of the total cross section has been measured,‘ and the 


the requirements for the Ph.D. degree 

' Maenchen, Powell, Saphir, and Wright, Phys. Rev. 99, 1619 
(1955); Maenchen, Fowler, Powell, Saphir, and Wright, Phys 
100, 1802 (1955); Fowler, Maenchen, Powell, Saphir, and 
Wright, Phys. Rev. 103, 208 (1956); Maenchen, Fowler, Powell, 
and Wright, Bull. Am. Phys. Soc. Ser. II, 1, 386 (1956). 

* Fowler, Maenchen, Powell Saphir, and Wright, Phys. Rev. 
101, 911 (1956); Holmquist, Fowler, and Powell, Bull. Am. Phys 
Soc. Ser. IT, 1, 392 (1956) 

* Wright, Saphir, Powell, Maenchen, and Fowler, Phys. Rev. 
100, 1802 (1955); Wright, Powell, Maenchen, and Fowler, Bull. 
Am. Phys. Soc. Ser. II, 1, 386 (1956) 


elastic and inelastic processes in the 1- to 1.5-Bev range 
have been studied by use of nuclear emulsions® and 
hydrogen-filled diffusion cloud chambers.® 

Upon successful operation of the Berkeley Bevatron, 


Rev 


4 Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 

®W. D. Walker and J. Crussard, Phys. Rev. 98, 1416 (1955); 
Walker, Hushfar, and Shephard, Phys. Rev. 104, 526 (1956). 

* Kisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 97, 797 (1955). 
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it became possible to extend these measurements to 
considerably higher energies. The total cross section for 
x -p collisions as a function of energy has been meas 
ured,’ and several studies of the interaction of pions in 
emulsion have been made.* 

In the experiment presented here r -p interactions 
were observed in a hydrogen-filled diffusion cloud 
chamber exposed to 4.5- and 5.0-Bev pion beams. ‘The 
experiment is very similar to the Brookhaven cloud 
chamber experiment at 1.4 Bev® except that multiple, 
rather than single, pion production is the predominant 
process occurring at 5 Bev. 

The experiment was intended as a survey of m -p 
interactions at Bevatron energies to provide some 
information on: 


(a) Total cross section and the ratio of elastic to 
inelastic collisions. 

(b) Angular distribution of elastic scattering. If the 
scattering is predominantly diffraction scattering, it 
may yield information concerning the size and opacity 
of the proton. 

(c) Multiplicity of pion production. The relative 
frequencies of single, double, triple, and higher pion 
production could be compared with the predictions of 
the statistical theories of pion production. If the exact 
number of secondary pions in each collision could not 
be determined, owing to the emission of several neutral 
pions, a lower limit could still be’ found from the 
number of charged particles emitted. 

(d) Momentum and angular distributions of second 
ary particles from inelastic collisions. 

(e) Possible correlations between pairs of emitted 
particles. 

(f) Production of heavy unstable particles 


Il. EXPERIMENTAL PROCEDURE AND 
REDUCTION OF OBSERVATIONS 


A. Apparatus 


The observations were made with a diffusion cloud 
chamber filled with hydrogen at a pressure of 35 atmos 
pheres, with methyl! alcohol as condensable vapor. The 
sensitive region of the chamber was approximately 12 
inches in diameter and 2.3 inches high. The chamber 
was operated in a pulsed magnetic field of 21 500 gauss. 
An automatic motor-driven camera was mounted di 
rectly on the cloud chamber 30 inches above the 
sensitive volume. Stereoscopic pairs of photographs of 
the chamber were taken through two 50-mm Leitz 
Summitar lenses, and a third lens viewed a number 


register and an ammeter which indicated the current in 


™N. Frederick Wikner California Radiation 
Laboratory Report UCRL-3639, January, 1957 (unpublished) 

§ J. O. Clarke and J. V. Major, Phil. Mag. 2, 37 (1957); Fry, 
Schneps, and Swami, Phys. Rev. 101, 1526 (1956) ; Schein, Haskin, 
and Glasser, Nuovo cimento 3, 131 (1956). 
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Experimental arrangement 


the magnet. Details of the cloud chamber® and the 


magnet! have been described elsewhere 


B. Pion Beam 


Pion beams of 4.5 and 5.0 Bev/c were used in this 
experiment. ‘The 4.5-Bev/c beam was used in the early 
runs when the maximum proton energy available in the 
Bevatron was 5.75 Bev. When this proton energy was 
raised to 6.2 Bev the pion beam geometry was modified 
slightly to yield 5.0-Bev/c pions. About 75%, of the 
data were obtained in the 5-Bey The 4.5- and 


5.0-Bev/c data have been lumped together 


( beam 


The mesons were produced at a target inside the 
Bevatron and underwent momentum analysis by defle 

tions of 17.6° in the magnetic field of the Bevatron and 
\ 4-foot-long 


Finch 


10.8° in an external analyzing magnet 
steel collimator with an aperture 5 inches wide by 
high was inserted between the Bevatron and the 
analyzing magnet. A plan view of this arrangement is 
shown in Fig, 1. Various 


uranium, and beryllium) were used during the various 


target materials (carbon, 
runs. In most of the runs an additional 6-foot-long steel 
collimator with a vertical aperture of 1 inch and no 
sides was placed between the analyzing magnet and 
the cloud chamber. This collimator limited the height 
of the beam in the chamber but did not contribute to 
Both 


wider at their exit ends to minimize slit 


momentum selection collimators were slightly 
scattering 
The momenta of several groups of beam tracks in 
the cloud chamber were determined by measuring the 
curvatures of the beam tracks with a micrometer-stage 
microscope. ‘The resulting pion-momentum spectra are 
shown in Fig. 2. These measurements yielded momenta 
of 4.49+0.30 and 4.99+0.33 Bev/c, 


certainty of the average momentum in each group is 


where the un 


about +0.05 Bev/c. Pion trajectories were plotted to 


* Elliott, Maenchen, Moulthrop, Oswi and Wright, 
Rev. Sci. Instr. 26, 696 (1955 
”W. M. Powell, Rev. Sci. Instr. 20, 403 (1949 
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Fic. 2. Distributions of measured momenta of r~-beam tracks. 
The dashed lines refer to the early run at a mean pion momentum 
of 4.49 Bev/c. The solid lines represent the distribution from the 
later runs at a mean pion momentum of 4.99 Bev/c 


determine the expected beam momentum, with results 
in excellent agreement with the cloud chamber values. 
The plotted trajectories indicated a momentum spread 
of about +0.25 Bev/c. The somewhat larger momentum 
spread obgerved in the chamber is presumably due to 
errors of measurement, discussed in Sec. II-D, and to 
scattering of pions from the collimators. Because the 
latter effect was ignored in the plotted trajectories, the 
more conservative values found from curvature meas- 
urements in the cloud chamber were used for the pion 
momentum in processing the events. 


C. Scanning 


About 15 500 photographs were obtained. They were 
scanned for deflections or interactions of beam tracks 
and also for V-particle decays. As the total charge of 
the r-p system is zero, all hydrogen events must have 
an even number of emergent prongs, half positive and 
half negative. ‘The events were classified as 2-, 4-, or 
6-prong events. No x~-p collisions resulting in more 
than six charged outgoing particles were observed. Zero- 
prong events were searched for, but because they showed 
no charged outgoing particles it was extremely difficult 
to distinguish them from tracks leaving the sensitive 


region or entering gaps. Only one certain example of 
such an event was found. All the film was scanned at 
least twice and most of it three times. Scanning effi- 
ciencies ée; and é, for two scanners may be defined by 


No. of events found by scanner No. 1, 
n,=e,N = No. of events found by scanner No. 2, 
¢,¢.N = No. of events found by scanners No. 1 and 


No. 2 


ny=e,N 


(where N is the true number of events). We find e;=0.80 
and e¢,=0.90, and a combined efficiency for double 
scanning 1—(1—e,)(1—e,)=0.98. All the film was 
scanned by these two scanners and most of it was 
scanned a third time by a more experienced scanner ; 
the over-all scanning efficiency is probably greater 
than 98%. 
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D. Measurements 


Of the events found by scanning, only those satisfying 
certain selection criteria, described in Sec. III-A, were 
considered for further analysis. The events were meas- 
ured on a stereoscopic projector.'! The projector dupli- 
cates the optical system of the camera and permits the 
reconstruction, in space, of events that occurred within 
the chamber. For each event the film number, x, y, 2 
position of the origin, magnet current, and number of 
prongs were recorded. For each track the following 
information was recorded : 


(a) Radius of curvature p and the estimated uncer- 
tainty +Ap,, —Ap_. The Ap, was generally larger 
than Ap_. Radii were usually measured with ruled 
templates, although occasionally a micrometer-stage 
microscope was used. The uncertainty in p arises from 
an uncertainty in the sagitta. For most tracks the 
sagitta could be measured to +0.05 mm. Abnormally 
dense or diffuse tracks had sagitta uncertainties two to 
five times as large. 

(b) Dip angle a between the track and its projection 
in the horizontal plane, and the estimated uncertainty 
+ Aa. (Typically Aa~1.0°.) 

(c) Azimuthal angle 6 between the horizontal pro- 
jection of the track and the direction of the pion beam 
and the estimated uncertainty of 8. Typically A8~0.5°. 

(d) The estimated ionization density dE/dx and its 
uncertainty. 

(e) The visible length of the track. 

(f) The height and horizontal distance from the 
magnet centerline of the center of the track (for deter- 
mining the effective magnetic field). 

(g) Identification of the track. When the momentum 
and ionization of a positive track were such as to 
definitely identify it as a pion or a proton this fact was 
noted. All negative tracks were assumed to be pions. 


In order to eliminate gross measurement errors, each 
event was independently measured at least twice. The 
results were then compared, and if a discrepancy was 
found the event was remeasured. If the agreement was 
satisfactory, either the measurements were averaged 
or the measurement by the most experienced person was 
used. From a comparison of repeated measurements on 
a sample of about 50 tracks it was found that the 
estimated uncertainties mentioned above correspond to 
approximately 1.25 standard deviations for angle meas- 
urements and 1.5 standard deviations for radius-of- 
curvature measurements, '* 

The accuracy of momentum measurements is in- 
versely proportional to the momentum. The incident- 
pion track was therefore the most poorly measured 
track in most events. Consequently the momentum of 


4 Brueckner, Hartsough, Hayward, and Powell, Phys. Rev. 75, 
555 (1949). 

2B. H. Armstrong, University of California Radiation Labora- 
tory Report UCRL-3470, July, 1956 (unpublished). 
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the incident pion was assumed to be that of the average 
beam particle, as determined by the spectrum measure- 
ments described above. 

Errors due to gas motion (as determined from meas- 
urements on beam particles with the magnet turned off) 
were quite small, and contributed a spurious radius of 
curvature that, in the worst cases, was still more than 
50 meters. This error is much smaller than the normal 
measurement uncertainties, and was usually neglected. 
Photographs, taken with the same optical system, of 
ruled grids of straight lines indicated that optical 
distortion was negligible. 


E. Data Reduction and Classification of Events 


In most of the inelastic events one or more neutral 
particles were emitted. These neutral particles carried 
off momentum Py and energy Ey. Information on the 
presence and, in some cases, the number of neutral 
particles may be obtained from the requirement that 
energy and momentum be conserved in the event. In an 
inelastic event having n(=2, 4, or 6) charged outgoing 
particles whose momenta and angles have been meas- 
ured, the mass My of a single neutral particle can be 
calculated by 

My 


Ew 


n 
Py = Py -> P,, 


TABLE I. Classes of events considered in this paper. 


Mass of 
neutral 
particle, 
Mw (Mev 


Number of 

secondary 
Type Charge state* pions, m 
(nO) 0 


Zero-prong 
(n00: - 21 


(not recorded) 
Elastic 2-prong (p—) 


Inelastic : 
2-prong (p—0) 135 
(n 940 
( p 2 A 270 
+ ree y 2 1075 


4-prong (p+ 0 
(p+ 135 
(n-+- 940 
(p+ ove 2 > 270 
(n4 vee > 1075 


(p+ 7 135 
(n-+ 5 940 


6-prong 


* The notation (p—00---) means that one proton, one #™, and two 
neutral pions resulted from the collision, The notation is used to 
indicate the possibility of additional neutral pions. The ordering of the 
pions is of no significance. 
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w+ P—— Pew 4m? + (possible ws) 


—> r+ +N + (possibie w°'s) 
\ 
v 


My 


Fic. 3. Schematic drawing of a typical inelastic 2-prong event 


where Eo, Po are the total energy and momentum of the 
incident r~, M, is the mass of the struck proton, and 
K;, P; are the total energy and momentum of the ith 
outgoing track. A typical inelastic event is shown 
schematically in Fig. 3. The missing energy, /y, de- 
pends on the masses chosen for the charged outgoing 
particles. These were all assumed to be pions, with the 
reservation that one positive track could be a proton, 
The possibility that some of the outgoing tracks might 
be K particles or hyperons was ignored except in the 
very few cases in which visible decays occurred. In 
about half of the events the positive prongs could be 
identified as protons or pions by ionization or, in a few 
cases, by the fact that a proton cannot be emitted from 
inelastic events at angles greater than about 80°. When 
such an identification could not be made the neutral 
mass was calculated for all the possible mass com- 
binations. 

The magnitude of My furnishes a clue to the number 
of neutral particles emerging from a collision but does 
not, in most cases, specify this number uniquely. Table I 
lists the types of events that can, in principle, be 
recognized, For example, an inelastic 2-prong event 
having an identified proton may have one or more 
neutral pions. If My=135 Mev or can be brought to 
this value by adjusting the angle and momentum meas 
urements within their errors, then (p—Q) is a possible 
interpretation of the event. If My cannot be increased 
above 270 Mev then (p 
In this case the adjusted values of momenta and angles 


(Q) is the only possible reaction. 


that gave My exactly equal to 135 Mev are used in the 
momentum and angular distributions in Sec. III-D. 
If, on the other hand, My cannot be reduced below 
270 Mev, then two or more neutral pions were emitted : 
(p—O0---). Two neutral particles of mass M, and M, 
and total energy FE, and £, can yield any value of My 
between (M,+M2) and (£,+£,) 
value of My does not permit us to determine the exact 


Therefore a large 
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number of neutral particles. For instance, a value of 
My =600 Mev could be due to 2, 3, 

In the Brookhaven study of 1.4-Bev mr -p collisions it 
was assumed that the frequency of events involving the 


or 4 pions. 


production of three or more secondary pions was 
negligible. This made it possible, in principle, to 
classify each event uniquely, because any event having 
two charged prongs could have no more than two 
In our experiment, examples of 


neutral particles 


quadruple pion production were observed. Conse 


quently the unique classification of 2-prong (and 
4-prong) events is no longer possible. 

These calculations of My were carried out on an 
IBM 650 computer. When the positive particles were 
not identified the machine tried all combinations con- 
sistent with the number of prongs and the reactions in 
‘Table 1. Thus in a 4-prong event there are three possible 
choices in assigning masses to the measured tracks: 
pt , +p and + 4 per- 


mitted choice the machine calculated Py, Ey, My, and 


For each 


the derivatives of My with respect to all the input 

parameters: Po, Py, Pe, , , Bi, Bo, 

Then, using these derivatives, it used an iterative pro 
gz | 


a, MQ, 
cedure to find the amount of adjustment of the input 
data (within the estimated errors) necessary to bring 
My to values corresponding to the appropriate neutral 
particle. In this adjustment each parameter was varied 
in proportion to its uncertainty. The amount of adjust 
ment 7 is defined by r= |x,—29| /Ax, where «x is any of 
the input parameters, Ax is the estimated uncertainty 
(in the direction of the adjustment), xo is the 
measured value, and x, is the value used in the adjusted 
solution. The maximum and minimum values of My, 
+1, were also calculated. The 


ol x 


corresponding to 7 
magnitude of 7 served as a measure of the probability 
that the corresponding adjusted solution is indeed the 
correct one. For example, an event having an un 
adjusted (r=0) My=1 Bev and requiring a r of —0.95 
to fit the (p—O) reaction would be classed as (p—00-- -), 
because an adjustment of all the input parameters by 
95% of their errors is extremely improbable. 

In most events, however, the main variation in My is 
generally due to only a few of the input parameters 
(usually the momenta). Although all the measured 
quantities were adjusted, some had such small errors 
(or small 0My/dx) that almost the same adjustment of 
only a few parameters would have yielded the same 
value of My. Consequently the probability that a given 
adjustment is the correct one depends not only on r but 
also on the number of input parameters that strongly 
affect My. ‘This number is much smaller than the total 
number of input parameters, and is usually 2, 3, or 4. 
Since the estimated errors of the momentum measure- 
ments correspond to about 1.5 standard deviations, an 
adjustment of two momenta by 65° of their errors 


corresponds to a probability of about 5%. A 65% 


adjustment of three parameters yields a probability of 
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only 0.3%. Therefore only those adjusted solutions 
having r <0.65 were considered as valid possibilities. 
For each solution, adjusted or unadjusted, the 
machine also calculated the laboratory polar angles 6 
and @, the c.m. (center-of-mass) angle 6*, and the c.m. 
momentum p* for each particle, as well as Q values and 
c.m. correlation angles between all pairs of particles. 
The average time required for one adjusted solution, 
including calculation of all the c.m. quantities, was 
approximately 2 minutes. 


III. RESULTS AND DISCUSSION 
A. Total Cross Section 


The sensitive region of the chamber had occasional 
insensitive gaps due to local depletion of methanol 
vapor. Because x -p collisions occurring in such gaps 
might be missed in scanning, only those events satisfying 
the following selection criteria were used for finding the 
total cross section: The origin of the event must be 
clearly visible in both stereoscopic views and must be 
located in a well-defined 10-by-10-inch fiducial region 
in the chamber™; the momentum of the incident pion 
must be consistent with the beam momentum, and its 
direction must be within +4° of the average beam 
direction, 

In order to find the total cross section the flux of 
pions must be known. The visible length of beam tracks 
was measured in every 25th picture by use of these same 
selection criteria. The average temperature of the gas 
at the level of 404+-5°C, and the 
average pressure was 519.4 psig. From the average 
track length per picture and the total number of 
pictures taken, the total track length was found to be 
11 600 g/cm® of Hy. Despite the large distance from 
the Bevatron target to the chamber, the high mo- 
mentum (@y~35) yields the rather low calculated yu 


the beam was 


contamination of 5+2% 

A total of 130 events was found under the above 
restrictions. This includes four events involving pro- 
duction of heavy unstable particles. The probability 
that any of these events is due to collisions with 
carbon or oxygen nuclei is considered extremely small. 
Methy] alcohol, which was the condensable vapor in the 
cloud chamber, constituted about 0.1% of the gas 
molecules at the beam level. Carbon or oxygen stars 
should be recognizable as such because of the net 
positive charge of the event of 5 or 7, and because of the 
typical highly ionizing low-momentum prongs. Assum- 
ing a cross section of (60)A! mb, we expect to find two 
r~-alcohol collisions. ‘The three alcohol stars observed 
were easily recognized. 

To find the total cross section the following corrections 
must be applied. The scanning efficiency (Sec. II-C) 


18 Seven additional events with origins near the entrance end 
of the chamber but slightly outside the fiducial region were 
included in the distributions in Secs. III-B through III-E, but 
were not included in the calculation of the total cross section. 
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was estimated at 98°7. The angular distribution of 
III-B) indicated that 8+4 small- 
angle elastic events were missed. This type of missed 


elastic events (Sec. 
event is in addition to the scanning-efficiency correction. 
These corrections yield a cross section for all processes 
involving charged secondary particles of 


Ocharged = 21.142.3 mb. 


The total cross section is slightly larger than this 
because those events in which all the outgoing particles 
are neutral were not recorded. These unrecorded zero 
(nO) 

inelastic 


prong events may be divided into elastic and 
(n00- + +) The number of 
zero-prong events is estimated to be nine (see Sec. III-C). 
This estimate is based on charge-independence con 
siderations and on the number and type of observed 


inelastl events. 


inelastic events. It is somewhat dependent on the 
relative frequency of r~-p interactions in the isotopic 
spin T= 3 and } states. In this experiment, in which 
double and triple pion production is frequent, the 
number of inelastic zero-prong events is small and 
rather insensitive to the T= 3, } mixture. 

The number of charge-exchange (70) events, how 
ever, depends strongly on the relative strength of inter- 
action in these two isotopic spin states.'4 For o,=0, the 
predicted ratio (0): (p—) is 0:1; it is 2:1 for o,=90, 
and 1:2 for o,=0. Assuming for the moment that we 
have o;~o, so that there is very little charge-exchange 


St attering, we find that the total cross section is 
Orotal= 22.5+2.4 mb 


This cross section may be compared with the total cross 
sections at 4.3 Bev/c found by Wikner’ in a good 
geometry attenuation experiment. He finds o(m,p) 

28.7+2.6 mb and o(m , D»0O— H2O) = 23.04+2.6 mb. 
From the latter, one may apply a correction of 542 mb 
for the 4 28+4 mb. 
The near equality of the r -p and mw -n cross sections, 


“shadow effect.’ and find o(m~,n) 


obtained in the same experiment, indicates that oy and 


a, are nearly equal and that consequently the charge 


exchange cross section is very small. A similar result was 
found by Cool et al.4 at 2 Bev/c. Therefore the slightly 
low cross section found in our experiment is presumably 
not due to a failure to count charge-exchange events. 
If, on the other hand, the 6.2-mb difference between 
the total r--p cross sections measured by Wikner and 
by us were due to charge-exchange scattering, then the 
measured elastic III-B) 
would imply that the ratio of the scattering amplitudes 
in the T 


about the same). This ratio would require a m 


cross section of 4.7 mb (Sec. 


3} and $ states is about 14:1 (if the phases are 
n elastic 
cross section of about 32 mb, which is clearly incom 
patible with Wikner’s measured total m -n cross section 
of 28 mb, most of which is probably inelastic. It must 
that these two 


be concluded the difference between 


deHotiman, Mesons and Field 
p 62 


H. A. Bethe and | 
Peterson, and Company, Evanston, 1955), 
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Fic. 4. Center-of-mass angular distribution of elastic events 
measurements of the w -p total cross section is due to 
statistical fluctuations and perhaps to systematic errors, 
and not, in the main, to charge-exchange scattering. 
We have not found any systematic errors that could 
account for this difference. 


B. Elastic Events 


The most easily identified events were the elastic 
scatters. They can be recognized by three independent 
criteria: the incident and outgoing tracks are coplanar, 
the laboratory angles of the outgoing tracks are simply 
related, and the momentum of each outgoing track is 
related to its angle. In practice the last criterion was 
used only as a check, because the angle measurements 
were always more precise than the momentum meas 
urements 

Only 27 elastic events were observed. Their angular 
distribution in the e.m system is shown in lig 4. The 
distribution obviously suggests that the elastic events 
are due to diffraction scattering —which, indeed, is to 
be expected as a consequence of the inelastic inter 
actions.!® Two of the events occurred at large angles 
far outside the diffraction pattern, and are considered 
in the next section 

In this experiment the wavelength of the incident 
pion in the c.m, system is considerably smaller (A~1.4 
10°-' cm) than the size of the proton (=10°" em) as 
defined by the range of nuclear forces or by its spatial 


charge distribution.!® 


One may therefore attempt to 
describe the diffraction scattering by methods com 
monly applied to nuclei.!? The statistics are far too 
poor to justify an attempt to distinguish between 
various proton density distributions, but it is of interest 
to fit the data with the diffraction scattering from a 
uniform opaque or semitransparent sphere of radius R 
Curves of the expected distribution for three values of R 

167. M. Blatt and V. F 
(John Wiley and Sons, Inc 

16. FE, Chambers and R 
(1956) 

7 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949); 
H. A. Bethe and R. R. Wilson, Phys. Rev. 83, 690 (1951) 


Weisskopf, Theoretical Nuclear Physics 
New York, 1952), Chap. VIII 


Hofstadter, Phys. Rev. 103, 1454 
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TABLE II. Comparison of interaction radii found 
by several experiments. 


Interaction 
radius 
(10° em) 


Bombarding 
energy (ab) 


System (Bev) Opacity Reference 


(this 
experiment) 
1.2 0.6 c 
1.0* d 
0.93 0.92 
0.93 0.96 
0.93 0.97 
0.77" 


r-p 5.0 0.9 0.6 


x -p 
p-p 
p-p 
p p 
p-p 
¢ p 

®* Rime radius of region of pure absorption. In addition to this, the data 

appear to indicate a region of potential interaction of rms radius 0.45 
¥10°"% om 

+ Rima radii of the charge and moment distributions. 

© See reference 6 

4W. A. Wenzel (private communication) 

*W. B. Fowler e/ al., Phys. Rev, 103, 1489 (1956), 

t See reference 16 


are shown in Fig. 4. A radius of R= (0.94-0.15) K 10-8 
cm fits the data quite well, and indicates that about 
8+4 small-angle events (corresponding to laboratory 
angles of less than 3°) were missed in scanning the film. 
The cross section has been corrected for these missed 
events, and may be separated into diffraction og=4.7 
mb and reaction ¢,=17.7 mb. This yields an opacity 
o,/"R*? =0.6+-0.2 and an absorption coefficient K = 1.02 
x10" cm=!, and fits Bethe and Wilson’s curve for 
ki A™O (here k, depends on the nuclear potential and \ 
is the mean free path in nuclear matter). The com- 
parisons in Table II show that these values are similar 
to the interaction radii and opacities found in other 
experiments. 


C. Inelastic Events 


Eighty percent of the events were inelastic and in- 
volved pion production. The data-reduction process 
described in Sec. II-E was used to classify these events, 
as far as possible, according to the charge states listed in 
Table I. In about half the events the charge state of the 
nucleon (i.e., whether it was emitted as a proton or as 
a neutron) could not be determined. In ten of these 
events it was possible, however, to determine that two 
or more neutral particles were emitted regardless of the 
charge state of the nucleon, so that some information 
about multiplicity of pion production could be obtained 
although the exact charge state was not known. The 
classification of all events is given in Table III."* 

One of the objectives of the experiment was to obtain 
some information about the relative frequency of single, 
double, triple, and higher pion production. The classifi- 
cations listed in Table III do not provide this informa- 
tion directly because for many events only the lower 
limit of multiplicity can be specified. Thus an event 
classed as (p—00- - -) can involve the production of 2, 3, 
4, or 5 pions. However, by use of the principle of charge 


**One of the events listed in the 4-prong group in Table ITI 
actually had six charged prongs, two of which were electrons. 
These electrons were presumably due to a r°—+e* +e" + decay. 
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independence, information about the multiplicities can 
be obtained from the distribution of the events in 
Table III. Here we assume that the probability of 
observing a system of one nucleon and a given number 
of pions in its various possible charge states is propor- 
tional to the statistical weight” of each charge state. 
These statistical weights are essentially just the Clebsch- 
Gordan coefficients relating the isotopic spin states to 
the various charge states. 

Table IV lists the statistical weights used in analyzing 
the event distribution. It was calculated with the 
assumption ayo, (see Sec. III-A). The statistical 
weights for the inelastic processes are rather insensitive 
to the 3, 4 mixture. The entries in Table IV are the 
normalized probabilities that an event involving the 
production of m pions appear as an m-prong star. For 
example: a double pion-production event has a 28%, 
probability of showing four charged prongs (p+ — —); 
66% of having two charged prongs: (p—O0) or 
(n+ —0); and 6% of showing no charged prongs 
(n000) and thus not being recorded. For every 
(p+ — —) event observed there must be, on the 
average, 66/28 inelastic 2-prong events involving double 
pion production and 6/28 unrecorded zero-prong events. 
These statistical weights may be used to find a set of 
cross sections for various multiplicities of pion produc- 
tion that is consistent with the event distribution shown 
in Table ITI. Unfortunately such a set of cross sections 
is not unique. Consequently several such sets, all of 
them consistent with the data, were calculated, so as to 


Taste III. Classification of events. 


Multi- 
No. of plicity 
events m 


Type Charge state 


Elastic nondif- 
fraction (p—) 2 0 


Inelastic 2-prong (p—O) 3 6 


(n+ ) “ 
uncertain 30 21 
(p—00-++) 8 
+) > 
9 


(s+ —0-- 2 
(p—00---) or (n+ —O-- 


(64 events) 


(p + — —) 

uncertain 

(p+ — —0) 

(n+ + - ) 

uncertain but not 
(p+ — —) 

(n+ + — —0---) 

(p+ — —00---) or 
(n+ + — —0---) 


4-prong 
(39 events) 


(p+ + —- — —) 
uncertain 
(n+ + + 


6-prong 
(3 events) 


_ — —) 


Diffraction elastic (p—)* 
Strange-particle production 


* Corrected for missed small-angle events. 


*R.H. Milburn, Revs. Modern Phys. 27, 1 (1955). 
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give some indication of the variations allowed by the 
data. The following sample calculation illustrates the 
process. 

It is assumed throughout that production of more 
than five pions does not occur, because only three 
6-prong and no 8-prong events were observed. Let n,, 
be the number of collisions in which m new pions were 
produced. Because the number of 6-prong events ob- 
served was 3, we have (0.129)n4+ (0.342)ns=3, that is, 
12.9% of the quadruple pion production events result 
in six charged prongs (see Table IV). We may thus 
choose any trial value of ms between 0 and 9. If we 
choose n,=3, the number of observed 6-prong events 
requires that my=(3—0.342n5)/0.129=15. From ‘Table 
IV we find that (0.543)n5+(0.639)m4=11.2 of the 
4-prong events and (0.112)ms+(0.224)m,=3.7 of the 
2-prong events were due to m4 and ns. Subtracting these 
from the distribution in Table III, one finds a reduced 
distribution which involves only single, double, and 
triple production. One now repeats the process, choosing 
some reasonable value for m3, finding the value of m2 
required to account for all the remaining 4-prong 
events, finding the number of 2-prong events due to 
ny and ng, and finding the value of m; that will account 
for all the remaining inelastic 2-prong events. In all 
cases no= 2/0.556™4, since it must account for the two 
wide-angle elastic events. In this way one can rapidly 


find many sets of m,, that fit the data. Several such sets 
are shown in Fig. 5. The smooth curves in Fig. 5 are 
intended only to guide the eye from one point to the 
next. Some of the sets of points involve a dip at mz or 
at m, and are considered rather unlikely. About 20 sets 
of n,, were calculated, for some of which slight variations 
of the distribution of Table 11] were used to test the 


effect of the statistical uncertainties in the data, 
Although the “curves” for the various sets differed 
greatly in appearance they all yielded nearly the same 
values for the total number of reaction collisions, 
dom Mm=117, and for the average number of pions 
produced per collision, M= om Mtm/ Ym m= 2.3+0.1 
(these numbers do not include the four events involving 
production of heavy unstable particles). The total 
number of reaction collisions indicates that nine reac- 
tion events involving no charged outgoing prongs 
occurred. The total cross section (Sec. III-A) has been 
corrected for these unrecorded events. 


TABLE IV. Probability that m charged prongs emerge from a x~-p 
collision producing m secondary pions. 


No. of 
outgoing 
particles 


No. of new Probability of m charged prongs 


pions, m n=O 2 4 6 


0.444 
0.156 
0.061 
0.021 
0.008 
0.003 


0.556 
0.844 
0.662 
0411 
0.224 
0.112 


0.129 
0.342 


TERACT 


IONS A 


60 








Fic. 5. Three possible sets of multiplicities. Here nm, is the 
number of events in which m secondary pions are produced, The 
solid curves connect sets of points found from the data, The 
dashed curve connects the set of points predicted by the statistical 
theory using a modified radius and normalized to a total of 
117 events. 


Fermi has proposed a statistical theory to describe 
multiple pion production in high-energy collisions.” In 
this theory and its several modifications’! it is 
assumed that the initial interacting particles coalesce 
into a small volume 2 and that this interaction region 
survives long enough to allow all the possible final 
states to reach a statistical equilibrium. Thus the 
probability of observing a particular final state depends 
only upon the total statistical weight of that state. In 
all the statistical theories the assumption of statistical 
equilibrium requires that the angular distribution of 
the emerging particles be symmetric about 90° in the 
I11-D that 
indi 


center-of-mass system. It will be seen in Sec 
some of the distributions are quite asymmetric, 
cating that complete statistical equilibrium was not 
attained in these mw -p collisions. Nevertheless it is of 
interest to calculate the multiplicities predicted by the 
Fermi theory and to compare them with the results of 
this experiment. 

In the Fermi theory the probability that one nucleon 


and m-+-1 pions result from the w--p collision is 


P(m) = const (Q/h*)™*!S(m)T (m)dO/dW. 


Here { is the volume resulting from the Lorentz con 
traction of a spherical interaction volume Qo= (4/3)aR?*. 
In the Fermi theory the interaction radius R is assumed 


to be the Compton wavelength of the pion (Ro=h/pe 

” FE. Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950); Phys 
Rev. 92, 452 (1953); Phys. Rev. 93, 1434 (1954) 

1 J. V. Lepore and R. N. Stuart, Phys Rev 94, 1724 (1954); 
Lepore, Neuman, and Stuart, Phys. Rev. 94, 788 (1954) 

“2S. Z. Belenkii and A. I. Nikishov, J. Exptl. Theoret. Phys 
(U.S.S.R ) 28, 744 (1955) (translation: Soviet Fhys JETP 1, 593 
(1955) ]; A. I. Nikishov, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 
990 (1956) [ translation: Soviet Phys. JETP 3, 783 (1956) ] 
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1.4X10-" cm). Because the predicted multiplicity of 
pion production is a rather sensitive function of R, we 
treat KR as an adjustable parameter. Hence Q2//* may be 


expressed as 
) 4 


Q 1 1 \*4r/hvis R\? R\° 
(oa) 3) Ge) rz) 
h*. y\2nrh 3 Awe Ry Ry 


where y is the Lorentz contraction factor due to the 
proton’s motion in the c.m, system, and py=c=1. The 
factor S(m) takes into account the indistinguishability 
of the pions, where S(m) =1/(m-+-1) !. The isotopic-spin 
weight factor 7'(m) is the number of ways a system of 
one nucleon and m+1 pions can form a state of given 
total isotopic spin. The factor dO/dW is the volume in 
momentum space available to the system subject to the 
conservation of energy and momentum. It was calcu 
lated by means of the saddle-point approximation 
method of Fialho.” This method treats all the particles 
as exact relativistically but does not provide for con- 
servation of angular momentum and conservation of the 
“center of energy.””! Absorbing a corétant factor of 


(2/h* into the constant, we find y 


R 4mm 
P(m)=const(9.117* 10 o-( ) 
Ro 


Table V lists several sets of P(m) corresponding to 
various Choices of R/ Ro. The dependence of the average 
multiplicity, m, upon R/Ro is shown in Fig. 6. The 
experimental value of *#= 2.3 corresponds to R= 1.19Ry 

1.7% 10°" cm. The difference between this value and 
the interaction radius (0.91 10~" cm) found from the 
diffraction pattern of the elastic events may indicate 
that the interaction volume expands somewhat before 
the system breaks up into a group of free particles. The 
1.19 is shown in 


T'(m) dQ 


(m+1)! dit 


set of P(m) corresponding to R/Ro 











R/R, 


Fic. 6. Predicted average multiplicity, m, as a function of the 
ratio of the interaction radius R to the pion Compton wave 
length Ro. 


23 (3. E. A. Fialho, Phys. Rev. 105, 328 (1957) 
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Fig. 5 together with some of the possible experimental 
distributions. 

These results may be compared with the multiplicity 
of meson production in antiproton annihilation. In the 
Antiproton Collaboration Experiment” the annihilation 
of 35 antiprotons was observed. In these events the 
available energy in the c.m. system was very nearly 
the same as in the 5-Bev -p collisions. The average 
number of pions per annihilation was estimated in two 
ways. One method assumes that the average number of 
neutral pions is one-half the average number (2.6) of 
charged pions. A 10% correction for detection efficiency 
was applied and the average number (1.0) of pions 
absorbed was added ; an average multiplicity of 5.3 was 
found. A second method, using energy conservation 
and the average energy of the charged pions, assumes 
that the neutral pions have the same average energy, 
and yields very nearly the same result. A combination 
of these two methods yielded an average multiplicity 
of 5.3+0.4, which is greater than predicted by the 
Fermi statistical theory. In order to raise the predicted 
multiplicity to 5.3, the interaction radius must be 
increased to 2.3 h/yc. 

The inelastic x~-p collisions produced an average of 
2.3 secondary pions in addition to the original pion and 
nucleon, giving a total of 4.3 emitted particles. The 
absence of a nucleon in the annihilation stars may 
account for the difference in the number of emitted 
particles. However, the interaction radius of 2.3 h/ 
required to account for the average multiplicity in 
antiproton annihilation is in marked contrast to the 
radius of 1.2 h/wc found in the 5-Bev w~-p collisions. 
This discrepancy indicates that for one or both of these 
processes the statistical model, as used here, is not a 
valid description. 

A similar calculation has been done by Nikishov,” 
using a radius of 1.4X10~" cm and a modification of 
the Fermi theory to include the possibility of forming a 
J=T=% nuclear isobar. Although the pions were 
treated as extreme relativistic particles in Nikishov’s 
calculation, the results are quite similar to those pre- 
sented here. 


Relative probability of producing m secondary pions 


as predicted by the statistical theory 


PaBLe V 


Number of 
secondary 
pions, m 


(" 0.151 
0.546 
0.266 
0.035 
0.001 
0.000 


P(m 


R/Ro =0.67 1,00 1.19 1,50 2.00 


0.000 
0.008 
0.103 
0.363 
0.389 
0.135 


0.001 
0.053 
0.290 
0.432 
0.195 
0.028 


0.008 
0.159 
0.434 
0.321 
0.072 
0.005 


0.024 
0.284 
0.461 
0.203 
0.027 
0.001 
2.30 2.85 3.54 


m=1,19 1.93 


* Does not include diffraction scattering. 


*“ W. H. Barkas ef al., Phys. Rev. 105, 1037 (1957 
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Fic. 7. Center-of-mass scatter diagrams of protons from in 
elastic 2-prong events (upper) and from 4-prong and 6-prong 
events (lower). Positive particles definitely identified as protons 
are represented by circles (©) and the shaded portion of the 
histograms. Unidentified positive particles (calculated on the 
basis of a proton mass) are represented by crosses ( %) and by 
the unshaded portion of the histograms. 


We have seen that the distribution of the inelastic 


events and the average multiplicity of pion production 
can be fitted by a statistical model with a suitably 
chosen radius. A more sensitive test of the validity of 
the statistical model is found in the angular distribu 
tions described in the next section. 


D. Momentum and Angular Distributions 
of Inelastic Events 


The angular distribution of the elastic events was 
described in Sec. III-B. We now consider the distribu 
tions of momenta and angles of particles emitted in 
inelastic events. The distributions should, in principle, 


INTERACTIONS AT 


n* 


2-PRONG) 


nN 
o 


(INEL 


3 


4N/COS 6” 


(BEV/C) 














+ 


7 
(4-PRONG AND 6-PRONG) 





cos 6” 
(b) 


hic. 8 Center-of-mass scatter diagrams of positive pions trom 
inelastic 2-prong events (upper) and from 4-prong and 6-prong 
events. Positive particles definitely identified as pions are repre 


sented by circles (©) and by the shaded portion of the histo 


‘grams. Unidentified positive particles (calculated on the basis of 


a pion mass) are represented by crosses ( *% ) and by the unshaded 


portions of the histograms 


be plotted separately for each of the various reactions 
Table I. 


statistics result 


listed in Not only would extremely poor 


from such a detailed division of the 
events, but also the results would be strongly biased by 
such a division because events in which the positive 
particles are emitted backwards in the center-of-mass 
system are more likely to be uniquely identified. To 
prevent this bias all the inelastic events were included 
in the plotted distributions, and the only division was 
made on the basis of the number of emitted charged 
partic les 

The distributions are presented in the scatter dia 
grams shown in Figs. 7-11, where momentum is plotted 
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vs angle in the center-of-mass system. Separate histo- 
grams were plotted for high-multiplicity (4 or 6 charged 
prongs) and low-multiplicity (2-prong) events. Although 
the 2-prong group contains events involving production 
of two or more pions, the average multiplicity of the 
group is somewhat lower than that of the 4-prong 
events. In about half of all the events the positive 
particles were not identified as protons or pions. The 
¢.m. momenta and angles were calculated for both 
possible interpretations and included in the appropriate 
scatter diagrams. Consequently some of the unidentified 
tracks in the proton distribution were really pions, and 
vice versa. When an unidentified positive track is 
calculated both as a proton and as a pion the resulting 
c.m, angle of the proton is always greater than that 
of the pion. The slight forward peak in the angular 
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Fic. 9, Center-of-mass scatter diagrams of negative pions from 


inelastic 2-prong events (upper) and from 4-prong and 6-prong 
events (lower). 
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distribution of the positive pions, shown in Fig. 8, may 
therefore be due to protons. However, the backward 
peaks in the proton distributions, shown in Fig. 7, 
consist largely of identified protons. Thus, if the un- 
identified tracks due to pions could be subtracted, 
a strong backward peak would remain. 

In the distributions of negative pions, shown in 
Fig. 9, there is no ambiguity concerning the masses of 
the particles. The angular distributions of #~ from 
2-prong and 4-prong events are markedly different. An 
isotropic distribution is found for ~ from 4-prong 
events, while the negative pions from 2-prong events 
show a sharp forward peak, which may indicate that 
low-multiplicity events involve relatively small mo- 
mentum transfer. Distributions for neutral pions and 
neutrons are shown in Figs. 10 and 11. They are quite 
similar to the distributions of the corresponding charged 
particles but are considered less certain because in most 
events the possibility that two or more neutral particles 
were emitted could not be eliminated. 

These angular distributions furnish a rather sensitive 
test of the validity of the statistical theory of multiple 
pion production. It was shown in the previous section 
that the number of emitted pions could be fitted by 
the statistical model with a suitable choice of inter- 
action volume. However, the assumption of statistical 
equilibrium in the statistical theories requires that the 
angular distributions of the emitted particles be sym- 
metric about 90° in the c.m. system. The strong asym- 
metry shown in Figs. 7 and 9 indicates, therefore, that 
statistical equilibrium is not attained in 5-Bev --p 
collisions. 

The momenta of particles from 2-prong events tend 
to be somewhat higher than the momenta of the 
corresponding particles from 4- and 6-prong events. 
This is consistent with the view that the 2-prong events 
involve relatively low multiplicity and leave more of 
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Fic. 10. Center-of-mass scatter diagram of neutral pions from all 
inelastic events consistent with the emission of a single #°. 
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the available energy for the charged particles. The 
momenta and angles of all charged particles are sum- 
marized in Fig. 12. The average momentum, in the 
c.m, system, of all protons is 736 Mev/c, and that of 
the pions is 537 Mev/c. 


E. Angular Correlations and Q Values 
Between Pairs of Particles 


The Brookhaven experiments on r~-p, n-p, and p-p 
collisions in the 1- to 2-Bev energy range showed rather 
marked angular correlations between certain pairs of 
particles emitted from inelastic events.*:'*.75.* These 
correlations were consistent with a model in which the 
production of pions proceeds via an intermediate ex- 
cited (T= J=}) nucleon state or is influenced by reso- 
nant final-state interactions.”” 

The data of this experiment were examined for corre- 
lations that might yield evidence for similar interactions 
between pairs of emitted particles. Correlation angles 
and relative kinetic energies (Q values) were calculated 
for all pairs of particles emitted from inelastic events. 
The distributions from 2-prong and 4-prong events 
were quite similar and have been lumped together. 
Figure 13 shows the distributions of cos@,, ;* for several 
pairs of particles, where 6,, ;* is the angle in the c.m. 
system between the emitted particles 1 and j. The 
distributions appear rather isotropic except for a 
tendency for some nucleons and pions to be emitted in 
opposite directions. This angular correlation results 
from the asymmetric angular distributions described in 
the preceding section. However, a slight correlation 
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Fic. 11. Center-of-mass scatter diagram of neutrons from 
all inelastic events consistent with the emission of a single 
neutron, 

26 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 

26 W. A. Wallenmeyer, Phys. Rev. 105, 1058 (1957). 

171. C. Peaslee, Phys. Rev. 94, 1085 (1954); 95, 1580 (1954) 
J. S. Kovacs, Phys. Rev. 101, 397 (1956). 
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Fic. 12. Center-of-mass momentum and angular distributions 
of all charged particles from all inelastic events. These histograms 
are the sums of the histograms shown in Figs. 7, 8, and 9 


would be required by momentum conservation, even in 
the absence of these asymmetries, because the average 
c.m. momentum of the protons was found to be 200 
Mev/c greater than that of the pions. The distributions 
involving neutrons are considered much less certain, 
and may be biased, because in most events the possi- 
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hic. 14. Distributions of Q values between various pairs 
of particles from all inelastic events 


bility that two neutral particles were actually emitted 
could not be ruled out 

The distributions of ( values for these same pairs of 
particles are shown in Fig. 14. Like the angular corre 
lations, the Q-value distributions show no dramatic 
effects. If the production of pions proceeds via an 
excited nuclear with T=J=%, the (Q-value 
distributions of the (p,rt) and (n,r~) pairs should 
have a rather strong peak at about 160 Mev corre 


isobar 


sponding to the 3, } pion-nucleon scattering resonance 
The distributions in Fig. 14 are rather broad and do 
not show any sharp peaks. The presence of any resonant 
pion-nucleon or pion-pion interactions might be ex 
pec ted to yield ( distributions of varying shapes The 
similarity of the shapes of all the Q distributions indi 
cates, therefore, that this experiment does not furnish 
pairs of 


evidence for resonant interactions between 


emitted particles 


F. Production of Heavy Unstable Particles 


Only four of the events involved the production and 
visible dec ay of heavy unstable particles. It is quite 
likely that several of the other inelastic events also 
involved the production of strange particles that did not 
decay before leaving the sensitive region of the chamber 
If a K meson of about 300 Mev/c were emitted in such 
an event, it might be recognized by its ionization. In 
two events tracks appearing to be A* mesons were 
indeed observed, but this identification was not suffi- 
ciently certain to justify classifying these events as 
strange-particle production events. 
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In addition to these events, the decay of 103 neutral V 
particles produced by the pion beam in the chamber wall 
was observed. An analysis of these and 109 additional 
wall-produced V° decays from neutron and proton 
beam exposures has been published.!? 

Event A, shown in Fig. 15, is interpreted as the 
associated production of a A° and a K* meson. Tracks 1, 
3, and 4 are identified as a Kt, a proton, and a x 
respectively by their momentum and relative ionization 
(Track 2 is presumably a w~). If Track 1 were a pion 
its ionization would be very nearly minimum, and if it 
were a proton its ionization would be 2.5 times that of 
Track 4. Consequently its identification as a K+ seems 
rather certain. This identification is consistent with the 
assignment by Gell-Mann and Pais of strangeness 
S=-—1 for the A° and S=+1 for the Kt.?* Lack of 
energy and momentum balance indicate that one or 
two neutral pions were produced. The event is therefore 
interpreted as 


n +p—>Kt+m-+A°+ (one or two 7°). 
The diiedral angle between the production and decay 


planes of the A° was 28°. The visible length of Track 1, 
the K+ meson, corresponds to a proper time of flight of 


Fic. 15. Event A 
Track 0 is the incident 
and Tracks 3 and 4 are the proton and # 


The most probable interpretation is that 
, Track 1 isa K* meson, Track 2 isan 


from a A® decay 


28M. Gell-Mann, Phys. Rev. 92, 833 (1953); M. Gell-Mann and 
A. Pais, Proceedings of the 1954 Glasgow Conference on Nuclear and 
Veson Physics (Pergamon Press, London, 1955). 
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only 1/40 of a mean life, so that it is not surprising 
that no decay was seen. 

In Event B, shown in Fig. 16, the decay of both 
strange particles was observed. The positive prong 
(Track 2) of the 2-prong event decayed through an 
angle of 5°, and at the very edge of the cloud chamber a 
faint V particle was seen (‘Tracks 3 and 4). Although one 
can assign only lower limits to the momenta of the two 
tracks forming the V, the geometry is incompatible with 
the possibility that this is a A°, but fits a @° of about 
970 Mev/c. The positive unstable particle could be 
either a 2+ or a Kt, since the momentum of its decay 
product is practically unmeasurable. Consequently 
there are two alternative interpretations for this event : 


+ pa +20 -+ (2”), 
oa + Kt+ + (mn). 


Momentum and energy can be balanced by a 7° in the 
first reaction and by a neutron in the second one. The 
estimated ionization of the positive decaying track and 
its short lifetime (~10~" sec) favor its interpretation 


as a >* rather than a Kt. One may note that the @ in 


4 3 2 


Fic. 16. Event B. Track O is the incident z 
Track 2isa K* ora 
are pions from a @ decay 


, Track lisa 
that decays in flight, and Tracks 3 and 4 
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Prack Ois the incident  , Track 1i 
Tracks 3 and 4 are pions 


original a 


hic. 17. Event ¢ 
Track 2 is am, and 
which occurred about 3 mm from the 


from a @ deca 
p collision 


the second reaction must have stranyeness S 


corresponding to a @ 


The most interesting event was Event C, shown in 


lig. 17, in which a 6° was produced together with two 


charged prongs. All the outgoing tracks are about 


20-cm long, and their momenta could be measured to 


s 


within 5%. Track 1 is identified as a proton or a = 


and Track 3 is a wt. Interpretation of Track 1 as a * 


however, results in more missing momentum. than 
missing energy for all permissible adjustments of the 
The # 
has a QV value of 222.64-7.7 Mev and a proper lifetime 
of only 2K10°" se 


of the event is 


measurements, and must therefore be ruled out 


The most probable interpretation 
| | 


r+ pom + pt+P+ (oO 


The presence of the @& 1s indicated by a neutral mass of 
M y= 502_194**! 
ated production of two neutral A’ particles 


Mev, and is consistent with the associ 
ol Oppo ite 
strangeness, according to the Scheme of Gell-Mann and 
Pais event ha 


already been published.! 


A more detailed description of thi 


The last event involving strange-particle production 
and decay was found in an extremely poor picture 
A 4-prong star was observed in which one positive out 
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going particle decayed in flight. The momentum and 
angle of decay were definitely too large to be consistent 
with a w-~ decay. The momenta of the other three 
tracks could not be measured sufficiently well to permit 
further analysis. However, the presence of four charged 
outgoing prongs shows that at least one additional pion 
was emitted together with the heavy unstable particles. 
It is interesting to note that in all these collisions 
pions were produced in addition to the heavy unstable 
particles. If we combine the four events described above 
with two similar events produced by 5.3-Bev p-p col- 
lisions* and nine similar events produced by high- 
energy n-p collisions,’ we find that pions were certainly 
emitted in nine out of the fifteen cases and that all the 
remaining cases are uncertain and may also have in- 
volved pion production. This is not surprising in view 
of the fact that the energy available in the center-of- 
mass system ranged up to 2 Bev. It appears, therefore, 
that strange-particle production without accompanying 
pion production is quite improbable in elementary- 
particle collisions at these energies,” in contrast to the 
results at 1.4 Bev,” where all the strange-particle pro- 
duction events were interpreted as r+ p—-Y+K. 


IV. SUMMARY 


The analysis of 137 events resulting in charged out- 
going particles shows that inelastic collisions involving 


production of one or more secondary pions are the pre- 
dominant processes occurring at 5 Bev (80% of all 
collisions that result in charged particles). Eight ex- 
amples of production of four or more secondary pions 
were observed. The cross section for all processes re- 
sulting in charged particles is 21.14 2.3 mb. An estimate 
of the number of unrecorded zero-prong events yields 
a total cross section of 22.542.4 mb. 

The elastic-scattering cross section is 4.7+1.0 mb. 
Nearly all the elastic events occurred at small angles 
(less than 9° lab) and were due to diffraction scattering. 
The diffraction pattern indicates that the region of 
interaction has a radius of (0.9+-0.15)10~-" cm and 
an opacity of about 0.6. 

The relative frequency of events involving production 
of different numbers of secondary pions could not be 
uniquely determined because of the many possible 
reactions and the measurement uncertainties. The ob- 
served distribution of the various types of inelastic 


*™W. KB. Fowler, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1956) 

*” Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 98, 
121 (1955) 
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events nevertheless yields a rather definite value of 2.3 
for the average number of secondary pions per inelastic 
event. This average multiplicity is greater than that 
predicted by the Fermi statistical theory of multiple 
pion production. The predicted average multiplicity 
can, however, be raised to 2.3 if the interaction radius 
occurring in the theory is raised to 1.7 10~" cm. The 
resulting predicted distribution of events of different 
pion multiplicities is entirely consistent with the ob- 
served distribution of events. This average multiplicity 
and its corresponding interaction radius differ rather 
strongly from the corresponding values found in anti- 
proton annihilation in which the available energy is 
very nearly the same as in this experiment. 

Some of the angular distributions of the emitted 
particles are quite inconsistent with the statistical 
model’s basic assumption of statistical equilibrium. 
Negative pions from low-multiplicity events are most 
frequently emitted in the forward direction in the c.m. 
system and the angular distribution of nucleons from 
all events has a strong backward peak. The observation 
that the distributions are not symmetric about 90° in 
the c.m. system is therefore interpreted as evidence 
that complete statistical equilibrium was not attained 
in these collisions. 

Angular correlations and Q values were examined for 
possible evidence of interactions between pairs of 
emitted particles. The distributions of correlation angles 
were essentially isotropic. The Q-value distributions 
were rather broad, and showed no striking effects. 

Four events involved the production and visible 
decay of heavy unstable particles. All four are con- 
sistent with the scheme of Gell-Mann and Pais. One of 
the events is interpreted as the production of a 6°, & 
pair. One or more pions were emitted in each of these 
four events. The combination of these four events with 
11 others resulting from high-energy p-p and n-p 
collisions shows that pion production accompanies the 
production of strange particles in at least 60% of 
elementary-particle collisions at Bevatron energies. 
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In a systematic study of 18 000 pictures taken at the Cosmotron 
with the Yale diffusion cloud chamber, two A® decays were found 
having origin in a lead plate at the upstream edge of the chamber. 
With corrections for the geometric efficiency of the chamber and 
for the scanning efficiency, this leads to an upper limit of approxi 
mately 8 mb per lead nucleus for the production of A® particles, 

Thirty-seven nuclear interactions, found in the methane gas of 
the chamber, indicate a cross section of 155445 mb for star 
production in carbon. A two-dimensional Monte Carlo calculation 
of the internal pion-nucleon cascade in carbon was carried out 
for 45 events. Computed values for the r*/~ ratio and for the 
number of emerging charged: pions per event are compared with 
those for the experimental carbon stars. It is concluded that the 


INTRODUCTION 


ARLIER work with cosmic 

Cosmotron? on the production of A® and 6° 
particles indicated that such production in proton- 
nucleus collisions might well be considerably less than 
in pion-nucleus collisions. And indeed only very few 
examples of hyperon production in single nucleon- 
nucleon collisions have been observed.’ * But even if 


rays' and at the 


production in nucleon-nucleon collisions did not occur 
at all, production in the case of nucleon-nucleus 
collisions could still proceed by another, indirect pro- 
cess. If the interaction between a high-energy nucleon 
and a nucleus is assumed to proceed, as discussed by 
Serber,® as a series of individual collisions between 
elementary particles, then pions produced in nucleon- 
nucleon collisions within the nucleus may carry sufh- 
cient energy to produce hyperons in subsequent internal 
collisions within the same nucleus. 

In this experiment we undertook to measure the 
cross section for A° production per lead nucleus for 
incident protons of about 2.5 Bev and to compare 
these results with those obtained by the Columbia 


* Supported in part by the U. S. Atomic Energy Commission. 

{ Based on work submitted to the Faculty of the Graduate 
School of Yale University in partial fulfillment of the require 
ments for the degree of Doctor of Philosophy. 

} Dupont Predoctoral Fellow. Now at the National Bureau of 
Standards. 

1W. D. Walker and N. M. Duller, Phys. Rev. 90, 320 (1953); 
Fretter, May, and Nakada, Phys. Rev. 89, 168 (1953); Bridge, 
Peyrou, Rossi, and Safford, Phys. Rev. 91, 362 (1953). 

2 Walker, Preston, Fowler, and Kraybill, Phys. Rev. 97, 1086 
(1955). See also Cookson, Bowen, Tagliaferri, Werbrouck, and 
Moore, Bull. Am. Phys. Soc. Ser. II, 2, 19 (1957) ; and Blumenfeld, 
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Monte Carlo calculation exaggerates the cascade and thus pro 
vides an upper limit to the multiplicity of cascade-induced 
events. A lower limit is provided by considering only the first 
collision of each Monte Carlo event. A count of the Monte Carlo 
fast internal pion collisions for which the production of a hyperon 
is energetically possible leads to an upper limit of 0.7 mb and a 
lower limit of 0.1 mb per carbon nucleus for A® production via 
the intermediate pion mechanism. Correction by Jastrow’s lead 
to-carbon production ratio yields Monte Carlo cross sections for 
lead which indicate that this mechanism may dominate over 
production in direct collisions between the incoming proton and 
internal nucleons, 


cloud chamber group for production by 1.9-Bev pions.° 
If one assumes the usual associated-particle modes of 
production, these energies are about twice the threshold 
energy in each case. 

A Monte Carlo calculation of the pion- 
nucleon cascade in was carried for 45 
events in order to estimate the indirect production 


internal 
carbon out 


cross sections for A® particles in both carbon and lead. 


EXPERIMENTAL PROCEDURE 


The experiment was carried out at the Brookhaven 
Cosmotron with a diffusion cloud chamber’ of sensitive 
layer 25255 cm in a magnetic field of S000 gauss. 
The external proton beam was obtained by shorting 
the pole face winding in one quadrant of the Cosmotron, 
causing the circulating beam to “blow up” after it 
reached 3 Bev. It was brought out by means of a 3X1 
inch channel through 12 feet of Cosmotron shielding, 
was deflected 3.4 degrees by a steering magnet, and 
finally entered the cloud chamber ninety feet from 
the shielding. When operating at about 1/1000 of full 
machine intensity, a proton beam was available with 
low background and nearly optimum beam intensity. 
The horizontal spread of this beam was two or three 
feet at the cloud Measurements with a 
current-carrying wire allowed a determination of the 
magnet current needed to steer protons of the full 
energy into the chamber. The small deflection angle 
allowed entrance to particles over a considerable range 
of momentum. The current was set so that only those 
particles having momenta between the full beam mo 
mentum of 3.8 Bev/c and a minimum of 3.0 Bev/c 
could enter the chamber. With this current setting no 
pions from inside the shielding could reach the chamber 
without scattering. The small solid angle subtended by 


chamber. 


* Blumenfeld, Booth, Lederman, and Chinowsky, Phys. Rev 
98, 1203 (1956); and Bull. Am. Phys. Soc. Ser. II, 1, 63 (1956) 

7 Designed by T. W. Morris, Yale Ph.D. thesis, 1955 
(unpublished). 
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the cloud chamber then precluded any appreciable pion 
contamination of the beam. 

The beam entered the chamber through a re-entrant 
window designed to allow easy placement of a lead or 
carbon plate at the edge of the camera’s field of view 
with minimum disruption of the sensitive layer. In 
order to provide good sensitivity near the re-entrant 
window it was found necessary to provide additional 
cooling at the bottom of the window. This succeeded 
in improving the sensitive layer in this region in spite 
of a downward convection adjacent to the face of the 
re-entrant window. This convection was quite localized 
and did not appreciably affect the stability of the gas 
elsewhere in the sensitive region. 

Photographs of the chamber were made directly and 
through two mirrors, mounted one on each side of the 
hole through the magnet yoke. The effect of optical 
distortions on track measured on 
pictures taken with the cloud chamber replaced by a 
series of taut nylon filaments. Corrections determined 
from these measurements were subsequently applied 


curvatures was 


to all momentum measurements. As a check on the 
beam momentum, curvature measurements were made 
on 111 beam tracks in the cloud chamber. When 
corrected for optical distortions, they yield a mean 
momentum of 3.3 Bev/c or a kinetic energy of 2.5 Bev. 


A’ PRODUCTION IN LEAD BY PROTONS 


Of all pictures taken, 17 000 were used for a study 
of neutral V events. Of these, 12 000 were taken with 
a lead plate in the re-entrant window upstream of the 
chamber and 5000 with a similar carbon plate. These 


groups correspond, respectively, to 160.000 and 96 000 
beam protons through the plates. All possible unstable 


particle decays were analyzed according to the pro- 
cedure of Podolanski and Armenteros® to test their 
consistency with A® and @ decay dynamics and were 
also checked for possible consistency with charged A 
and pion decay modes. 

No neutral V events were found in the carbon-plate 
pictures. In the lead-plate pictures, two events were 
definitely identified as the decays of A° particles origin 
ating in the lead plate. A third A° particle seems to 
originate in the wall above the plate; however, origin 
in the plate is not excluded. There were in addition 
one A® (with 6° not excluded) and five other events 
(two A®°, two 6° and one A® or @) with origins in the 
bottom of the chamber. No cases of associated produc- 
tion or charged V decay were observed. 

The over-all efficiency for detecting V decay can be 
treated as a combination of three separate factors: 
The first efficiency of the 
chamber, which depends on the angular and momentum 
distributions of the V particles and on the size and 
shape of the sensitive layer; the second is the loss of 
efficiency resulting from the gap in the sensitive layer 


factor is the geometric 


* J. Podolanski and RK. Armenteros, Phil. Mag. 45, 13 (1954) 
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close to the lead plate; and the final factor is the 
scanning efficiency. 

In order to evaluate reliably the first two efficiency 
factors, a Monte Carlo calculation was made in which 
100 A° particles were assumed to be created at uniformly 
spaced intervals throughout the lead plate, allowing 
for the attenuation of the incident proton beam in the 
plate. The laboratory azimuthal angle and momentum 
of each A® were chosen by random number to fall into 
one of five momentum intervals and one of four 
angular intervals which were weighted according to 
the experimental distributions found by Gayther and 
Butler for A° particles produced by cosmic ray primaries 
averaging between 5 and 10 Bev.’ Only angles less 
than 90° were used in the calculation and a correction 
factor was later introduced to allow for backward pro- 
duction in the laboratory system. The results of the 
Columbia cloud chamber group for the 1.9-Bev beam 
show only four events produced backward in the 
laboratory system in a total of 76 decays from the lead 
plate.’ With correction for the probability of observa- 
tion, this amounts to less than 10% of the total number 
of events or a reduction in geometric efficiency by a 
factor of only 0.9 due to backward production." 

In the next step the polar angle of production of each 
Monte Carlo A°® was chosen at random with uniform 
weighting for all angles. The point of decay was then 
fixed by taking a two-digit random number as the 
value of e~"* and calculating / from this by use of a 
table of the exponential function for the particular 
value of \ associated with the momentum interval 
chosen for the given event. In this manner, 100 intervals 
of the decay distance were available. For each such 
particle, projections were made of the decay point onto 
both the horizontal and the vertical planes containing 
the incident beam proton. Since the position of the 
zero polar angle is completely arbitrary, both projec- 
tions were plotted as projections onto the vertical plane 
in order to double the number of events. Figure 1 
shows this projection for most of the 200 points. The 
thin line indicates the probable extent of the sensitive 
region exclusive of any correction for the gap in the 
sensitive layer near the lead plate. Only 30% of the 
200 points fall within this region. Applying the factor 
of 0.9 for A® particles produced at laboratory angles 
greater than 90°, we obtain a geometric efficiency 
of 25%. 

In order to estimate the loss of efficiency due to the 
gap in the sensitive layer, all points of decay of the 
Monte Carlo A°® events were projected on to the line 


* 1). B. Gayther and C. C. Butler, Phil. Mag. 46, 467 (1955). 

1H. Blumenfeld (private communication). 

" Gayther and Butler (reference 9) find that 41°, of their 
observed decays are produced at laboratory angles greater than 
90°. This does not seem applicable in view of the Columbia 
results quoted above, especially for our case of incident nucleons. 
When one treats internal collisions singly, backward production 
requires higher values of Fermi momentum for nucleon-nucleon 
than for pion-nucleon collisions. 
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parallel to the beam direction and the density of decays 
along this line was fitted to an exponential with a decay 
parameter 3.9 cm. A series of 148 pictures was chosen 
by a fixed procedure from the whole group of 12 000 
lead-plate pictures. An exponential grid, with the 3.9- 
cm decay parameter, then allowed a quick evaluation 
of the loss in efficiency due to the gap for each of these 
pictures. This procedure together with the requirement 
that an event must be at least 1 cm inside the sensitive 
region to be identifiable, yielded a 60°, residual 
efficiency. 

The scanning efficiency is quite difficult to evaluate 
because of the paucity of events. We know, however, 
that the efficiency for detecting multiprong § stars 
approaches 100% and for detecting two-prong stars is 
approximately 60-80%. On this basis we can conclude 
that the scanning efficiency is most likely > 50%. In 
this connection there is a bias in the detection of decays 
which would affect the estimation of over-all efficiency. 
None of the observed events, including those produced 
in the bottom, decay in a plane having less than a 55° 
dihedral angle (A) with the plane defined by the 
vertical direction and the path of the A® before decay. 
That is, the observed decay planes tend to be hori- 
zontal, indicating a bias against observing events with 
nearly vertical decay planes. Tabulation of the Monte 
Carlo A® decays shows that there is no appreciable 
chamber bias against observing A® events whose pro- 
duction planes are less than 45° from the vertical 


plane. Therefore, this bias, which amounts to as much 
as a factor of two, must be connected with the scanning 
efficiency. If this additional correction factor of two is 
used, then the scanning efficiency (which would then 
be only for events decaying in planes having 45° 


<A: 
under this assumption the net 


9°) would be very probably > 90%. Therefore, 
scanning efficiency 


becomes > 40%, 


Fic. 1, Distribution of Monte Carlo A® decays, projected upon 
a vertical plane parallel to the direction of incident proton beam 
Cross section of diffusion chamber and of target are indicated by 
heavy lines, Outline of sensitive region is depicted by fine lines 
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The lower limit of the over-all efficiency for detecting 
A® decays then becomes 0.26 0.60X 0.40 = 0.06. 

The beam tracks in each of the 12 000 lead plate 
pictures were counted by the scanners. This count was 
rechecked by a special scanning of the series of 148 
pictures mentioned previously. A correction was applied 
for the slightly different criteria for beam tracks used 
in the two cases. An additional correction was needed 
to allow for those beam tracks passing through the 
sensitive layer but above the lead plate. The corrected 
value of the total flux is 127 000 beam protons through 
the 4.3-cm lead plate. As a check, it was shown that 
this flux is consistent with the number of negative, 
high-momentum tracks found emerging from the lead 
target in the set of 148 pictures. The 40 negative 
tracks found in this set correspond to 320 tracks for 
the complete set of lead-plate pictures. If we assume 
that the w,/m™ ratio is not a sensitive function of the 
laboratory angle, then the value of 1.7 from the carbon 
stars of the present experiment (consistent with the 
value of 2 obtained by Yuan and Lindenbaum" for 
beryllium) leads to an estimate of approximately 900 
for the number of pions of both signs produced in our 
lead-plate pictures. This number can be shown to be 
consistent with a total flux of 127000 beam protons 
through the lead plate when allowance is made for the 
plate thickness and for the geometric criteria used in 
making the count of negative tracks 

Using the two definite A® decays and the over-all 
efficiency of 6%, we now obtain a mean interaction 
length for A° production in lead of 16 400 cm or a cross 
section per lead nucleus of approximately 2 mb. Of 
more significance is the upper limit obtained when we 
include the third, less probable A° decay mentioned 
previously, and when the Poisson distribution statistics 
are find that for 
section higher than 8 mb, the probability of obtaining 


considered.” Then we any cross 


three events or less falls below 5%. ‘This upper limit 
amounts to about 0.3% of the geometric cross section 
for lead. The Columbia data indicate a cross section 
for A® production by pions of 1.9 Bev amounting to 
several percent of geometric.® Thus the present experi 
ment indicates that the cross section for the production 
of A® particles by protons on lead nuclei is appreciably 
less than that for incident pions, when the incident 
energies are in each case roughly twice the threshold 


energy 


STARS PRODUCED IN THE GAS OF 
THE CHAMBER 


A total of 37 nuclear interactions in the methane-gas 
found in 18 000 
events by the 


given 


filling of the cloud chamber were 
The 


number of secondaries emitted in each case is 


pictures. classification of these 


in Table I along with the average number of minimum 
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TABLE I. Size distribution of stars produced in carbon by 2.5-Bev protons. 


No. of secondary prongs <2 2 

No. of stars 0 16 

No. of minimumly ionizing 0 1.25 
prongs per star 


tracks per star for each category. The two stars with 
nine secondary prongs represent complete disintegra- 
tion of the struck carbon nucleus with simultaneous 
production of positive and negative pions. Several 
criteria were used in separating the hydrogen and 
carbon events. First of all, any stars with an odd 
number of prongs were automatically excluded as 
hydrogen events. Of the even-pronged events, the three 
with six prongs had four or more dense secondaries 
while the one four-prong event contained no negative 
secondary. These are all thus inconsistent with inter- 
pretation as hydrogen events. Consequently, all the 
stars with more than two prongs are events in carbon. 
The probability is less than 17% that any of the ob- 
served stars were produced in oxygen or nitrogen nuclei 
of the alcohol vapor or residual trace of air in the 
chamber. 

The classification of the sixteen two-prong events is 
more uncertain. However, two of these events are 
characterized by dense blobs at the star center and are 
therefore interpreted as carbon events. The remaining 
two-prong events can be consistently interpreted as 
hydrogen events. The final assignment is then 23 carbon 
and 14 hydrogen events. 

Small-angle elastic events, which would have one 
emerging prong, are not observed at all. As interpreted 
by the theory of Fernbach, Serber, and Taylor such 
scattering would correspond to the diffraction scatter 
ing of the incoming proton wave which would, for 2.5- 
Bev incident protons, be essentially confined to within 
less than 4° of the forward direction in the laboratory 
system. For such small scattering angles and with 
nothing else to distinguish the event, it is not surprising 
that the efficiency of detection is low. 

The scanning efficiency was checked by rescanning 
50% of the pictures. In these rescanned pictures, all 
the events with more than two prongs (12 events) 
were found by both scanners, indicating a high efficiency 
(close to 100%) while for the eight two-prong events 
the efficiencies of the scanners were found to be approxi- 
mately 60% and 80%. Assuming that all two-prong 
stars are equally easy to detect, this means that a 
double scanning would be 85-95% efficient. 

With such a value for the scanning efficiency, the 
corrected ratio of events in carbon to events in hydro- 
gen is essentially the same as the ratios of the geometric 
cross sections. 

In an analysis of the star prongs, eight negative and 
nine positive pions were identified by momentum 
versus ionization. Using a rough extrapolation of the 


“ Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949) 
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pion momentum spectrum found for 2.3-Bev protons 
on beryllium” and assuming w+ of greater than 700 
Mev/c to be indistinguishable from protons, we would 
expect that } to 4 of the rt actually produced have 
not been identified as such. Correction for this leaves 
us with 8a~ and 11+. Another method of making 
this correction (assuming rt and w~ momentum spectra 
to be identical) is to count the fraction of the negative 
pions whose identification could not be accomplished 
on the basis of momentum and ionization alone but 
required recognition of the negative charge. Making a 
similar fractional correction to the number of positive 
pions leaves us with 8 x and 14 +. These numbers of 
pions are based on 20 carbon stars and thus lead to 
values of x+/m~ from 1.4 to 1.8 and pion multiplicities 
of 0.95 to 1.1 charged pions per star. The statistical 
error in the ratio is +0.45 and in the multiplicity, +0.2. 

The following procedure was used to estimate the 
total cross section for star production in carbon. The 
total length of beam tracks was measured in 182 
pictures chosen from the total set at equal intervals. 
By comparing with the number of tracks counted by 
the scanner in the same 182 pictures and with the total 
track count for all 18000 pictures, the total track 
length for all pictures was calculated. When repeated, 
using the track count of another scanner, this procedure 
yielded the same result within 3%. In order to be 
identifiable as a proton-induced star, a segment of 
beam track two centimeters long must be visible up- 
stream of the interaction. With allowance for this 
criterion, the total track length becomes 3.98 X 10° cm. 
The average pressure of the methane was 5.0 psig and 
the mean temperature throughout the sensitive region 
was estimated as —40°C. Table II shows the corres- 
ponding cross sections, subject to various assumptions 
about the scanning efficiencies and classification of 


TasLe II. Comparison of proton-induced carbon and 
hydrogen stars in methane. 


Corrected for scanning efficiency 


Eff. 
(2 prongs) =60% 
iff. 


eff. 
(2 prongs) = 70% 

Raw Eff 
data 


(>2 prongs) =100% (>2 prongs) 90% 


No. of hydrogen 14 20.0 21.7 


events 

No. of 2-prong 2 2.8 5.0 
carbon events 

No. of carbon 21 
events of >2 
prongs 

o (star production 
in carbon) mb 

Ratio of carbon to 1.6 1,19 1.30 
hydrogen events* 


21.0 23.3 


136 +28 141429 167 +31 


« The ratio of carbon to hydrogen events in methane, if one uses geo- 
metric cross sections, would be 1.36. 
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two-prong events. The cross section for star production 
in carbon at 2.5 Bev is then 155+45 mb when both 
statistical and scanning efficiency variations are 
included. 


MONTE CARLO CALCULATION OF THE PION- 
NUCLEON CASCADE IN CARBON 


By making a Monte Carlo calculation to follow the 
cascade produced by a 2.5-Bev proton in carbon, we 
are able, first of all, to compare some of the features of 
the resulting stars (such as wt/m~-ratio and charged- 
pion multiplicity) with those of the experimental stars, 
thus roughly checking the validity of the cascade 
model at these high energies. Moreover, we obtain 
information on the number of fast internal pion 
collisions in which hyperon production is energetically 
possible. This will then allow an estimate of the cross 
section for production of hyperons in proton-nucleus 
collisions via intermediate pions, 

According to the cascade model of Serber® the process 
of star formation takes place in two stages, the first 
(duration ~10~* sec) consisting of a series of single 
nucleon-nucleon and pion-nucleon collisions, in which 
some particles leave the nucleus and the second stage, 
lasting several orders of magnitude longer, during 
which the excitation energy is distributed among the 
nucleons of the nucleus resulting in a rise in the nuclear 
temperature and subsequent boil-off of additional par- 
ticles. The Monte Carlo calculations of Goldberger'® 
for 86-Mev neutrons and Bernardini, Booth, and 
Lindenbaum" for 400-Mev protons, show that in this 
energy region the cascade calculation is consistent with 
experimental results. A general procedure somewhat 
similar to that of Bernardini was used for this present, 
higher energy calculation. For such a calculation to be 
feasible, the following assumptions must be used: (1) 
The nucleus consists of a gas of noninteracting nucleons. 
(2) The de Broglie wavelengths of the particles in- 
volved in the cascade are less than the mean inter- 
nucleon distances, so that a series of individual nucleon- 
nucleon and pion-nucleon collisions can be considered. 
(3) The density of nucleons is uniform within the 
nuclear radius and zero outside. (4) The isotopic spin 
formalism and charge symmetry are correct in their 
application to all interactions. 

In order to simplify the calculation of those collisions 
which result in many secondary particles, the collisions 
were all considered in the laboratory system and the 
Fermi momentum of the target nucleon was neglected. 
If the incident momentum is higher, by a factor of five 
or more, than the Fermi momentum (which is up to 
about 170 Mev/c for carbon'?) we can consider the 
effect of the Fermi momentum on nucleon-nucleon and 
pion-nucleon interactions to be a smearing-out of the 


15M. L. Goldberger, Phys. Rev. 74, 1269 (1948). 

16 Bernardini, Booth, and Lindenbaum, Phys. Rev. 88, 1017 
(1952). 

17 Cladis, Hess, and Moyer, Phys. Rev. 87, 425 (1952) 
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angular and momentum distributions of the secondary 
particles. Such an approximation will hold roughly 
throughout the energy regions where inelastic processes 
are appreciable. Considering the approximations used 
here, these regions were taken to be greater than 350 
Mev for incident nucleons and greater than 400 Mev 
for pions. Following collisions (particularly those of 
pions) to much lower energies than these, without in- 
cluding the Fermi momentum in the dynamics of the 
collisions, is quite crude and may be the weakest 
approximation involved in the calculation. However, 
any collision leaving a nucleon in a final state with a 
momentum less than the Fermi momentum was not 
used in the Monte Carlo calculation. 

A two-dimensional geometry was used in which the 
secondaries from each collision were immediately 
rotated, with the incident direction as an axis, into 
the common plane. The validity of this approximation 
was tested for a nucleon striking the target nucleus 
tangentially. The computation was made on the residual 
path of the scattered nucleon, averaged over all 
angles, under the assumption of an isotropic distribu- 
tion in the center-of-mass system. The resulting mean 
residual path lengths through the nucleus (allowing no 
further interactions) were, in fractions of the nuclear 
diameter (a) 0.21 for the three-dimensional case, (0) 
0.25 for vertical projection onto the reference plane, 
and (c) 0.33 for rotation onto the plane as described 
above. Both methods of mapping the three-dimensional 
event into a two-dimensional representation over- 
estimate the path length for secondary collisions and 
will therefore also overestimate the cascade. Although 
rotation into the reference plane is worse in this respect, 
it was used because of the simplicity in applying the 
experimental distributions. The tangential collision is 
the worst case since as the initial collision is allowed to 
approach the center, the residual path lengths approach 
the nuclear radius in all three cases. 

The radius of the carbon nucleus used in the Monte 
Carlo calculation was determined by fitting a classical 
gray sphere to an absorption cross section of 200 mb 
and to a value of 39 mb taken as an average of the p-p 
and p-n interaction cross sections at 2.5 Bev. The 
calculated value of the radius is not very sensitive to 
the precise value of this latter parameter and varies 
as the square root of the absorption cross section, the 
over-all percentage variation in the calculated radius 
being less than that in the value used for the absorption 
cross section. The radius obtained by this method was 
2.8X10-"% cm for carbon, corresponding to r9=1.23 
X 107" cm. 

The calculation was carried out manually with a 
table of random numbers and with tables giving the 


appropriate weighting factors for each decision. After 
each collision, the paths of the particles were recon- 
structed on paper at the proper angles so that the end 
result was a picture of each cascade process. All 
particles were followed (including neutral pions) until 
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they escaped from the nucleus, were captured, or in 
the case of nucleons, until the energy fell below the 
inelastic threshold. Both nucleons and pions were 
assumed to be captured if their energy fell below 25 
Mev. Forty-five such cascades were calculated. 

The impact parameter of the initial proton was 
chosen by a random number weighted to allow for the 
variation in total cross-sectional area seen by the 
incident particle at different impact parameters 

The momentum of a particle initiating a given 
collision was considered to fall into one of a number of 
momentum intervals, there being seventeen such in- 
tervals for nucleons and ten for pions. The information 
the for each 
momentum interval, (1) a value of the total interaction 
that the 
could be determined ; (2) a percentage breakdown into 


needed to carry out calculation was, 


cross section so mean interaction distance 
elastic scattering and single, double and triple meson 
production; (3) for each of these categories an estimate 
of the relative probabilities of different charge states; 
and finally, (4) the angular distribution in the case of 
elastic scattering, and the angular and momentum 
distributions of both nucleons and pions for the in 
elastic case 

The total 
work of Shapiro, Leavitt, and Chen 


the 
on nucleons and 
Pic ( ioni for 


cross sections were estimated from 


18 


Lindenbaum and Yuan, and Cool and 
pions.” The total interaction cross section of neutral 
pions can be shown by the isotopic-spin formalism to 
be the interaction 


sections 


average of the wt and a cross 
However, the relative contributions of direct 
and charge exchange s¢ attering cannot be uniquely 
determined by such an argument due to the unknown 
phase difference between the scattering through the 
isotopic spin 3 and 4 states. 

The relative cross sections for the different types of 
interactions (elastic scattering, and single, double, and 
triple meson production) were estimated directly from 
the available data2®™ Information on the relative 
probabilities of the different charge states resulting 
form taken the 


sources, where available. Although the data are meager, 


these interactions were from same 


the experimentally observed charge state ratios result- 


103, 211 (1956 
Phys. Rev. 100, 306 
Phys. Soc. Ser. II, 1, 


'* Shapiro, Leavitt, and Chen, Phys. Rev 

YS |. Lindenbaum and L. C. L. Yuan 
(1955): R. Cool and ©. Piccioni, Bull. Am 
173 (1956 

*” Block, Harth, Coceoni, Hart, Fowler, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 103, 1484 (1956); Fowler, Shutt, Thorn 
dike, and Whittemore, Phys. Rev. 103, 1479 (1956); Smith 
McReynolds, and Snow, Phys. Rev 97, 1186 (1955): 96, 1167 
(1955); A. H. Rosenfeld, Phys. Rev. 96, 130 (1954); Fields, 
and Sutton, Bull. Am. Phys. Soc. Ser. II, 1, 71 (1956); 
Stallwood, Fields, Fox, and Kane, Bull. Am. Phys. Soc. Ser. II, 
1, 71 (1956); Fowler, Shutt, Thorndike, and Whittemore, Phys 
Rev. 95, 1026 (1954); W. A. Wallenmeyer, Phys. Rev. 100, 
1255(A) (1955) 

1V P. Kenney, Phys. Rev. 104, 784 (1956); Eisberg, Fowler, 
Lea, Shephard, Shutt, Thorndike, and Whittemore, Phys. Rev 
97. 797 (1955) 

2 Morris, Fowler, and Garrison, Phys. Rev. 103, 1472 (1956). 
See also Batson, Culwick, and Riddiford, Proceedings of the 
Seventh Rochester Conference on High-Energy Physics. 
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ing from ~-nucleon collisions of the same type (e.g., 
all interactions resulting in single-pion production) are 
at present consistent with the use of the Fermi statisti- 
cal weights.” Assuming then that all types of pion- 
are the Fermi 
weights as tabulated by Milburn™ were used for the 


nucleon collisions thus consistent, 
charged pion interactions. 

Kor the 7° interactions, we calculated the Fermi 
weights only in the elastic and single production cases. 
Charge-state weights for double and triple production 
interactions were chosen in such a manner that the 
mean charged meson yield and the ratio r+/r~ were 
close to the average of those for the corresponding 2* 
and mw interactions. Only two charge states were used 
for the triple production since it does not contribute 
much to the total inelastic pion-nucleon cross section. 

These charge-state weights, together with assump- 
tions already made on the relative cross sections for 
elastic and single production, predict that approxi- 
mately 23% of m~-p interactions will go to completely 
neutral states. This is in agreement with the results of 
Shapiro.* 

In treating nucleon-nucleon collisions, experimental 
data were used where available. Although exceptions 
to Fermi statistical weights are known,” they 
were used where experimental data were absent or 
inconclusive. 

In order to determine the angles and momenta of 
the secondary particles in an elastic event, the angle of 
one of the emerging particles was picked by a random 
number with weighting according to the experimental 
angular distribution. The dynamics of the individual 
elastic collision is then, of course, completely and easily 
determined. Rotation of the event into a reference plane 
does not disturb the balance of energy and momentum. 

For the particles emerging from inelastic events, the 
angle vs momentum plots used by the Brookhaven 
group were divided into intervals of 200 Mev/c each 
and 10° each, each of these areas weighted according 
to the number of secondary particles falling into it. 
The laboratory distributions of pions from all different 
charge states and multiplicities were sufficiently similar 
that they were combined to give one inelastic distribu- 
tion for each energy. The same was true for emerging 
nucleons. The angle and momentum of a nucleon or 
pion emerging from an inelastic event were thus chosen 
simultaneously by one random number. Such a pro- 
cedure will obviously construct Monte Carlo events 
whose secondary particles, although having correct 
statistical distribution in angle and momentum and in 
the correlation between angle and momentum, never- 
theless do not add up to conserve momentum or energy 
in a single event. 

A method of restoring the balance of energy and 
momentum by scaling the chosen momenta and adjust- 


ing one or more of the angles was used throughout the 


* KR. H. Milburn, Revs. Modern Phys. 27, 1 (1955). 
* A. Shapiro (private communication). 
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first 17 events (Method A). If, however, the events are 
calculated without the balance of 
energy and momentum in a single event, then the 
average of many events will yield particles distributed 
in angle and momentum in the same manner as those 
of the experimental distribution, whereas by Method A 
distributions This 
method (Method B) was used throughout the remainder 
of the 45 Monte Carlo cascade events. 

Table IIL compares some of the results of the Monte 
Carlo calculation with those values obtained experi- 
mentally in the 37 carbon stars and with those expected 


worrying about 


these were somewhat distorted. 


from a single nucleon-nucleon collision consisting of 
54% p-p and 46% p-n in accordance with the input 
data used in the Monte Carlo calculation. This cor 
responds to the limiting case where only the first 
collision occurs and all secondary particles emerge with 
out further interactions, thus forbidding the develop- 
It will be noted that the effect of 
the internal cascade is to increase the number of pions 
For all 
parameters where a comparison is possible, the experi 
mental values then indicate that the complexity of the 
cascade has been exaggerated by the Monte Carlo 


ment of a cascade 


per event and to decrease the awt/m~ ratio. 


y calculation. 

Several factors were present which would tend to 
bring this about. For example, no corrections were 
made for changes in nuclear density occurring during 
the cascade process as a result of previous collisions. 
Therefore, events in which more then seven nucleons 
emerge are not excluded. Also, as we saw above, the 
method of reduction to a two-dimensional geometry 
overestimates the path in nuclear matter that must be 
traversed by secondary particles. The complexity of 
the cascade is directly related to the ratio of the nuclear 
radius to the interaction 
matter and this ratio is a sensitive inverse function of 


mean distance in nuclear 
the nuclear radius used. Thus a somewhat larger value 
of the radius would have given a reduced cascade effect 

The Monte Carlo events were searched for internal 
pion-nucleon collisions in which the production of a 
hyperon by the reaction r+n~V+K was energetically 
possible. Eleven such collisions were found. In each 
case, the production of a hyperon at zero degrees to 
the pion direction was assumed and its path length 
before emerging from the nucleus was measured. After 
an absorption cross section of 20 mb per nucleon was 


TABLE III. Results of Monte Carlo calculation of pions 
produced by 2.5-Bev protons in carbon. 


Number of emerging Monte Carlo Single 


particles per event cascade collision Experiment 


0.95+0.15 0.63+0.17 
0.914+0.14 0.47 
0.6240.12 0.20 


1.58+0.19 1.4 


0.48 


0.40+0.14 
Minimally ionizing $0.19 
secondaries 

ratio r*/r 


1.53 2.3 1.6 40.45 


PARTICLES IN Pb 


AND C 


TABLE IV. Monte Carlo cross sections (in mb) for 


A° production via intermediate pions 


per carbon nucleus 


Pion from 
initial per 
lisions Sealed from carbon values* 


0.23 12.6 16 
0.13 4.2 1.4 


Reabsorption lead nucleus 


cross section cascade 


Complete 


i) 0.6340.19 
20 mb 0.38+0.12 


® See reference 27 


applied, 6.7 of the 11 hyperons emerged from the 
nucleus. If one assumes a cross section for A° production 


6 


in w-p collisions of 1 mb**: *® out of a total interaction 


cross section of 30 mb, and assumes that half of the 


hyperons were either A®° or 2°, subsequently decaying 
to A’, 


carbon nucleus is 0.63 mb with no reabsorption in 


then the cross section for A°® production per 
cluded (see Table IV). Because of the overestimation 
of the cascade process in the calculation, this must be 
considered an upper limit. 

By taking only the hyperons produced by collisions 
of those fast pions which were generated in the initial 
collisions of the cascade, we obtain a lower limit to the 
number of hyperons indirectly produced. Only four of 
the original eleven hyperons satisfy this condition 
Now, using a 20-mb reabsorption cross section we 
obtain a cross section of 0.13 mb per carbon nucleus for 
the production of A° particles. This will be a minimum 
value unless we allow reabsorption cross sections 
higher than 20 mb 

In order to obtain from this an approximation of the 
cross section per lead nucleus we made use of a calcula 


tion by Jastrow*’ of the ratio of production in lead to 


production in carbon, computed both with 20 mb 


reabsorption and with no reabsorption. The resulting 
lead cross sections (included in ‘Table IV) range from 
a minimum of 1 13 mb 
On the other hand, the experimental results discussed 


mb to a maximum of about 
above assign an upper limit of approximately 8 mb 
and a most probable value of 2 mb to the A® production 
per lead nucleus. We conclude that the intermediate 
2.5-Bev 


protons may dominate over that by direct collisions 


pion mechanism for A® production in Pb by 


between these protons and internal nucleon 
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An emulsion study has been made of r-nucleon interactions at a pion energy of 4.5 Bev. The percentage 
of elastic scattering at this energy seems slightly smaller than at energies slightly above 1.0 Bev. One can 
deduce from this that the range of interaction between x” and proton is greater than 1.0X10™ cm. 

The inelastic interactions resulting in two prongs have been considered in some detail. The angular 
distributions are suggestive of a direct knock out of a pion by the incoming pion. The momentum dis 
tributions obtained recently from diffusion chamber work at Berkeley also seem to support such a model. 
The four- and six-prong events are more complicated. The data from all inelastic interactions indicate the 
nucleons seem to go strongly in the backward direction in the c.m. system. Thus none of the interactions 


seem consistent with the statistical model of pion production 


I. 


I URING the past several years there have been 

several surveys of m-p interactions in the Bev 
range.'* The features of the collisions consists of a 
considerable elastic cross section which amounts to } 
to 4 of the total cross section. The differential elastic 
scattering curve has a characteristic diffraction appear- 
ance at small angles plus a tail extending to higher 
angles. The inelastic collisions in the region previously 
studied have consisted largely of the production of a 
single additional pion. The general features of these 
collisions can be understood by means of the isobar 
model of pion production.®.* There is not very much 
knowledge concerning the production of more than one 
pion. 


Il. 


The data presented here are the result of on-track 
scanning in emulsion. We scanned plates exposed to the 
4.5 Bev w beam at the bevatron. The plates came from 
a pellicle stack consisting of 23, 4 in.X6 in. X600 pw G-5 
emulsions. There was a grid printed on each emulsion 
to facilitate tracing tracks. We have scanned in all 
about 1000 meters of track and found 128 collisions 
which were consistent with being ~-p collisions. Also 
we have found approximately 67 collisions which are 
consistent with being ~-n collisions. The criteria used 
in accepting collisions were very similar to those used 
in the 1.5-Bev work by Walker and Crussard.' The 
sample obtained must be comparable in purity to the 
1.5-Bev work (i.e., one-half of the collisions are free and 
one-half are bound protons). Our scanning efficiency 


* Supported in part by the U. S. Atomic Energy Commission 
and the Wisconsin Alumni Research Foundation 

1W. D. Walker and J. Crussard, Phys. Rev. 98, 1416 (1955). 

? Kisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 97, 797 (1955) 
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must be somewhat lower than in the 1.5-Bev work. 
This is presumably due to the very small average 
deflection of the pions in the collisions. We have a mean 
free path for a hydrogenic collision of about 7.4 meters 
as compared to about 5 meters at 1.5 Bev. An estimate 
of the scanning efficiency by comparing dip angle and 
plane angle distributions as originated by Clarke and 
Major’ gives results which makes the mean free paths 
at 1.5 and 4.5 Bev comparable. Another estimate of 
our scanning efficiency can be made by comparing our 
mean free path for star production with that found by 
Clarke and Major.’ These two estimates of the scanning 
efficiency give close to 75%. A breakdown of our results 
are given in Table I. 

We feel it is necessary to make some corrections to 
these results. The elastic and other two prong inter- 
actions give rise to lightly ionizing products strongly 
peaked in the forward direction. Consequently the 
tendency to scan over these events is considerably 
greater than it is for the less collimated four-prong 
events. We would consequently attribute most of our 
25% inefficiency to missing the two-prong events. The 
results after this correction are given in Table II in 
terms of cross section in millibarns for the various 
reactions. The total cross section taken in order to 


TABLE I. Results of on track scanning 


Type reaction 


+m +p (on free proton) 
> +p (on bound proton) 
> no prongs 

+r +pt+e 

>mt+an-+? 

> 4 prongs 

+ 6 prongs 


—~ + ?8 
+2e~+p+? 

—» 3 prongs (3 fast particles) 
> 5 prongs 


* Deflections of greater than 5° with no other visible prongs. 


7 J. O. Clarke and J. V. Major, Phil. Mag. 2, 37 (1957). 
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compute the cross section for the various reactions was 
28.7 millibarns as measured at Berkeley by Wikner.* 

We also include in Table II a comparison with 
Berkeley diffusion chamber data as recently reported 
by Maenchen.’ We have corrected his data to corre- 
spond to the total cross-section measurement of 
Wikner* by using the charge-exchange cross section as 
measured in emulsion from this report. It is very likely 
that there is considerable scanning inefficiency in the 
diffusion chamber largely caused by missing the two- 
prong interactions. The correction of the diffusion 
chamber data has been made on this basis. 


III. ELASTIC SCATTERING 


We have estimated, on the basis of the number of 
elastic scatterings on free protons, a cross section for 
elastic scattering of 7.5 mb (with large uncertainties). 
The true value of the elastic cross section is probably 
bracketed by these various results. The most probable 
value in the author’s opinion is the corrected diffusion- 
chamber value of 6 mb. 

From the elastic scattering cross section one can 
make deductions about the range of interaction between 
the x’s and protons. There are two means of doing this 
both of which involve using the optical model. One way 
is to compare the shape of the differential elastic-scat- 
tering cross section in the forward direction with that 
calculated for an opaque sphere, or a more sophisticated 
optical-model calculation. This method has several 
drawbacks. The main difficulties are that rather good 
statistics are required (at least the order of 1000 counts) 
and that bias free data at small angles are necessary. 
Neither this work nor that of Maenchen is very useful 
for this type of analysis. At an energy as high as 4.5 Bev 
the latter difficulty seems nearly insuperable. 

The other method that can be used involves calcu- 
lating R, the range of the interaction between the mw and 
proton, from the total cross section on the basis of the 


absorption cross section and the ratio of the diffraction 
to the absorption cross section. This method has 
drawbacks also. If there is any real phase shift scattering 
then unless it can be separated it will give too much 


TaBLe IT. Corrected results from emulsion and 
diffusion chamber work. 


Diffusion chamber 
(corr,) 


Emulsion 
(corr 


+ p + +p 

+p — neutrals 
+p—>a-+pt+e 
tp—ort+ar-+? 
+ p — 4 prongs 

+ p — 6 prongs 


4.5 mb 6.0 mb 
2 mb 

8.5 mb 
&8mb f 


5 mb 


1 mb 


14 mb 


6 mb 


4 mb 


®N. F. Wikner, University of California Radiation Laboratory 
Report UCRL-3659, January, 1957 (unpublished); also Bandtel, 
Bostick, Moyer, Wallace, and Wikner, Phys. Rev. 99, 673 (1955) 

9G. Maenchen, University of California Radiation Laboratory 
Report UCRL-3730, April, 1957 (unpublished) 
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TABLE IIT. Compilation of deduced ranges of interaction 


RX10°" em 
deduced from R shape X 1078 
oa/oa em 


oa(in mb ea(in mb 


0.99+0.1 
1.02+0.1 
1.08+4-0.15 


1.08 4.0.06" 
1.20+0.1¢ 
0.90+0.15¢ 


7.4+1.0° 19+24 
7.0+1.0%° 22+2 
6.0+1.5 2242 


* See reference 10 
»b See reference 1 
¢ See reference 2 
4 See reference 11. 
* See reference 9 


apparent diffraction scattering. We have taken the differ 
ential elastic scattering at 1.3 and 1.5! Bev and con 
sidered only the forward peak to be the diffraction 
scattering. The total cross sections used are those of 
Cool et al." The results of the calculations from both 
methods are given in Table IIT. 

The values of R below 1.0K 10~" are the most suspect 
of the lot. The best value is probably the one deduced 
by Leitner at 1.3 Bev." It seems quite certain that the 
range of interaction between mw and nucleon extends 
somewhat beyond 10°" cm and is somewhat larger 
than the electromagnetic radius of the proton.” This 
seems very sensible if one attributes any size or 
structure to the pion itself..." 


IV. INELASTIC PROCESSES 


We have made studies of the inelastic 
this energy. In using emulsion, one is rather limited as 
to the type of information that one can derive from the 
experiment. If the tracks are slightly above minimum 
it is often possible to identify the partic le by means of 
tracing and grain count; we have identified numerous 


processes at 


protons and a few m’s and even fewer K’s | four probable 
K’s from m-p interactions ]. It was not thought worth 
while to make scattering measurements on the appar 
ently fast particles. Distortion and spurious scattering 
make such measurements of very dubious value. The 


7. Leitner, Ph.D. thesis, Columbia University, 1956 (un 


published) 
il ¢ ool 
BE. E 
(1956 
18 Recently Feinberg and Pomerancuk" have made the observa 


tion that occasionally, at least, one would expect the diffraction 
] 


Piccioni, and Clark, Phys. Rev. 103, 1082 (1956 
Chambers and R. Hofstadter, Phys. Rey. 103, 1454 


scattering to result in an inelastic process. Such a process would 
be analogous to the electromagnetic emission of a photon in the 
course of an otherwise elastic scattering of two charged particle 

According to these authors one would expect the fast pion to 
have an angular distribution very 
that is a diffraction peak in the forward direction 
Experimentally it is difficult or impossible to distinguish such a 
process from a bona fide inelastic collision, One would expect the 
excitation to be small. We would expect then the w* to be strongly 
correlated with the nucleon in which would mean that 
one would find the rt to be slow in the lab tem. There do not 
The effect i prob 
which should not 
diffraction to 


similar to the elastically scat 
tered pions 


direction 
seem to be many w* productions of this type 
ably 
affect our 
inelastic scattering very much 

“MEL. Feinberg and I. P 
4, 652 (1956); see also A. I 
Rev. 106, 1236 (1957) 


less than one millibarn in cross section 


conclusions concerning the ratio of 
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hic. 1, Center-of-mass momentum distribution of protons from 
two prong cases. These results are taken from the emulsion work 
and the diffusion chamber results of Maenchen.® 


two-prong interactions will be discussed first. In ap- 
proximately one-half of these a proton was identified 
This is quite consistent with the diffusion chamber 
results of Maenchen. Figure 1 shows the center-of-mass 
momentum distribution of the identified protons. The 
maximum possible momentum of the proton in the 
center-of-mass system is 1.4 Bev/c. Also in Fig. 1 is the 
histogram taken from the cases of identified protons 
from the two-prong cases found in the diffusion chamber 
work by Maenchen. There may be some discrepancy 
between the two methods because of a tendency to 
“edge” elastic 
with a bound 


classify some of the cases in emulsion as 
collisions. ‘That 
proton. The identification is most difficult when the 
proton from the inelastic scattering has a high mo 
mentum in the center-of-mass system. From a com 


is an elastic collision 


parison of the momentum spectrum of the protons from 


the four-prong cases, probably most of the cases in 
which the momentum of the proton is less than 1 Bev/« 
are examples of multiple meson production (two or more 
m’s produced). There are roughly equal numbers of 
cases in which the proton has momentum of less than 
or greater than 1 Bev/« 

The three-prong events, which must be roughly 
comparable reactions with a neutron, seem to show a 
ratio of more than 2:1 for the number of reactions 
r +n->(3r-+-n+ ?) and (21+ p+ ?) to reactions of the 
type wm +n Dr 


order of } to : 


+p. The best estimate is that the 
of the inelastic two-prong cases are 
single pion production. 

The angular distribution of the various products are 
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shown in Fig. 2. The general feature shown is that the 
nucleons have a very strong tendency to continue to 
move in their original direction and likewise for the 
m~. For the reactions which seem to be of the type 
t +p—nt+a-+n+? the a+ and m seem to show 
features similar to the m~ from the reactions m+ p— 
mw +p+? in that there seem to be relatively few x’s 
in the backward hemisphere. We wish to consider 
primarily single-pion production and consequently 
consider the momentum distribution of the pions going 
strongly forward and the nucleons going strongly 
backward in Fig, 3. These data have been extracted 
from the results of Maenchen.’ The single-pion pro- 


P + w” FROM THE REACTION 
rT+P—1r +P+eP 
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iG. 2. Angular distribution of protons and x’s from 


from two-prong interactions. 


duction cases probably usually occur as a result of 
high-impact-parameter collisions and as a result one 
would expect the products to go forward and backward 
in the center-of-mass system. From these data one can 
make qualitative deductions concerning the high- 
impact-parameter collisions. One thing that seem 
fairly certain is that the isobar model does not seem 
to be very relevant at this energy. If the incoming pion 
excited the nucleon into a 3-} state, then the r would 
lose of the order of 130 Mev/c of its original momentum. 
The secondary pions would be fairly closely correlated 
with the nucleon and would produce a broad spectrum 
extending from about 100 to 650 Mev/c. Thus the x 
spectrum should be something like a line at 1270 Mev/c 
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and a flat spectrum reaching from 100 to 650 Mev/c. 
There appear to be relatively few cases consistent with 
such a picture. The nucleons should show a flat spectrum 
extending from 700 to 1300 Mev/c, and again the data 
are not grossly consistent with such a picture. Figure 4 
shows the distribution of angles between the two pions 
from the two-pion cases from the emulsion work. 
According to the isobar picture the average angle 
should be something the order of 140°, which is defi- 
nitely inconsistent with the data. The data, needless to 
say, are not with the statistical model 
because of the asymmetry in the angular distribution 


consistent 


of the nucleons. 





Fic. 3. Momentum distribution of w’s from two prong inter 
actions which are strongly collimated in the forward direction, 
cosé, 20.9. Momentum distribution of nucleons going strongly in 
the backward direction, cosy 20.9. These data have been 
extracted from the work of Maenchen.® 


The simplest picture that would seem consistent with 
these results is that of a simple knock-out process in 
which the incoming pion materializes one of the pions 


out of the field of the nucleon. One can think of this as 


a pion-pion collision in which the virtual pion is knocked 


out of the nucleons proper field. Such a model was 
proposed by Dyson and Takeda to explain the bump 
in the r -p cross section at 1.0 Bev. Such a model has 
the following qualitative features. 

(1) The primary and secondary pion will tend to have 
equal momenta (approximately one-half the momenta 
of the primary pion). Thus the pion spectrum should 
be peaked at about 700 Mev/c in the c.m. system and 
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lic. 4 


Distribution of angles between w’s from 
two-prong interactions 


should be rather flat although such details depend on 
the angular distribution in the #- c.m. system. 

(2) The nucleon will tend to maintain its original 
direction in the ¢.m If the virtual m is at rest 
at the of collision the 
momentum of about 1.2 Bev /< 

(3) The average angle between the two m’s in the 
m-p c.m. system will be slightly more than 90°, The 


average angle in the lab system will be about 27° 


system 


instant nucleon will have a 


These are again calculated on the assumption that the 
collided m was at rest previous to the collision so that 


the most probable angle is about 0=2/y,, 


where y, 1s 
the y of the m-m center-of-mass system. 
The qualitative difference between this model and the 


isobar model are very extreme. The knock-out model 


A 


Fic. 5. Angular distribution of products from the 
four-prong interactions 
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hic. 6. Center-of-mass momentum distribution of protons from 
the four-prong interactions. The diffusion chamber data were 
taken from the work of Maenchen.*® 


seems to have qualitative features that are consistent 
with the present data. Although we are obviously 
unable to separate the single from the multiple pion 
production cases, although this may not be a drawback. 

Several (6) of the w-n collisions seem particularly 
indicative of such a picture. The proton is found with 
angle and momentum consistent with an elastic collision 
except there are two pions instead of one close to the 
elastic angle for the m,. 

The multiple pion production cases are very difficult 
to analyze and systematize. Figure 5 shows the angular 
distribution of the light tracks and identified protons 
from the 4-prong interactions. The angular distribution 
of the light tracks from the five- and six-prong inter- 
actions seem to be essentially isotropically distributed 
in the center-of-mass system. 

The general feature of these interactions is that the 
nucleons seem to go into the backward hemisphere and 
that the w’s are nearly isotropically distributed. The 
angular distribution of the protons seems to be broader 
and their momenta lower than the protons from the 
two-prong interactions. Figure 6 shows the momentum 
distribution taken from the emulsion work and diffusion 
chamber work. The light tracks seem to show a slight 
peaking in the forward direction in the c.m, system 


which might indicate the presence of the degraded 
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T'S OF DIFFERENT MOMENTA 
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cos Ge 
Fic. 7. Center-of-mass angular distribution of ’s from 4- and 
6-prong interactions according to whether the momentum of the 


m is greater or less than 600 Mev/c. These data were extracted 
from the work of Maenchen.* 


primary. It should be pointed out that we have un- 
doubtedly made some mistakes in identification and 
angle transformation and put some particles that had 
low velocities in the center-of-mass system into the 
forward direction. 

Figure 7 was extracted from the work of Maenchen 
showing that the 2’s of momentum greater than 600 
Mev/c tend to go forward and the rest are distributed 
more or less isotropically in the c.m. system. This result 
supports the result that the nucleons go backward in 
the c.m, system. 

Again it is very difficult to understand these results 
on the basis of the statistical model because of the 
asymmetry of the protons. However, any identified 
protons are necessarily in the backward hemisphere. 
We identified protons in 50% of our 4-prong cases. One 
expects a considerable amount of 3m as well as 2x 
production and consequently a considerable number of 
neutrons produced so that it does not seem likely that 
we have simply called 4 of the protons pions. Our results 
are consistent with the diffusion chamber results. The 
nucleon on the average goes into the backward hemi- 
sphere and high-energy pion into the forward hemi- 
sphere. The low-energy pions seem to be distributed 
more or less isotropically. This sort of result does not 
seem to be consistent with any isobar type model either. 
Since the nucleons seem to go into the backward 
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hemisphere the parent excited nucleon must have been 
going into the backward hemisphere. When the excited 
state decays it should carry a large fraction of its 
progeny with it into the backward hemisphere. As 
pointed out above, however, the low-energy pions are 
more or less isotropically distributed in the r-p center- 
of-mass system. 

The x-m collision type model could presumably ac- 
count for some of the observed features in multiple 
production. 

These collisions seem to show a considerable larger 
momentum change on the part of the nucleon. This 
makes it likely that they are collisions which involve on 
the average smaller impact parameters. The features of 
the pion-pion collision would be more thoroughly lost 
in such a collision because of the more rapid motion of 
the target pion. The difficult things to account for are 
the backward motion of the nucleons in conjunction 
with the near isotropy of the low-energy pions. The 
near isotropy might be accounted for by a combination 
of effects such as direct ejection of pions plus some 
post-collision emission of pions by the nucleon along the 
lines of the excited-nucleon model. 


DISCUSSION 
The results at 4.5 Bev in some respects seem fairly 
coherent with those at the lower energy. The total 
cross sections and absorption cross sections seem to be 
constant in the range from 1.5 to 4.5 Bev.*"' The 


resultant picture is that the nucleon seems to present 
a fairly large (~1.1X10~ cm) and transparent target 
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to the incoming pion. As the author has pointed out 
previously,‘ the pion-pion interaction model can account 
for some of the general features of the cross section and 
range of the m-nucleon interaction. At this energy 
perhaps 7 or 8 mb of the cross section can perhaps be 
accounted for as a direct knock-out process in which a 
pion is ejected directly from the field of the nucleon 
The more multiple processes are more complicated and 
from the limited amount of data no very clear physical 
picture arises. The Fermi statistical model at least as 
originally proposed by Fermi does not seem to be a 
possible mechanism. It is possible that some variation 
of the Fermi model such as that proposed by Bhabha'® 
may account for some of the features observed in these 
multiple processes. The bremsstrahlung type process of 
the Lewis-Oppenheimer-Wouthuysen theory'® does not 
seem to be able to account for the qualitative features 
observed. A model involving the pion-pion interaction 
seems to come closer than any of the others to giving 
qualitative features similar to those observed for the 
multiple processes. 
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Some consequences. of the rigorous invariance under the product of charge conjugation and reflection are 
discussed, The restrictions on the interactions of real boson fields with one spinor field, and of complex boson 
fields with charge symmetric spinor fields are derived and compared with the restrictions implied by invari 
ance under the separate operations. Two selection rules for transitions among such boson fields are given. 


Some possible applications to known particles are mentioned. 


I, INTRODUCTION 


ECENT experiments have shown that neither 
parity’ nor charge conjugation’ are conserved in 
processes involving the emission of neutrinos. It has 
been suggested that the product CP of these quantities 
4 According to the 
Pauli-Liiders theorem,’ the conservation of CP is 


is conserved in these processes. 
equivalent to time-reversal invariance, for interactions 
invariant under proper Lorentz transformations, at 
least within the framwork of the usual local field theory. 
Experimental tests of the invariance under time 
reversal of neutrino processes have been suggested,® 
and information regarding this point may be forth 
coming soon 

In this paper the consequences of the proposed CP 
invariance concerning the interactions of particles will 
be examined, Our major concern will be with the ab 
stract consequences of this invariance and the conditions 
required for its application, without regard to whether 
these conditions are satisfied by the known elementary 
part les 

It is well known that the conservation of P or C 
places some restrictions on the interaction of fields. 
For instance, if parity is conserved, than a real or com 
plex spinless boson field, @, may have either of the 


interactions 


BWotHic., or gbyot+H-., (1) 


with a particular fermion field ¥, but not both simul 
taneously. Alternatively, these restrictions may be 
stated in the form of transitions which are forbidden 
among particles whose transformation properties under 
reflection are already known from some other inter- 
action. An example of this is the statement that if 
parity is conserved, a pseudoscalar particle cannot 
decay into 2 scalar particles. 
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The restrictions in the case of invariance under 
charge conjugation have been treated by, among others, 
Pais and Jost,’ and Pauli.* The results here generally 
refer only to real boson fields and their interactions 
with single spinor fields, although under certain cir- 
cumstances they apply to charged fields as well,’ as 
we shall see. An illustration of a mixing of interactions 
forbidden by charge conjugation invariance is the 
following®: let @ be a real spinless boson field and p 
a spinor field. Then y and @ may interact by 


BwotHic.,, or giby~ootHe., (2) 


but not both. 

If C and P are not conserved, it is to be expected that 
the restrictions mentioned above will not exist. Never- 
theless, it will be shown that the invariance under the 
product operation CP implies somewhat weaker re- 
the interactions. In Sec. II these are 
discussed for real boson fields and in Sec. III for charged 
boson fields whose interactions satisfy the further con- 
IV some of 
the implications of the selection rules will be discussed. 


strictions on 


dition of charge symmetry. Finally, in Sec. 


II. REAL BOSON FIELDS 
A. Conditions on Interactions 


We consider a real boson field interacting with a single 
spinor field y through a linear interaction. The signifi- 
cance of the restriction to real boson fields and to a 
single spinor field is that the operation of C or CP will 
simply multiply the boson field and the quadratic 
Dirac covariants by phase factors. The operations on 
the spinor fields are defined by: 


Ch(x)C1=ep" (x), Pb(x)P™ 


where Cy,C = —y,7. 

The question of a phase factor on the right-hand 
side of Eq. (3) is irrelevant if we consider quadratic 
covariants formed from yw. Table I gives the trans- 
formation property of these covariants under C, P, 
and CP. 

Let us now consider a real spinless field @. If we do 


yw (—x), (3) 


not allow interactions with derivatives of the fermion 
field, then the interaction must be constructed from the 


7A. Pais and R. Jost, Phys. Rev. 87, 871 (1952). 
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first four covariants of Table I, and the quantities ¢, 
d,. The field @ will transform under CP by 


CP (x) (CP) =nd(—x), 
CP0 (x) (CP) "= —nd,(—x), (4 
CP0@(x)(CP)'=ndq(—x), 


where |n|\?=1. 
The interaction will then transform by: 


CPW4¢(CP)"'=nW49, 
CPhywo(CP)*= —nbyoe, 
CPV WI, (CP) = — nb hd, 
CPL v9, (CP) = — by ys. 

Conservation of CP means that the Lagrangian can 
be made invariant under CP by a unique choice of n. 
Thus if CP is to be conserved, such a field may interact 
either by 

Wo, 

or by any combination of 


Vro; Wd; VrurelId, 


but not both classes. 

If the spinor field y undergoes only the kind of 
interaction treated here, the vector coupling Py,yd,o 
can always be transformed away by a unitary trans- 
formation,® and the restriction on interactions then 
becomes the same as if P were conserved, that is, 
scalar interaction does not mix with pseudoscalar or 
pseudovector. 

Consider next a real, spin one, field, ¢,. If we again 
exclude derivatives of the fermion field, the interaction 
must be formed from spinor covariants and ¢,; Fy» 

O,.—Owp,. The latter will transform under CP by 


CP¢;(x)(CP)> 
CP¢.(x)(CP)™ 


n'pi(x) (1=1,2,3), 


(6) 
/ 
n p4(—X), 


TABLE I, Transformation properties of spinor covariants 


POP™ (CP)O(CP)™ 


Ww Ww Ww 
vy vy 
vy vy 
yyw 
brew 
vw 
You 
You 
Vai 
Vysoww 


vy 
vy 

vr 
vr 
vr 
vow 
Vow (t= 
Vy (i,j 


vr 
vy 
Vruvt bruh 


Youw Vouw 


-1,2,3) 
Vysow (i= 1,2,3) 


Vyiouw Vio uw 


Ouvr=lYwYr] 


*F. J. Dyson, Phys. Rev. 73, 929 (1948) 


IMPLIED 


BY CP INVARIANCE 


and 
CPF ,;(x)(CP)“ 
CPF (x) (CP)™ 


n' F ;(—x) 
n'F 4(—x) 
The interactions will then transform by 
Ch Wou(CP) = —n'Vrhony 
CPhyrvho.(CP) = —n'brurbes, 
CPho,WF (CP) n'bo,WF yr, 
CPho wy P (CP) =n pou Fv. 


The interaction can therefore be either a mixture of 

Vv .0o,, Vo,WF,,, and Py,yo,, or it can be 
VouwywF yy. 

This differs from the case when both C and P are con- 
served in that the pseudovector coupling Pyyyou 
could not mix with the vector and tensor coupling when 
both are conserved. For the electromagnetic field A,, 
the additional requirement of gauge invariance elimi 
nates the possibility of a pseudovector coupling and 
therefore CP invariance leads to the same restriction 
as C and P invariance. The experimental indication is 
that both C and P are indeed conserved.! 


B. Selection Rules 


For the purpose of deriving selection rules about 
transitions, we consider a set of real boson fields, whose 
transformation under CP is specified, as for example if 
they have interactions, of the type described in A, whose 
form is known. ‘That is, we assume that the quantities 
n,n’ of Eqs. (4) and (6) are prescribed for all of the 
fields. We further assume that CP? commutes with the 
total Hamiltonian for all the bosons, and all particles 
with which they interact. 

Let N be the number of particles occurring in a 
particular transition, for which n or n’ is negative. 

The S matrix for the transition is constructed from 
P brackets, derivatives, boson field operators which 
annihilate the initial state and create the final state, 
and the invariant tensors 6,), €,0r- Uf all interactions 
are invariant under CP, then so is the S matrix. Upon 
explicit transformation of S by CP we obtain a factor 
of —1 for each field appearing in the initial or final 
1 for 
each €,¢, Which appears in the S matrix, Therefore 


state which is among the AN, and a factor of 


S=CPS(CP) = (—1)4 +98, 


where n(e) is the number of times ¢,,,, appears in the 
S matrix. Thus, for neutral bosons, a transition with 
N-+-n(e) odd is forbidden. (I) 


If m and n’ are prescribed for the fields by interactions 


of the kind discussed, we have 
N=npst+npyt+ny+nr, 


where npg, Npy, Ny, ny are the number of fields con- 





880 G 


cerned in the transitions which undergo pseudoscalar, 
pseudovector, vector, or tensor interactions respec- 
tively. 

The selection rule may then be written 


Npstnpy+ny+nr+nle) odd is forbidden. (Ta) 


This may be compared with the selection rules following 
from separate P invariance: 


npstnpyt+nprt+n(e) odd is forbidden, 


and from separate C invariance: 


ny+nr+npr odd is forbidden. 


The appearance of the quantity n(e) implies that 
one cannot in general determine whether a process is 
forbidden by CP invariance just by looking at the 
intrinsic quantum numbers of the particles involved, 
but rather one must examine the space states involved 
as well, a characteristic which is shared by P invariance. 

There are two simple cases when one can draw 
conclusions about the forbiddenness of transitions from 
I, because no €,,, will appear in S. 

(a) A transition involving 3 real fields, two of which 
are spinless, is forbidden if 


npgtnpy+nyt+nr is odd. (8) 


Thus a PS-field cannot decay into two PS-fields. 

(b) A transition involving 4 real fields, three of 
which are identical spinless fields, is forbidden if (8) 
holds. 

From this it follows that a real S(S) particle cannot 
decay into 3m’. 

In some cases, the selection rule I can be used to 
determine the states involved in a reaction. Thus in 
the decay of a r° into 2 y rays, the selection rule implies 
that if CP is conserved, and the r° has a well-defined 
phase n under CP, the reaction proceeds as if P were 
conserved, in particular, right- and left-handed polar- 
ized photons must occur equally in the decay. 


III. CHARGED FIELDS 


In this section we examine the linear interactions of 
a complex boson field ¢ with two spinor fields yi, pe. 
The operation of C or CP will now not relate the spinor 
covariants or the boson fields to themselves, but rather 
to their Hermitian conjugates, and will relate a process 
to another process in which the charges are changed. 
Because of this, invariance under C or CP will not in 
general lead to restrictions of the kind above, but 
rather to relations among the phases of the coupling 
constants for the several types of interactions.’ Never- 
theless, Pais and Jost have pointed out that the addi- 
tional requirement of charge symmetry is sufficient to 
lead to restrictions of the type derived for neutral fields. 


* For the case of C invariance, see reference 5; for the case of 
CP invariance see reference 3. 
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To see this we write the interaction as 
Lint = WiOWart g*v0vi0*, (9) 
where 0=80+. This interaction is said to be charge- 


symmetric if the transformation 


Vin, Vr, oe", (10) 


Leaves £ invariant.!° We can take e=1 without loss of 
generality. Under this transformation, 


Linc gh ie*+g*ViOve. 
Invariance under charge symmetry then requires 


gtO= 20. 


(11) 


(12) 
The operators O and O will just be related by a factor 
+ 1 where the + sign applies for the scalar and pseudo- 
tensor covariants and the — sign for the pseudoscalar, 
vector, pseudovector, and tensor. If we write O.=nOi, 
where n;= +1, the condition for charge symmetry of 
interaction through a particular invariant O, is 


Bins = gi. (13) 
This condition can be satisfied for any combination of 
interactions by suitable choice of g;. In particular, the 
following interactions in any combination are charge 
symmetric: 
A. gsVwot¥ad"), 
B. igrs(Vivbabt+ brid"), 
ig V (Vivw20 6+ Yr7.410,0"), 
. ig py (Vivuv20 ot+Vrvuvw9 0"), 
igv’ Viv WoaobutVovwid,"), 
igpy’ Vivuy but dour id,"*), 
igr’ (Vio yWok w+ Poul we"), 
H. ger Vise wt bevso ul y*), 
where all the g’s are real. 

Thus charge symmetry already leads to a condition 
on the phases of the coupling constants which as we 
shall see will combine with the condition coming from 
CP invariance to restrict the allowed combination of 
interactions. 

We now apply the operation of CP to the interactions 
A-H, where CP acts as before on the spinor fields, 
and by 

CP$(x)(CP)“'=ng*(—x), 
CP¢,(x) (CP) = —n'o.*(—x), 
CP¢4(x) (CP) =n'o.*(—x), 


(i=1,2,3) (15) 


on the boson fields. 

This transformation has the effect of multiplying 
interaction A by +n, interactions B, C, D by —n, 
interactions E, F, G by —n’ and interaction H by +n’. 

It is also necessary that the free-field Lagrangian and the 


commutation relation be invariant under the transformation (10), 
in order that the transformation be useful. 





SELECTION RULES 
It may be seen from this that invariance under CP leads 
to the same restrictions for charge-symmetric inter- 
actions as it does for the interactions described in Sec. 
II. That is, the requirement of a unique value for n or 
n’ implies that the scalar interaction does not mix with 
the vector, pseudoscalar, or pseudovector interactions 
for a spinless field, and the pseudotensor interaction 
does not mix with the vector, pseudovector, or tensor 
interactions for a spin-one field. 

By applying the operations CP and charge symmetry 
to the S matrix, we can derive a selection rule similar 
to I for transitions involving real boson fields and com- 
plex boson fields with charge-symmetric interactions. 
The selection rule is: 


npstnpy+ny+nrt+n(e)+n(73) 


odd is forbidden, 


(11) 


where mpgs, Npy, Ny, nr, n(e) are defined as before and 
refer to real or complex boson fields. 

n(rz) is the number of real fields whose interaction is 
of the form 


ViVi -P0Od. (16) 


Such fields must transform by 
¢-—¢ 


under the charge-symmetry operation if this interaction 
is to be invariant. 


IV. DISCUSSION 


It should be emphasized that if the Lagrangian is 
invariant under the combination of transformations 
[ (3)+ (4)+ (6) ] or under the combination [ (3)+ (10) 
+ (15) ], the selection rules I and II will apply when- 
ever the phases n, n’ can be determined by any con- 
siderations. It is not necessary that all of the inter- 
actions involved be of the type that have been discussed 
in our consideration of unallowed mixtures. However, 
the same transformation must be applied to all of the 
interactions, For example, the covariants which can 
appear in a hypothetical interaction between A®, 2°, 
and 7° of the form 


Lint= WsOvr'o,4 gtvz>OWrds, 


are not limited by CP invariance, instead there is a 
condition on the relative phases of the coupling con- 
stants. However, if the phase factor in the transforma- 
tion of the r° is determined by the m-nucleon interaction 
and the interaction (17) is made invariant with this 
choice of phase, the selection rule (Ia) will still hold. 
It is clear that this is indeed a property desired of a 
conservation law, i.e., its application should depend 
only on the properties of the initial and final states and 
not on the intermediate details, provided that all of 
these intermediate states do conserve the quantity in 
question. 

There is evidence that the m-nucleon interaction as 
well as other strong interactions involving strange 


(i=1,2,3) (17) 
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particles are invariant under P separately.? However, 
we shall use some of these interactions to illustrate some 
of the consequences of our considerations regarding CP 
invariance, even though stronger restrictions may be 
derived. 

The interaction between mesons and nucleons is 
charge-symmetric in the sense used here. Our con- 
siderations show that the assumption of CP invariance 
is sufficient to exclude mixing of scalar with pseudo- 
scalar or pseudovector coupling. The vector coupling 
may be transformed away to first order in its coupling 
constant. It is perhaps tempting to argue that CP 
invariance is the general rule for interactions, and that 
in special cases, such as the w-nucleon interaction or the 
electromagnetic interaction, there are extra symmetries. 
charge independence and gauge invariance respectively, 
which combine with this to give the effect of separate 
charge conjugation and parity conservation. It does 
not appear that this argument could be extended to the 
strong interactions of the strange particles. The reason 
for this is that charge symmetry in the sense used here 
is not implied by invariance under rotations in isotopic 
space. ‘To see this, we consider the hypothetical ANA 
interaction, which could be written as 


win on™ } gyn Prone, (18) 


where a denotes a spinor index in isotopic spin space 
which is summed over 1 and 2. This interaction is a 
scalar in isotopic spin space, and this satisfies the 


condition usually known as charge independence, 
whatever the reality property of g. However, it is not 
charge-symmetric under exchange of A and N, and 
neither is the free-field Lagrangian, Thus there is no 
restriction on the allowed couplings for this interaction 
and this interaction cannot be used to define a phase for 
the AK-meson field under C or CP. ‘Therefore CP in 
variance and charge independence do not imply P 
invariance for this interaction, which invariance must 
therefore be assumed separately to account for the 
experiments cited by Lee and Yang. Similar consider- 
ations hold for the other strong A interactions, since 
the conservation of strangeness forbids the strong inter- 
action of a K meson with two fields of the same strange- 
ness. This does not imply that the transformation 
properties of the K mesons under CP cannot be deter- 
mined by other conditions, and indeed the work of 
Gell-Mann and Pais" shows that this may be done for 
superpositions of the neutral K mesons. In such a case 
the selection rule (I) will still be applicable to transitions 
involving real neutral mesons. 
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A wave equation for a noninteracting particle with zero mass and arbitrary spin s is given in this paper. 
The Hamiltonian is proportional to the inner product of the momentum and spin operators so that the 
wave function has 2s+-1 components. As an auxiliary condition, solutions with spins not parallel or anti 
parallel to the momentum are discarded, With this condition the theory is Lorentz-covariant. The energy, 


momentum, and angular momentum are defined in terms of expected values of the usual type of displacement 
operator. The specialization s= 4 is the two-component neutrino theory and s=1 gives Maxwell’s equations 


for the photon. 


I, INTRODUCTION 


ECENTLY Lee and Yang,! in their researches on 

parity nonconservation and beta decay, have 
emphasized the importance of Weyl’s* two-component 
neutrino theory. Also it has been shown that Maxwell’s 
equations for the electromagnetic field in vacuum can 
be written in the form of a particle type of wave 
equation.* In each of these two theories the wave 
equation is 


Ho =ihdg/ dl, (1) 


where 


ih¥, and s are the 
angular momentum matrices for spin s equal to § or 1. 
Furthermore the properties of the two 
theories are also parallel. These two facts suggest the 
existence of a general theory for massless particles of 
4,1, 4--+ with the above Hamiltonian. 
The purpose of this paper is to give the details of this 


p is the momentum operator 


reflection 


arbitrary spin s 


theory. 

‘The treatment of the photon differs from that of the 
two-component neutrino in two respects which are 
carried over into the general theory: 1. As an auxiliary 
condition, solutions of the wave equation with spins 
not parallel or antiparallel to the momentum are 
discarded. 2. A distinction is made between the spinor 
components y of the field and the wave function compo 
nents @ which are used to form the energy, momentum, 
and angular momentum from the displacement oper 
ators of the field. For arbitrary spin the relation is 


y= |H/c\*'. (3) 


Both of these differences are necessary to make the 
theory Lorentz-covariant. The first is consistent with 
the fact that only polarizations with or against the 
momentum are permissible for a relativistic particle with 


zero mass.‘ 


* This work was carried out in the Ames Laboratory of the 
U.S. Atomic Energy Commission 

''T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 

2H. Weyl, Z. Physik 56, 330 (1929) 

1R.H. Good, Jr., Phys. Rev. 105, 1914 (1957 

4V. Bargmann and E. P. Wigner, Proc, Natl 
34, 211 (1948) 
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The possibility of constructing such a theory can be 
seen from the general Dirac-Pauli-Fierz discussion® of 
field theories. Their equations are 


OiuGa...¥? MXig...P°"', 


0” y 54..." "* SK y...°F""*” 


where y, x are spinors symmetric in the dotted and 
undotted indices (ranging from 1 to 2) and x is propor- 
tional to the mass. If the mass is zero the system 
permits of only two independent states® and the second 
equation uncouples from the first. Then Eqs. (5) are a 
set of first-order equations which apply to a particle 
with spin s, with a (2s4+-1)-component wave function x, 
and with two independent states. However Eqs. (5) 
cannot be identified with Eq. (1) because they contain 
auxiliary equations. The relationship is illustrated by 
the spin one specialization in which ixxjs corresponds 
to the electromagnetic field and yg,’ to the four-potential. 
Equation (5) gives all four of the Maxwell field equa- 
tions®; the curl equations are Eq. (1) and the divergence 
equations are the auxiliary condition. 


II. BASIC EQUATIONS 


In this section the plane wave solutions of Eq. (1) 
which fulfill the auxiliary condition are given and some 
of their properties are listed. 

The substitution 

g=u expl ih (p-x—Wz) | 
reduces Eq. (1) to the matrix eigenvalue problem 
Wu. (7) 


(c/s) psu 


By specializing to an axis in the direction of p, one sees 
that the auxiliary condition requires 


W=+ Cp. (8) 
The usual representation of the angular momentum 


’ See, for example, H. Umezawa, Quantum F ield Theory (Inter 
science Publishers, Inc., New York, 1956), Chap. IV, Sec. 3 
®(Q, Laporte and G. E. Uhlenbeck, Phys. Rev. 37, 1380 (1931). 
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matrices (with the factor # not included) is’ 
{ (s—m)(s+m-+1) }}, 


— hil (s—m)(s+m+1) }', (9b) 


i (51) m, m+1 (9a) 


C) re — (Se) m, +1 


(53) m, m =m, (9c) 


where the elements not listed are zero and the subscript 
m, which ranges from —s to +s, refers to the row or 
column which has m on the diagonal in s3. In this 
representation the solutions of Eqs. (7) and (8) are 


pit p?y (2s)! Wt p+ ps)” 
(4s) | || . (10) 
4p’ (s+m)!(s—m)!3 L pittpe 


Some of the properties of these solutions are*: 
us"u,=1, 
us "uz =0, 
LSpi/p, 
us"sux=0, 
+ ispops/(p(pir+pe) 
Fispips/[p(pr+ p’) |, 


us"du,/dp,=0, 


us" 54 


us" dus/dp, 


us" dus/dp2 


us" dux/dp;=0. 


These are required in the arguments below. 


III. TRANSFORMATION PROPERTIES 


The transformation properties of the spinor compo- 
nents y in the general case can be inferred from the 
properties for spin 4, in which case y is a spinor of first 
rank. With respect to the proper Lorentz transforma- 
tion, 


(12) 


yy 
Xa daprs, 


the spin } transformation is 


yp’ (x) = Ay (x), (13) 


where 


(14) 


1, 2,3) are the Pauli matrices. 


A4g,A. 


apt p 


Here o4 is 1 and a; (7 
The three complex parameters 8;, defined by 


(15) 


A=exp(i}8-e), 


” 


where #° is 6,8;, are convenient for discussing the 
transformation. It is easily seen that this parametriza- 
tion exists for every A and that the #; have the following 
properties (proofs are given in the Appendix) : 


I. Schiff, Quantum Mechanics (McGraw 
New York, 1955), second edition, 


7 See, for example, L 
Hill Book Company, Inc 
Sec. 24 

® The superscripts 
Hermitian conjugate matrices. Unless otherwise specified, Latin 
indices run from one to three, Greek from one to four (x, is ict) 


© and “ denote the complex conjugate and 


and a sum is understood to be made on indices repeated within 
a term 
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1. When the 8; are all real, the transformation is an 
angular displacement in the right-hand sense through 
angle p. 
2. When the Q,; are all pure imaginary, 


§=1(v/v) arc tanh(v/c), (16) 
the transformation is a pure Lorentz transformation 
with relative velocity v. 
3. In general, § is a complex three-vector with respect 
to simultaneous rotations of primed and unprimed axes. 
For the general spin, with respect to the Lorentz 
transformation of Eq. (12), the transformation 


yp’ (x’) 


can be assigned, It is clear that this assignment is 
consistent when products of transformations are made 
because the calculation of the transformation matrix 
exp(i$c°8) for transformations A and B successively 


exp(7B-s)y (x) (17) 


applied, 


exp(tB8c°s) 
exp(i8n°8) exp(iB4°s) 
exp{i8e°8+i84-8+4[iBn°8, iB4°8 | 
+ (1/12)[i6s-s, [iBe-s, 184-8} ] 


+ (1/12)[[i6e-s, i84°8],iBa-s|+---}, (18) 


depends only on the commutation rules for s.’ Since the 
commutation rules are the same for all spins, the 
consistency for all spin follows from that for spin 4. 
The components of y form a spinor since they transform 
linearly under Lorentz transformations. 

The next step is to show that a function ~(«), that 
satisfies Eq. (1) and the auxiliary condition in the 
unprimed system, transforms into a function that 
satisfies Eq. (1) and the auxiliary condition in the 
primed coordinate system, In other words, the wave 
equation and the auxiliary condition together form a 
covariant statement. [Since y and @ are related by 
Eq. (3), if satisfies Eq. (1) and the auxiliary condition, 
so also does @. | ‘To make the proof, let the solution of 
Eq. (1) and the auxiliary condition in the unprimed 


system be 


W(x) = (2h) 1f apK(p)p 'n,(p) explih-'(p-x—cpt) | 


+ (2rh) if apk (p)p*'u_(p) 


Xexplih'(p-x-+cpl) |, (19) 
where K,p*! are the coefficients for expanding p(x) 
into plane waves. [The factor p* is included because 
Kx turns out to be a scalar. | To show the covariance 
it is sufficient to consider a pure Lorentz transformation 
in the 3-direction and a pure rotation about the 3-axis 


Ber. Ges. Wiss., math-phys. KI 58, 


*F. Hausdorff 
19 (1906). 


Leipzig 
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The special Lorentz transformation can be written as 
4 =X, Xo! =X, (20) 

(21) 

erry... (22) 


xy —ixg! =e? (xg—ix,4), 


Vm 


In the usual way, the integrals in Eq. (19) can be put 
into a covariant form in terms of K(p,), u(p,) defined 
by 

—ipy>0 
—ips<0, 


when 
when 


K,(p) 
K_(p) 


K (pps) 
(23) 


and similarly for u. One finds 


v(x) i(2rh) tf apx (yp 'u(p) explih pyx, ] 
X[6(p+ips) +5(p—ips) | 
2i(2rh) tf ap pypru(p) 
xexp[ih px, |6(ppp,). (24) 


To reproduce a plane wave expansion in the primed 
system, one makes a change of integration variable 
from p, to p,’ parallel to the coordinate transformation : 


pi’ pi, p’ pr, (25) 
pi tp’ =e (pst p). 
When this is combined with Eq. (10) it is seen that 


c'P™D*tUm( p) 


Therefore the transformation of Eqs. (20) to (22) gives 


(26) 


"tm (p’). (27) 


y'(x’) 2i(2rh) 48 | d*p’K (p) pulp’) 
PAC P)p ult 
Kexplih-'p,'x,' |6(p,'p,’). 


Since this result is of the same form as Eq. (24), 
¥’(x’) fulfills Eq. (1) and the auxiliary condition in the 
primed coordinate system. Also K (p) is to be identified 
with K’(p’), 
K'(p’)=K(p). (28) 
As well as K, A,, and K 


similar proof applies for the pure rotation 


are separately scalars. A 


(29) 
(30) 


Vm cP, (31) 


and again K is found to be a scalar. 

As well as the continuous transformations, reflections 
also must be considered. With respect to the space 
reflection 


ABD a. 8. 


GOOD, JR. 


and the time reflection 
/ = 
2X, Kn MN, 
the transformation of the spinor components is* 
, , — » . a Cc 
V(x’) =(Cy(x) J°, 
where in this representation, Eqs. (9), C is defined by 


(33) 


(32) 


Cm, n= (1)? Sn, —n- 


The matrix C is Hermitian and unitary. It anticom- 
mutes with s;, s; which are real and it commutes with 
S$ which is pure imaginary. Therefore one can write 


Cs;= —5,£C, (34) 


and in consequence the covariance of Eq. (1) follows 
immediately. The transformation properties of K are 


K+'(p)=K4°(p), (35) 


Kx'(p)=K4°(—p), (36) 
for the space and time reflections respectively. These 
are easily found by substituting the plane wave expan- 
sion on the right in Eq. (32) and using the results 


[Cus(p) ]°=ux(p) 


=u,(—p) (37) 


to express y’(«’) also as a plane wave expansion. 


IV. EXPECTED VALUES FOR PHYSICAL 
QUANTITIES 


Just as in the special case of the photon,"® for every 
transformation 
x,'=x,'(x), ¢'=$'(9), 
that leaves the form of Eq. (1) unchanged, there is a 
conserved quantity whose density is @” (H/| H|)O@ and 
whose flux is (c/s)p"s(H/|H)|) Od, where the operator 
© is defined by 


¢’ (x) = Op (x). (38) 


To find © for the transformations discussed in the 
previous section, one first determines Oy in the usual 
way such that 

W (x) = Ow (x) 
and then, according to Eq. (3), 


O=|H|-*+o,|H |e. (39) 


For transformations to new origins of space and 
time, the wave function is assumed to be a scalar and 
one finds the operators p;, i/7/c. For rotations of the 
space axes and pure Lorentz transformations the 
operators © are 


J=xXpt+hs, 
G=|H\~"4(xH—ctp—ichs |||". 
“W Reference 3, p. 1918 


(40) 
(41) 
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The corresponding conserved quantities are 


a= f dxp!(H/|H1\) pa (42) 


Py= (i/o) f dxo"(H/|H|)H¢, (43) 


By= f dx9"(H/| Heute, (44) 


Ou=— Ou= (i/c) f dxp"(H/|H|)G@. (45) 


The first three are the momentum, energy, and angular 
momentum and the last gives the center of energy 
theorem. 

The justification for these definitions and for the 
original choice of wave function in Eq. (3) is that P, 
is a Lorentz four-vector and that 0,, is an antisym- 
metric tensor (Q4,4 is defined to be zero). The tensor 
properties for the special transformations of Eqs. (20) 
to (22) and (29) to (31) can be demonstrated by using 
the plane wave expansions of Eq. (19) as well as Eqs. 
(11) to rewrite P, © in terms of integrations in mo- 
mentum space: 


(46) 


P,=— 


f:p8(0.0.)K°(bu/| Bal) Pa 


0,.=— 2 f dtp6(PePe)K°(pa/| al) 
X (PXy— pyX +hT,,)K, 


(47) 
where x, is ihd/dp,. The quantity T,, is defined by 
0 0 — pops 


Pils (48) 


pops 
— pips 
pips 9 
— pips 


1§ 0 0 
pirt+p2? | — pops 
Pops 


( Dw - 


and it has the property that 


T wo(p’) =AypQvel pe(P), (49) 
when the momenta are transformed according to Eqs. 
(20) to (22) or (29) to (31). The fact that P, © are 
tensors with respect to the continuous Lorentz group 
follows then from the transformation property of K, 
Eq. (28). Also, using Eqs. (35) and (36) and expressing 
P and © explicitly in terms of K, and K_, one sees 
that they are regular tensors by space reflection and 
pseudotensors by time reflection, as required. 


A MASSLESS PARTICLE 


The quantity 


N= faxore 


- —2i f apo p,P KEK, 


(50) 


which is to be interpreted as the number of particles, is 
constant in time and is a scalar for both the continuous 
transformations and the reflections. For a Fermi 
particle NV must be normalized to unity. 


V. DISCUSSION 


This gives a c-number theory for a single particle of 
zero mass and spin s. For bosons one expects that 
particles can be accumulated into a single state until 
the wave function becomes observable, as for the 
Maxwell field; then Eq. (1) becomes the equation for 
the observable field and N is the total number of 
particles. 

In the special case s= 4 the spinor components wy are 
identical with the wave function @ and the theory 
reduces to that of the two-component neutrino. 

In the special case s=1 the theory applies to the 
photon. The presentation above differs from the 
previous work’ in the choice of representation of the 
spin one matrices and in a constant factor in y. In a 
different representation, 


8 =S3,S-, (51) 
the C matrix with the properties of Eqs. (34) and (37) 
is found from 

C=S°CS-, (52) 
and in the representation used earlier C is the identity. 
According to Eq. (32), the electric field E transforms 
as an axial vector and the magnetic field B as a polar 
vector, opposite to the earlier assignment."' This is the 
transformation rule recently suggested by Wigner" 
and Landau." 
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APPENDIX 


The purpose of this Appendix is to outline proofs of 
the assertions Sec. IIL concerning the 
parameters. 

In the special case of real §;, rewriting Eq. (15) as 


made in 


A=cos}6+1((/B)-o@ sinh£, 


Reference 3, Eq. (21e) 

2. P. Wigner, Bull. Am. Phys 
Revs. Modern Phys. 29, 255 (1957) 

44 1,, Landau, Nuclear Phys. 3, 127 (1957) 


iI, 2, 


Soc oer 
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and substituting into Eq. (14), one obtains 


045 = 64; COSB+ €4j4 (84/8) sinB+ (8,8 ,/H*)(1—cosp), 


A4=A4=O0, da & 


It is seen that @; is the angular displacement vector 
because it is the eigenvector of a,;; and a;; is (14-2 cos{) ; 
the sense can be verified by considering the transfor- 
mation for small §, 

Oi j= bist €: jx. 


When the §; are pure imaginary, they can be written 
as in Eq. (16) and a similar calculation leads to the 
pure Lorentz transformation in standard form." 

In general, $ is a complex three-vector with respect 
to simultaneous rotations of primed and unprimed axes. 
To see this, let the spinor transformation matrix A 
correspond to a rotation of axes so that it is unitary 
and satisfies 


(A \4aiA 


Gjjo; 
where d;,; are the coordinate transformation coefficients. 


“CC. M@ller, The Theory of Relativity (Oxford University Press, 
New York, 1952), p. 41, Eq. (25) 
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If this rotation is performed in both the primed and 
unprimed axes, related by 

vy =exp(i}8 jo )¥, (53) 
the new wave functions are 


VY=ry, =ry¥. 


Then, by operating from the left with A 
one finds that 


in Eq. (53) 
yp’ =exp(i}B,o,)¥, 
where ; 
B; — 4; ;B;; 


so that § is a vector in this special sense. 

There only remains to show that any transformation 
matrix A can be written in the form exp(1}8,0;). Any 
such matrix can be written as a product of pure rota- 
tions and pure Lorentz transformations which, as 
argued above, are of this form. As is seen from Eq. 
(18), the exponential form is preserved when products 
of exponentials are taken since the commutation rules 
for @ can be used to reduce every term on the right in 
Eq. (18) until it is linear and homogeneous in gj. 
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It is shown that a very large class of meson-nucleon interactions leads to the same first-order scattering 
equations as would be obtained by adding simple nonlinear terms to the familiar linear pseudovector 
coupling in the Chew-Low-Wick formalism. The class of interactions under consideration is large enough 
to include what one would expect to be a reasonable form for the nonrelativistic limit of the charge-sym 


metric pseudoscalar interaction. 


In the gauge-invariant extension of the theory to photoproduction, the P-wave coupling constant is not 
exhibited explicitly in the energy-independent S-wave part of the inhomogeneous terms of the integral 
equation for the transition amplitude. It is shown directly, however, that the contribution of the higher 
order terms in the limit of zero total energy is exactly as required for the satisfaction of the Kroll-Ruderman 


theorem 


I. INTRODUCTION 
gene and Low! have shown that the assumption 


of a linear pseudovector meson-nucleon coupling 
in a fixed extended-source meson theory leads to 
integral equations for the scattering matrices that have 
provided a successful qualitative description of low- 
energy meson-nucleon scattering. An extension of this 
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1G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956) 


approach® to low-energy meson photoproduction met 
with similar success. 

Application of a Foldy*-type transformation to the 
relativistic pseudoscalar theory, for example, suggests 
that the linear pseudovector coupling is not of sufficient 
generality to be considered as an approximately 
equivalent nonrelativistic coupling even for low-energy 
processes, except in the case of weak coupling. It is the 
purpose of this note to demonstrate that a more general 
choice of equivalent nonrelativistic coupling leads to 
exactly the same scattering equations as obtained by 


2G. F. Chew and F, E. Low, Phys. Rev. 101, 1579 (1956). 
§L. L. Foldy, Phys. Rev. 84, 168 (1951); Berger, Foldy, and 
Osborn, Phys. Rev. 87, 1061 (1952). 





“NONLINEAR COUPLING IN 
Chew and Low! (and Drell et a/.‘) within the one-meson 
intermediate-states approximation. 

In a gauge-invariant extension to the low-energy 
photoproduction problem, the integral equations of 
Chew and Low?’ are essentially reproduced. However, 
the energy-independent S-wave inhomogeneous term 
does not exhibit the P-wave (scattering) coupling 
constant in the representation chosen, This formal 
effect is due to the nonlinearity of the gradient coupling 
part of the interaction used here. It will be demonstrated 
directly that, in the zero-total-energy limit, the residual 
contribution of S-wave rescatterings from the “higher 
order” terms is exactly what is required for the satis- 
faction of the Kroll-Ruderman theorem,°® a theorem 
which Drell et al.4 have shown to be valid for any gauge 
invariant theory. 

II. SCATTERING 


The interaction part of the Hamiltonian is taken to be 
J , 
i f cance 0 V(7r-b) Fy (¢") + F2(¢*) 
m 
td{r- (bX), 3(¢")) } (1) 


where F, Fs, and F; are arbitrary functions of the 
meson field variable (three charge components) squared, 
f is the usual rationalized unrenormalized pseudovector 
coupling constant, and we use the notation {A,B} 

AB+BA. The nonrelativistic nucleon recoil corre 
tions are ignored because they are not important for 
our present purposes. A 6-function interaction is used 
for simplicity. 

As discussed by Drell ef al.,4 the coupled integral 
equations satisfied by the transition matrix 7 are® 
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recoil is included, wy= (p*-+-u?)$ in the denominators must be replaced by wy+ p?/2M (M is 


MESON THEORY 
where 


((Hi,o)~ | (4) 


The angular brace represents the real nucleon ground 
state (indices 0’, r’ suppressed), and @,\* are the 
meson annihilation and creation operators (the charge 
index & is included implicitly in the momentum index Pp). 
The index n is in general summed over all momentum 
states of any number of mesons, the primed sum exclud- 
ing the nucleon ground-state contribution. The physical 
content of these equations, within the one-meson inter 
mediate states approximation, is . ontained entirely in 
the inhomogeneous terms; in the following, these terms 
are evaluated by calculating the commutators directly 
and recognizing the symmetry properties of the ground 
state matrix elements. 
Using 
i (dp)! 
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Since the 
nucleon ground state is a state of definite parity, only 


where all operators are evaluated at r=0 


the first term of (6) can contribute to the ground-state 
matrix element V ,: 
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where f/f, is defined as the rationalized renormalized 
coupling constant associated familiarly with P-wave 
scattering. 

The double commutators appearing in Eqs. (2) and 
(3) are 
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where é, is a unit vector in the isotopic spin space. 

The ground state matrix element of the first square- 
bracketed expression in (8) vanishes because of parity 
considerations, and that of the next two must have the 
form of a constant times 4, », since they are symmetrical 
in (k,k’). The w-dependent terms of the last square- 
bracketed expression of (8) also make a contribution of 
this form. They add up to give 


h { (TKW)k, bel} + {(7rX1)e, dls} } 


5x we (L (7X) ke, Gel’s'}), (10) 


since the left-hand side is symmetric in (k,k’). 
The matrix element appearing in (10) can be written 


({ (7X Oper) Cyt, dl’ s'} , 


summed over k”, and since (ry {ap bel’s'}) is Her- 
mitian, it must have the form of a linear combination 
Of rede ee (and all permutations of the indices) and 
(rier, Tbe Key = 2(Cee Rede (and all permuta- 
tations). All terms of the first type yield no contribu- 
tion [since the coefficient is always (@X é,)e | and 
all terms of the second kind yield a number independent 
of (k,k’), so that the result for the second and third 
square-bracketed expressions and the x dependent parts 
of the last in (8) is of the form 


(dp) (dp’)' 
Awe, k’. (11) 
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The corresponding terms in (9) yield a result identical 
to (11) but for a change in sign. It may be noted that 
the nonvanishing of any of Fy’, F,’, and F;’ is sufficient 
for the appearance of a term of the form of (11). 

Consider now the dependent terms of the last 
square-bracketed expression of (8), in particular, 


((rX ob) bee ls ((1r XK by) beher de Fy’). (12) 


The unit vectors can be factored out of the matrix ele- 
H 4 4 4 7 ; 

ment, and what remains is symmetrical in (k’,k’), 

so that only one term of the sum over k”’ contributes: 


((rXo) ber Ps’) = (1° (be K bbe? Fs’). (13) 
The next ¢-dependent term in (8) gives the same form, 
— ((rXo) wdel’s’) =(r+ (be Xb )oieFs’), (14) 


and by the charge independence hypothesis, both (13) 
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and (14) are equal to. 
Mr: (by Keely’). 
We may therefore define the constant A, such that 
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The corresponding terms of Eq. (9) give (16) but 
with wy—>—w,’. If one combines this with the results 
(11) and (7), the scattering equations of Drell et al. 
and Chew and Low! are reproduced in the one-meson 
intermediate states approximation (the integral equa- 
tion decomposes into S- and P-wave equations in this 
case). The appearance of the linear theory of Chew and 
Low! cannot be maintained when one considers mul- 
tiple-meson intermediate states, since higher order 
commutators enter in the definition of higher order 
transition matrices. One may conclude, therefore, that 
the success of the linear theory can be a reflection of 
the unimportance of “higher intermediate meson 
states,” rather than the validity of a weak-coupling 
approximation for the interaction. 


Ill. PHOTOPRODUCTION 


The relevant part of the interaction Hamiltonian is 


~ f (anj-a, 


where A is the vector potential (radiation gauge) and 
j=jntjetiz. (18) 


Neglecting the nonrelativistic nucleon recoil current, 
the currents are given by 


jv =4(r)(erp/2M)eXV, 
jx=€(¢2Vb1.—1V $2), 
jr =4(r) (ef/u) (rib2— rh) Fi (¢*) 0, 


where rp=(1+7;3)/2 and M is the nucleon mass. The 
charge density, 


p(r) =erph(r)+e(r2pi1— 112), 


(17) 


(19) 


(20) 





NONLINEAR COUPLING IN 
the current densities (19), and the total Hamiltonian 
(including electromagnetic effects) satisfy the equation 
of continuity 


V-j+i[H,o(r)]=0 (21) 


There is no difficulty in including nonrelativistic 
nucleon recoil; a center-of-momentum transformation 
can be constructed which also places the nucleon at the 
origin of coordinates, preserving the form of expressions 
(19), (20), and (21) except for a recoil correction to jy. 

The integral equations for the photoproduction 
transition matrices can be obtained by following pro- 
cedures analogous to those used in deriving the scat- 
tering equations by defining photon operators with 
phases specified by 
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where the field variables are evaluated at r=0 and 
(dp) 'px‘* (p) =o,‘*’. The first term of (26) stems from 
the “bare” Dirac moment, the second from interaction 
with the meson field current in the neighborhood of the 
nucleon, and the third from the interaction current. 
The space-reflection properties of the vector potential 
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and nucleon ground state are expressed by 
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so that the last term of (26) cannot contribute 
Application of (27) 
of the second term of (26) demonstrates that only the 
Hermitian part of this term may contribute, 


infer, therefore, that 
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where K,=kX é,(k) and w=ys+yuvrs, the nucleon total 

magnetic moment operator, in which ws= (up+pn)/2 

and py=(up—un)/2 (up,y=proton, neutron magnetic 

moment) can be considered constant for low energies 
The double commutator occurring in (23) is 
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where é,(k)-k=0 has been used in the curly-bracketed 
term. When one uses the well-known identities 
ground state matrix element of ¢,‘*) and (7), 
term contributes’ 
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According to the procedure followed in obtaining Eq. 
(7), the first term of the square bracket contributes 
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identical to (31) but with /, replaced by 


fe’ = fet 4Zof. (33) 


‘The ground-state matrix element of the double com- 
mutator appearing in (24) can be evaluated in a 
similar way. The result may be obtained by introducing 
a negative sign and letting p->—p in (30) and (31) [as 
modified by (33) | above. One half the sum and dif- 
ference of T7 and R” satisfy equations essentially the 
same as those discussed in Chew and Low,’ with the 
exception that the simplification offered by the odd 
nature of 7, for the linear theory no longer applies. 

It is interesting, in view of (33), to demonstrate 
directly that the Kroll-Ruderman theorem! is satisfied ; 
i.e., that the zero-energy limit of the “higher order”’ 
terms is sufficient to cancel the Zo part of the S-wave 
amplitude identically. The method to be used is analo 
gous to that of Low and similar to that of Drell et al. 


Consider 
Wor™tZ, (34) 
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p kp pkyp 


where W? represents the inhomogeneous part of the 
photoproduction amplitude and Z is the zero-total 
energy limit of the remainder. Since 
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and using the technique outlined by Drell ef al.‘ and the 
equation of continuity (21), one obtains 


1 (dk)! ; 
y~=- foof dd limé, (k) + re®*"* 
(2a)! (2k)! 0 


(Lo, ],e(r)]). (38) 


Unlike the general proof of the theorem directly from 
the unexpanded form of the photoproduction matrix 
element, the evaluation of (38) requires a knowledge of 
H,. Equation (6) gives® 
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Upon using (20), the commutator appearing in (38) is 
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The ground-state matrix element of the second, third, 
and fourth terms of (40) vanish because of parity con- 
siderations; the first two parts of the first term also 
give no contribution. Substituting the remaining term 
into (38) and comparing with the definition (32) in the 
limit, one obtains Eq. (36) as required. There are, 
therefore, no additional difficulties introduced by the 
nonlinearity of the interaction (1) into the gauge- 
invariant extension of the scattering theory to photo- 
produc tion, 
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The superposition law for probability amplitudes, usually considered as an empirical rule and introduced 


into the quantum theory as an ad hoc assumption, is shown to be the mathematical solution of almost self 
evident requirements for the structural metric of the probabilities in general. When combining the general 


¥ metric of superposition with the postulate of a constant probability density in g-space for given p, and 
of a constant probability density in p-space for given g, one arrives at the mathematical result that ¥(q,p) 


must necessarily have complex periodic form, exp(igp/const) 


reduced to a nonquantal basis 


INTRODUCTION 


HE following inquiry into the nature of prob- 

ability amplitudes is occasioned by a recent 
statement of Heisenberg! that y as a vector in Hilbert 
space “is completely abstract and incomprehensible . . . 
and so to speak, contains no physics at all.” Although 
this statement is out of context, remarks in the same 
vein by others lead to the impression that y and its 
strange laws are introduced into the theory by decree, 
merely because they “work.” In contrast, the author 
has been attempting a program of reduction of quantum 
theory to strict and physically plausible basic axioms 
“so that our curiosity will rest”’ (Bridgman). The pro- 
posed postulates and their implications have at present 
the following form?: 


(1) The continuity postulate; it leads to the admis- 
sion of “fractional equality” between states. 

(2) Reproducibility of a test result; combination of 
(1) and (2) 
“filter”? tests, controlled by statistical rules. 

(3) Symmetry of the transition probability, ?(A,B) 

P(B,A), in correspondence to classical reversibility. 
It leads to “‘magic square”’ matrices of the probabilities, 


leads to transitions between states in 


with totally separable states figuring as “mutually 
orthogonal” states. 

(4) ‘The postulate that there is a general metric law 
connecting the probability matrices ; the only possibility 
to construct such a general law is that of unitary trans- 
formation, which is the superposition law for complex 
amplitudes W. 

(5) A constant probability density in g-space for 
constant p and in p-space for constant q; (4) and (5) 
together necessitate a periodic function ¥(q,p) of the 
complex-imaginary form exp(2imgp/const), in which 
the constant may be denoted by the now familiar letter 
h. The periodic gp-relation (duality) and other quan- 
tum features are thus deducible from, i.e., explained on, 
a nonquantal basis. 


This paper deals only with one part of the axiomati 
zation: that which leads up to the formalism for super 


1W. Heisenberg, in Niels Bohr and the Development of Physics, 
edited by W. Pauli (Pergamon Press, London, 1955), p. 26 
2 Reprinted from A. Landé, Nuclear Phys. 3, 132 (1957) 


Various quantum principles can thus be 


position of probability amplitudes. Instead of taking 
this formalism for granted, and deducing the familiar 
algebra of transition probabilities, we proceed in the 
reverse order, 


GEOMETRICAL ANALOGY 


A geometrical analogy will indicate our philosophy. 
Someone has found a number of sticks of various lengths. 
There is reason to suspect that they were not cut at 
random but once formed a séructural framework con 
necting points A, B, C,.. . in one- or two- or more 
dimensional space, Given the lengths, we find empiri 
cally that these lengths obey certain combinatorial laws. 
We can proceed in the reverse order; find out what sub 
structure (vectors) and what mathematics of this sub 
structure (vector analysis) are required to reproduce 
the observed laws of combinations of lengths. For a 
one-dimensional structure two lengths, ?4, and Pye, 
will be found empirically to determine a third up to a 
choice of sign: Pyc=Papn+P ae. In a two-dimensional 
structure in flat space, five lengths, Pag, Pac, Pea 
Pap, and Pap will be found again to determine a 
sixth, Pep, up toa choice of sign. In a three-dimensional 
flat space, nine lengths associated with five points 
In all these 
examples, we find we can define vectors that satisfy the 
general addition law, 


determine a tenth length, up to a sign 


Pac PAL { Puc, (1 ) 


made self-consistent by the relation 


PAL PBA, (2) 


such that the lengths are given by bilinear expressions 


Par Pan (3) 


ORTHOGONAL ENTITIES AND UNIT 
MAGIC SQUARES 


Consider a class of entities SS, (e.g., all “‘states”’ 
of a certain kind of atom) divided into subclasses A, 
B, etc,, each subclass having M members. The subclass 
1 consists of M members A,A, 


mutual relationship P: 


P(A,,A x) 


fy, which are in the 


Okk’, (4) 
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characterizing them as mutually orthogonal (e.g., dis- 
cernible states, separable by “‘filters”). Similarly the 
subclass B has M members B,B,---By, of mutually 
orthogonal entities, and so forth for C, D, etc. Two 
members belonging to different subclasses are in a 
symmetric relationship 


P(A,,B;)=P(Bj,Ax), where 0<P<1. (5) 


Each P is a positive fraction of unity (e.g., fractional 
equality degree between the two states, fractional 
degree of separability, probability of transition from 
state A, to B, and vice versa). The positive P-values con 
necting two orthogonal sets A and B may be tabulated 
in a unit magic square 


P(A,,B,) P(A;,B2) 


(Pap), (6) 


P(Az,B;) P(A2,B2) 


in which the sum of the M elements in every row and 
every column is supposed to be unity: 


> iP (An, B;) 
> eP (Ax, B;) 


1 for every k= 1,2,-- +1 (7) 


1 for every j=1,2,---M. = (7’) 
We shall not use the word “matrix” for (P?4) because 
we do not propose to subject these quantities to addition 
or multiplication. Neither the sum nor the product of 
two of these objects gives in general a third unit magic 
square. The properties (5) and (7) justify the adjective 
“doubly stochastic” for every unit magic square. The 
special square (/?44) may be called the “identity magic 
square”’ because of (4). 


UNITARY TRANSFORMATION 


We now search for a mathematical substructure which 
will (1) generate unit magic squares and (2) permit 
associative combination. Only two ways have been 
discovered to construct self-consistent formal rules of 
associative combination of two index quantities; by 


addition : 
Vac UastU ae, (8) 


made self-consistent by the condition Usg+Uan=0,; 
and by multiplication: 


Wac=Was Wace, (9) 


made self-consistent by the condition Wag-Wga=1. 
The two formalisms are made equivalent by the trans- 
formation W=e". It is sufficient therefore to study 
the multiplicative formalism alone. To the unit magi 
squares (Pan), (Pac), we thus associate in the 
mathematical substructure matrices (Wan), (Wac), «°°; 
satisfying the combinatorial law 


(Wac)= (Wan): (Wace); 
(Wan): (Waa) =1; 


(10a) 


(10b) 
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or in terms of matrix elements, 
(Ax Cn) > or, (A,| B;)(B;\C,), 
(Ax| An) i (A,| B;)(B;| An) = brn. 
Now we come to the central mathematical problem: 
how to construct the unit magic square (P4,) out of 
the substructure matrix (Was). We might be tempted 


to try the assumption that the transition probabilities 
are the simple squares of real matrix elements, 


P(A,,B;) (A,|B;)*. 


(11) 


(12) 


Then the unit magic square property for P4, together 
with (11) demands that the (W4,”) be real orthogonal 
matrices : 


(Wss)= (Wan)? (13) 


However, this formalism is unsatisfactory. It does not 
allow one to represent the most general unit magic 
square. Such a square has n’ real elements. They are 
subject to the 2m conditions (7) and (7’). These condi- 
tions are not all independent, for the sum of Eqs. (7) is 
identical with the sum of Eqs. (7’). With account of 
this duplication, the most general unit magic square is 
characterized by n?—(2n—1)=(n—1)* independent 
real parameters. In contrast, the most general orthog- 
onal matrix, continuously connected with the unit 
matrix, is generated by a rotation in n-space that has 
only n(n—1)/2 real angular parameters. Therefore, we 
are forced to conclude that the mathematical substructure 
cannot be composed of matrices with real elements. 

As soon as it is accepted that the matrix elements are 
complex, the squaring operation (12) is unacceptable to 
obtain real probabilities. In its place we could find as 
an acceptable alternative only the operation of absolute 


(Wa B ) transposed ’ 


square ; 


P(A,,B;)= | (Ax| B;)|*. (14) 
Then it follows from (11) and from the magic square 


yroperty of (Paz) that (Wag) is unitary: 
property) ; 


Vpa= (Wap) = (Was) transposed *- (15) 


Thus, we arrive in the most natural way at a mathe- 
matical substructure endowed with (1) complex prob- 
ability amplitudes, (2) a law of superposition (10a) of 
these probability amplitudes, and (3) a principle of 
unitary transformation. 

[A unitary matrix has enough free parameters to re- 
produce the most general unit magic square. Consider a 
unitary (Wag) which generates the magic square (P48), 
and make an infinitesimal change in it. We have no 
interest in an infinitesimal complex rotation of the kth 
row of (Waa), 


(Ax| Bs)—re(A,| B,), (16) 


because it leaves all probabilities unchanged; likewise 
for an infinitesimal complex rotation of the jth column 
of (Wan). Consider therefore the complex rotation in the 





¥ SUPERPOSITION AND 


2-plane (sé), characterized by the angle, 


Ost 1B st, 


~ te, 


Bes. 


O41° 
st 


Bs 


d(A,| B;)=0 for j#s, ft, 
d(A,| B,) (Ay Bb ta, 
d(A,.| B;) , (Ax! By Oot. 


(18) 


The most general infinitesimal unitary transformation 
on the matrix is constructable from the n(m—1)/2 such 
complex rotations. It produces changes in the probabili- 
ties P(A,,B;) which leave the magic square property 
unaltered : 


0, 
(19) 
0. 


ar dP(A,,B;) 
>, dP(A,,B;) 


This general rotation has n(n—1) real parameters, Of 
these, (n—1) are redundant so far as concerns changes 
in the P(A,,B;). The remaining parameters are sufh- 
cient to generate the most general infinitesimal change 
in the unit magic square. Moreover, we can reach the 
most general unit magic square by a sequence of infini- 
tesimal changes from the identity square. ] 

In summary, it was a matter of indifference in speak- 
ing of the relations between points in a flat space 
whether one limited the discussion to relations between 
lengths, or introduced the mathematical substructure 
of vectors. So in quantum mechanics one can deal with 
vectors in Hilbert space or alternatively speak entirely 
about the interconnections between unit magic squares. In 
either language, all relations are purely geometrical. 


GENERALIZATIONS 


1. The rules employed in the measurement of dis 
tances ‘between points might have been calibrated 
according to an erroneous and nonlinear scale, such as 
L'=sinhL. Then a_ supplementary transformation 
(L=arc sinhL’) would have had to be applied to the 
measured pseudolengths to convert them into numbers 
that had any simple relations. The corresponding gen- 
eralization to an erroneous scale of probabilities is too 
trivial to require further mention. 

When y superposition has once been established as 
the structural metric of probabilities of transition, then 


t The section in square brackets has been added by a reviewer 
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~ 
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it is hardly a new and independent step to assume that 
“observables,” i.e., tensors in general, are subjected to 
the same transformation metric. That is, when y is the 
unit tensor, (B;| By)=4,,, and 6 is a tensor with prin- 
cipal components 6(8;B,)=6j5;., then the following 
transformation formula ought to hold for the tensor 
components of 6 in general: 


b(Ax,Cn) => ; (Ax! By)b)(B,|C,), (20) 


or in matrix terminology 


(bac)= (Wan) (ben) (Wace), 


and hence further 


(bi) = (Wra) (bac) (Wer). 


UNCERTAINTY RELATION 


Why does the function ¥(p,qg) have the complex 
periodi« form 
(23) 


¥(q,p) exp (tpq h), 


with reduced wavelength A=h/p? This fundamental 
formula of quantum mechanics, upon which duality, 
complementarity, and gp-uncertainty depend, is usually 
introduced by decree, either directly, or in the form 
of the Schrédinger operator rule, p ihd/dq, or as 
the Born commutation rule, gp— pg=h/1, as an ad hoc 
assumption. It has turned out, however, that (23) does 
not need to be introduced as a separate quantum 
theorem; the function (23), and with it the quantum 
rules of Schrédinger and Born, hence quantum dy- 
namics, can rather be shown to follow from 


(a) the formal superposition law (10a) for observables 
in general, 

(b) the fact that only g- and p-differences are physically 
significant, 

(c) the classical statistical principle that the prob- 
ability density in gp-space is constant. 


Neither (a) nor (b) nor (c) contain any hint at period- 
icity; yet their combination leads, by mathematical 
necessity, to the conclusion’ that ~(q,p) must be of 
complex exponential form exp(2imgp/const). The value 
of the constant denominator in terms of conventional 
units can of course not be obtained from general 
considerations. 


4A. Landé, Am. J. Phys. 24, 56 (1956) 
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Normal Vibrations of Germanium by 
Neutron Spectrometry 


B. N. Brocknouse anv P. K. IvENGAR* 


General Physics Branch, Atomic Energy of Canada Limited, 
Chalk River, Ontario, Canada 


(Received September 9, 1957) 


A? is now well known, energy distributions of 
neutrons scattered from a single crystal yield the 
frequency-wave number relation of the normal modes 
of the crystal.! The neutron groups observed satisfy the 
relations, 


(la) 


2x<—4q, 
(1b) 


hv, 


where k and k’ are the ingoing and outgoing neutron 
propagation vectors, £ and £’ are the ingoing and 


108, 
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outgoing neutron energies, « is a reciprocal lattice 
vector, and v and q are, respectively, the frequency and 
propagation vector of the normal mode with which the 
neutron interacted. Equations (1) enable v and q for 
the phonons to be determined from the measured energy 
distributions. 

We have made such measurements on a single crystal 
of germanium. The elastic constants of germanium? 
satisfy (to within 14%) an identity due to Born’ which 
is a necessary, though not sufficient, condition that 
only first-neighbor interactions are important. If only 
first-neighbor interactions exist in the crystal, then the 
entire vibration spectrum would be calculable from the 
elastic constants. Neutron spectrometry measurements 
done early this year showed deviations from the first- 
neighbor calculations of Hsieh* which seemed to indi- 
that the first-neighbor model is 
probably not valid. In the meantime it was brought 
to our notice® that very detailed measurements of the 
long-wavelength infrared absorption in germanium by 
MacFarlane, McLean, Quarrington, and Roberts® 
indicated that the longitudinal and especially the 
transverse acoustic modes in the [111 ] direction at the 
zone boundary are markedly different from the values 
calculated by Hsieh. The interpretation of the infrared 
experiments also indicated the existence of excitons in 
germanium,’ and gave important information about 
the structure of the electron energy bands. It therefore 
seemed important check in detail the acoustic 
branches of the normal modes in the [111] directions. 


cate interaction 


to 


7 «v2 


440 7 7 2 


Fic. 1. Reciprocal lattice of germanium (110 plane). Vector diagrams (Eq. 1(a) ] for incoming neutrons of wave 
length 1.525 A are shown. Open circles indicate positions of neutron groups with error bars indicating their full width 


at half-maximum 


rhe structure factors for Bragg reflection (which also apply approximately to the acoustic modes) 


are indicated on the figure in units of the bound scattering amplitude. 
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In the experiments the monoenergetic incident 
neutrons were obtained from a crystal spectrometer 
and the energy distributions of the neutrons scattered 
at some particular angle (@) were measured by means 
of another crystal spectrometer.* In the first instance 
the angle of scattering and the incoming wave vector 
k were arranged so that the direction of the outgoing 
wave vector k’ passed close to a reciprocal lattice point 
and lay along a [111] direction with respect to that 
lattice point. Any neutron groups observed then 
represent phonons whose propagation vectors lie near 
[111 ] directions. Once an approximate v(q) relation had 
been obtained it was improved by arranging conditions 
so that a desired phonon should appear. Then, utilizing 
the perhaps slightly different phonon which did appear, 
the v(q) relation was improved. Conditions with respect 
to structure-factor, were always 
arranged so that the intensity and resolution were 
especially favorable. Some of the results are shown in 
Fig. 1 on a reciprocal lattice diagram. 

Neutron groups which represent q’s within +5° of a 
[111] direction on the reciprocal lattice diagram were 
selected from the complete experimental] results. The 
frequencies v of the phonons corresponding to these 
neutron groups are plotted against their wave numbers 
q/2m in Fig. 2. The first-neighbor calculations of Hsieh 
are shown as dashed lines. The experimental points for 
the transverse modes are seen to diverge widely from 
the calculated curve. The values of MacFarlane et al., 
shown as crosses, are in good agreement with our 


polarization, etc., 
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Fic. 2, The frequency (v) plotted as a function of the wave 
number q/2m for the acoustic modes in the [111] direction. The 
dashed curves show Hsich’s calculations using first-neighbors 
interactions only. The crosses at the zone boundary are the results 
of MacFarlane et al. The solid lines have the slope of the velocities 
of sound as determined by McSkimmin. The phonons shown in 
Fig. 1 are identified by lower case letters. 
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measurements for both the longitudinal and transverse 
branches. This agreement must be taken to add sub 
stantially to the certainty of the above-mentioned 
deductions from the infrared measurements. 

The results for other directions and branches will be 
published on completion of the work. 


* On deputation from Atomic Energy Establishment, India 

1R. Weinstock, Phys Rev. 65, 1 (1944); G. Placzek and L. Van 
Hove, Phys. Rev. 93, 1207 (1954); B. N. Brockhouse and A, ‘I 
Stewart, Phys. Rev. 100, 756 (1955) and Revs. Modern Phys. (to 
be published); Carter, Hughes, and Palevsky, Phys. Rev. 106, 
1168 (1957) 

*H. J. McSkimmin, J. Appl. Phys. 24, 988 (1953) 

3See H. M. J. Smith, Trans. Roy. Soc. (London) 241, 105 
(1948). 

*Y-C Hsieh, J. Chem, Phys. 22, 306 (1954) 

5 We wish to thank Dr. R. A. Smith for bringing these results 
to our attention and Dr. R. J. Elliott for some helpful discussions 

® MacFarlane, McLean, Quarrington, and Roberts, Phys. Rev 
(to be published) 

TR. J. Elliott, Phys. Rev. (to be published) 

§ For details see B. N. Brockhouse, Phys. Rev. 99, 601 (1955); 
106, 859 (1957). 


Dispersion of Elastic Waves in 
Sodium Chloride* 


ANDREW GRANATO, JOHN DEKLERK, AND ROHN TRUELI 


Metals Research Laboratory, Division of A p plied Mathematics, 
Brown University, Providence, Rhode Island 


(Received September 11, 1957) 


the 
materials 


that dislocations decrease 


moduli of 


known 
elastic 


T is well 
apparent 
because the motion of dislocations under an applied 


crystalline 


stress decreases the rigidity of the specimen. It has 
been predicted! that, at megacy¢ le frequen ies, the 
dislocation motion would be sufficiently damped so 
that the dislocations would no longer be able to follow 
in phase with the applied stress and that a dispersion 
would appear. This effect has been found in the case of 
NaCl. The problem under discussion arose in connec 
tion with the examination of nuclear irradiation effects 
in alkali found that the 
radiation effects depend strongly on previous defor 


halides where it has been 
mation. 

The apparatus necessary for the measurement of 
velocities to two parts in 10% is described elsewhere.’ 
In these measurements, compressional waves were 
propagated along the [ 100} direction of an NaC! single 
crystal (obtained from Harshaw). The specimen was 
subsequently deformed in compression by 0.06% and 
remeasured, (The actual deformation may be slightly 
more since some pressure was applied in attaching the 
transducer.) The time of transit of the leading edge of 
the sound echoes is measured, and the velocities are 
computed from the measured thickness of the specimen 
sefore deformation, the velocities found at 20, 60, and 
100 Mc/sec are 0.4763, 0.4771, and 0.4777 cm/yse 
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respectively. After deformation the velocities were 
found to have the lower values 0.4608, 0.4672, 0.4729, 
and 0.4746 at 10, 30, 50, and 70 Mc/sec, respectively. 
The results are shown in Fig. 1. 

It is to be noted that the deformation has increased 
the size of the dispersion from about 0.5% to 4% and 
the value of the frequency, at which the velocity 
change is half complete has decreased. ‘The 
total change found in C,, (approximately 8%) is larger 
than typical values found at kilocycle frequencies? for 
small deformations. Our deformations are not, however, 
strictly comparable with those of reference 3. For very 
high frequencies, the measured velocities approach 
each other. 

It does not seem likely that the effect can be a va- 
cancy pair reorientation or similar mechanism‘ because 
preliminary measurements have shown that the location 
of the dispersion shifts gradually to higher frequencies 
with increasing recovery time. If the effect is accepted 
as a dislocation effect, estimates of the dislocation 
density and average loop length can be made from the 
present data. According to the pinned dislocation loop 
theory,' the velocity change as a function of frequency 


should be given by 


Av (—) 1 
Vs Vy o1 { (v/v)? 


where 


(Av 6QA 12/2, 


V.)0 


and 
vo= (wC/2B)(1/L?). 


In these equations, v,, is the velocity measured at 
infinite frequency and Av is the difference between the 
velocity at infinite frequency and the velocity at the 
measured frequency v. & is a factor relating the resolved 
shear stress on the slip systems to the applied stress, 
A is the dislocation density, L is the dislocation loop 
length, C is the tension in the dislocation line, and B 
is a damping constant. Equation (1) applies strictly 
only when all loop lengths are equal. For a distribution 
of loop lengths, a somewhat more complicated relation 
must be used. This calculation for a distribution of loop 
lengths has not yet been carried out, but by application 
of Eq. (1) to the present results, one should obtain the 
correct orders of magnitude. When the results are 
analyzed in this way, one finds 2, to be 0.4786 and 
0.4788 cm/sec for the before and after deformation 
conditions, respectively. These values of v,, may be 
regarded as coincident and equal to the velocity of a 
wave propagating in a medium with no dislocations. 
The corresponding value of C,; is 4.961 X 10" dynes/cm? 
which compares well with the value® of 4.9 10" in the 
literature. Additional results are listed in the following 
table: 


vo (Mc/sec) Av/o, A(cm™*)  L (cm) 


0.50X10% 7.8X10° 15X10 
4.1 X10 30.0X10° 2.1K10~ 


Before deformation 74 
After deformation 35 
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Fic. 1. Velocity dispersion for compressional elastic waves 
propagating in the [100] direction in NaCl. Deformation increases 
the magnitude of the dispersion from about 0.5% to 4%, and 
moves it to lower frequencies. 


For these calculations the values Q2=1/10, and B=C 
= 1.2 10~ (cgs units) were used. 

The values found appear to be reasonable and indi- 
cate that the dislocation density increased by a factor 
of four as a result of the deformation. 

Experiments are planned for which both the at- 
tenuation and velocity will be measured simultaneously. 
At present there are difficulties with the attenuation 
measurement since other sources of sound loss are 
present. Studies of the recovery of attenuation and 
velocity as a function of annealing time and tempera- 
ture (in both salts and metals) are planned. 

* The work reported here was supported in part by the U. S. 
Atomic Energy Commission and in part by the National Science 
Foundation. 

1A. Granato and K. Liicke, J. Appl. Phys. 27, 583, 789 (1956). 

2 John deKlerk (to be published). 

3 R. Gordon and A. S. Nowick, Acta Met. 4, 514 (1956). 

*R. G. Breckenridge, in Imperfections in Nearly Perfect Crystals, 
edited by Shockley, Hollomon, Maurer, and Seitz (John Wiley 
and Sons, New York, 1952), p. 219. 

5H. B. Huntington, Phys. Rev. 72, 321 (1947); J. K. Galt, 
Phys. Rev. 73, 1460 (1948). 


Hyperfine Coupling Specific Heat in 
Cobalt Metal 


C. V. Heer anv R. A. Erickson 
Department of Physics, The Ohio State University, Columbus, Ohio 


(Received August 5, 1957) 


HE investigations of the nuclear orientation! 
produced in cobalt crystals by the hyperfine 
interaction led us to suggest? the evaluation of the 
hyperfine coupling in transition metals by the measure- 
ment of the low-temperature specific heats. Preliminary 
measurements of the atomic heat of metallic cobalt 
between 0.6 and 3.0°K indicate the existence of this 
hyperfine coupling. 
The sample consisted of 11.4 moles of cobalt metal 
of 99.9% purity, kindly supplied by the African Metals 





LETTERS TO 
Corporation. A calorimeter suitable for the measure- 
ment of the specific heats over this broad range of 
temperatures is shown in Fig. 1. The sample was 
rigidly mounted by a fiber tube and completely en- 
closed in a copper shield connected directly to the upper 
reservoir. The magnetic refrigerator, similar to that 
previously constructed,’ is used to maintain the sample 
shield at a temperature of 0.35°K throughout the 
specific heat measurements made below 1.6°K. A 
carbon resistor thermometer and heater coil were 
mounted on the sample, and a similar thermometer 
(270 ohm /RC—¥4 watt) was mounted on the copper 
shield. ‘The thermometers were calibrated against the 
helium bath, and in addition the shield thermometer 
was calibrated against the paramagnetic salt of the 
upper reservoir to a temperature of 0.35°K. This latter 
calibration indicated that one can extrapolate with 
some confidence the helium temperature calibration to 
temperatures below 1°K. ‘The refrigerant and reservoir 
salts were of similar construction, differing from 
previous design’ only in that manganous ammonium 
sulfate crystals packed in toluene replaced the less 
stable iron ammonium alum. ‘These salts showed no 
deterioration over a period of six months. ‘Thermal 
contact between the sample and the shield was pro- 
vided by a piece of copper wire. Specific heat measure- 
ments were made, in general, from the rate of cooling 
with different amounts of Joule heating, a technique 
recently described by Logan, Clement, and Jeffers.‘ 
Some data were obtained from the usual heating curves 
and these were in good agreement with the slope data. 
A continuous record of the resistance thermometer emf 
was obtained with a recording Brown potentiometer 
(0-100 microvolts) in series with a Rubicon poten 
tiometer (‘Type B). 

The experimental results are shown in Fig. 2, together 
with Duykaerts’® data in this temperature region. The 
experimental data seem reasonably fitted by the solid 
curve, which is given by the equation 


C/R=233(1/443)!+5.7X104T'+4.0K 10°72, (1) 
Each term in this equation is shown separately with 
broken curves in the figure. The lattice specific heat 
term is the smallest, and for this we have used 
Duykaerts’ value of 443 degrees for the Debye tempera- 
ture. The coefficient of the Sommerfeld electronic heat 
is of course somewhat smaller than Duykaerts’ value, 
since his analyses did not include the 7-* term. 

The term proportiona] to 7~? is attributed to the 
hyperfine interaction between the Co nucleus, /= 3, 
and the electronic magnetic moment of the atom. The 
magnitude of C7*/R from this work is compared in 
Table I with that of some of the ionic salts of cobalt. 
If, as a first approximation, one considers the problem 
of the cobalt atom in the hexagonal] metal as similar to 
the ion in the strong crystalline electric field of axial 
symmetry in the cobalt salts, the Hamiltonian of the 
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interaction can be written as AS,/,+B(S,/,4+S,/,). 
The specific heat® can be written as C7?/ R= (A?+ 2B?) 
x /(1+1)/12. Assuming that B is small compared to 
A as in the cobalt salts, A may be evaluated from the 
T= the heat. The value of A/k 
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Fic, 1. Magnetic refrigerator-calorimeter. 
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f Fic, 2. Atomic heat of cobalt metal. % Duykaerts’ values. The 
solid line ( ) is the sum of the lattice specific heat ( ), 
the electronic specific heat ( ), and the nuclear specific 
heat ( ) 


’ 


0.0175°K is comparable in magnitude with the 
cobalt salts in which the hyperfine splitting is believed 
to be predominantly due to the orbital moment of the 
$d electrons.’ It is of interest to note that the ratio of 
the hyperfine interaction to the magnetic moment is 
remarkably alike for the bulk metal and the ionic com- 
pounds as is shown in Table I. This suggests that even 
in the metal the predominant interaction is between the 
nucleus and the 3d electrons. 

Modifications are now being made on the apparatus 
which will permit the measurements to be extended to 
considerably lower temperatures, ~0.3°K ; and will at 
the same time allow for a more reliable calibration of 
the resistance thermometers in the region below 1°K. 

We wish to acknowledge the assistance of Mr. J. S. 
Stroud in the development of the magnetic refrigerator- 
calorimeter system, the grant from the Ohio State 
University Development Fund for the construction of 
the apparatus, and the National Science Foundation 


TaBLe I. Hyperfine coupling data for cobalt and cobalt salts 


Material CTY/R AB/pk (°K 


‘obalt metal 4.010 1.75 10° 1.0210 
obalt ammonium 
sulfate 

‘obalt potassium 
sulfate 

‘obalt fluosilicate 

‘obalt sulfate 


(dilute) 


16.010 3.52 10% 1.09 10 
1.2510 


0.91K10 


411K 10% 
2.04 10% 


25.110 
10.1«10 
3.6510" 


18.0 10 1.0610 


84, 134 (1951 
Ingram, Prox 
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Quenching of the Negative Glow by Micro- 
waves in Cold-Cathode Gaseous 
Discharges 


Joun M. ANDERSON 


General Electric Research Laboratory, Schenectady, New York 
(Received August 15, 1957) 


| geome of the afterglow of an interrupted 
electrical gaseous discharge by the application of 
microwaves or dc fields to the decaying plasma has been 
reported.’ It is presumed that the effect results from 
a reduction in the rate of volume recombination of 
positive ions and electrons, brought about by elevation 
of the mean electron energy in the presence of the field. 

In present experiments a quenching by microwaves 
of the visible radiation from the negative glow region 
of a cold-cathode de discharge has been observed, and 
preliminary results indicate the usefulness of the effect 
in a study of fundamental plasma processes. In par- 
ticular, the possibility of separation of the fraction of 
emitted radiation due to a recombination process from 
that due to direct excitation provides a new experi- 
mental approach toward resolution of the long-standing 
controversy® concerning the mechanism for population 
of excited states. 

A cold-cathode discharge, confined to a 0.4-inch i.d. 
Pyrex tube, was established by a 500-microsecond d 
excitation pulse in the center of an RG 52/U wave guide 
with the lower and upper inner surfaces of the wave 
guide as cathode and anode. The microwave field was 
measured to be reasonably uniform throughout the 
enclosure of the Pyrex tube. Radiation emitted from 
the discharge and appropriate to the experiment was 
detected through the side of the wave guide by a type 
6217 photomultiplier in such a manner that approxi- 
mately 0.025-inch resolution was obtained axial to the 
discharge. 

Figures 1(a), (b), and (c) show the oscilloscope 
presentation of detected radiation from the last portion 
of the pulsed de discharge in helium at 10.2 mm Hg. 
Time is read left to right at 40 microseconds per major 
division. Figure 1(d) shows the crystal-detected 40- 
microsecond pulse of microwave energy at 9375 Mc/sec 
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and approximately 0.5 watt. Figure 1(a), with the 
microwave absent, indicates clearly the point of dis- 
charge termination with there being more 
momentary emission from the afterglow than from the 
main discharge. 1(b), the 
present, shows the effect of quenching at a point on the 
anode side of the most intense negative glow, while in 


time, 


Figure with microwave 


the wake of the microwave a greater emission is noted 
(“‘saving-up” effect?). Figure 1(c) shows the effect of 
enhanced emission in the presence of the microwave, 
observed at a point on the cathode edge of the negative 
glow. 

A broad flat minimum in the magnitude of the 
quenched radiation with increase of microwave energy 
incident complete 
halting of observable recombination further 
excitation by the microwave is appreciable. Thus the 
residual light is probably due to a normal discharge 
excitation process, perhaps a result of the ‘‘inter- 


presumably indicates an almost 


before 


mediate” electron group. The light that can be quenched 
and attributed to recombination is experimentally 
found, with increasing incident microwave energy, to 
approach the —} power law‘ intrinsic in the recombi 
nation coefficient. Temperature of the “ultimate” 
group of electrons in this discharge type has been found 


Fic. 1. Quenching and enhanced light emission by a microwave 
pulse from the negative glow of a cold-cathode de discharge in 
helium. (See text for details 
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by independent Langmuir probe measurements to be 
approximately 1000°K, which is conducive to strong 
recombination. A measurement based on the saving-up 
effect and a knowledge of absolute electron density 
the 
( m* ion sec, 


allows calculation of recombination coefficient, 
a—preliminarily ~ 10 
of recombination in the helium negative glow are con 


sistent with the hypothesis of dissociative recombi 


6 These indications 


nation’ and give support to the early measurements of 
Dewey.® 

Similar discharges in neon, argon, and xenon in the 
pressure range 1-10 mm Hg gave no quenching effect 
with application of the microwave field, only enhanced 
emission. Neon with small admixtures of argon gave a 
small magnitude of quenching at a point close to the 
anode side of the most intense negative glow, but at no 
other point in the negative glow or Faraday dark space. 
Preliminary spectral separation in helium by filters 
showed the microwave-induced quenching to be an 
equal percentage of the total quenchable light through 
out the visible, but the light attributed to discharge or 
microwave excitation to be predominantly from the 
red portion of spectrum.® 

The afterglows, upon interruption of all the above 
indicated discharges, gave an almost complete quench 
ing effect, but the maximum incident microwave energy 
gave enhanced emission (less quench), as for the case 
of the continuous discharge. 

I am indebted to Dr. John A. Bradshaw for many 
helpful discussions. 
Rey 
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High-Temperature Molecular Beam Micro- 
wave Spectrometer* 


ALLEN K. GARRISONt AND WALTER GorDY 


Department of Physics, Duke University, Durham, North Carolina 


(Received August 26, 1957) 


Me LAR beam spectrometers have the ad 
vantage that both Doppler and pressure broad 
They are especially 


ening can be largely avoided 


attractive for high-temperature measurements where 


these broadening factors become very significant and 


where the difficulties of heating an entire microwave 
absorption cell with its sealed windows become in 
creasingly difficult. The sensitive and intricate mole 

ular-beam electric resonance method! cannot generally 
be applied in the upper frequency microwave region 
Furthermore, the electric resonance method as usually 
applied gives the product of the dipole moment, yw, and 


spectral constant, B, although in some instances? (for 





ro 


hic. 1, Upper curve is the J=12-+13 rotational transition of 


KCI* at 3.00: mm wavelength (99 931.418 Mc/sec). Lower curve 
is the J=6-+7 rotational transition of NaCl* at 3.30-mm wave 
length (91 172.36 Mc/sec). Both curves were obtained with the 
molecular beam cell shown in Fig. 2 


KCl, KBr, and RbCI) it has been possible to measure 
the separation of the lower rotational levels and thus 
obtain B unambiguously. 

Simple calculations indicate that one should be able 
to detect directly microwave power absorbed through 
rotational transitions in high-temperature molecular 
beams. Several years ago unsuccessful attempts were 
made'by Luck and one of us (W. G.) to do this.’ In 
view of Fig. 1 obtained with a crystal video receiver 
from molecules simply sprayed across the radiation 
path, as indicated by Fig. 2, it is now apparent that 
the earlier experiment could have been successful. 
Nevertheless, no one else has to our knowledge in the 
intervening years succeeded in detecting the power 
absorption by molecular beams at elevated tempera- 
tures, although the M.I.T. group* has observed ab 
sorption by NH, beams at ordinary temperatures and 
the Columbia® group has detected stimulated emission 
from NH, beams. 

To favor our chances of success we took advantage 
of the increasing absorption of molecules with increasing 
frequency. Our experiments were made in the 3-mil- 
limeter wave region with the fourth harmonic energy 
from a A-band klystron with the harmonic generator 


previously described.® From the strength of the signals 


obtained here it is evident that detection can also be 


TABLE I, Observed frequencies (in Mc/sec) of the J = 12-+13 


transition of KC] 
ve=0 ’ i 


99 931.4184-0.016 99 318.168+4-0.016 
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ric. 2. Sketch of high-temperature molecular beam cell for the 
shorter millimeter wave region. 


made in the centimeter wave region. Much of the more 
important work left to be done at high temperatures is 
in the millimeter or submillimeter regions where the 
rotational spectra of such light diatomic molecules, 
Lif, LiD, NaH, KH, can be reached and where the 
centrifugal stretching effects of the heavier molecules 
can be accurately measured. However, the molecules 
already investigated with ordinary hot cells in the 
centimeter region can now be remeasured to advantage 
with the high resolving power provided by the molecular 
beam spectrometer. For example, the error limits 
quoted, +0.20 to +0.75 Mc/sec, for the centimeter 
wave lines measured with the Columbia’ hot cell are 
an order of magnitude greater than those of the 3- 
millimeter wave KCI transitions in Table I. The width 
of the KCI lines between half-power points measured 
here for the J = 12-413, v= 0, line of KC] at 100 kMc/sec 
is only 60 ke/sec. This width, which would correspond 
to 15 kc/sec at the fundamental klystron frequency, is 
the order of 100 times less than that obtainable with 
the usual hot cell. This width can be reduced further 
by better collimation of the molecular beam, by use 
of a high-fidelity amplifier, and by stabilization of the 
klystron frequency. The nuclear quadrupole broadening 
of the principal KCI line at this frequency is only about 
10 kc/sec. More details will be given in a later publi- 
cation, 

We are greatly indebted to C. F. Luck from whose 
earlier attempts to detect microwave absorption from 
molecular beams much was learned about how to make 
the present experiments work. 

* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research 
and Development Command. 

t Danforth Foundation Fellow. 
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(1953). J. W. Trischka and R. Braunstein, Phys. Rev. 96, 968 
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LETTERS TO 
Radiation-Induced Expansion of 
Semiconductors* 


D. KLEITMAN AND H. J. YEARIAN 


Purdue University, Lafayette, Indiana 
(Received August 2, 1957) 


tees and Okkerse!? recently suggested that 
deuteron bombardment of GaSb and InSb 
crystals below —130°C introduced spikes having the 
higher density liquid configuration, which returned to 
the normal configuration upon warming to 20°C, Their 
x-ray measurements! seemed to support this hypothesis 
and indicated a lattice parameter increase accompanied 
by a dimensional contraction. 

We have irradiated 3X3 mm areas of polished GaSb, 
InSb, and Ge crystals ~1 mm thick with 9-Mev 
deuterons at temperatures below —130°C. At 20°C, 
after removing surface contamination,’ surface contours 
were determined interferometrically.4 After a flux (@) 
of 310'* cm, the bombarded GaSb surface (110) 
was visible elevated (even to the naked eye). A step 
surrounding a rounded plateau marked the bombarded 
region. A similar InSb specimen (110) surface exhibited 
no step but a hill-like elevation, while a Ge specimen 
(¢= 3X 10'® cm~*) showed no comparable elevation. 

A GaSb specimen (@= 7.5 10!® cem~) was examined 
at 20°C interferometrically and with x-rays. A step 
~0.3 micron high follows the bombardment boundary 
and the maximum elevation of the bombarded region 
is ~2.0 microns. The unirradiated surface is tilted 
upward measurably at distances several mm from the 
boundary; here an abrupt 4° (maximum) increase in 
tilt occurs. The total volume increase is of the order 
of 4% of the total irradiated volume. Both lattice- 
parameter increases and local tilting of the (110) planes 
were observed using a stationary and a moving film 
to record the reflected CuKa beam as the crystal was 
turned through the fourth-order position. The beam 
was well collimated in the plane of incidence and 
divergent at right angles thereto. The inclinations 
agreed in every respect with the surface contours 
detected interferometrically, indicating that the ele- 
vation must be produced largely by elastic processes 
rather than by slip. Electron micrographic examina- 
tion® of a similar specimen gave no indication of slip 
lines or bands but showed characteristically finer etch 
patterns in the bombarded region. Absence of important 
plastic deformation was indicated by the sharpness of 
the diffraction lines. Comparable intensities of dif- 
fraction were obtained from bombarded and unbom- 
barded regions. Comparing line widths with a-doublet 
separations, the estimated range of misorientation was 
not in excess of 3 min of arc and of lattice parameter 
was less than 1 part in 4000 over distances of ~25 
microns, except possibly at the boundary line. Re- 
flection of divergent polychromatic x-rays by the crystal 
was enhanced in a very narrow region at the boundary, 
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suggesting a more mosaic structure here. Relative to 
the value just outside the bombarded region a lattice 
parameter increase (0.12%) was observed at the point 
of maximum elevation. Most of this increase occurred 
at or immediately inside the position of maximum tilt. 
This increase will account for only a fraction of the 
~1°% of the 

undetected 


maximum surface extension, which was 
deuteron range. Elastic 
lattice parameter change distributed over the un 
bombarded area might account for part of the difference. 


stresses and an 


The observed expansion seems near the maximum 
limit one might estimate from point-defect considera 
tions.® 

An InSb specimen (¢= 3X 10'® cm~*) showed similar 
effects, including a step-like lattice parameter increase, 
although here the surface contour indicated only general 
rounding. After two hours anneal at 150°C, the lattice 
parameter returned to its normal value and residual 
inhomogeneous microstrains were introduced along the 
boundary while some surface elevation remained. 


* Work supported by U. S. Signal Corps Contract 

1U. Gonser and B, Okkerse, Phys. Rev. 105, 757 (1957) 

2U. Gonser and B. Okkerse, Bull. Am. Phys. Soc. Ser. II, 2 
157 (1957) 

3A surface contamination layer independent of the specimens, 
of optical density exceeding 1, and probably largely carbon was 
introduced by bombardment. Interferometric observation sug 
gested by Professor H. Y. Fan, warming bombarded 
specimens, indicated an apparent surface depression, but an 
unknown part of the effect was due to the contamination layer 

4A versatile interferometer designed by K. W. Meissner 
[Physik. Z. 30, 965 (1929) ], based on the principal of the Michel 
son interferometer, was employed 

® Carried out by Dr. J. F. Radavich. The results appear some 
what similar to those of R. Chang LJ. Appl. Phys. 28, 385 (1957) ] 
who has observed preferential appearance of third-order (0.1-0,5 
micron) etch patterns after neutron (but not gamma) irradiations 
of Ge and Si 

® See, for example, J. D. Eshelby, in Solid State Physics, edited 
by F. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1956), Vol. 3, p. 79, on the continuum theory of lattice defects, 
and F. Seitz and J. S. Koehler, in Solid State Physics, edited by 
F. Seitzand D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol..2, p. 404, for discussion and reference 
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Reactions Al’’(«,p)Si*’ and P*'(«,p)S™ 
at 30.5 Mev* 
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Department of Physics and Laboratory for Nuclear Science, 
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HUNTING 


N the basis of general arguments concerning the 


nuclear states involved, Butler' has recently 
developed a theory of direct nuclear reactions. The 
purposes of this letter are to support Butler’s general 
predictions in a reaction that has not previously been 
studied intensively at moderately high energies and to 
point out a limitation of his detailed predictions, as 
summarized in his Eq. (57). Illustrated in Figs. 1 and 2 
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iG. 1, Differential cross section of protons from the ground 
state Al*’(a,p)Si® reaction induced by approximately 30.5-Mev 
The theoretical curve is based on Eq. (57) of 
reference 1, with l=2, 7r,=4.98K10°" cm, Q=|(26/30)k, 

(26/27)ka|. The peak at approximately 74 degrees was used 
in evaluating the parameter r, and in normalization of the theo 
retical curve to the experimental data 


alpha particles 


are differential cross sections corresponding to the 
ground-state (a,p) reactions on Al” and P* induced by 
approximately 30.5-Mev alpha particles. In both cases, 
we observe the forward peaking characteristic of 
processes not involving compound-nucleus formation, 
as well as secondary maxima. Our results show the 
following deviations from the predictions of Butler’s 
approximate form: (1) a much more pronounced 
forward peaking and (2) not so pronounced secondary 
maxima, 

The more significant discrepancy between Butler’s 
prediction and our results concerns the forward peaking. 
In his prediction, the form factor arises from assump 
tions regarding primarily the form of the nuclear wave 
function in the region in which the reaction takes place. 
In the case of 20- to 40-Mev alpha particles, their short 


mean free path in nuclear matter* requires that the 


region of interaction lie near the nuclear surface. As 
illustrated in Fig. 1, Butler’s form 
change sufficiently rapidly with angle to fit the data 


factor does not 


Fic, 2. Differential cross section of protons from the ground 
state P"(a,p)S® reaction induced by approximately 30.5-Mev 
alpha particles. The theoretical curve is K exp(—Q?/Qo*) | 71(QR) |? 
where l=0, R=5.90K10" cm, Q= | (30/31)kg — (30/34)k,|, 
Qo= 320 Mev/c. The peak at 27 degrees was used in evaluating 
the parameter KR and in normalization. An experimental upper 
limit for the differential cross section for the counter angle range 
102 to 167 degrees (c.m.) is 6 microbarns/steradian. 
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under consideration. In the theoretical curve of Fig. 2, 
we have replaced this form factor by one of the form 
exp(—Q*/Q¢?), where Q is essentially the linear mo- 
mentum difference between the incoming and outgoing 
particles, and Qo is an empirical parameter. The 
P* (a, p)S* case was fitted with a Oo of 320 Mev/c, and 
the Al?’(a,p)Si® case can be fitted with a Qo of approxi- 
mately 260 Mev/c. 

A possible interpretation of the parameter VQ») may 
be obtained if this quantity reflects the momentum 
distributions of the protons in the initial nucleus and 
the alpha particle in the final nucleus. This interpre- 
tation visualizes the interaction as proceeding via a 
“knock-out” process in which the incoming alpha 
particle collides with a proton in the initial nucleus and 
ejects it. On the other hand, if we visualize a “triton 
stripping” process, in which the incident alpha particle 
splits into an absorbed triton and the observed proton, 
a similar interpretation can be made. However, both 
of these detailed mechanisms may be naive 
because the assumption of preformed heavy particles 
contradicts the concept of very short mean free paths 
for heavy particles in nuclear matter. 

A natural consequence of this momentum picture for 
the reaction provides an explanation for the rather low 
ground-state differential cross sections observed. We 
note that our incident alpha particles have a momentum 
of approximately 430 Mev/c; from the known Q-values 
of the reactions and conservation of momentum and 
energy there must be a momentum transfer of at least 
200 Mev/c (cf. Fig. 1). Since the probability for finding 
a nucleon of high momentum in the nucleus is small, 
we have a natural explanation for the low differential 


too 


cross sections for these reactions. 

Regarding the the above-mentioned 
deviations, we note that the cases in Figs. 1 and 2 both 
involve uniquely defined angular momentum change 
parameters ‘‘/’”; for such cases, Butler’s prediction is 
for well-defined secondary maxima. The above experi- 
mental results confirm the prediction partially, in that 
the angular positions of the experimental peaks are 
fitted by Butler’s approximate form. The significance 
of this aspect of the fit may be appreciated by con- 
sidering that reasonable values of the sole parameter 
that changes peak angles—the radius parameter— 
succeed in fitting all the principal maxima in each case. 
As for the resolution of these secondary maxima, 
however, Butler’s prediction must be contrasted with 
both the rather rudimentary nature of the peaks in the 
Al*’(a,p)Si® case and the intermediate resolution of the 
peaks in the P®(a,p)S* case. That this deviation may 
not be too difficult to understand follows from the 
assumptions of a sharp cutoff on the interaction volume 
and the plane wave description of the incident-and 
emergent-particle wave functions in the approximate 
calculation, Thus, a more realistic calculation may be 
necessary to fill in the minima resulting from the above 
simplifications.’ 


second of 





In addition to the data presented in Figs. 1 and 2, 
we have measured the corresponding differential cross 
sections for B"(a,p)C® ground state,‘ Na*(a,p)Mg"* 
first excited state, and Al?’(a,p)Si® first excited state.® 
Qualitatively different from the other results are the 
C"(a,p)N'® ground-state results.*® 

The authors wish to acknowledge valuable discussions 
with Professor R. Sherr and Professor S$. T. Butler. 

* This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 
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Large Auroral Effect on Cosmic-Ray 
Detectors Observed at 8 g/cm’ 
Atmospheric Depth* 


J. R. WINCKLER AND L. PETERSON 


University of Minnesota, Minneapolis, Minnesota 


(Received July 22, 1957) 


E have observed a large increase in the rate of a 

single Geiger counter and ionization chamber at 
high altitude during an intense auroral display on July 
1, 1957, at Minneapolis. The equipment was operating 
at 8 g/cm* atmospheric depth on a constant level 
plastic balloon when the aurora began at about 0330UT. 
A large initial burst occurred (see Fig. 1), lasting about 
ten minutes, followed by a second, less intense, of about 
fifteen minutes duration and a third, still less intense, 
peaked at 0420UT. Fluctuations were seen until 0630UT 
in both instruments. The large initial effect was as- 
sociated with auroral arcs near the zenith, and the 
increases in rates were roughly correlated with visual 
observations of increased brilliance near the zenith. 
(See arrows in Fig. 1.) It was also observed that strong 
auroral curtains and other phenomena continued in the 
north after the instruments had returned to normal 
cosmic-ray rates. The relative increase is much larger 
in the ionization chamber, which is of the integrating 
type containing argon at 8 atmospheres pressure 
although the pattern of bursts is similar in both instru 
ments. A clue to the type of radiation causing the 
increase may be obtained by plotting the ratio of the 
two instruments which give the relative mean joni 
zation per count (upper graph of Fig. 1). This ratio has 
the value 0.2 as the balloon rises through the atmos 
phere from about 0100 (launch) to 0230, and increases 
to 0.26 above the single counter maximum. The value 
0,2 is characteristic of fast singly-charged particles in 
the lower atmosphere, while the increase at higher 
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In the lower section is plotted the counting rate of a 
single Geiger counter (upper curve), and pulsing rate of an inte 
grating ionization chamber (lower curve -P during the auroral 
display ot July hs 1957. Between 0130 and 0330 the two instru 
ments show the normal transition curves as the balloon rises to 
altitude. In the upper section is plotted the ratio of the counting 
rate of the ionization chamber to that of the single counter, The 
flare effect has a relative mean ionization per count which is 7 
times that of fast cosmic-ray particles 


altitude may be attributed to the increased flux of 
heavy primary nuclei, The ratio for the burst excess, 
however, is 1.3 to 1.4, and remains reasonably constant 
despite the large intensity fluctuations of both instru 
ments. A ratio of 1.4 corresponds to a proton with 
relative ionization seven times minimum, of energy 45 
Mev and residual range 2 g/cm*. Such protons above 
the atmosphere have a range of 10 g/cm’, an energy of 
120 Mev, and p 
peak measured flux is 1.0 particle /cm? sec, 

The 
measured in the laboratory for 
energies and for y rays. In the range 500-1000 kev, the 


0.45 assuming vertical incidence, The 


ratio of ionization per count has also been 


x-rays of various 
ratio 0.2 characteristic of minimum ionizing particles 
is obtained. The ratio rises rapidly below 100 kev due 
to the 
counter brass wall than the 0.025-in 
chamber. However, the sensitivity of 
chamber and counter drops very rapidly below 40 kev 


somewhat greater absorption of the Geiger 
steel of the ion 


both the ion 


The response is thus peaked in the region of 50-70 kev, 
and both the ratio 1.4 and the observation under 8 
g/cm? of atmosphere are consistent with x-rays in this 
attributed to 
0.5 emitting bremsstrahlung in the 


energy These must be 
electrons of B 
higher atmosphere. The peak x-ray flux at the equip 
ment is 5 mr/hr. 


The auroral display was probably associated with the 


range. X-rays 


passage across solar meridian of an active region (039 
C on the Boulder report)! on June 30th and the transit 
time from sun to earth is about 20 hr. The # for the 
beam is thus about 0.01. This 8 is quite consistent with 
the velocity of incident auroral protons of energies 
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below 100 kev measured by Meinel* by the H, doppler 
shift in the auroral spectrum. 

We must therefore account for the presence in the 
auroral beam of particles much greater in velocity than 
the beam itself. If these particles are protons then they 
must be approaching the earth in very flat spirals in 
magnetic fields locked in the solar gas cloud. It should 
be noted that such protons of 120 Mev are not incon 
sistent with Meinel’s Doppler shift, as the H, line is 
emitted only near the end of their range. However, an 
analysis of Meinel’s H, line shape and the angular 
distribution of incident auroral protons by Chamber- 
lain’ seems more consistent with protons of much lower 
energy than can be reconciled with the present obser- 
vation. We rather favor the assumption that the 
observed effect originates from 60-kev electrons, and if 
these electrons cannot be contained in the auroral beam 
itself some mechanism must be devised for transferring 
energy from the auroral protons to the electrons. 
Kellogg* has suggested the charge separation of the 
neutral beam on entry into the earth’s magnetic field 
as a means of accelerating the electron component from 
its beam-velocity energy of 30 ev to the observed 60 kev. 

Extensive observations of soft radiation above the 
atmosphere in the auroral zone have been made by 
Van Allen and co-workers.® The authors conclude that 
the radiation consists of x-rays in the range 10-40 kev 
and is probably from electrons of auroral origin. How- 
ever, the radiation was not observed as deep as 8 g/cm? 
in the atmosphere. We believe that the present obser- 
vation is possibly the same phenomenon as Van Allen’s 
soft radiation, but for the first time is directly corre- 
lated with visual aurora, and in addition appears to 
be a more energetic process. This is in agreement with 
evidence that auroral displays like the one on July Ist 
which exhibit zenith arcs which occur well below the 
auroral zone, and in which H, radiation is observed, 
are a higher energy phenomenon than the more abun- 
dant aurorae at higher latitudes where H, emission is 
not observed.® 

The their thanks to 
Edward Ney and Professor Jacques Blamont for 
stimulating discussions, and to William Huch, Ray 
Maas, Rudolph Thorness, Robert Hoffman, Roger 
Arnoldy, Dan MacFadden, and many for 
preparing and launching this experiment at the pro- 
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others 


pitious time, one hour after the beginning of the 
International Geophysical Year. 


* This research is sponsored by the U.S. National Committee for 
the International Geophysical Year. This work was also materially 
assisted by the joint program of the U. S. Atomic Energy Com 
mission and the Office of Naval Research 
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® Belfast Symposium, 1955, edited by Armstrong and Dalgarno 
(Pergamon Press, London, 1956). 
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Time-Reversal Invariance in Beta Decay* 


R. R. Lewistt 


Brookhaven National Laboratory, U pton, New York 
(Received September 12, 1957) 


‘EVERAL experiments have been suggested! which, 
\J in principle, lead to a test of time-reversal invari- 
ance (hereafter abbreviated as TRI) in beta decay. 
These experiments were designed to measure a quantity 
which depended on Im CxyCy*. Recent experiments 
indicate a complete (i.e., +-0/c) polarization of elec trons 
in pure Fermi and Gamow-Teller transitions,? which 
implies that S-V, 7-A, S-A, and V-T interferences do 
not occur. Since this eliminates many of the simpler 
tests of TRI, it becomes appropriate to test TRI in 
experiments which measure Re CxCy*. It is the purpose 
of this letter to consider one example of this type, based 
on the beta spectrum of Rak. 

Terms involving Re CxCy* appear, for example, in 
the beta spectrum, beta-gamma directional correlation, 
beta-gamma circular polarization correlation, and in 
the beta-nuclear polarization correlation. The principal 
difficulty involved in this means of testing TRI, is that 
in the absence of a reliable means of calculating nuclear 
matrix elements, we must treat them, as well as the 
coupling constants, as unknown parameters. The ex- 
periments then must give sufficient information to 
determine both matrix elements and coupling constants, 
and in particular must prove unambiguously that 
matrix elements from different forces are present, since 
only then does a test of TRI arise. One easily sees that 
the beta-gamma directional correlation and the beta- 
gamma circular polarization correlation experiments 
alone do not determine enough information to provide 
a test. For example, measurement of the circular 
polarization of a gamma gives, together with the life- 
time, only two parameters, while there are three 
unknowns, My, Mer and Re CyCy*. Here, and in the 
following, we treat |Cy|*, |Cor|* as known,* and assume 
the validity of TRI for the strong forces,‘ which fixes 
the relative phase of the nuclear matrix elements. 

On the other hand, experiments with polarized nuclei 
provide enough independent experiments to determine 
all the unknowns, in an allowed transition.® Experiments 
with Co are an example®; when analyzed with an S-T 
interaction, there are three unknowns (My, Mer, and 
Re CsCr*), and there are three (or more) experiments 
which can be done. Unfortunately, the results are all 
consistent with My=0, which means that no test of 
TRI is possible. Other nuclei, notably Mn®, may 
provide a test along these lines. 

Lastly, we wish to consider the evidence from the 
shapes of beta spectra. Allowed spectra, and most first 
forbidden spectra, do not determine the matrix ele- 
ments, since all matrix elements give rise to the same 
(allowed) shape. Only spectra showing deviations from 
this shape give a means of determining the matrix 
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elements. We shall consider in detail the well-known 
example of RaE, and show that if the transition is 
analyzed in terms of an S-7 combination, the shape of 
the spectra implies that TRI holds quite accurately. 

The beta spectra of Bi?’ (RaE) has been carefully 
studied both experimentally and theoretically.’ In a 
theory with real coupling constants, there are only two 
unknown parameters (the ratios of three real matrix 
elements). Previous analyses’ have concluded that for a 
wide range of values of the first parameter, the second 
can be chosen so as to fit the observed spectrum. 
However, a fit with pure tensor force is not possible; 
this conclusion is vital to our argument, since only with 
both forces acting can we test TRI. 

With complex coupling constants, we have three 
unknown parameters, can be conveniently 
introduced as follows: by appropriate choice of the 
over-all phase we can make Cr real, and bring the 
scalar coupling constant to the form Cs(1+iF), with 
real Cs and F. Our three unknown parameters are then the 
original matrix elements, plus /. The correction factor 


C(W)= |Cr|\?Hr(W)+Re(CrCs*)Hrs(W) 
+/Cs|?s(W) (A) 


which 


can then be written 
C(W) = {Cr Hr(W)+CrCsH715(W)+-Csls(W)} 
+F°CeHs(W). (2) 


Here H/y(W) are the correction factors for the individual 
forces.’ The first three terms in (2) are the correction 
factor appropriate for real coupling constants, and the 
last term is present only when TRI is violated. We note 
that while strong cancellation can occur among the 
first three terms to give the observed shape, the last 
term is positive-definite, and is large and energy- 
independent : 


| 2 
Hs(W)=> | fie (aZ/2R)?. (3) 
. 
The magnitude and energy independence of the last 
term enable us to conclude that it is present only in a 
very small amount, thus setting limits on the magnitude 
of F. 
If we factor out C7*| fBoXr\*, the first term is 
brought to the form used by Plassman and Langer; 
we find, using their notation, 


C(W)~C(W)+ FE? (aZ/2R)?. (3) 


The largest upper bound of F is implied by the smallest 
value of £; consistent with the shape,’ which is ;=0.17. 
For this value of £,, Co(W) has values ranging between 
2 and 0.6, and we can conclude that the additional term 
must certainly be less than about 0.2, which leads to 
F<}. A shell model analysis’ of Bi’ implies the larger 
value §;~ 1, and therefore a smaller bound on F: F < yy. 

Analysis of the spectrum with a V-A combination is 
essentially the same, and leads to the same conclusions; 
the analysis with a V-7 combination contains no 
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interference, and so does not test TRI. More compli- 
cated force laws probably contain too many parameters 


to establish the existence of interference between 


different forces. 

The only other first-forbidden transition known to 
show such deviations from allowed shape is Pr, which 
may provide similar information for the 7-P com- 
bination.” There are several second-forbidden transi- 
tions which could be used"; however, their spectra can 
all be fit with tensor force alone, and it is only by the 
use of calculated matrix elements that the analysis can 
be carried out. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t On leave of absence from the University of Notre Dame, 
Notre Dame, Indiana. 

t Present address: Institute for Advanced Study, Princeton, 
New Jersey. 

1 Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 (1957); 
R. B. Curtis and R. R. Lewis, Phys. Rev. 107, 543 (1957); 107, 
1382 (1957). M. Morita and R. Saito Morita, Phys. Rev. 107, 139 
(1957); 107, 1316 (1957). We shall use a notation which conforms 
with these references 

*H. Frauenfelder et al., Phys. Rev. 107, 643 (1957); M. Deutsch 
el al. Phys. Rev. 107, 1733 (1957). For simplicity, we shall hence 
forth consider only theories in which Cgs=—Cys’, Cv=+Cv’, 
Cr=—Cr', and Ca=+C4’, to explain these experimental results 

§Q. Kofoed-Hansen and A. Winther, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, No. 20 (1956). We have used the 
abbreviations |Cr|?= |Cs|?+!Cs’|*+|Cy|*+[Cv’|* and |Car|® 
= |Crl*+|Cr’|*+|Cal?+|Ca’ |? 

‘FE. M. Henley and B. A. Jacobsohn, Phys. Rev 
(1957) 

*R. B. Curtis and R 

*E. Ambler et al., Phys 
108, 503 (1957) 

7E. A. Plassmann and L. M. Langer, Phys. Rev. 96, 1593 
(1954); G. E. Lee-Whiting, Phys. Rev. 97, 463 (1955); Takebe, 
Nakamura, and Taketani, Progr. Theoret. Phys. Japan 14, 317 
(1955) 

8. J. Konopinski and G. E. Uhlenbeck, Phys 
(1941); A. M. Smith, Phys. Rev. 82, 955 (1951) 

® Examination of (3) shows that a small violation of TRI can 
only increase this minimum value of &; 

1M. J. Laubitz, Proc. Phys. Soc, (London) A69, 789 (1956) 

" Morita, Fujita, and Yamada, Progr. Theoret. Phys. Japan 
10, 630 (1953) 


108, 502 


R. Lewis, Phys. Rev. 107, 1382 (1957) 
Rev. 106, 1361 (1957); Phys. Rev 


Rev. 60, 308 


Pion-Electron Decay* 
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Upton 


XPERIMENTALLY the decay of r* into e+ has 

4 not yet been observed. For instance, Lokanathan 

and Steinberger’ gave an upper limit to this mode of 
decay as 


(we) / (rw-p) <5 XK 10-5. (1) 


If one combines the strong pion-nucleon interaction 
with the beta-decay interaction, the electron decay of 
the pion is expected to occur through 


rt—>p+n—ret + pv, 


(2a) 


or rt + ety. (2b) 
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The preblem is therefore how to forbid these processes, 
or at least how to reduce the rates of these processes. 
It is difficult, however, to evaluate the transition 
rates of these processes because of the divergence 
the 
Nevertheless one can show that the above simple model 


difficulties inherent in unrenormalized theories. 
gives decay rates too large for both processes.? For 
instance, Treiman and Wyld* estimated the rate of 
radiative decay for tensor coupling by using a cutoff 


to give 


(r—e+u+y)/ (ryt vy)~104, (3) 
with the choice of cutoff In(A/my)~1. 

The transition rate for the nonradiative decay would 
be much larger than the above one if it were allowed. 
It is not difficult to forbid the ev mode of decay, if the 
electromagnetic radiative corrections are neglected, by 
taking the beta-decay interaction to be of the STV 


combination, i.e 


’ 


Hyon Do srv 2H ON, WOW,+ Herm. conj. (4) 
In this paper we do not touch upon the w-meson inter- 
actions at all. 

Next we consider the radiative decay process, to 
which only the V7 couplings contribute. The radiative 
decay through S is forbidden if electromagnetic radi 
ative corrections are neglected. 

Let us consider the transformation‘ 


(5) 


which is useful in deriving various kinds of selection 


inl 


rules. C denotes charge conjugation and ¢ is the 


charge symmetry operation. As is well known, the pion 


field operator gq is transformed under G as 


GeaG Yay (a (6) 


and for the nucleon part of the beta-decay interaction 


we have 


G(p Ow, G ! VpOWn, lor 0; | P ¥ (7) 


The current operator 7, can be decomposed into two 


parts 


Jus Jiwt JUw (8) 


corresponding to the decomposition of the charge 
operator 
g=e(1,+4U), 


where l is the sum of nucleon number .V and strange 


ness S. ‘These two parts are transformed as 


G jis ; its G jt G" Uy (9) 


“ 


Therefore it is clear that only jy, contributes to this 
process if higher order radiative corrections in the 
electromagnetic as well as in the weak interactions are 


neglected, Now in order to reduce this matrix element 
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we shall take account of contributions from other 
baryons, and in this connection the authors would like 
to remind the reader of Gell-Mann’s model of strong 
interactions.® In his theory all baryons are coupled to 
the pion field in a symmetrical manner if K interactions 
were switched off. In the present problem we need not 
assume the full symmetry but we shall only assume: 
If the K interactions are switched off, the pion-baryon 
interactions BB as well as the beta-decay interactions 
BBev are invariant under the transformation R, i.e., 
Nez. Then we can apply the same argument as above 
to all baryons, provided that all beta-decay interactions 
satisfy the relation (7).° The transformation R has the 
following properties: 


RI;R*=1;, RUR! (10) 


Since U=0 for x, A, 3, U=1 for N, and U=—1 for 2, 
only nucleon and cascade particles contribute to ju,, 
and they are of opposite signs to one another. Hence 
the process rt—»et+ +7 is forbidden, if K interactions 
are switched off. 

As the K interactions are switched on, this process 
turns out to be allowed. Since K interactions are 
supposed to give rise to the mass difference between 
N and =, we have taken this mass difference as repre- 
sentative of these interactions and estimated the matrix 
element by perturbation theory. The results are given 
by 


1 v 2 ( m im ) 
‘ MN Ma 


for V coupling, 


eg yu mz\* 
gy Lf In for T coupling, (12) 


4n4r = (2r)® mn 


(11) 


where g denotes the pion-nucleon coupling constant, 
and yw the pion rest mass. Putting g*/4r= 15, ge=10~” 
erg cm*, we get the partial lifetimes for these couplings, 


for V, 
for 7. 


(+3 Sec 


(13) 
| 8.6% 10~4 sec 


Since the former is long enough to be discarded, we 
shall compare the latter with the experimental lifetime 


of the pion, i.€., 2.56 1078 sec, to get 


2.56 10°8/8.6 10-4 
3X 10-5. 


(r—e+ut+y)/ (rut v) 
(14) 


This result is not inconsistent with the experimental 
ratio (1). Of course, this result cannot be taken seriously 
since experimental as well as theoretical ratios are 
subject to fluctuations. We can, however, conclude that 
the present model shows a good tendency towards the 
solution of this problem. 
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Finally we have applied this method also to the 
gamma decay of x’ to see what results from this model.” 
This process is forbidden if K interactions are switched 
off. Taking the mass difference into account, the life- 
time turns out in this model to be 0.5 107! sec, which 
is much longer than the usual one, 0.5 10~'® sec, In 
the latter case the contributions from = are neglected. 
This result is again not inconsistent with the experi- 
mental result rS0.5X107 sec given recently by 
Harris, Orear, and Taylor.’ 
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HE vanishing rest mass of the neutrino is guar- 
anteed by the invariance of the theory under the 
transformation 


Vo W., (1) 


two-component 


ae Ae 


basis of the 


YW», 


which the 
theory.!~* However, this is not the only invariance that 


constitutes 


guarantees the vanishing rest mass of the neutrino. 
Among many other possibilities we shall consider the 
simultaneous transformation! 


Vi Wir Vay We ey (2) 


and require the invariance of the theory under the above 
transformation. This new invariance leads to a theory 
completely different from the two-component theory. 
(a) From the invariance requirement under the 
transformation (2) there follows at once the selection 
rule: Neutrinoless transitions involving an odd number 


of « mesons and an odd number of electrons are strictly 
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forbidden. Examples of forbidden transitions are given 
by 


poetet+e, e+, 


utp-pte, 


K—ute+n, mute, etc, 


These processes have not yet been observed experi 
mentally, 

(b) There is no difference in beta decay between the 
two-component theory and the present one, since no 
u meson takes part in beta decay. Hence the theories 
cannot be distinguished in beta decay. 

(c) The decay modes pt >et+ v+ v and yt 
in the present theory lead respectively to exactly the 
same energy dependence, as well as the same asymmetry 


eh +e td 


in the angular distribution of the decay electrons, as do 
the modes ive et+p+py in the 
two-component theory.’ Since in the two-component 


ret-+p+bd and pt 
theory the vi mode is experimentally favored over the 
2v mode, the 2v mode is experimentally favored in the 
present theory. The polarizations of the neutrinos in 
both theories are given, respectively, by 


} 


we (3a) 


tyr+i, (two-component theory), 


+ 


ut—et+vetv, (present theory). (3b) 


In this case, the left-handed antineutrino in the two 
component theory is replaced in the present theory by 
the left-handed neutrino which does not occur in the 
former theory.® ‘Therefore it is not possible to differ 
entiate the present theory from the two-component 
theory through the experimental investigation of the 
i—e de ay process, unless one can distinguish between 
left-handed (right-handed) neutrino and left-handed 
(right-handed) antineutrino. 

(d) It is in principle possible to distinguish between 
the two theories through the observation of successive 
transitions. For instance e, in the two component theory 
the following successive transitions are expected to 
occur 
vtrnu 


pre (4) 


i TP a+, 


the 
capture hits a neutron to produce an electron, In the 


Namely, the neutrino resulting from p-meson 
present theory the latter transition cannot occur be 
cause of the selection rule (a). This difference bears a 
strong resemblance to that between the Dirac theory 
and Majorana theory of the neutrino, and the process 
(4) corresponds to the double beta decay. 

(e) If the conservation of leptons holds, it is clear 
from (c) that we must assign e, v, and yw? as particles 
but not e-, v, and w™ as is the case in the two-com 
ponent theory. Such a particle-antiparticle assignment 
was proposed some years ago by Konopinski and 
Mahmoud.’ 

If leptons are conserved in the above sense, one can 
require the invariance of the theory under a wider group 
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of transformations, i.e., 


vy pet rethiay Wu € Y,, Ve We. 


The invariance requirement under the foregoing con- 


(5) 


tinuous transformations leads to the following con 


servation law: 
Niy, ) 
N(vz) the left-handed 


neutrinos and so on. Combining (6) with the lepton 


V(ir)+N(u*)—N(u-)= const, (6) 


where denotes number of 


conservation law, one gets another conservation law: 


N(vr_)—N(i,)+N(e-)— N (e+) =const. (7) 

To conclude, the author would like to emphasize 
that although there is no feasible experimental means 
at present to differentiate the present theory from the 
two-component theory, the present one has an ad 
vantage over the latter in the sense that it leads to the 
rule forbids 
processes and which does not follow from the two-com 


selection (a) which many unwanted 


ponent theory. 
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HIS report concerns a high-energy photon shower 

similar to an event previously reported,’ but 
with interesting points of difference, including lower 
energy, axis zenith angle larger than 90 degrees, and a 
smaller number of electron pairs. The event consists of 
seven electron pairs in a stack of three Ilford G-5, 600 
micron pellicles, exposed in a flight over Texas (Aero 
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Medical Flight 59, June 3, 1955) at 114000 foot 
altitude and at geomagnetic latitude of N 41 degrees. 
Observations were restricted to the three plates. The 
energies of the seven pairs of electron tracks range from 
126 to 3630 Mev and total nearly 11 Bev. The 98 
degree zenith angle of the axis indicates the source to 
be a nuclear interaction at lower altitude than the 
balloon. 

Inasmuch as this event did not terminate in the three 
plates, measurements are restricted. The first electron 
pair materialized 95 microns from the air side of plate 
No, 4002 and traveled 10 050 microns, making an angle 
of 98 degrees with the zenith before entering the next 
plate, No. 4001. Two new electron pairs were observed 
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Fic. 1. Drawing of a high-energy photon event in cosmic rays. 


in plate No. 4001 and 4 more electron pairs were seen 
in plate No. 4000. A drawing of this event appears in 
Fig. 1. Measurements and energy determinations are 
listed in Table I. No other tracks nearby could be 
associated with this event. 

While this event is similar to one previously reported,! 
it is far from being identical and has interesting points 
of difference. The complete explanation of this type of 
event has not been made. A chief characteristic is that 
the electron pairs are formed at different distances, i.e., 
the photons did not materialize at the same distance 
from some common origin. Nor is there evidence that 


TABLE I. Seven pairs in the photon shower. /; and EF» are the 
energies of individual electrons obtained by multiple scattering 
measurements. £ is the total energy of a pair. FE’ is the energy of 
a photon obtained from measurements of the angle of divergence 
of the pair. The radial distance is the maximum departure of a 
track from the axis of the jet 


R adi il 

distance Total energy 
in microns Ry I E E’ 
from axis (Mev) (Mev (Mev) (Mev) 


Distance to 
point of 

Pair conversion 
No in microns 


36304740 16 300 
200 +55 400 4 100 6204114 240 
9504200 12004250 21504320 2900 
130 4+ 50 3843 168 +51 130 

2000 +600) 15304400 35304720 1570 
4104100 120420 5304102 136 
126 +40 0.24 126 +40 


17704480 18604570 
17 600 
20 000 
23 400 
27 900 
28 400 
29 900 


NOMeune= 


materialization depends dominantly upon a definite 
energy. The great range of photon energies indicates a 
heterogeneous formation process. 
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Energy determinations were made by means of 
scattering and by use of Borsellino’s calculation? for 
divergence angles. Difficulties were experienced due to 
emulsion distortion and to the very small quantities 
which were at times measured. An extra electron track 
of energy of 108+ 18 Mev appeared. It was regarded as 
a knock-on electron. Pair No. 7 had very low energy 
and was separated from an electron track of pair No. 1 


by only 1 micron. Hence, pair No. 7 may have been a 
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trident with the conversion of the bremsstrahlung 
gamma ray of this electron. The photon jet was very 
narrow as the half-angle of the cone enclosing all 
particles is less than 0.001 radian. 
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